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Abstract: Dynamic behavior of coaxial axisymmetric planar cracks in the transversely isotropic 

magneto-electro-elastic (MEE) material in transient in-plane magneto-electro-mechanical loading is 

studied. Magneto-electrically impermeable as well as permeable cracks are assumed for crack 

surface. In the first step, considering prismatic and radial dynamic dislocations, electric and 

magnetic jumps are obtained through Laplace and Hankel transforms. These solutions are utilized 

to derive singular integral equations in the Laplace domain for the axisymmetric penny-shaped and 

annular cracks. Derived Cauchy singular type integral equations are solved to obtain the density of 

dislocation on the crack surfaces. Dislocation densities are utilized in computation of the dynamic 

stress intensity factors, electric displacement and magnetic induction in the vicinity tips of crack 

tips. Finally, some numerical case studies of a single and multiple cracks are presented. The effect 

of system parameters on the results is then discussed. 

Keywords: magneto-electro-elastic material; transient loads; axisymmetric planar cracks; 

generalized dynamic intensity factors; dislocation 

 

1. Introduction 

A magneto-electro-elastic medium generally consists of a combination of piezoelectric and 

piezomagnetic components. These components can be reinforced with layers or fibers. Such 

structures have the ability to convert electrical energy, magnetism and elasticity into each other. This 

is a unique property that is not present in a simple piezoelectric material. In special cases, the 

magnetic-electrical effect of MEE is far greater than that of single-phase magnetic-electric material, 

even with a significant magneto-electro coefficient [1]. Because of these unique properties, 

MEEmaterials have a wide range of applications in intelligent structures such as magnetic field 

probes, medical imaging systems, transducers, sensors and actuators. [2–5].  Recently, many studies 

have been conducted by researchers to investigate the cracks in MEE structures. However, most of 

these studies have been mainly concerned with  static loading [6–13]. MEE materials experience 

dynamic loads in their functional cycle. Therefore, the analysis of the failure mechanism due to crack 

growth in such structures is one of the important design considerations and many researchers have 

focused on this issue. In the following, the studies conducted in this regard will be reviewed. Li 

presented the dynamic analysis of a crack in an MEE medium subjected to mechanical, electrical and 

magnetic impulse [14]. Hu and Li presented an analytical approach to study the effect of a moving 

crack with permeable crack-face in an infinite MEE solid excited by shear loading [15]. Zhou et al. 

[16] addressed the dynamic behavior of collinear cracks between two dissimilar MEE material half 

planes under the harmonic anti-plane shear waves loading. Zhang et al. [17] studied the dynamic 

behavior of two collinear interface cracks between two dissimilar functionally graded MEE material 

layers. Su et al. [18] investigated the transient analysis of interface cracks between different MEE 
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strips in the case of out-of-plane mechanical loading as well as magnetoelectrical impacts. Feng and 

Pan studied the dynamic fracture of anti-plane interfacial cracks under the influence of simultaneous 

mechanical and magnetoelectrical loadings in different boundary conditions [19]. Liang examined 

the dynamic behavior of parallel symmetric cracks in a functionally graded MEE material excited by 

harmonic shear waves [20]. Sladek et al. utilized Galerkin’ method to study cracks under transient 

loading in 2D and 3D axisymmetric piezoelectric/piezomagnetic medium [21]. Feng et al. [22] studied 

the dynamic response of surface cracks between two different MEE materials under simultaneous 

excitation of magnetic, electrical and mechanical shock. Zhong and Zhang [23] and Zhong et al. [24] 

investigated the dynamic analysis of an MEE material with a penny-shaped crack subjected to 

magneto-electro-mechanical impact loading. For the problems of a cracked MEE body under in-plane 

impacts, Feng et al. [25] studied the dynamic behavior of an MEE penny-shaped cracked layer. Zhong 

et al. [26] investigated the response of a MEE solid assumed to have a Griffith crack. Wang et al. [27] 

examined the effect of electric and magnetic boundary conditions of crack-face on the dynamic 

response of an MEE structure. Li and Lee [28] attempted to address the issue of collinear dissimilar 

cracks in MEE materials in mode I loadings through simulating dislocations. Wunsche et al. [29] 

performed boundary element analysis to obtain dynamic response of linear an-isotropic MEE 

materials. Athanasius and Ang presented a semi-analytic approach using Laplace transform to obtain 

the dynamic response of a full space MEE with arbitrary number of arbitrarily oriented planar cracks 

[30]. Li et al. [31] studied the dynamic response of a ring-shaped interface crack between distinct 

magnetoelectroelastic materials. A ring-shaped crack between magnetoelectroelastic thin film and 

elastic substrate layers under mechanical, electrical and magnetic stress was reported by Li et al. [32]. 

Lei et al. [33] analyzed the transient response of an interface crack in MEE bi-materials subjected to 

magneto-electromechanical loads. The mode III fracture problem of a weakened MEE medium by an 

alternating array of cracks and rigid inclusions subjected to coupling of anti-plane mechanical and 

in-plane electrical and magnetic stress was studied by Xiao et al. [34]. As far as the authors’ 

knowledge, there is no promising research on the transient response of multiple axisymmetric planar 

cracks in the transversely isotropic MEE material under in-plane magneto-electromechanical load. 

Among the techniques for solving such problems, the dislocation method [35] is a useful tool for the 

analysis of multiple cracks. Therefore, this paper aims to specify the generalized dynamic intensity 

factors for multiple axisymmetric planar cracks in a transversely isotropic MEE medium. Laplace and 

Hankel transformations are utilized to simplify the problems to Cauchy-type singular integral 

equations. Then, a numerical Laplace transformation inversion method, presented by Stehfest [36], 

utilized to formulate the generalized dynamic intensity factors of crack tips. The dislocation densities 

are determined to construct the multiple axisymmetric planar cracks in the transversely isotropic 

MEE medium. The influences of the time variation, the applied magnetoelectric impact loadings, 

boundary conditions of the crack surface and crack type as well as interactions between cracks on the 

dynamic characteristics of the crack are presented. 

2. Derivation of governing equations 

The problem under study is an infinite transversely isotropic MEE medium with generalized 

dynamic dislocations. For a transversely isotropic MEE medium with the plane of isotropy 

perpendicular to the z-axis, the electrical and magnetic poling are assumed parallel to 𝑧  axis. 

Assuming planar deformation, the linear constitutive equations for axisymmetric medium, can be 

stated as follow, (𝑢ఏ = 0) 

 

⎣⎢⎢
⎢⎡𝜎௥௥(𝑟, 𝑧, 𝑡)𝜎ఏఏ(𝑟, 𝑧, 𝑡)𝜎௭௭(𝑟, 𝑧, 𝑡)𝐷௭(𝑟, 𝑧, 𝑡)𝐵௭(𝑟, 𝑧, 𝑡) ⎦⎥⎥

⎥⎤ = ⎣⎢⎢
⎢⎡𝑐ଵଵ 𝑐ଵଶ 𝑐ଵଷ 𝑒ଷଵ 𝛼ଷଵ𝑐ଵଶ 𝑐ଵଵ 𝑐ଵଷ 𝑒ଷଵ 𝛼ଷଵ𝑐ଵଷ 𝑐ଵଷ 𝑐ଷଷ 𝑒ଷଷ 𝛼ଷଷ𝑒ଷଵ 𝑒ଷଵ 𝑒ଷଷ −𝑑ଷଷ −𝛽ଷଷ𝛼ଷଵ 𝛼ଷଵ 𝛼ଷଷ −𝛽ଷଷ −𝛾ଷଷ⎦⎥⎥

⎥⎤
⎣⎢⎢
⎢⎢⎡ 𝑢௥,௥(𝑟, 𝑧, 𝑡)𝑢௥(𝑟, 𝑧, 𝑡)/𝑟𝑢௭,௭(𝑟, 𝑧, 𝑡)𝜓,௭(𝑟, 𝑧, 𝑡)𝜙,௭(𝑟, 𝑧, 𝑡) ⎦⎥⎥

⎥⎥⎤ (1)
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቎𝜎௥௭(𝑟, 𝑧, 𝑡)𝐷௥(𝑟, 𝑧, 𝑡)𝐵௥(𝑟, 𝑧, 𝑡) ቏ = ൥𝑐ସସ 𝑐ସସ 𝑒ଵହ 𝛼ଵହ𝑒ଵହ 𝑒ଵହ −𝑑ଵଵ −𝛽ଵଵ𝛼ଵହ 𝛼ଵହ −𝛽ଵଵ −𝛾ଵଵ൩ ⎣⎢⎢⎢
⎡𝑢௥,௭(𝑟, 𝑧, 𝑡)𝑢௭,௥(𝑟, 𝑧, 𝑡)𝜓,௥(𝑟, 𝑧, 𝑡)𝜙,௥(𝑟, 𝑧, 𝑡) ⎦⎥⎥⎥

