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Abstract: Dynamic behavior of coaxial axisymmetric planar cracks in the transversely isotropic
magneto-electro-elastic (MEE) material in transient in-plane magneto-electro-mechanical loading is
studied. Magneto-electrically impermeable as well as permeable cracks are assumed for crack
surface. In the first step, considering prismatic and radial dynamic dislocations, electric and
magnetic jumps are obtained through Laplace and Hankel transforms. These solutions are utilized
to derive singular integral equations in the Laplace domain for the axisymmetric penny-shaped and
annular cracks. Derived Cauchy singular type integral equations are solved to obtain the density of
dislocation on the crack surfaces. Dislocation densities are utilized in computation of the dynamic
stress intensity factors, electric displacement and magnetic induction in the vicinity tips of crack
tips. Finally, some numerical case studies of a single and multiple cracks are presented. The effect
of system parameters on the results is then discussed.

Keywords: magneto-electro-elastic material;, transient loads; axisymmetric planar cracks;
generalized dynamic intensity factors; dislocation

1. Introduction

A magneto-electro-elastic medium generally consists of a combination of piezoelectric and
piezomagnetic components. These components can be reinforced with layers or fibers. Such
structures have the ability to convert electrical energy, magnetism and elasticity into each other. This
is a unique property that is not present in a simple piezoelectric material. In special cases, the
magnetic-electrical effect of MEE is far greater than that of single-phase magnetic-electric material,
even with a significant magneto-electro coefficient [1]. Because of these unique properties,
MEEmaterials have a wide range of applications in intelligent structures such as magnetic field
probes, medical imaging systems, transducers, sensors and actuators. [2-5]. Recently, many studies
have been conducted by researchers to investigate the cracks in MEE structures. However, most of
these studies have been mainly concerned with static loading [6-13]. MEE materials experience
dynamic loads in their functional cycle. Therefore, the analysis of the failure mechanism due to crack
growth in such structures is one of the important design considerations and many researchers have
focused on this issue. In the following, the studies conducted in this regard will be reviewed. Li
presented the dynamic analysis of a crack in an MEE medium subjected to mechanical, electrical and
magnetic impulse [14]. Hu and Li presented an analytical approach to study the effect of a moving
crack with permeable crack-face in an infinite MEE solid excited by shear loading [15]. Zhou et al.
[16] addressed the dynamic behavior of collinear cracks between two dissimilar MEE material half
planes under the harmonic anti-plane shear waves loading. Zhang et al. [17] studied the dynamic
behavior of two collinear interface cracks between two dissimilar functionally graded MEE material
layers. Su et al. [18] investigated the transient analysis of interface cracks between different MEE
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strips in the case of out-of-plane mechanical loading as well as magnetoelectrical impacts. Feng and
Pan studied the dynamic fracture of anti-plane interfacial cracks under the influence of simultaneous
mechanical and magnetoelectrical loadings in different boundary conditions [19]. Liang examined
the dynamic behavior of parallel symmetric cracks in a functionally graded MEE material excited by
harmonic shear waves [20]. Sladek et al. utilized Galerkin’ method to study cracks under transient
loading in 2D and 3D axisymmetric piezoelectric/piezomagnetic medium [21]. Feng et al. [22] studied
the dynamic response of surface cracks between two different MEE materials under simultaneous
excitation of magnetic, electrical and mechanical shock. Zhong and Zhang [23] and Zhong et al. [24]
investigated the dynamic analysis of an MEE material with a penny-shaped crack subjected to
magneto-electro-mechanical impact loading. For the problems of a cracked MEE body under in-plane
impacts, Feng et al. [25] studied the dynamic behavior of an MEE penny-shaped cracked layer. Zhong
et al. [26] investigated the response of a MEE solid assumed to have a Griffith crack. Wang et al. [27]
examined the effect of electric and magnetic boundary conditions of crack-face on the dynamic
response of an MEE structure. Li and Lee [28] attempted to address the issue of collinear dissimilar
cracks in MEE materials in mode I loadings through simulating dislocations. Wunsche et al. [29]
performed boundary element analysis to obtain dynamic response of linear an-isotropic MEE
materials. Athanasius and Ang presented a semi-analytic approach using Laplace transform to obtain
the dynamic response of a full space MEE with arbitrary number of arbitrarily oriented planar cracks
[30]. Li et al. [31] studied the dynamic response of a ring-shaped interface crack between distinct
magnetoelectroelastic materials. A ring-shaped crack between magnetoelectroelastic thin film and
elastic substrate layers under mechanical, electrical and magnetic stress was reported by Li et al. [32].
Lei et al. [33] analyzed the transient response of an interface crack in MEE bi-materials subjected to
magneto-electromechanical loads. The mode III fracture problem of a weakened MEE medium by an
alternating array of cracks and rigid inclusions subjected to coupling of anti-plane mechanical and
in-plane electrical and magnetic stress was studied by Xiao et al. [34]. As far as the authors’
knowledge, there is no promising research on the transient response of multiple axisymmetric planar
cracks in the transversely isotropic MEE material under in-plane magneto-electromechanical load.
Among the techniques for solving such problems, the dislocation method [35] is a useful tool for the
analysis of multiple cracks. Therefore, this paper aims to specify the generalized dynamic intensity
factors for multiple axisymmetric planar cracks in a transversely isotropic MEE medium. Laplace and
Hankel transformations are utilized to simplify the problems to Cauchy-type singular integral
equations. Then, a numerical Laplace transformation inversion method, presented by Stehfest [36],
utilized to formulate the generalized dynamic intensity factors of crack tips. The dislocation densities
are determined to construct the multiple axisymmetric planar cracks in the transversely isotropic
MEE medium. The influences of the time variation, the applied magnetoelectric impact loadings,
boundary conditions of the crack surface and crack type as well as interactions between cracks on the
dynamic characteristics of the crack are presented.