⎤
, 

The comma states partial differentiation with respect to the suffix space variable and σ୧୨, D୧ and B୧ are stress components, electric displacements and magnetic inductions, respectively; while  e୧୨, α୧୨ 
and β୧୨ are the piezoelectric, piezomagnetic, and magnetoelectric coupling constants; c୧୨, d୧୨ and γ୧୨ 
are elastic stiffnesses, dielectric permittivities, and the magnetic permeabilities, respectively; u୰ and u୸ are the radial and axial displacement components; ψ and ϕ are electric and magnetic potential, 

respectively. The equilibrium equations of transversely isotropic MEE media, considering zero body 

force, free electric charge and current, are given by 𝜎௥௥,௥ + 𝜎௥௭,௭ + (𝜎௥௥ − 𝜎ఏఏ)/𝑟 = 𝜌𝑢௥,௧௧ 𝜎௥௭,௥ + 𝜎௭௭,௭ + 𝜎௥௭/𝑟 = 𝜌𝑢௭,௧௧ 𝐷௥,௥ + 𝐷௭,௭ + 𝐷௥/𝑟 = 0 𝐵௥,௥ + 𝐵௭,௭ + 𝐵௥/𝑟 = 0 

(2) 

where ρ is the mass density. Electric potential, magnetic potential and elastic displacements, satisfy 

the basic equations as follows: (𝑐ଵଵ𝐿ଵ + 𝑐ସସ𝐷ଶ)𝑢௥ + (𝑐ଵଷ + 𝑐ସସ)𝐷𝑢௭,௥ + (𝑒ଷଵ + 𝑒ଵହ)𝐷𝜓,௥ + (𝛼ଷଵ + 𝛼ଵହ)𝐷𝜙,௥= 𝜌𝐹ଶ𝑢௥ (𝑐ସସ𝐿଴ + 𝑐ଷଷ𝐷ଶ)𝑢௭ + (𝑐ଵଷ + 𝑐ସସ)𝐷(𝑟𝑢௥),௥/𝑟 + (𝑒ଵହ𝐿଴ + 𝑒ଷଷ𝐷ଶ)𝜓 + (𝛼ଵହ𝐿଴ + 𝛼ଷଷ𝐷ଶ)𝜙= 𝜌𝐹ଶ𝑢௭ (𝑒ଵହ + 𝑒ଷଵ)𝐷(𝑟𝑢௥),௥/𝑟 + (𝑐ଵହ𝐿଴ + 𝑒ଷଷ𝐷ଶ)𝑢௭ − (𝑑ଵଵ𝐿଴ + 𝑑ଷଷ𝐷ଶ)𝜓− (𝛽ଵଵ𝐿଴ + 𝛽ଷଷ𝐷ଶ)𝜙 = 0 (𝛼ଵହ + 𝛼ଷଵ)𝐷(𝑟𝑢௥),௥/𝑟 + (𝛼ଵହ𝐿଴ + 𝛼ଷଷ𝐷ଶ)𝑢௭ − (𝛽ଵଵ𝐿଴ + 𝛽ଷଷ𝐷ଶ)𝜓− (𝛾ଵଵ𝐿଴ + 𝛾ଷଷ𝐷ଶ)𝜙 = 0 

(3) 

In which the differential operators are introduced as 𝐿௞ = 𝜕ଶ𝜕𝑟ଶ + 1𝑟 𝜕𝜕𝑟 − 𝑘𝑟ଶ ,    𝑘 = 0,1 

𝐷 = 𝜕𝜕𝑧 

𝐷ଶ = 𝜕ଶ𝜕𝑧ଶ 

𝐹ଶ = 𝜕ଶ𝜕𝑡ଶ 

(4) 

Applying the standard Laplace transform and letting 

𝑓∗(𝑟, 𝑧, 𝑝) = න 𝑓(𝑟, 𝑧, 𝑡)𝑒ି௣௧𝑑𝑡ஶ
଴  (5) 

Eq. (3) can be converted into (𝑐ଵଵ𝐿ଵ + 𝑐ସସ𝐷ଶ − 𝜌𝑝ଶ)𝑢௥∗ + (𝑐ଵଷ + 𝑐ସସ)𝐷𝑢௭,௥∗ + (𝑒ଷଵ + 𝑒ଵହ)𝐷𝜓,௥∗ + (𝛼ଷଵ + 𝛼ଵହ)𝐷𝜙,௥∗= 0 
(6) 
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(𝑐ସସ𝐿଴ + 𝑐ଷଷ𝐷ଶ − 𝜌𝑝ଶ)𝑢௭∗ + (𝑐ଵଷ + 𝑐ସସ)𝐷(𝑟𝑢௥∗),௥/𝑟 + (𝑒ଵହ𝐿଴ + 𝑒ଷଷ𝐷ଶ)𝜓∗
+ (𝛼ଵହ𝐿଴ + 𝛼ଷଷ𝐷ଶ)𝜙∗ = 0 

(𝑒ଵହ + 𝑒ଷଵ)𝐷(𝑟𝑢௥∗),௥/𝑟 + (𝑐ଵହ𝐿଴ + 𝑒ଷଷ𝐷ଶ)𝑢௭∗ − (𝑑ଵଵ𝐿଴ + 𝑑ଷଷ𝐷ଶ)𝜓∗
− (𝛽ଵଵ𝐿଴ + 𝛽ଷଷ𝐷ଶ)𝜙∗ = 0 

(𝛼ଵହ + 𝛼ଷଵ)𝐷(𝑟𝑢௥∗),௥/𝑟 + (𝛼ଵହ𝐿଴ + 𝛼ଷଷ𝐷ଶ)𝑢௭∗ − (𝛽ଵଵ𝐿଴ + 𝛽ଷଷ𝐷ଶ)𝜓∗
− (𝛾ଵଵ𝐿଴ + 𝛾ଷଷ𝐷ଶ)𝜙∗ = 0 

Moreover, the Hankel transformation with respect to r is further used to express the solution of 

the elastic displacements, the electric potential and the magnetic potential in Eq. (6) as follows 

𝑢௥∗(𝑟, 𝑧, 𝑝) = ෍ න 𝐴௡(𝜂, 𝑝)  𝑒ିఎద೙(ఎ,௣)௭𝐽ଵ(𝜂𝑟)𝑑𝜂ஶ
଴

ସ
௡ୀଵ  

  𝑢௭∗(𝑟, 𝑧, 𝑝) = ෍ න 𝐴௡(𝜂, 𝑝) 𝜆ଵ௡(𝜂, 𝑝) 𝑒ିఎద೙(ఎ,௣)௭𝐽଴(𝜂𝑟)𝑑𝜂ஶ
଴

ସ
௡ୀଵ  

  𝜓∗(𝑟, 𝑧, 𝑝) = ෍ න 𝐴௡(𝜂, 𝑝) 𝜆ଶ௡(𝜂, 𝑝) 𝑒ିఎద೙(ఎ,௣)௭𝐽଴(𝜂𝑟)𝑑𝜂ஶ
଴

ସ
௡ୀଵ  

 𝜙∗(𝑟, 𝑧, 𝑝) = ෍ න 𝐴௡(𝜂, 𝑝) 𝜆ଷ௡(𝜂, 𝑝) 𝑒ିఎద೙(ఎ,௣)௭𝐽଴(𝜂𝑟)𝑑𝜂ஶ
଴

ସ
௡ୀଵ  

(7) 

where λଵ୬(η, p), λଶ୬(η, p), λଷ୬(η, p)  and ϱ୬(η, p) (n = 1,2,3,4) are known function of the Laplace 

variable p, Hankel variable η (see Appendix A), and the parameters A୬(η, p) (n = 1,2,3,4)   are yet 

unknown. Applying the Laplace transform to the constitutive Eq. (1), one can extract the components 

of stresses, electric displacements and magnetic inductions in the Laplace domain from (7). For 

instance 

𝜎௥௥∗ (𝑟, 𝑧, 𝑝) = ෍ න 𝐴௡(𝜂, 𝑝) 𝑒ିఎద೙(ఎ,௣)௭ሾ𝜗ଵ௡(𝜂, 𝑝)𝜂𝐽଴(𝑟𝜂) + 1𝑟 (𝑐ଵଶ − 𝑐ଵଵ)𝐽ଵ(𝑟𝜂)ሿ𝑑𝜂ஶ
଴