2. Derivation of governing equations

The problem under study is an infinite transversely isotropic MEE medium with generalized
dynamic dislocations. For a transversely isotropic MEE medium with the plane of isotropy
perpendicular to the z-axis, the electrical and magnetic poling are assumed parallel to z axis.
Assuming planar deformation, the linear constitutive equations for axisymmetric medium, can be
stated as follow, (ug = 0)

0y (1,2, t) (1 Gz Gz e; [ U (1,2, t) ]
oge(1,2,t) Ci2 €11 Ci3 €31 as, [\u.(r,z,t)/r

0,,(r,z,t)|=|C€13 C13 C33 €33 a3z || ug,(r,z,t) 1)
D,(r,z,1t) €31 €3 €33 —dzz —f33 Y,(r zt)

B,(r,z,t) @31 Q31 Q33 —P3z ~V33 ¢ ,(r,2,t)
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D,(rz,t)|=|e1s €5 —du —fu 1/JZ'T(T’Z‘t),
Br(T,Z,t) Q15 A5 —Bi1 V11 ld),r( ’ :t)J
T rrZr

The comma states partial differentiation with respect to the suffix space variable and o;;, D; and
B; are stress components, electric displacements and magnetic inductions, respectively; while e;;, a;
and Bj; are the piezoelectric, piezomagnetic, and magnetoelectric coupling constants; c;;, d;; and y;;
are elastic stiffnesses, dielectric permittivities, and the magnetic permeabilities, respectively; u, and
u, are the radial and axial displacement components; y and ¢ are electric and magnetic potential,
respectively. The equilibrium equations of transversely isotropic MEE media, considering zero body
force, free electric charge and current, are given by

Orry + Orzz + (Orr — 0gg) /T = PUp gt
Orzy * O0zz7 + Opz [T = PUz ¢
D.,+D,,+D./r=0
B.,+B,,+B./r=0

where p is the mass density. Electric potential, magnetic potential and elastic displacements, satisfy

2

the basic equations as follows:
(c11Ly + caDP)ur + (cy3 + €44) DUy + (€31 + €15)DY, + (@31 + 15)D P,

= pF?u,
(CaaLo + c33D*)u, + (13 + €4a)D(ru,) /1 + (e15Lo + e33D)P + (aysLg + az3D?)¢
=Pt )
(e15 + e3)D(ru,) /1 + (cisLo + e33D*)u, — (dy1Lo + d33D*)
— (B11Lo + B33D*)9p = 0
(@15 + az)D(ru,) /1 + (@y5Lo + az3D*)u, — (By1Lo + B33 DY
— (Y11Lo +v33D*)¢ =0
In which the differential operators are introduced as
L, = o* + 19 k k=01
kKTor2 T ror vz
_ d
T oz
i @
0
D?=—
0z2
2
F?2 = 6_
ot?
Applying the standard Laplace transform and letting
f*(r,z,p) = f f(r,z,t)e Ptdt (5)
0
Eq. (3) can be converted into
(c11Ly + c44D? — pp®)uj + (13 + Caa)Duy, + (€31 + €15) DY + (a31 + ay5)D >
(6)
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(caalo + c33D% — pp*)u; + (c13 + €4)D(ruy) » /7 + (e15Lo + €33D° )"
+ (aysLlo + az3D?)p* = 0

(e5 + €31)D(ru;) /7 + (c15Lo + e33D*)uy — (dy1Lo + d33D*)Y*
— (B11lo + B33D*)p* =0

(@15 + az)D(rup) /1 + (aysLo + azzD)u; — (Br1Lo + B33D*)P”

— (Y11Lo +v33D*)p* =0

Moreover, the Hankel transformation with respect to r is further used to express the solution of
the elastic displacements, the electric potential and the magnetic potential in Eq. (6) as follows

4 [oe)
uy(r,z,p) = Z f An(n,p) e M1 PIZ] (nr)dn
n=1"0

4 [o¢]
w0 np) = ) | An(p) Al p) DG
n=1"9
)

4 (o]
Y*(r,z,p) = Z f An(1,0) Apn(n,p) e 1enPZ] (nr)dn
n=1"0

4 oo
B Cmp) = D [ Anp) Asnp) eI Crr)ly
n=1"0

where A;n(M,p), Aon(M, p), A3n(M,p) and ¢,(n,p) (n = 1,2,3,4) are known function of the Laplace
variable p, Hankel variable n (see Appendix A), and the parameters A,(n,p) (n = 1,2,3,4) are yet
unknown. Applying the Laplace transform to the constitutive Eq. (1), one can extract the components
of stresses, electric displacements and magnetic inductions in the Laplace domain from (7). For
instance

4
o 1
oy (r,z,p) = Z f An(n,p) e 18 PIZ[Y, . (1, pInjo (rn) + —(c1z = cu)a rm)]en
n=1"0
4 [o)e]
0520 = ) [ Ban )AL I NP )
n=1"0
(8)

4 [02]
G zp) = = ) [ Bsn)AG I € TP G
n=1"0

4 (o]
D;(r,z,p) = z f 4n (M, P)An(n, P € 1€ MPIZ] (nr)dn
n=1"0
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Bi(r,z,p) = Z f 50 (0, ) An(n, p)n e 1 PIZ ] () d
0
£

where 9,,(n,p)(m = 1,2,...,5and n = 1,2,3,4) are shown in “Appendix B”. For the present problem,
two types of magnetoelectrical boundary conditions [37] are assumed by extending the concept of
the electrically impermeable and permeable cracks embedded in piezoelectric medium [38]. They are
electrically and magnetically impermeable and electrically and magnetically permeable, respectively,
which; the first case is called type-a and the second case is called type-b solution, respectively.
Without loss of generality, the type-a solution is considered. The type-b solution can be obtained by
reducing the type-a solution. Let the transversely isotropic MEE medium weakened by a Volterra-
type dynamic prismatic ring and Somigliana-type dynamic radial ring dislocations with Burgers
vectors b,(t) and b, (t), respectively, which are located at r = a and z = 0, wherein the radial cut of
dislocations are circular area. The above dislocations conditions can be expressed as [39]

u,(r,0%,t) —u,(r,07,t) = b,(t)H(a — 1)

u,(r,0%,t) —u,(r,07,t) = b(t)H(a — 1)

0,,(r,0%,t) = 0,,(r,07,t)

o, (r,0%,t) = 0,,(r,07,t)

where H(.) is the Heaviside step-function. The conditions indicating the dynamic electric and

magnetic dislocations can be written as

Y(r,0%,t) —P(r,07,t) = by (t)H(a — 1)
¢(r,0%,t) — p(r,07,t) = by (t)H(a — 1)

Although the electric and magnetic potential jumps are not of dislocation type, they are known
here as dynamic electric and magnetic dislocations with Berger vectors. by(t) and by (1),

)

(10)

respectively. Furthermore, the continuity of electric displacement and magnetic induction in the
dislocation line requires that

DZ(ri 0+P t) = DZ(rﬁ 0_, t)
BZ(TI 0+P t) = BZ(rﬁ O_I t)
For prismatic electric and magnetic dislocations, the problem is symmetric with respect to the

z=0 plane, and it is antisymmetric for radial dislocations. Therefore, it is convenient to analyze two

problems separately and solve them for a half interval. The region z>0 is considered for the rest of
the problem. For the symmetric problem, the boundary conditions reduce to the following

(11

u,(r,0%,t) = ZZ( )H(a -7)