ସ
௡ୀଵ  

𝜎௭௭∗ (𝑟, 𝑧, 𝑝) = ෍ න 𝜗ଶ௡(𝜂, 𝑝)𝐴௡(𝜂, 𝑝)𝜂 𝑒ିఎద೙(ఎ,௣)௭𝐽଴(𝜂𝑟)𝑑𝜂ஶ
଴

ସ
௡ୀଵ  

𝜎௥௭∗ (𝑟, 𝑧, 𝑝) = − ෍ න 𝜗ଷ௡(𝜂, 𝑝)𝐴௡(𝜂, 𝑝)𝜂 𝑒ିఎద೙(ఎ,௣)௭𝐽ଵ(𝜂𝑟)𝑑𝜂ஶ
଴

ସ
௡ୀଵ  

𝐷௭∗(𝑟, 𝑧, 𝑝) = ෍ න 𝜗ସ௡(𝜂, 𝑝)𝐴௡(𝜂, 𝑝)𝜂 𝑒ିఎద೙(ఎ,௣)௭𝐽଴(𝜂𝑟)𝑑𝜂ஶ
଴

ସ
௡ୀଵ  

(8) 
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𝐵௭∗(𝑟, 𝑧, 𝑝) = ෍ න 𝜗ହ௡(𝜂, 𝑝)𝐴௡(𝜂, 𝑝)𝜂 𝑒ିఎద೙(ఎ,௣)௭𝐽଴(𝜂𝑟)𝑑𝜂ஶ
଴

ସ
௡ୀଵ  

where ϑ୫୬(η, p)(m = 1,2, … ,5 and n = 1,2,3,4) are shown in “Appendix B”. For the present problem, 

two types of magnetoelectrical boundary conditions [37] are assumed by extending the concept of 

the electrically impermeable and permeable cracks embedded in piezoelectric medium [38]. They are 

electrically and magnetically impermeable and electrically and magnetically permeable, respectively, 

which; the first case is called type-a and the second case is called type-b solution, respectively. 

Without loss of generality, the type-a solution is considered. The type-b solution can be obtained by 

reducing the type-a solution. Let the transversely isotropic MEE medium weakened by a Volterra-

type dynamic prismatic ring and Somigliana-type dynamic radial ring dislocations with Burgers 

vectors b୸(t) and b୰(t), respectively, which are located at r = a and z = 0, wherein the radial cut of 

dislocations are circular area. The above dislocations conditions can be expressed as [39] 𝑢௭(𝑟, 0ା, 𝑡) − 𝑢௭(𝑟, 0ି, 𝑡) = 𝑏௭(𝑡)𝐻(𝑎 − 𝑟) 𝑢௥(𝑟, 0ା, 𝑡) − 𝑢௥(𝑟, 0ି, 𝑡) = 𝑏௥(𝑡)𝐻(𝑎 − 𝑟) 𝜎௭௭(𝑟, 0ା, 𝑡) = 𝜎௭௭(𝑟, 0ି, 𝑡) 𝜎௥௭(𝑟, 0ା, 𝑡) = 𝜎௥௭(𝑟, 0ି, 𝑡) 

(9) 

where H(. ) is the Heaviside step-function. The conditions indicating the dynamic electric and 

magnetic dislocations can be written as 𝜓(𝑟, 0ା, 𝑡) − 𝜓(𝑟, 0ି, 𝑡) = 𝑏ట(𝑡)𝐻(𝑎 − 𝑟) 𝜙(𝑟, 0ା, 𝑡) − 𝜙(𝑟, 0ି, 𝑡) = 𝑏థ(𝑡)𝐻(𝑎 − 𝑟) 
(10) 

Although the electric and magnetic potential jumps are not of dislocation type, they are known 

here as dynamic electric and magnetic dislocations with Berger vectors. bந(t)  and bம(t) , 

respectively. Furthermore, the continuity of electric displacement and magnetic induction in the 

dislocation line requires that 𝐷௭(𝑟, 0ା, 𝑡) = 𝐷௭(𝑟, 0ି, 𝑡) 𝐵௭(𝑟, 0ା, 𝑡) = 𝐵௭(𝑟, 0ି, 𝑡) 
(11) 

For prismatic electric and magnetic dislocations, the problem is symmetric with respect to the 

z=0 plane, and it is antisymmetric for radial dislocations. Therefore, it is convenient to analyze two 

problems separately and solve them for a half interval. The region z>0 is considered for the rest of 

the problem. For the symmetric problem, the boundary conditions reduce to the following 𝑢௭(𝑟, 0ା, 𝑡) = 𝑏௭(𝑡)2 𝐻(𝑎 − 𝑟) 

𝜓(𝑟, 0ା, 𝑡) = 𝑏ట(𝑡)2 𝐻(𝑎 − 𝑟) 

𝜙(𝑟, 0ା, 𝑡) = 𝑏థ(𝑡)2 𝐻(𝑎 − 𝑟) 𝜎௥௭(𝑟, 0ା, 𝑡) = 0 

(12) 

for anti-symmetric case, we have 𝑢௥(𝑟, 0ା, 𝑡) = 𝑏௥(𝑡)2 𝐻(𝑎 − 𝑟) 𝜎௭௭(𝑟, 0ା, 𝑡) = 0 𝐷௭(𝑟, 0ା, 𝑡) = 0 𝐵௭(𝑟, 0ା, 𝑡) = 0 

(13) 

Zero order and first order Hankel transform of the Heaviside step-function H(. )  can be 

expressed as 
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𝐻(𝑎 − 𝑟) = න 𝑎𝐽ଵ(𝑎𝜂)𝐽଴(𝑟𝜂)𝑑𝜂ஶ
଴  

𝐻(𝑎 − 𝑟) = න 16 𝑎ଷ𝜂ଶ  ଵ𝐹ଶ (32 ; 2, 52 ; − 14 𝑎ଶ𝜂ଶ)𝐽ଵ(𝑟𝜂)𝑑𝜂ஶ
଴  

(14) 

In the above relation,  ଵFଶ(a; b, c; x) = ∑ (ୟ)౤୬!(ୠ)౤(ୡ)౤ x୬ஶ୬ୀ଴  is the Hypergeometric function and the 

symbol (a)୬ = ୻(୬ାୟ)୻(ୟ)  is the Pochhammer symbol inwhich Γ(. ) is the Gamma function. Applying the 

Laplace transform to boundary conditions (12) and (13) and imposing the resultant to Eqs. (7) and (8) 

and by using Eq. (14), we have 

෍ 𝜆ଵ௡(𝜂, 𝑝)𝐴௡(𝜂, 𝑝)ସ
௡ୀଵ = 𝑎 𝑏௭∗(𝑝)2 𝐽ଵ(𝑎𝜂) 

෍ 𝜆ଶ௡(𝜂, 𝑝) 𝐴௡(𝜂, 𝑝) ସ
௡ୀଵ = 𝑎 𝑏ట∗ (𝑝)2 𝐽ଵ(𝑎𝜂) 

෍ 𝜆ଷ௡ (𝜂, 𝑝)𝐴௡(𝜂, 𝑝) ସ
௡ୀଵ = 𝑎 𝑏థ∗ (𝑝)2 𝐽ଵ(𝑎𝜂) 

෍ 𝜗ଷ௡(𝜂, 𝑝)𝐴௡(𝜂, 𝑝)ସ
௡ୀଵ = 0 

(15) 

for symmetric problem and 

෍ 𝐴௡(𝜂, 𝑝) = 𝑎ଷ𝜂ଶ𝑏௥∗(𝑝)12  ଵ𝐹ଶ (32 ; 2, 52 ; − 14 𝑎ଶ𝜂ଶ)ସ
௡ୀଵ  

෍ 𝜗ଶ௡(𝜂, 𝑝)𝐴௡(𝜂, 𝑝)ସ
௡ୀଵ = 0 

෍ 𝜗ସ௡(𝜂, 𝑝)𝐴௡(𝜂, 𝑝)ସ
௡ୀଵ = 0 

෍ 𝜗ହ௡(𝜂, 𝑝)𝐴௡(𝜂, 𝑝)ସ
௡ୀଵ = 0 

(16) 

for anti-symmetric problem. Solving Eqs. (10) and (16) gives the coefficients A୬(η, p)  (See 

appendix C). By substituting A୬(η, p) into Eq. (8), the outcome becomes 𝜎௥௥∗ (𝑟, 𝑧, 𝑝) = 

𝑎2 ෍ න ⎩⎪⎨
⎪⎧ 1∆(𝜂, 𝑝) ൣ∆ଵ௡(𝜂, 𝑝)𝑏௭∗(𝑝) + ∆ଶ௡(𝜂, 𝑝)𝑏ట∗ (𝑝) + ∆ଷ௡(𝜂, 𝑝)𝑏థ∗ (𝑝)൧𝐽ଵ(𝑎𝜂)

+ 𝑎ଶ𝑏௥∗(𝑝)6Λ(𝜂, 𝑝) Λ௡(𝜂, 𝑝)𝜂ଶ  ଵ 𝐹ଶ ൬32 ; 2, 52 ; − 14 𝑎ଶ𝜂ଶ൰ ⎭⎪⎬
⎪⎫ஶ

଴
ସ

௡ୀଵ ൥ 𝜗ଵ௡(𝜂, 𝑝)𝜂𝐽଴(𝑟𝜂)+ 1𝑟 (𝑐ଵଶ − 𝑐ଵଵ)𝐽ଵ(𝑟𝜂)൩ 𝑒ିఎద೙(ఎ,௣)௭𝑑𝜂, 
𝜎௭௭∗ (𝑟, 𝑧, 𝑝) = 

𝑎2 ෍ න 𝜗ଶ௡(𝜂, 𝑝) ⎩⎪⎨
⎪⎧ 1∆(𝜂, 𝑝) ൣ∆ଵ௡(𝜂, 𝑝)𝑏௭∗(𝑝) + ∆ଶ௡(𝜂, 𝑝)𝑏ట∗ (𝑝) + ∆ଷ௡(𝜂, 𝑝)𝑏థ∗ (𝑝)൧𝐽ଵ(𝑎𝜂)

+ 𝑎ଶ𝑏௥∗(𝑝)6Λ(𝜂, 𝑝) Λ௡(𝜂, 𝑝)𝜂ଶ  ଵ𝐹ଶ ൬32 ; 2, 52 ; − 14 𝑎ଶ𝜂ଶ൰ ⎭⎪⎬
⎪⎫ 𝜂 𝐽଴(𝜂𝑟)𝑒ିఎద೙(ఎ,௣)௭𝑑𝜂ஶ

଴
ସ

௡ୀଵ , 
𝜎௥௭∗ (𝑟, 𝑧, 𝑝) = 

(17) 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 29 January 2024                   doi:10.20944/preprints202401.1966.v1

https://doi.org/10.20944/preprints202401.1966.v1


 7 

 

− 𝑎2 ෍ න 𝜗ଷ௡(𝜂, 𝑝) ⎩⎪⎨
⎪⎧ 1∆(𝜂, 𝑝) ൣ∆ଵ௡(𝜂, 𝑝)𝑏௭∗(𝑝) + ∆ଶ௡(𝜂, 𝑝)𝑏ట∗ (𝑝) + ∆ଷ௡(𝜂, 𝑝)𝑏థ∗ (𝑝)൧𝐽ଵ(𝑎𝜂)

+ 𝑎ଶ𝑏௥∗(𝑝)6Λ(𝜂, 𝑝) Λ௡(𝜂, 𝑝)𝜂ଶ  ଵ 𝐹ଶ ൬32 ; 2, 52 ; − 14 𝑎ଶ𝜂ଶ൰ ⎭⎪⎬
⎪⎫ 𝜂 𝐽ଵ(𝜂𝑟)𝑒ିఎద೙(ఎ,௣)௭𝑑𝜂ஶ

଴
ସ

௡ୀଵ , 
𝐷௭∗(𝑟, 𝑧, 𝑝) = 

𝑎2 ෍ න 𝜗ସ௡(𝜂, 𝑝) ⎩⎪⎨
⎪⎧ 1∆(𝜂, 𝑝) ൣ∆ଵ௡(𝜂, 𝑝)𝑏௭∗(𝑝) + ∆ଶ௡(𝜂, 𝑝)𝑏ట∗ (𝑝) + ∆ଷ௡(𝜂, 𝑝)𝑏థ∗ (𝑝)൧𝐽ଵ(𝑎𝜂)

+ 𝑎ଶ𝑏௥∗(𝑝)6Λ(𝜂, 𝑝) Λ௡(𝜂, 𝑝)𝜂ଶ  ଵ𝐹ଶ ൬32 ; 2, 52 ; − 14 𝑎ଶ𝜂ଶ൰ ⎭⎪⎬
⎪⎫ 𝜂 𝐽଴(𝜂𝑟)𝑒ିఎద೙(ఎ,௣)௭𝑑𝜂,ஶ

଴
ସ

௡ୀଵ  

𝐵௭∗(𝑟, 𝑧, 𝑝) = 

𝑎2 ෍ න 𝜗ହ௡(𝜂, 𝑝) ⎩⎪⎨
⎪⎧ 1∆(𝜂, 𝑝) ൣ∆ଵ௡(𝜂, 𝑝)𝑏௭∗(𝑝) + ∆ଶ௡(𝜂, 𝑝)𝑏ట∗ (𝑝) + ∆ଷ௡(𝜂, 𝑝)𝑏థ∗ (𝑝)൧ 𝐽ଵ(𝑎𝜂)

+ 𝑎ଶ𝑏௥∗(𝑝)6Λ(𝜂, 𝑝) Λ௡ (𝜂, 𝑝)𝜂ଶ  ଵ𝐹ଶ ൬32 ; 2, 52 ; − 14 𝑎ଶ𝜂ଶ൰ ⎭⎪⎬
⎪⎫ 𝑒ିఎద೙(ఎ,௣)௭𝜂 𝐽଴(𝜂𝑟)𝑑𝜂ஶ

଴
ସ

௡ୀଵ . 
In order to study the singularity of the stress components, electric displacement and magnetic 

inductions in the poling direction, σ୸୸∗ , σ୰୸∗ , D୸∗ and B୸∗, at the dislocation, z = 0  is set in the related 

equation in Eq. (17), therefore 𝜎௭௭∗ (𝑟, 0, 𝑝) = 

𝑎2 ෍ න 𝜗ଶ௡(𝜂, 𝑝) ⎩⎪⎨
⎪⎧ 1∆(𝜂, 𝑝) ൣ∆ଵ௡(𝜂, 𝑝)𝑏௭∗(𝑝) + ∆ଶ௡(𝜂, 𝑝)𝑏ట∗ (𝑝) + ∆ଷ௡(𝜂, 𝑝)𝑏థ∗ (𝑝)൧𝐽ଵ(𝑎𝜂)

+ 𝑎ଶ𝑏௥∗(𝑝)6Λ(𝜂, 𝑝) Λ௡(𝜂, 𝑝)𝜂ଶ  ଵ𝐹ଶ ൬32 ; 2, 52 ; − 14 𝑎ଶ𝜂ଶ൰ ⎭⎪⎬
⎪⎫ 𝜂 𝐽଴(𝜂𝑟)𝑑𝜂,ஶ

଴
ସ

௡ୀଵ  

𝜎௥௭∗ (𝑟, 0, 𝑝) = 

− 𝑎2 ෍ න 𝜗ଷ௡(𝜂, 𝑝) ⎩⎪⎨
⎪⎧ 1∆(𝜂, 𝑝) ൣ∆ଵ௡(𝜂, 𝑝)𝑏௭∗(𝑝) + ∆ଶ௡(𝜂, 𝑝)𝑏ట∗ (𝑝) + ∆ଷ௡(𝜂, 𝑝)𝑏థ∗ (𝑝)൧𝐽ଵ(𝑎𝜂)

+ 𝑎ଶ𝑏௥∗(𝑝)6Λ(𝜂, 𝑝) Λ௡(𝜂, 𝑝)𝜂ଶ  ଵ 𝐹ଶ ൬32 ; 2, 52 ; − 14 𝑎ଶ𝜂ଶ൰ ⎭⎪⎬
⎪⎫ 𝜂 𝐽ଵ(𝜂𝑟)𝑑𝜂ஶ

଴
ସ

௡ୀଵ , 
𝐷௭∗(𝑟, 0, 𝑝) = 

𝑎2 ෍ න 𝜗ସ௡(𝜂, 𝑝) ⎩⎪⎨
⎪⎧ 1∆(𝜂, 𝑝) ൣ∆ଵ௡(𝜂, 𝑝)𝑏௭∗(𝑝) + ∆ଶ௡(𝜂, 𝑝)𝑏ట∗ (𝑝) + ∆ଷ௡(𝜂, 𝑝)𝑏థ∗ (𝑝)൧𝐽ଵ(𝑎𝜂)

+ 𝑎ଶ𝑏௥∗(𝑝)6Λ(𝜂, 𝑝) Λ௡(𝜂, 𝑝)𝜂ଶ  ଵ𝐹ଶ ൬32 ; 2, 52 ; − 14 𝑎ଶ𝜂ଶ൰ ⎭⎪⎬
⎪⎫ 𝜂 𝐽଴(𝜂𝑟)𝑑𝜂,ஶ

଴
ସ

௡ୀଵ  

𝐵௭∗(𝑟, 0, 𝑝) = 

𝑎2 ෍ න 𝜗ହ௡(𝜂, 𝑝) ⎩⎪⎨
⎪⎧ 1∆(𝜂, 𝑝) ൣ∆ଵ௡(𝜂, 𝑝)𝑏௭∗(𝑝) + ∆ଶ௡(𝜂, 𝑝)𝑏ట∗ (𝑝) + ∆ଷ௡(𝜂, 𝑝)𝑏థ∗ (𝑝)൧ 𝐽ଵ(𝑎𝜂)

+ 𝑎ଶ𝑏௥∗(𝑝)6Λ(𝜂, 𝑝) Λ௡ (𝜂, 𝑝)𝜂ଶ  ଵ𝐹ଶ ൬32 ; 2, 52 ; − 14 𝑎ଶ𝜂ଶ൰ ⎭⎪⎬
⎪⎫ 𝜂 𝐽଴(𝜂𝑟)𝑑𝜂ஶ

଴
ସ

௡ୀଵ . 