W(r, 04, t) = ‘p( 2O =) (12)
$(r,0%,¢) = “’( 26O o -n

o,,(r, 0%, ) =0

for anti-symmetric case, we have

4, (r,0%,8) = D a1

0,,(r,0%,) =0 (13)
D,(r,0%,t) =0

B,(r,0%,t) = 0

Zero order and first order Hankel transform of the Heaviside step-function H(.) can be
expressed as
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[00)

H(a—7) = fo oy (an)fo(rn)dn
- (14)

1 3 5 1
H@a-1) = f ga37721F2 (E; 2,5; —Zazﬂz)h(”?)dﬂ
0
(2)n n

In the above relation, ;F,(a;b,c;x) = Z;"zomx

is the Pochhammer symbol inwhich T'(.) is the Gamma function. Applying the

is the Hypergeometric function and the

I'(n+a) .
I'(a)

Laplace transform to boundary conditions (12) and (13) and imposing the resultant to Egs. (7) and (8)

and by using Eq. (14), we have
z(p)

symbol (a), =

4
2 Ain(m,)A(n,p) = J1(am)
n=1

w(P)

4
D dan1,p) A0 ) = —2 ]y an)
n=1

(15)

¢> » (D)

4
D an () ARGLP) = —2 ] (an)
n=1

4
Z U3,(m, p)A,(n,p) =0
n=1

for symmetric problem and

a’ 2b (p) 5 1
ZAn( 1 F (5;2,5; -39

4
2 9n(,0)A(,p) =0
n=1

(16)
4
2 Y4n (M, 0)An(n,p) =0
n=1

4
Z s, (m, p)A,(n,p) =0
n=1

for anti-symmetric problem. Solving Egs. (10) and (16) gives the coefficients A,(n,p) (See
appendix C). By substituting A,(n, p) into Eq. (8), the outcome becomes

O-;T(TI z, P) =

(A1 (1, D)3 (D) + A2y (1, D)y (D) + Az (m, D) (p)]h(an)] NCROLINCG))

( 1

4 ol

ng A(n,p) 1

2 =i Jo azbi(p) 2 (3. 5. 1 2 2) +=(c12 — 1)1 0m)
n=1 +6A(n,p)An(7]vP)77 1F2 2'2'2' 4a n r

03,(r,2,p) = (17)

] e nen(P7 gy,

1
) (8101, PIB; (D) + D30 (0, P)by (D) + A3y (0, p) b (P) |1 (an)

4
a *© P
> 92n (1, D) .
2Zf0 m a?b;(p) 3 5 1
= A (n, P04 F, (—;2,—;—— 2 2)
n=1 +6A(n,p) 20, PIN*1F, 2125574

1 Jo(re ey,

o-';fz (r’ Z’ p) =
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7
1
LA (A1 (1, P)B; (D) + Doy (1, Py, () + A3y (7, 2D ()1 (an)
a A(U:P) - m.p)z
_EZ f 93,(1,0) a2b(p) 3 5 1 n J1(qr)e e P2 dy,
n=1"° A, (PN Fy (—:2,—:——a2n2)
6A(n,p) 2°7°27 4
D;(T,Z, p) =

1
LI ——— (A1, (1, D)5 (D) + D (1, DBy (P) + D3 (1, 2B () ]2 (am)
%Z f 194n(n' p) JA(UVP) aZb*( )
=1 0 l + T p

6A(n,p)

1 nJo (nr)efngn(ﬂ.p)zdn'

3 5 1
Ay, )N 1 Fy ( $2,55 =74 )
B, (r,z,p) =

(n 53 [B1n (0. DB (P) + B2 (7, IV () + A3 (1,PID} ()] J1 (am)
22,[ U5 (n,P) a2b:(p)
\ 6AG,p)
In order to study the singularity of the stress components, electric displacement and magnetic
inductions in the poling direction, o;,, o7, D; and Bj, at the dislocation, z =0 is set in the related
equation in Eq. (17), therefore

3 5 1 Ee‘"""""”)zn Jo(r)dn.
An (0, PIN*1Fy (—'2 —'——aznz)
n ) 1 2 ) &y 2 y 4 )

O-z*z(rv 0, p) =
1
ah (m [810(0, D)D) + Agp (1, DIy, (P) + A3y (1, DIy (P) )1 (an)
Ez fo 192”("""){ a?bi(p) L, 3.5 1. 1 Jo(r)dn,
e L oG, p) M PIN P (5;25 =7 )
O—r*z(r' 0, P) =
55 BB P) + BB + 2 )|
Zf 7-9371(7’ p) zb (p) 3 5 1 }Tlh(ﬂr)dn.
e 2,2
L D) Ay (n, p)n? 1F2(2 2,5i=7an ) )
D;(r,0,p) = (18)
1
a - o A(T], p) [Am(ﬂ' p)b;(p) + AZn(T’: P)bfb (p) + A3n(77: p)b;(p)]]l (an)
EZL 194n(7]'p) aZb;(p) ) 3 5 1 - r)]()(nr)dn,
e *enty, p) (PN (5;2,5;—?1 n )
B;(r,0,p) =
1
axe (@ A, p )[Am(n PIb; (D) + Ay (1, PIb(P) + Az (0, PIb (P)] J1 (an)
32 ), e n Jo(nr)dn.
2n=1 0 + (p) ( ) F (EZE_l 2 2)
6A(1, D) A (0, PN 1F, PR 4ar;

Since the integrands in Eq. (18) are continuous functions of 1 and finite at n = 0, the singularity
occurs while 1 tends to infinity. Utilizing the formula presented in the “Appendix D”, and after a
lengthy analysis, the asymptotic part of the stress components, electric displacement and magnetic
induction are obtained as

a r? a
voo o K(—)Jrﬁb"(-) r>a
0117 (r,0,p) = —Z 2 [Anbi(p) + 0505,0) + By T @ .