(18) 

Since the integrands in Eq. (18) are continuous functions of η and finite at η = 0, the singularity 

occurs while η tends to infinity. Utilizing the formula presented in the “Appendix D”, and after a 

lengthy analysis, the asymptotic part of the stress components, electric displacement and magnetic 

induction are obtained as 

𝜎௭௭∗,ஶ(𝑟, 0, 𝑝) = 1𝜋𝑟 ෍ 𝜗ଶ௡ஶ∆ஶ ൣ∆ଵ௡ஶ 𝑏௭∗(𝑝) + ∆ଶ௡ஶ 𝑏ట∗ (𝑝) + ∆ଷ௡ஶ 𝑏థ∗ (𝑝)൧ସ
௡ୀଵ ൞ 𝑲 ቀ𝑎𝑟ቁ + 𝑟ଶ𝑎ଶ − 𝑟ଶ 𝑬 ቀ𝑎𝑟ቁ      𝑟 > 𝑎𝑎𝑟𝑎ଶ − 𝑟ଶ  𝑬 ቀ𝑟𝑎ቁ                        𝑟 < 𝑎, 

𝜎௥௭∗,ஶ(𝑟, 0, 𝑝) = − 1𝜋𝑟 ෍ 𝜗ଷ௡ஶΛஶ Λ௡ஶ𝑏௥∗(𝑝) ൞𝑎𝑟 𝑲 ቀ𝑎𝑟ቁ + 𝑎𝑟𝑎ଶ − 𝑟ଶ 𝑬 ቀ𝑎𝑟ቁ                                                    𝑟 > 𝑎𝑎ଶ𝑎ଶ − 𝑟ଶ 𝑬 ቀ𝑟𝑎ቁ ,                                                                      𝑟 < 𝑎ସ
௡ୀଵ , 

𝐷௭∗,ஶ(𝑟, 0, 𝑝) = 1𝜋𝑟 ෍ 𝜗ସ௡ஶ∆ஶ ൣ∆ଵ௡ஶ 𝑏௭∗(𝑝) + ∆ଶ௡ஶ 𝑏ట∗ (𝑝) + ∆ଷ௡ஶ 𝑏థ∗ (𝑝)൧ସ
௡ୀଵ ൞ 𝑲 ቀ𝑎𝑟ቁ + 𝑟ଶ𝑎ଶ − 𝑟ଶ 𝑬 ቀ𝑎𝑟ቁ     𝑟 > 𝑎𝑎𝑟𝑎ଶ − 𝑟ଶ  𝐸 ቀ𝑟𝑎ቁ                       𝑟 < 𝑎, 

(19) 
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𝐵௭∗,ஶ(𝑟, 0, 𝑝) = 1𝜋𝑟 ෍ 𝜗ହ௡ஶ∆ஶ ൣ∆ଵ௡ஶ 𝑏௭∗(𝑝) + ∆ଶ௡ஶ 𝑏ట∗ (𝑝) + ∆ଷ௡ஶ 𝑏థ∗ (𝑝)൧ସ
௡ୀଵ ൞𝑲 ቀ𝑎𝑟ቁ + 𝑟ଶ𝑎ଶ − 𝑟ଶ 𝑬 ቀ𝑎𝑟ቁ       𝑟 > 𝑎𝑎𝑟𝑎ଶ − 𝑟ଶ  𝑬 ቀ𝑟𝑎ቁ                       𝑟 < 𝑎. 

where the superscript (∞)  stands for the asymptotic expansion as η → ∞  and K(k) = ׬ dx/஠/ଶ଴√1 − kଶsinଶx  and E(k) = ׬ √1 − kଶsinଶx஠/ଶ଴ dx  are the complete elliptic integrals of the first and 

second type, respectively. In the end, the stress components, electric displacement and magnetic 

induction at the dislocation site can be obtained by addition and subtraction of the asymptotic terms 

of the stress components, electric displacement and magnetic induction 

𝜎௭௭∗ (𝑟, 0, 𝑝) = 𝜎௭௭∗,ஶ(𝑟, 0, 𝑝) + 𝑎2 ෍ න
⎣⎢⎢
⎢⎢⎢
⎡ ቆ𝜗ଶ௡(𝜂, 𝑝)∆(𝜂, 𝑝) ∆ଵ௡(𝜂, 𝑝) − 𝜗ଶ௡ஶ∆ஶ ∆ଵ௡ஶ ቇ 𝑏௭∗(𝑝)
+ ቆ𝜗ଶ௡(𝜂, 𝑝)∆(𝜂, 𝑝) ∆ଶ௡(𝜂, 𝑝) − 𝜗ଶ௡ஶ∆ஶ ∆ଶ௡ஶ ቇ 𝑏ట∗ (𝑝)
+ ቆ𝜗ଶ௡(𝜂, 𝑝)∆(𝜂, 𝑝) ∆ଷ௡(𝜂, 𝑝) − 𝜗ଶ௡ஶ∆ஶ ∆ଷ௡ஶ ቇ 𝑏థ∗ (𝑝)⎦⎥⎥

⎥⎥⎥
⎤

𝜂𝐽ଵ(𝑎𝜂) 𝐽଴(𝜂𝑟)𝑑𝜂ஶ
଴

ସ
௡ୀଵ  

+ 𝑎ଷ𝑏௥∗(𝑝)12 ෍ න 𝜗ଶ௡(𝜂, 𝑝)Λ(𝜂, 𝑝) Λ௡(𝜂, 𝑝)𝜂ଷ  ଵ 𝐹ଶ ൬32 ; 2, 52 ; − 14 𝑎ଶ𝜂ଶ൰ 𝐽଴(𝜂𝑟)𝑑𝜂 ,ஶ
଴

ସ
௡ୀଵ  

𝜎௥௭∗ (𝑟, 0, 𝑝) = 𝜎௥௭∗,ஶ(𝑟, 0, 𝑝) − 𝑎2 ෍ න 𝜗ଷ௡(𝜂, 𝑝)∆(𝜂, 𝑝) ቎ ∆ଵ௡(𝜂, 𝑝)𝑏௭∗(𝑝)+∆ଶ௡(𝜂, 𝑝)𝑏ట∗ (𝑝)+∆ଷ௡(𝜂, 𝑝)𝑏థ∗ (𝑝)቏ 𝜂𝐽ଵ(𝑎𝜂) 𝐽ଵ(𝜂𝑟)𝑑𝜂ஶ
଴

ସ
௡ୀଵ  

− 𝑎ଷ12 ෍ න ቆ𝜗ଷ௡(𝜂, 𝑝)Λ(𝜂, 𝑝) Λ௡(𝜂, 𝑝) − 𝜗ଷ௡ஶΛஶ Λ௡ஶቇ 𝑏௥∗(𝑝)𝜂ଷ  ଵ 𝐹ଶ ൬32 ; 2, 52 ; − 14 𝑎ଶ𝜂ଶ൰ 𝐽ଵ(𝜂𝑟)𝑑𝜂 ,ஶ
଴

ସ
௡ୀଵ  𝐷௭∗(𝑟, 0, 𝑝) = 𝐷௭∗,ஶ(𝑟, 0, 𝑝) 

+ 𝑎2 ෍ න
⎣⎢⎢
⎢⎢⎢
⎡ ቆ𝜗ସ௡(𝜂, 𝑝)∆(𝜂, 𝑝) ∆ଵ௡(𝜂, 𝑝) − 𝜗ସ௡ஶ∆ஶ ∆ଵ௡ஶ ቇ 𝑏௭∗(𝑝)
+ ቆ𝜗ସ௡(𝜂, 𝑝)∆(𝜂, 𝑝) ∆ଶ௡(𝜂, 𝑝) − 𝜗ସ௡ஶ∆ஶ ∆ଶ௡ஶ ቇ 𝑏ట∗ (𝑝)
+ ቆ𝜗ସ௡(𝜂, 𝑝)∆(𝜂, 𝑝) ∆ଷ௡(𝜂, 𝑝) − 𝜗ସ௡ஶ∆ஶ ∆ଷ௡ஶ ቇ 𝑏థ∗ (𝑝)⎦⎥⎥