_az—rzE(g) r<a
a a ar a
ZK(=)+——E(=
aj'z‘*’(r,o,p) ——Zﬂ/\mb ® r az(r)_f_a:_rZ (r) T>a' (19)
az_rzE(E)' r<a

- K(g)+—2r2 2E(E) r>a
Dy (,0p) = — ) ZR[ARB @) + A5by() + 050 @)] | ar) @

,
r r

n=1 - E(—) r<a
a’—r a
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a r? a
g L K(;)mef(;) r>a
B;”(r,0,p) = e [Amb () + 85,0y, (p) + Dby (@] 1 r :

g () r<a
a’?—r? \a

where the superscript (o) stands for the asymptotic expansion as 1 — o and K(k) = fn/ ? dx x/

V1 —k2sin?x and E(k) = f; /2 VT —KZsin?x dx are the complete elliptic integrals of the first and
second type, respectively. In the end, the stress components, electric displacement and magnetic
induction at the dislocation site can be obtained by addition and subtraction of the asymptotic terms
of the stress components, electric displacement and magnetic induction

920 (1, D) U3n roo | ps
\ ( A( ) Aln(n'p) __A >bz(p)
" % o) e
07,1, 0,p) = 037 (1, 0,p) + gz f ( DB )~ 2 ) by () | s () JoGar)dn

9 (1, 0) Uom
+<W 3n(,0) — A3n> b¢(p)J

4

a*b;(p) ® 9, (1, 0) 3.5 1

+—0 Zf Zn—/\n(n.p)n%Fz(5:2.—;——a2n2)]o(nr)dn,
n=1"0

A(m,p) 2" 4

An(n,p)b; (D)
+A2, (1, P)b&; (P)\ nJi(an) Jy(nr)dn
+A43,(m, p)bg ()

4
*,00 a 0019311(77'2’)
0,00 = o -5y [ ZE
Tz p Tz p 2n=1 0 A(n,p)

a’ c ° 19311(77 p) 3n © 3 5 1
_E;fo (A(U ) Ay (n, )__A >b @3 F, (2 2, 5:—Za2n2>h(nr)dn,

D;(r,0,p) = D;”(r,0,p)

9an (1, D) Vin roo ) o (20)
\ ( A(U,P) 111(17' p) Am A >bz(p)
ol /9,.(n, 9L
+%; fo +<$A2n(n p) — A2n> by, ) |1 (an) Jo(r)dn
9an (@, e
+ ( P08 g ) - A3n> by()
+a3b;(p)i WMA ( ) 3 F (E'ZE'——CLZ 2)](r)d
12 s A, D) 2L, PIN" 112 24Ty n-Jjonr)an,
s, 92\ ..
| (o anm - T2on )t |
B ax 950 (n, D) 192?1 .
B;(r,0,p) = B,;”(r,0,p) + EZf < ) Ayn(n,p) — 5 A5 >b¢(P) nj1(an) Jo(mr)dn
o 9en 19°31
+<—Z(,(7"p’)’)A3n(n p) -3 Asn) by )
a3b; s (1, 3 5 1
(p)z f Z(ET]pI;’)An(n.p)n%Fz (5:2,5:—Za2n2)]o(nr)dn-

From Eq. (20), we may observe that the stress components, electric displacement and magnetic
induction  exhibit the  Cauchy-type singularity at  dislocation locations, i.e.
o,y (r,0,p)~ ﬁ, op’(r,0,p)~ i, D;%(r,0,p)~ i and B;”(r,0,p)~ i asr — a. Existence of the
Cauchy singularity in the dislocation for an infinite transversely isotropic cylinder with prismatic and
radial dislocations has also been reported by Pourseifi et al. [40—42].
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3. Axisymmetric planar crack formulation

The distributed dislocation method was utilized by some researchers for the analysis of cracked
bodies subjected to mechanical loading, see e.g.,Weertman and Weertman [43]. The dislocation
solutions carried out in the previous section may be used to analyze transversely isotropic MEE
medium weakened by multiple axisymmetric planar cracks subjected to transient in-plane loading.
Consider a transversely isotropic MEE medium weakened by N; annular cracks and N —N; penny
shaped cracks, while N denotes the number of coaxial located defects. The inner and outer radiuses
of the annular cracks are assumed a; and b,j=12,..,N;. ¢,j=N; +1,N; +2,..,N is radii of the j-
th penny-shaped crack. Equation (21) represents such axisymmetric planar cracks in the parametric

form:
1i(s) = Lis +0.5(bj + a;),-1<s<1 for annular cracks o1
ri(s) =Li(1-5),-1<s<1 for penny shaped cracks
Noting that,
bj — a; for annular cracks (j =1,2,...,N;)
L= 0'5{ ¢ for penny shaped cracks (j =N, +1,..,N; + N,) (22)

Suppose the prismatic, radial, electric and magnetic dynamic dislocations with unknown
densities of b;(q, p), br(q,p), by (q,p) and bg(q, p), respectively, are distributed on the infinitesimal
segment at the surfaces of the j-th concentric crack located at z = z;. Applying the principle of
superposition, the components of in-plane traction, electric and magnetic potentials at a point with
coordinates (r;(s),z;), where —1 <'s < 1, on the surface of all cracks yields

N % *
. U [ K (s,q.p)b;;(q,p) + Kl (s,q,p)b;;(q,p)
i@z =) | L, e o o s a.i
= +Kij (s,q,p)bw(q,p) + Kij (s, q,p)bqb,-(q, p)

=12,..,N
N % «
. L[ K3 (s,q,p)b};(q.p) + K2 (s,q,p)b;;(q.p)
O-rz(ri(s)!zi) p) = Z L] 23 * 24 * q,l
)1 T 1HKG (s,a,p)by;(q,p) + Kij' (5,0, )by (q,P)
=12,..,N
(23)
N * *
D2 (ri(s), 20p) =Zf1 | | X' s.a.p)b;(a.p) + Kif* (5,4, p)by; (a,p) ] .
T L) T KT (5, a.p)by(a.p) + K5 (s, 0. by (a.p)]

=12,..,N

N * .
B; (r;(s), z;,p) = Zfl L'[ Kij' (s,4,p)b;;(q,p) + Kij* (s, 4. p)br;(q, ) q,i
T L) T K (5,a.0)by,(a.p) + Kij (s, 4. p)bg (4. p)]

=12,..,N
The kernels of the integrals in eq.23 are presented in “Appendix E”. Based on the Buckner’s
principle [35] the problem simplifies to one of characterizing the distribution of generalized dynamic
dislocations which generates in-plane tractions along the crack-line, equal and opposite to those
produced by the applied loads, so that the crack faces remain traction-free. The equations for the
crack opening displacement and the electric and magnetic potentials across the j-th axisymmetric
planar crack are as follows

S
Wy ) —w G = [ 1ybiGan) dg
N (24)

WG - w6 = [ 1 de
1
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N

Wit =9 6w = | Lbyap) da
1

N

6o =476 = [ by pde =12
1

The closure requirement must be satisfied to ensure the field is single-valued. Accordingly, eq.25
describes these requirements for j-th annular crack

1
f Lib;i(q,p)dq =0
1

1
f L; byi(g,p)dq =0
1
1 (25)
fl Li by;(q,p)dqg =10

1
fle bg;(q,p)dq =0, j=12,..,N

To calculate the dislocation densities on a crack face, the equations (23) and Eq. (25) should be
solved simultaneously. The numerical inversion of the Laplace transform is accomplished through
Stehfest’s technique [36]. This approach was utilized by several researchers to analyze dynamic crack
problems. A time dependent function f(t) is approximated as

f(t)zlnTZZVnF(lnTznj (26)

n=1

Where, F(.) denotes the Laplace transform of f(t), M is an even number, and the coefficients
are expressed as
M
2

(L) -
y = (_1)7+n Z J2(2j)!
] (M— 'j!j!(j—l)!(n—j)!(Zj—n)!

[.] indicates the integer part of the quantity. Considering Eq. (27) the evaluation of f(t) at the

specific time instant t requires the calculations of F(s) at M points p = (mTz) n,

27)

n € {1,2,...,M}. According to the relationships (23) and (25) one can write

In2
Jz*z(ri(s);zi;Tn) =
" In2 ) In2 12 In2 ; In2
i (s =) i (o7 n) + 7 (5.0 om0y (0 5on) |
il (. 2\, [ In2 Wl 2\ . 2 \|94i=12eN
3 (5,0, ) by (0.7 m) + K3 (5.0 iy (0.0

In2
077 (1:(5), z;, Tn) =

In2 In2 n2 n2
& [t K (s,q, - n)b;j (q'_n n)+Ki2jZ (SrQ.—n n)b:j (Q.—n n) (28)
f L t t t t dq,i=12,..,N
-1

. B m2 \ , [ In2 " m2 \ , ( In2
=Lk (s ) iy (07m) + 85 (5.0 iy (0 7n)

In2
D; (r(s), z;, r n) =

31 In2 ) In2 32 In2 . In2
| e (e () £ () b (07)
/ n2 n2 n2

j » ) " n2 ) dqg,i=12,..,N
+7 (ma 7 n) by (07 n) 415 (s.0.7n) 3 (0 n)
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In2
B; (1;(s), z;, Tn) =

4 In2 In2 22 n2 . n2
1 K;; (s q,— ) (q )+K (s,q,—n)br}- (q,—n)
L. t t t

N
Z f J In2 In2 . In2
Pt Lo (s o) v (07 ) 63 (o) v (07 n)
1 . n2
| o (
1

BRI
1
f b (a
-1
1 i In2
ICAG=L
-1

1 X n2
[ o2

In the transversely isotropic MEE media, the boundary conditions of the stress field and the
electric and magnetic displacement at crack tip behave like 1/v/r, where r is the distance from the
crack tips. Therefore, by choosing that the embedded crack tips to be singular at q = —1, the
dislocation densities for each type of crack are classified as [44]

dq,i=12,..,N

o~

n) dq

q =0
In2
q—n)dq=0
t

=0

In2
by ( " % /—(q, ) f ! k
j q,—n) =———7 or annular cracks
t 1-¢ Jk=2z71,¢yand ¢ (29)
. In2 N In2 1-¢q
by (q,7n> = Gy (q,Tn> T+q for penny — shaped crack

Substituting Eq. (29) into Eq. (28) and application of the numerical approach of singular integral
equations with Cauchy-type kernel developed by Faal et al. [45] results in Gy (q,lnTzn). Using Eq.

(26), the inverse Laplace transform of dislocation densities can be expressed as

M

gki(q,t)=¥2an;(q llz2 j ?7-1<¢g<1,?2i=12,...N,? k=z,r,yand ¢ (30)

n=1

Finally, the modes I and II dynamic stress intensity factors (DSIFs), dynamic electric
displacement intensity factors (DEIFs) and dynamic magnetic induction intensity factors (DMIFs) for
annular crack are [46]
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Ky (t)
KIIL]' (t)
Kpy,(t)
Kpy,; (1)

( 1 )
Zﬁm ATGo)(—1,6) + DGy (~1,6) + D599 (—1,0)]
n=1

! Z 9L AZ g,i(—1, ¢
T[Lj A® 4 3n ngrj( ) )
— n=1
= 4 ) ’
= ) Om[AT G (- 1,6) + MGy (—1,0) + 85,00 (—1. )]
1
= ) 9 [A5 Gy (1) + A5Gy (1,0 + A5Gy (—1.0)]
\ - Y,
&)
I{KIRJ () \
4 K, (t) $
Kpr;(®) |
LKBR]- (t)}
1 )
1= D 95850, (10 + 8,99, (1,6) + A5g4;(10)]
- .
5 ) 95 gy (1,0
_ nl’j n=1
== L -
15 D 058502 (1,0) + 5,9, (1,6) + AGg4; (1, D)
n=1
1 ©o [ee) [00] oo
5 ) O[89, (1) + 859y (1,6) + A%y (1,0)]
= y,

\

Where L and R in Eq. (31) indicate inner and outer tips of annular crack, respectively.
Moreover, DSIFs, DEIFs and DMIFs for a penny-shaped crack are

doi:10.20944/preprints202401.1966.v1
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K ()
Kir, (6)
KD]' (t)
KB]' (t)J

( 1 )

4
5 ) O5[05.02(—1,0) + ASugy (— 1) + A5G4 (—1,0)]

n=1

1 4 (32)
— 5 ) ORI g (—1,0)
n=1

4
1
A_‘X’Z i [ATn Gz (—1,8) + A5 gy (—1,8) + A55,94,;(—1,0)]
n=1

4
1
15 ) 95050, (~1,0) + 85,05, (— 1) + 8594 (—1,0)]
\ n=1 J

In the case of a crack problem with permeable condition (type-b solution), the electric and
magnetic potentials are continuous in the crack positions. Therefore, it is enough to let the jump in
electric and magnetic potential be zero, i.e. by, and by, in the boundary conditions (12) and (13). The
same process as for impermeable cracks is followed to achieve permeable cracks

(1 <
A® Z 19éxr)lAiongzj (-1t
n=1
Ky, (6) 1 v
v — = ) 9BAT gy (-10)
Kir, () v < n=1 > 3
Kig; (1) 2 1 <
K, () TA® z D2nlingzj(1, 1)
n=1
4
1 (o] [ee]
A® U3nly grj(l' t)
\ =
n=1

for the DSIFs of annular cracks and

4
1
— > 95 AT.9,i(—1,t
{Klj(t)} - Aw; 2n 1n9z;( ) a
K@) N7 1 <
—A—mz:ﬁé’%/\?grj(—l.t)
n=1

for penny-shaped cracks. Additionally, the DEIFs and DMIFs are related to the DSIFs through

{KDI (t)} n=192nl7n

_ 35)
Kp; (1) 492 AL (
Bj Zn—l 5n21n Klj (t)