⎥⎥⎥
⎤

𝜂𝐽ଵ(𝑎𝜂) 𝐽଴(𝜂𝑟)𝑑𝜂ஶ
଴

ସ
௡ୀଵ  

+ 𝑎ଷ𝑏௥∗(𝑝)12 ෍ න 𝜗ସ௡(𝜂, 𝑝)Λ(𝜂, 𝑝) Λ௡(𝜂, 𝑝)𝜂ଷ  ଵ𝐹ଶ ൬32 ; 2, 52 ; − 14 𝑎ଶ𝜂ଶ൰ 𝐽଴(𝜂𝑟)𝑑𝜂ஶ
଴

ସ
௡ୀଵ , 

𝐵௭∗(𝑟, 0, 𝑝) = 𝐵௭∗,ஶ(𝑟, 0, 𝑝) + 𝑎2 ෍ න
⎣⎢⎢
⎢⎢⎢
⎡ ቆ𝜗ହ௡(𝜂, 𝑝)∆(𝜂, 𝑝) ∆ଵ௡(𝜂, 𝑝) − 𝜗ହ௡ஶ∆ஶ ∆ଵ௡ஶ ቇ 𝑏௭∗(𝑝)
+ ቆ𝜗ହ௡(𝜂, 𝑝)∆(𝜂, 𝑝) ∆ଶ௡(𝜂, 𝑝) − 𝜗ହ௡ஶ∆ஶ ∆ଶ௡ஶ ቇ 𝑏ట∗ (𝑝)
+ ቆ𝜗ହ௡(𝜂, 𝑝)∆(𝜂, 𝑝) ∆ଷ௡(𝜂, 𝑝) − 𝜗ହ௡ஶ∆ஶ ∆ଷ௡ஶ ቇ 𝑏థ∗ (𝑝)⎦⎥⎥

⎥⎥⎥
⎤

𝜂𝐽ଵ(𝑎𝜂) 𝐽଴(𝜂𝑟)𝑑𝜂ஶ
଴

ସ
௡ୀଵ  

+ 𝑎ଷ𝑏௥∗(𝑝)12 ෍ න 𝜗ହ௡(𝜂, 𝑝)Λ(𝜂, 𝑝) Λ௡(𝜂, 𝑝)𝜂ଷ  ଵ𝐹ଶ ൬32 ; 2, 52 ; − 14 𝑎ଶ𝜂ଶ൰ 𝐽଴(𝜂𝑟)𝑑𝜂ஶ
଴

ସ
௡ୀଵ . 

(20) 

From Eq. (20), we may observe that the stress components, electric displacement and magnetic 

induction exhibit the Cauchy-type singularity at dislocation locations, i.e. σ୸୸∗,ஶ(r, 0, p)~ ଵ୰ିୟ , σ୰୸∗,ஶ(r, 0, p)~ ଵ୰ିୟ , D୸∗,ஶ(r, 0, p)~ ଵ୰ିୟ  and B୸∗,ஶ(r, 0, p)~ ଵ୰ିୟ  as r → a.  Existence of the 

Cauchy singularity in the dislocation for an infinite transversely isotropic cylinder with prismatic and 

radial dislocations has also been reported by Pourseifi et al. [40–42]. 
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3. Axisymmetric planar crack formulation 

The distributed dislocation method was utilized by some researchers for the analysis of cracked 

bodies subjected to mechanical loading, see e.g.,Weertman and Weertman [43]. The dislocation 

solutions carried out in the previous section may be used to analyze transversely isotropic MEE 

medium weakened by multiple axisymmetric planar cracks subjected to transient in-plane loading. 

Consider a transversely isotropic MEE medium weakened by Nଵ annular cracks and N − Nଵ penny 

shaped cracks, while N denotes the number of coaxial located defects. The inner and outer radiuses 

of the annular cracks are assumed a୨ and b୨, j = 1,2, … , Nଵ. c୨, j = Nଵ + 1, Nଵ + 2, … , N is radii of the j-

th penny-shaped crack. Equation (21) represents such axisymmetric planar cracks in the parametric 

form: 𝑟௝(𝑠) = 𝐿௝𝑠 + 0.5(𝑏௝ + 𝑎௝), −1 ≤ 𝑠 ≤ 1                             𝑓𝑜𝑟 𝑎𝑛𝑛𝑢𝑙𝑎𝑟 𝑐𝑟𝑎𝑐𝑘𝑠 𝑟௝(𝑠) = 𝐿௝(1 − 𝑠), −1 ≤ 𝑠 ≤ 1                                   𝑓𝑜𝑟 𝑝𝑒𝑛𝑛𝑦 𝑠ℎ𝑎𝑝𝑒𝑑 𝑐𝑟𝑎𝑐𝑘𝑠  (21) 

Noting that, 𝐿௝ = 0.5 ቊ𝑏௝ − 𝑎௝                                        𝑓𝑜𝑟 𝑎𝑛𝑛𝑢𝑙𝑎𝑟 𝑐𝑟𝑎𝑐𝑘𝑠  (𝑗 = 1,2, … , 𝑁ଵ)𝑐௝                 𝑓𝑜𝑟 𝑝𝑒𝑛𝑛𝑦 𝑠ℎ𝑎𝑝𝑒𝑑 𝑐𝑟𝑎𝑐𝑘𝑠  (𝑗 = 𝑁ଵ + 1, … , 𝑁ଵ + 𝑁ଶ)  (22) 

Suppose the prismatic, radial, electric and magnetic dynamic dislocations with unknown 

densities of b୸∗(q, p), b୰∗(q, p), bந∗ (q, p) and bம∗ (q, p), respectively, are distributed on the infinitesimal 

segment at the surfaces of the j-th concentric crack located at z = z୨ . Applying the principle of 

superposition, the components of in-plane traction, electric and magnetic potentials at a point with 

coordinates (r୧(s), z୧), where −1 ≤ s ≤ 1, on the surface of all cracks yields 

𝜎௭௭∗ (𝑟௜(𝑠), 𝑧௜ , 𝑝) = ෍ න 𝐿௝ ቈ 𝐾௜௝ଵଵ(𝑠, 𝑞, 𝑝)𝑏௭௝∗ (𝑞, 𝑝) + 𝐾௜௝ଵଶ(𝑠, 𝑞, 𝑝)𝑏௥௝∗ (𝑞, 𝑝)+𝐾௜௝ଵଷ(𝑠, 𝑞, 𝑝)𝑏ట௝∗ (𝑞, 𝑝) + 𝐾௜௝ଵସ(𝑠, 𝑞, 𝑝)𝑏థ௝∗ (𝑞, 𝑝)቉ଵ
ିଵ 𝑑𝑞ே

௝ୀଵ , 𝑖
= 1,2, … , 𝑁 

𝜎௥௭∗ (𝑟௜(𝑠), 𝑧௜ , 𝑝) = ෍ න 𝐿௝ ቈ 𝐾௜௝ଶଵ(𝑠, 𝑞, 𝑝)𝑏௭௝∗ (𝑞, 𝑝) + 𝐾௜௝ଶଶ(𝑠, 𝑞, 𝑝)𝑏௥௝∗ (𝑞, 𝑝)+𝐾௜௝ଶଷ(𝑠, 𝑞, 𝑝)𝑏ట௝∗ (𝑞, 𝑝) + 𝐾௜௝ଶସ(𝑠, 𝑞, 𝑝)𝑏థ௝∗ (𝑞, 𝑝)቉ଵ
ିଵ 𝑑𝑞, 𝑖ே

௝ୀଵ= 1,2, … , 𝑁 

𝐷௭∗(𝑟௜(𝑠), 𝑧௜ , 𝑝) = ෍ න 𝐿௝ ቈ 𝐾௜௝ଷଵ(𝑠, 𝑞, 𝑝)𝑏௭௝∗ (𝑞, 𝑝) + 𝐾௜௝ଷଶ(𝑠, 𝑞, 𝑝)𝑏௥௝∗ (𝑞, 𝑝)+𝐾௜௝ଷଷ(𝑠, 𝑞, 𝑝)𝑏ట௝∗ (𝑞, 𝑝) + 𝐾௜௝ଷସ(𝑠, 𝑞, 𝑝)𝑏థ௝∗ (𝑞, 𝑝)቉ଵ
ିଵ 𝑑𝑞ே

௝ୀଵ , 𝑖
= 1,2, … , 𝑁 

𝐵௭∗(𝑟௜(𝑠), 𝑧௜ , 𝑝) = ෍ න 𝐿௝ ቈ 𝐾௜௝ସଵ(𝑠, 𝑞, 𝑝)𝑏௭௝∗ (𝑞, 𝑝) + 𝐾௜௝ସଶ(𝑠, 𝑞, 𝑝)𝑏௥௝∗ (𝑞, 𝑝)+𝐾௜௝ସଷ(𝑠, 𝑞, 𝑝)𝑏ట௝∗ (𝑞, 𝑝) + 𝐾௜௝ସସ(𝑠, 𝑞, 𝑝)𝑏థ௝∗ (𝑞, 𝑝)቉ଵ
ିଵ 𝑑𝑞, 𝑖ே