4—_ 9P AP

n=1%2n"1n

It is observed that for the permeable condition case, the DSIFs, DEIFs and DMIFs of a collection

of multiple cracks do not depend on the electric and magnetic loadings. This property of generalized

intensity coefficients for permeable cracks in transversely isotropic MEE materials has been reported
in the literature for a single crack [47] as well as for three parallel asymmetric cracks [48].
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4. Numerical examples

The methodology introduced in the preceding section based on generalized distributed
dislocation technique, allowed the consideration of a transversely isotropic MEE medium weakened
by multiple axisymmetric planar cracks under transient in-plane magneto-electromechanical
loading. The analysis covers both penny-shaped and annular cracks, as shown in Figure 1. The
BaTiO3-CoFe204 composite material is used in numerical calculations. The piezoelectric and
piezomagnetic characteristics of bimaterial composite are taken from the reference [49] and presented
in Table 1. In all cases, the medium is subjected to far-field uniform dynamic traction o,, = 0yH(t),
dynamic axial electric displacement D, = Dy, H(t) and dynamic axial magnetic induction B, =
By H(t), in which 64e, Do and ,Byo are the amplitudes of the normal stress, electric displacement
and magnetic induction exerted on crack surfaces, respectively, and H(.) the Heaviside unit step
function. The electro-mechanical and magneto-mechanical coupling factors are defined by Ap =
Dow€15/0000d11 and Ag = BpooOy5/000Y11 to integrate the normal traction oy, electric Dy, and
magnet By, loading. In the following examples, for penny-shaped cracks the modes I and II DSIFs,
DEIFs and DMIFs are normalized by K;, = 20000\/1/_11, Ko = 20‘000\/1/_1'[, Kpo = Kjpdy1/e15 and Kgg =
KjoY11/045; respectively. Additionally, for annular cracks the generalized dynamic intensity factors
are normalized by dividing to Kjo = 0000 VT, Kijg = 6000V, Kpg = Kiodi1/e55 and Kgg = Kigy11/04s,
where 1 is crack length. The results are presented according to normalized time Cyt/l, where Cp =

2 _ 2
VHo/po with pg = ¢4y + du10ds~2erst15B11 +yareis being the “extended” shear wave velocity in the

Yi1d11-B%;
transversely isotropic MEE medium.

oty D_Hy B Hf

RERARRARRARRE

)U

v

<

EEERRARRERNAR

Figure 1. A transversely isotropic piezoelectromagnetic medium with axisymmetric planar cracks
(penny-shaped crack and annular crack) subjected to transient in-plane magneto-electro-mechanical
loading.

Table 1. Material properties of BaTiO3-CoFe204 based on [47].

¢y = 22.6E10 Nm™2, Ci3 = 12.4E10 Nm™2, C33 = 21.6E10 Nm™2, C4q = 44E10 Nm™2,
dy; = 5.64E — 9 C2N"'m"2,d,; = 6.35E — 9 C2N~'m™2,

Y11 = 297E — 6 Ns2C~2,ys; = 83.5E — 6 Ns?C2,

—2.2Cm™?%,e33 =9.3Cm™?,e;5 = 5.8Cm™?,

az; = 290.2NA'm™!, 035 = 350 NA'm™1, oy = 275 NA™Im ™},

By, = 5.367E — 12 NsV~1C~1, B4 = 2737.5E — 12 NsV~1C"L.

€31
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4.1. A transversely isotropic MEE medium with a penny-shaped crack

For first example, the problem of a transversely isotropic MEE medium including a penny-
shaped crack with radius 1 = c; is investigated. It is assumed that the crack is located at z = 0. The
variations of normalized mode I DSIFs versus Crt/l for magnetoelectrically impermeable and
permeable penny-shaped crack with loading combination parameters Ap =1 and Ag =1, are
depicted in Figure 2. This figure indicates that, regardless of magnetoelectrically
impermeable and permeable boundary conditions of the crack surface, by increase of Crt/l
the normalized DSIFs first increase to high values and then asymptotically tend to static
value. However, the maximum values related to the electromagnetically impermeable crack surface
are higher than the values related to the permeable crack. Furthermore, the occurring time the peak
values of mode I DSIFs for two types of the impermeable and permeable penny-shaped cracks is
similar and appears about at the normalized time Crt/l = 1.65.

—— Impermeable
O Static Case

KI ([) / Kll)

0 1 1 1 1
0 1 2 3 4 5 6 7 8

Ci/1
Figure 2. Variation of K(t)/Kj, versus Crt/l for magnetoelectrically impermeable and permeable
penny-shaped crack with Ap =1 and Ag = 1.

Figures 3-5 display the variations of normalized generalized dynamic intensity factors versus
normalized time for magnetoelectrically impermeable penny-shaped crack under different values of
combined magneto-electro-mechanical coupling factors. As it might be observed from Figure 3, the
both magnetic and electrical loadings significantly affects the DSIFs of mode-], so that the magnitudes
of DSIFs of the crack increase with increasing values of Ap and Ag. Moreover, Figures 4 and 5,
indicate that both the DEIFs and DMIFs are almost constant over the normalized time, and that
electrical loadings do not have considerable effects on the DMIFs, and that magnetic loadings do not
have considerable effects on the DEIFs as well.

K, (/K

1 1 1 1 1 1 |
0 1 2 3 4 5 6 7 8
ct/1

Figure 3. Variation of K;(t)/Kjo versus Ctt/l for magnetoelectrically impermeable penny-shaped
crack under different magneto-electro-mechanical coupling factors.
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0 A =05 A =05

4
Cpt/l

Figure 4. Variation of Kp(t)/Kp, versus Crt/l for magnetoelectrically impermeable penny-shaped
crack under different magneto-electro-mechanical coupling factors.

0.2 =

Ky (0/Ky,
-

-04F B

4
Cpt/l

Figure 5. Variation of Kg(t)/Kpo versus Crt/l for magnetoelectrically impermeable penny-shaped
crack under different magneto-electro-mechanical coupling factors.

4.2. A transversely isotropic MEE medium with an annular crack

In this example, a transversely isotropic MEE medium weakened by an annular crack with
length 21 = (b, — a;) is considered. a; and b; are the inner and outer radii of the annular crack.
The crack is assumed to be on the plane z = 0. For Ap = 1 and Ag = 1, the non-dimensionalized
mode I DSIFs for electrically and magnetically impermeable annular crack are compared with the
corresponding DSIFs for electrically and magnetically permeable annular crack in Figures 6 and 7.
As expected, regardless of permeability of the crack, the curves of Ky, (t)/ Kjo and Kg(t)/ Ko exhibit
the transient characteristic. So that, for inner and outer tips of annular crack, the DSIFs had a main
peak value at about Cpt/l = 1.65 for impermeable condition and Cgt/1=2.1 for permeable
condition. Afterwards, those values decline gradually to the static values. Moreover, for the annular
crack similar to the penny-shaped crack, when t — oo, the curves of modes I DSIFs around both the
inner and outer crack tip tend to two constant values, respectively. It reveals that, permeability has
no significant effect on the stress intensity factors in the static state. Additionally, the modes I DSIFs
for inner tips are larger than the outer tips in the case of annular crack,.
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=====Permeable
—— Impermeable

1 1 1 1 1 1 1
1 2 3 4 5 6 7 8
cpt/l

Figure 6. Variation of Kj.(t)/Kj, versus Cyt/l for magnetoelectrically impermeable and permeable
annular crack with Ap =1 and Ag = 1.