௝ୀଵ= 1,2, … , 𝑁 

(23) 

The kernels of the integrals in eq.23 are presented in “Appendix E”. Based on the Buckner’s 

principle [35] the problem simplifies to one of characterizing the distribution of generalized dynamic 

dislocations which generates in-plane tractions along the crack-line, equal and opposite to those 

produced by the applied loads, so that the crack faces remain traction-free. The equations for the 

crack opening displacement and the electric and magnetic potentials across the j-th axisymmetric 

planar crack are as follows 𝑢௭௝∗,ା(𝑠, 𝑝) − 𝑢௭௝∗,ି(𝑠, 𝑝) = න  𝐿௝  𝑏௭௝∗ (𝑞, 𝑝)௦
ିଵ 𝑑𝑞                          

𝑢௥௝∗,ା(𝑠, 𝑝) − 𝑢௥௝∗,ି(𝑠, 𝑝) = න  𝐿௝  𝑏௥௝∗ (𝑞, 𝑝)௦
ିଵ 𝑑𝑞                        (24) 
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𝜓௝∗,ା(𝑠, 𝑝) − 𝜓௝∗,ି(𝑠, 𝑝) = න 𝐿௝  𝑏ట௝∗ (𝑞, 𝑝)௦
ିଵ 𝑑𝑞                        

𝜙௝∗,ା(𝑠, 𝑝) − 𝜙௝∗,ି(𝑠, 𝑝) = න 𝐿௝  𝑏థ௝∗ (𝑞, 𝑝)௦
ିଵ 𝑑𝑞,         𝑗 = 1,2, … , 𝑁                       

The closure requirement must be satisfied to ensure the field is single-valued. Accordingly, eq.25 

describes these requirements for j-th annular crack න  𝐿௝  𝑏௭௝∗ (𝑞, 𝑝)ଵ
ିଵ 𝑑𝑞 = 0                          

න  𝐿௝  𝑏௥௝∗ (𝑞, 𝑝)ଵ
ିଵ 𝑑𝑞 = 0                        

න  𝐿௝  𝑏ట௝∗ (𝑞, 𝑝)ଵ
ିଵ 𝑑𝑞 = 0                        

න 𝐿௝  𝑏థ௝∗ (𝑞, 𝑝)ଵ
ିଵ 𝑑𝑞 = 0,                                            𝑗 = 1,2, … , 𝑁                       

(25) 

To calculate the dislocation densities on a crack face, the equations (23) and Eq. (25) should be 

solved simultaneously. The numerical inversion of the Laplace transform is accomplished through 

Stehfest’s technique [36]. This approach was utilized by several researchers to analyze dynamic crack 

problems. A time dependent function f(t) is approximated as 

( )
1

2 2M

n

n

ln ln
f t v F n

t t=

 
≈  

 
  (26) 

Where, F(. ) denotes the Laplace transform of f(t), M is an even number, and the coefficients 

are expressed as 

( )
( )

( ) ( ) ( )

min ,
2 2

2

1
2

2 !
1

! ! 1 ! ! 2 !
2

M M
n

M
n

n

n
j

j
v

j

j

M
j j n j j n

 
 
 

+

+ 
=  

= −
 

− − − − 
 


 

(27) 

[.] indicates the integer part of the quantity. Considering Eq. (27) the evaluation of f(t) at the 

specific time instant t requires the calculations of F(s) at M points p = (୪୬ଶ୲ ) n, n ∈ ሼ1, 2, . . . , Mሽ. According to the relationships (23) and (25) one can write 𝜎௭௭∗ (𝑟௜(𝑠), 𝑧௜ , 𝑙𝑛2𝑡 𝑛) = 

෍ න 𝐿௝ ൦ 𝐾௜௝ଵଵ ൬𝑠, 𝑞, 𝑙𝑛2𝑡 𝑛൰ 𝑏௭௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰ + 𝐾௜௝ଵଶ ൬𝑠, 𝑞, 𝑙𝑛2𝑡 𝑛൰ 𝑏௥௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰+𝐾௜௝ଵଷ ൬𝑠, 𝑞, 𝑙𝑛2𝑡 𝑛൰ 𝑏ట௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰ + 𝐾௜௝ଵସ ൬𝑠, 𝑞, 𝑙𝑛2𝑡 𝑛൰ 𝑏థ௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰൪ଵ
ିଵ 𝑑𝑞ே

௝ୀଵ , 𝑖 = 1,2, … , 𝑁 

𝜎௥௭∗ (𝑟௜(𝑠), 𝑧௜ , 𝑙𝑛2𝑡 𝑛) = 

෍ න 𝐿௝ ൦ 𝐾௜௝ଶଵ ൬𝑠, 𝑞, 𝑙𝑛2𝑡 𝑛൰ 𝑏௭௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰ + 𝐾௜௝ଶଶ ൬𝑠, 𝑞, 𝑙𝑛2𝑡 𝑛൰ 𝑏௥௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰+𝐾௜௝ଶଷ ൬𝑠, 𝑞, 𝑙𝑛2𝑡 𝑛൰ 𝑏ట௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰ + 𝐾௜௝ଶସ ൬𝑠, 𝑞, 𝑙𝑛2𝑡 𝑛൰ 𝑏థ௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰൪ଵ
ିଵ 𝑑𝑞, 𝑖 = 1,2, … , 𝑁ே

௝ୀଵ  

𝐷௭∗(𝑟௜(𝑠), 𝑧௜ , 𝑙𝑛2𝑡 𝑛) = 

෍ න 𝐿௝ ൦ 𝐾௜௝ଷଵ ൬𝑠, 𝑞, 𝑙𝑛2𝑡 𝑛൰ 𝑏௭௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰ + 𝐾௜௝ଷଶ ൬𝑠, 𝑞, 𝑙𝑛2𝑡 𝑛൰ 𝑏௥௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰+𝐾௜௝ଷଷ ൬𝑠, 𝑞, 𝑙𝑛2𝑡 𝑛൰ 𝑏ట௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰ + 𝐾௜௝ଷସ ൬𝑠, 𝑞, 𝑙𝑛2𝑡 𝑛൰ 𝑏థ௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰൪ଵ
ିଵ 𝑑𝑞ே

௝ୀଵ , 𝑖 = 1,2, … , 𝑁 

(28) 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 29 January 2024                   doi:10.20944/preprints202401.1966.v1

https://doi.org/10.20944/preprints202401.1966.v1


 11 

 

𝐵௭∗(𝑟௜(𝑠), 𝑧௜ , 𝑙𝑛2𝑡 𝑛) = 

෍ න 𝐿௝ ൦ 𝐾௜௝ସଵ ൬𝑠, 𝑞, 𝑙𝑛2𝑡 𝑛൰ 𝑏௭௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰ + 𝐾௜௝ସଶ ൬𝑠, 𝑞, 𝑙𝑛2𝑡 𝑛൰ 𝑏௥௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰+𝐾௜௝ସଷ ൬𝑠, 𝑞, 𝑙𝑛2𝑡 𝑛൰ 𝑏ట௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰ + 𝐾௜௝ସସ ൬𝑠, 𝑞, 𝑙𝑛2𝑡 𝑛൰ 𝑏థ௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰൪ଵ
ିଵ 𝑑𝑞, 𝑖 = 1,2, … , 𝑁ே

௝ୀଵ  

න  𝐿௝  𝑏௭௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰ଵ
ିଵ 𝑑𝑞 = 0                          

න  𝐿௝  𝑏௥௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰ଵ
ିଵ 𝑑𝑞 = 0                        

න  𝐿௝  𝑏ట௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰ଵ
ିଵ 𝑑𝑞 = 0                        

න 𝐿௝  𝑏థ௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰ଵ
ିଵ 𝑑𝑞 = 0,   

In the transversely isotropic MEE media, the boundary conditions of the stress field and the 

electric and magnetic displacement at crack tip behave like 1/√r, where r is the distance from the 

crack tips. Therefore, by choosing that the embedded crack tips to be singular at q = −1,  the 

dislocation densities for each type of crack are classified as [44] 

⎩⎪⎨
⎪⎧ 𝑏௞௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰ = 𝐺௞௝∗ ቀ𝑞, 𝑙𝑛2𝑡 𝑛ቁඥ1 − 𝑞ଶ                         𝑓𝑜𝑟 𝑎𝑛𝑛𝑢𝑙𝑎𝑟 𝑐𝑟𝑎𝑐𝑘𝑠

𝑏௞௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰ = 𝐺௞௝∗ ൬𝑞, 𝑙𝑛2𝑡 𝑛൰ ඨ1 − 𝑞1 + 𝑞   𝑓𝑜𝑟 𝑝𝑒𝑛𝑛𝑦 − 𝑠ℎ𝑎𝑝𝑒𝑑 𝑐𝑟𝑎𝑐𝑘 , 𝑘 = 𝑧, 𝑟, 𝜓 𝑎𝑛𝑑 𝜙         (29) 

Substituting Eq. (29) into Eq. (28) and application of the numerical approach of singular integral 

equations with Cauchy-type kernel developed by Faal et al. [45] results in G୩୨∗ ቀq, ୪୬ଶ୲ nቁ. Using Eq. 