0.96

----- Permeable
—— Impermeable

0.95

{
0.92ff
i

1 1 1 1 1 1 1
091 L
Cpt/l

Figure 7. Variation of Kig(t)/Kjq versus Crt/l for magnetoelectrically impermeable and permeable
annular crack with Ap =1 and Ag = 1.

Figures 6 and 7 depict the effect of the dimensionless time on the behavior of the annular crack
tips for different values of electromechanical and magnetomechanical coupling factors. It is easily
seen from figures, that the magneto-electromechanical coupling factors have considerable effect on
the DSIFs of mode I. So that, the peak value of DSIFs for greater magneto-electromechanical
coupling factors ismuch more than the small value. While, like to the penny-shaped crack,
the DEIFs and DMIFs for tips of annular crack are almost independent of the normalized time, and
do not depend on magnetic and electrical loadings, respectively.

1
4
Cpt/l

Figure 8. Variation of K, (t)/Kjo versus Crt/l for magnetoelectrically impermeable annular crack
under different magneto-electro-mechanical coupling factors.
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Figure 9. Variation of Kip(t)/Kjy versus Crt/l for magnetoelectrically impermeable annular crack
under different magneto-electro-mechanical coupling factors.
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0.4 —
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02 T Kpps Ag=hp=0.5
0 Ky, 3,705, A =05

0 Kp. Ay=05, A =05
""""" Kppe H72p0.5
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0.2 v K k=05, A,=05
K, )LB:-O'S’ 7»[):0.5

0.4 ]

0.6~ -

I
4
Cpt/l

Figure 10. Variation of Kp(t)/Kp, versus Crt/l for magnetoelectrically impermeable annular crack
under different magneto-electro-mechanical coupling factors.

0.4~ -

02 T Ky Ag=hp=-0.5

0.2~

0.6~ -

1
4
Cpt/l

Figure 11. Variation of Kg(t)/Kpo versus Crt/l for magnetoelectrically impermeable annular crack
under different magneto-electro-mechanical coupling factors.

4.3. A transversely isotropic MEE medium with two non-planar penny-shaped cracks

In the third example, a transversely isotropic MEE medium containing two parallel concentric
interacting equal-length penny-shaped cracks under impermeable condition is analyzed. The radii of
cracks are c¢; and c, and the crack length for both of them is 1; =1, = I. The penny-shaped cracks
were symmetrically located relative to the z = 0, where the centers of cracks lie on a vertical line of
length h. The graphs of modes I and II DSIFs, DEIFs and DMIFs against the dimensionless time with
Ap =1 and Ag =1 are shown in Figures 12-15, respectively. Figures 12-15 demonstrate the effect of
the interaction between cracks for h/l = 1,5 and 10. In Figure 12, for a given h/l, the mode I DSIFs
increases to a maximum value and then gradually reduce and tend to the static value. By increasing
h/1 , both the static and the peak values increase in magnitude. Nevertheless, Figure 13 indicates that,
as the distance between two cracks, i.e. h/l , decreases, the magnitude of mode II DSIFs increases.
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This observation can be interpreted by the well-known phenomenon of Poisson effect. Due to the
Poisson effect, the compressive stresses created on the opposite sides of the crack are unequal, as a
result, shear stresses are created on each of the cracks. From Figures 14 and 15, it is observed that, by
increasing the distance between cracks, the DEIF and DMIF increase. Furthermore, from Figures 12—
15, it can be seen that as h/l approaches to infinity, the values of generalized intensity factor get close
to the values of a penny-shaped crack.

K,0/K,

1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8
Cpt/1

Figure 12. Variation of K;(t)/K;, versus Ctt/l for magnetoelectrically impermeable two non-planar
identical penny-shaped cracks with Ap =1 and Ag = 1.
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Figure 13. Variation of Kj(t)/Kyo versus Crt/l for magnetoelectrically impermeable two non-
planar identical penny-shaped cracks with Ap =1 and Ag = 1.
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Figure 14. Variation of Kp(t)/Kpo versus Crt/l for magnetoelectrically impermeable two non-
planar identical penny-shaped cracks with Ap =1 and Ag = 1.
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Cpt/l
Figure 15. Variation of Kg(t)/Kp, versus Ctt/l for magnetoelectrically impermeable two non-
planar identical penny-shaped cracks with Ap =1 and Ag = 1.

4.4. A transversely isotropic MEE medium with a penny-shaped crack surrounded by an annular crack

The final example describes the interaction between two coplanar concentric axisymmetric
cracks. The two axisymmetric interacting cracks are an annular crack (number 1) and a penny-shaped
crack (number 2). The cracks are located at z; = z, = 0 and have radii a;, b; and c;, respectively.
The annular crack length is 21 = (b; —a;) and the length of penny-shaped crack is 1= c,. The
distance between the tip of penny-shaped crack tip and the inner tip of annular crack is 2d. In this
example, is assumed that d = 0.1], and the values of magneto-electro-mechanical coupling factors
are Ap = 1 and Az = 1. The normalized mode I DSIFs, DEIFs and DMIFs have been computed and
plotted graphically in Figures 16-18. In comparison with the previous examples (single crack
problem), it is revealed that the interaction between cracks enhanced the generalized intensity factors
of the crack tips. Both the max and steady-state value of generalized intensity factors increase while
increasing the crack tip interaction. Also, these figure state that the magnitudes of the DSIFs, DEIFs
and DMIFs for the annular crack are higher compared to the penny-shaped crack.

7 T T

----- Penny-shaped crack
"""" R, Annular crack
6 — L, Annular crack

Cpi/l

Figure 16. Variation of K;(t)/Kj, versus Crt/l for magnetoelectrically impermeable a penny-
shaped crack engulfed by an annular crack with Ap =1 and Ag = 1.

..... Penny-shaped crack
------- R, Annular crack
——L, Annular crack
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Figure 17. Variation of Kp(t)/Kp, versus Crt/l for magnetoelectrically impermeable a penny-
shaped crack engulfed by an annular crack with Ap =1 and Ag = 1.

451 4

----- Penny-shaped crack
7 R, Annular crack
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Figure 18. Variation of Kg(t)/Kp, versus Crt/l for magnetoelectrically impermeable a penny-
shaped crack engulfed by an annular crack with Ap =1 and Az = 1.

5. Concluding remarks

The transient response of a piezo-electro-magneto-elastic material weakened by multiple
axisymmetric planar cracks based on the distributed dislocation method is investigated. The system
is subjected to sudden in-plane magneto-electro-mechanical impacts. Two kinds of electromagnetic
crack-face conditions are considered. Applying the Hankel and Laplace transform methods, the
associated boundary value problem is reduced to a singular integral problem with Cauchy kernel.
These integral equations were solved through a numerical method and the DSIFs, DEIFs and DMIFs
are calculated at the crack tips. According to the numerical results, the most important results
obtained are as follows:

1) The DSIFs for magnetoelectrically impermeable and permeable axisymmetric planar cracks
rise quickly to a peak. All curves settle down to the static value over time.

2) For two types of the axisymmetric planar crack, the peak values corresponding to the
magnetoelectrically impermeable crack surface are greater compared to those of permeable case.

3) For two types of the axisymmetric planar crack, the DSIFs for static value (t — o) are
independent of the crack-face electric and magnetic boundary condition.

4) For two types of the axisymmetric planar crack, the DSIFs are significantly affected by the
magneto-electro-mechanical coupling factor, which the DSIFs at the crack tips increase as the
magneto-electro-mechanical coupling parameter increases.

5) For two types of the axisymmetric planar crack, the DEIFs and DMIFs for tips of cracks are
almost independent of time, and do not depend on magnetic and electrical loadings, respectively.

6) For the single annular crack, inner tips have larger generalized dynamic intensity compared
to the outer tips.

7) For two non-planar penny-shaped cracks, by increasing distance between two cracks, the
mode-I DSIF, DEIF and DMIF magnitude increase whereas the magnitudes of mode-II DSIF decrease.

8) The interaction between cracks has a significant effect on generalized intensity factor of crack
tips.
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Appendix A

on(m,p) (n = 1,2,...8) in Eq. (7) are the roots of the following characteristic equation

Det [A(n,p)] =0
where the matrix A(n,p) is given by

2 -
pp
Ci1 = C4403 + e —(ci3+caa)en —(esr tes)on —(og +ags)en
2
_ 2 _ _PP 2 _ 2 _

A, p) = (c13+€aa)n  C3300 — Caa 7 €330n — €15 O330n — 015

—(e31 +es)on 933931 — €15 dyy — d33Qx21 Bi1 — B339121
[ — (031 + oy5)en 03305 — Q15 B11 — B330A Y11 — V330 |

and the A;,(n, p),A2n(M, p) and A3,(n, p) in Eq. (7) can be achieved by

pp°
+ _2> —(es1 te5)en  —(031 + y5)0y

- (C11 - C44Qr21 M
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2
C330% — C4q — T]_Z €3304 — €15 03304 — Qg5
€3304 — €15 diq — d330% B11 — B33
_ _ _ 2, PPY)
(13 + Caa)On C11 — Cq40p + 1z (a31 + 045)0n
C3305 — Cag (c13 + Caa)0n 03308 — U5
Yon(,p) = €3304 — €15 (e31 + €15)0n Bi1 — B3s0h
2t —(ci3 tcu)on  —(e31 te5)en —(a3 + y5)en
2
C330% — C4q — T]_Z €3304 — €5 03304 — Qg5
€3304 — €5 diq — ds330% B11 — B33
2
—(C13 tCaa)on —(€31 +e15)en — (C11 — C440% + F:qlz)
C3305 — Cag €330% — €15 (c13 + C4a)0n
dan(,p) = €3304 — €15 dy; —d3303 (e31 +e15)0n
skl —(ci3 tcaa)on  —(e31 te5)en  —(azy + ay5)en
2
C330% — Caq — T]—Z €330 — €15 03304 — Q5
€3304 — €15 dy; — d330% B11 — B330a
Appendix B

Coefficients in Eq. (8) are
91n (M, p) = 11 — en(M, P [a3123n (M, P) + 13210 (M, P) + €310 (M, P)]
92n(M, ) = ¢13 — @n(M, P)[c33A1n (M, P) + €3320 (N, P) + at33253,(n, P)]
930 (M, P) = caslen(, P) + An(, P)] + €1525,(M, p) + ay5A3,(n, p)
94n (M, p) = €31 — en(n, p)[e33A1n (M, P) — d3322n (M, P) — B33A3n (M, P)]
95n(n, p) = az1 — en(M, P)[a33210 (M, P) — B33A2n (M, P) — V33230 (M, P)]

Appendix C
For symmetric problem the unknown functions A,(n,p) (n = 1,2,3,4) in Eq. (15) are
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Moreover, for anti-symmetric problem the unknown functions A, (n,p) (n = 1,2,3,4) in Eq. (16)

are
A1(n,p) = ————=2a’n?A;(n, p)b;(p) +F (E'Z E'—laznz)
B 12A(M, p) INPEIAEI 12 202 4
5 1
YWY _, 2,_; - 2 2
A,(n,p) 1280, )a n?A;(m, p)bi(p) 1F, (2 5 =73
A3(1P) =~ a¥n?Aq(n, pIbi(p) +F (325- 122)
s(n,p) = 12A(n,p)a n"As(n.p)br(p) 1F; (52,55 —7a™
1 3 5 1
=— 33n2 F, (=;2,=;—= 2 2)
A;(n,p) 12A(n, ) n°As(n, p)bi(p) 1F, (2 > 43 n
where
AM,p) = [(D31 — 9340922 + (V34 — 932)9,11943
+[(B41 — 942)933 + (V42 — 943)931 + (V43 — 941)93219,4
+[(0a2 = 921)934 + (947 — 944)935 + (V44 — 942)931]9,3
+[(O32 — 933)951 + (V33 — 931)9221944 + (934 — 933) (922941 — 921942)
A1 (M, ) = 924932943 — 933942) + 922(933944 — 934943) + 923(934942 — 932944)
Ay (0, p) = 924 (933941 — 931943) + 923(931944 — 934941) + 921 (934943 — 933944)
Az (M, p) = 922031942 — 932941) + 921 (932944 — 934942) +022(934941 — 931944)
Ay, p) = 923(932941 — 931942) + 922(931943 — 933941) + 921 (933942 — 932943)
Appendix D

Mathematical formula
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Appendix F
The kernels of integrals in Eq. (23) are
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