(26), the inverse Laplace transform of dislocation densities can be expressed as 

( ) *

1

2 2, , ,?   1 1,?  1, 2, ,?  , ,ψ φ
=

 
= − ≤ ≤ = … = 

 

M

ki n ki

n

ln ln
g q t v G q n q i N k z r and

t t
 (30) 

Finally, the modes I and II dynamic stress intensity factors (DSIFs), dynamic electric 

displacement intensity factors (DEIFs) and dynamic magnetic induction intensity factors (DMIFs) for 

annular crack are [46] 
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⎩⎪⎨
⎪⎧ 𝐾ூ௅ೕ(𝑡)𝐾ூூ௅ೕ(𝑡)𝐾஽௅ೕ(𝑡)𝐾஻௅ೕ(𝑡)⎭⎪⎬

⎪⎫

= ඥ𝜋𝐿௝2
⎩⎪⎪
⎪⎪⎨
⎪⎪⎪
⎪⎧ 1∆ஶ ෍ 𝜗ଶ௡ஶ ൣ∆ଵ௡ஶ 𝑔௭௝(−1, 𝑡) + ∆ଶ௡ஶ 𝑔ట௝(−1, 𝑡) + ∆ଷ௡ஶ 𝑔థ௝(−1, 𝑡)൧ସ

௡ୀଵ − 1Λஶ ෍ 𝜗ଷ௡ஶ Λ௡ஶସ
௡ୀଵ 𝑔௥௝(−1, 𝑡)1∆ஶ ෍ 𝜗ସ௡ஶ ൣ∆ଵ௡ஶ 𝑔௭௝(−1, 𝑡) + ∆ଶ௡ஶ 𝑔ట௝(−1, 𝑡) + ∆ଷ௡ஶ 𝑔థ௝(−1, 𝑡)൧ସ

௡ୀଵ1∆ஶ ෍ 𝜗ହ௡ஶ ൣ∆ଵ௡ஶ 𝑔௭௝(−1, 𝑡) + ∆ଶ௡ஶ 𝑔ట௝(−1, 𝑡) + ∆ଷ௡ஶ 𝑔థ௝(−1, 𝑡)൧ସ
௡ୀଵ ⎭⎪⎪

⎪⎪⎬
⎪⎪⎪
⎪⎫

 

⎩⎪⎨
⎪⎧ 𝐾ூோೕ(𝑡)𝐾ூூோೕ(𝑡)𝐾஽ோೕ(𝑡)𝐾஻ோೕ(𝑡)⎭⎪⎬

⎪⎫

= − ඥ𝜋𝐿௝2
⎩⎪⎪
⎪⎪⎨
⎪⎪⎪
⎪⎧ 1∆ஶ ෍ 𝜗ଶ௡ஶ ൣ∆ଵ௡ஶ 𝑔௭௝(1, 𝑡) + ∆ଶ௡ஶ 𝑔ట௝(1, 𝑡) + ∆ଷ௡ஶ 𝑔థ௝(1, 𝑡)൧ସ

௡ୀଵ − 1Λஶ ෍ 𝜗ଷ௡ஶ Λ௡ஶସ
௡ୀଵ 𝑔௥௝(1, 𝑡)1∆ஶ ෍ 𝜗ସ௡ஶ ൣ∆ଵ௡ஶ 𝑔௭௝(1, 𝑡) + ∆ଶ௡ஶ 𝑔ట௝(1, 𝑡) + ∆ଷ௡ஶ 𝑔థ௝(1, 𝑡)൧ସ

௡ୀଵ1∆ஶ ෍ 𝜗ହ௡ஶ ൣ∆ଵ௡ஶ 𝑔௭௝(1, 𝑡) + ∆ଶ௡ஶ 𝑔ట௝(1, 𝑡) + ∆ଷ௡ஶ 𝑔థ௝(1, 𝑡)൧ସ
௡ୀଵ ⎭⎪⎪

⎪⎪⎬
⎪⎪⎪
⎪⎫

 

(31) 

Where L  and R  in Eq. (31) indicate inner and outer tips of annular crack, respectively. 

Moreover, DSIFs, DEIFs and DMIFs for a penny-shaped crack are 
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⎩⎪⎨
⎪⎧ 𝐾ூೕ(𝑡)𝐾ூூೕ(𝑡)𝐾஽ೕ(𝑡)𝐾஻ೕ(𝑡)⎭⎪⎬

⎪⎫

= ඥ𝜋𝐿௝

⎩⎪⎪
⎪⎪⎨
⎪⎪⎪
⎪⎧ 1∆ஶ ෍ 𝜗ଶ௡ஶ ൣ∆ଵ௡ஶ 𝑔௭௝(−1, 𝑡) + ∆ଶ௡ஶ 𝑔ట௝(−1, 𝑡) + ∆ଷ௡ஶ 𝑔థ௝(−1, 𝑡)൧ସ

௡ୀଵ − 1Λஶ ෍ 𝜗ଷ௡ஶ Λ௡ஶସ
௡ୀଵ 𝑔௥௝(−1, 𝑡)1∆ஶ ෍ 𝜗ସ௡ஶ ൣ∆ଵ௡ஶ 𝑔௭௝(−1, 𝑡) + ∆ଶ௡ஶ 𝑔ట௝(−1, 𝑡) + ∆ଷ௡ஶ 𝑔థ௝(−1, 𝑡)൧ସ

௡ୀଵ1∆ஶ ෍ 𝜗ହ௡ஶ ൣ∆ଵ௡ஶ 𝑔௭௝(−1, 𝑡) + ∆ଶ௡ஶ 𝑔ట௝(−1, 𝑡) + ∆ଷ௡ஶ 𝑔థ௝(−1, 𝑡)൧ସ
௡ୀଵ ⎭⎪⎪

⎪⎪⎬
⎪⎪⎪
⎪⎫

 

(32) 

In the case of a crack problem with permeable condition (type-b solution), the electric and 

magnetic potentials are continuous in the crack positions. Therefore, it is enough to let the jump in 

electric and magnetic potential be zero, i.e. bம and bம in the boundary conditions (12) and (13). The 

same process as for impermeable cracks is followed to achieve permeable cracks 

⎩⎪⎨
⎪⎧ 𝐾ூ௅ೕ(𝑡)𝐾ூூ௅ೕ(𝑡)𝐾ூோೕ(𝑡)𝐾ூூோೕ(𝑡)⎭⎪⎬

⎪⎫ = ඥ𝜋𝐿௝2
⎩⎪⎪
⎪⎪⎨
⎪⎪⎪
⎪⎧ 1∆ஶ ෍ 𝜗ଶ௡ஶ ∆ଵ௡ஶ 𝑔௭௝(−1, 𝑡)ସ

௡ୀଵ− 1Λஶ ෍ 𝜗ଷ௡ஶ Λ௡ஶସ
௡ୀଵ 𝑔௥௝(−1, 𝑡)

− 1∆ஶ ෍ 𝜗ଶ௡ஶ ∆ଵ௡ஶ 𝑔௭௝(1, 𝑡)ସ
௡ୀଵ1Λஶ ෍ 𝜗ଷ௡ஶ Λ௡ஶସ

௡ୀଵ 𝑔௥௝(1, 𝑡) ⎭⎪⎪
⎪⎪⎬
⎪⎪⎪
⎪⎫

 (33) 

for the DSIFs of annular cracks and 

ቊ 𝐾ூೕ(𝑡)𝐾ூூೕ(𝑡)ቋ = ට𝜋𝐿௝ ⎩⎪⎨
⎪⎧ 1∆ஶ ෍ 𝜗ଶ௡ஶ ∆ଵ௡ஶ 𝑔௭௝(−1, 𝑡)ସ

௡ୀଵ− 1Λஶ ෍ 𝜗ଷ௡ஶ Λ௡ஶସ
௡ୀଵ 𝑔௥௝(−1, 𝑡)⎭⎪⎬

⎪⎫
 (34) 

for penny-shaped cracks. Additionally, the DEIFs and DMIFs are related to the DSIFs through 

ቊ𝐾஽ೕ(𝑡)𝐾஻ೕ(𝑡)ቋ = ⎩⎪⎨
⎪⎧∑ 𝜗ସ௡ஶ ∆ଵ௡ஶସ௡ୀଵ∑ 𝜗ଶ௡ஶ ∆ଵ௡ஶସ௡ୀଵ 𝐾ூೕ(𝑡)∑ 𝜗ହ௡ஶ ∆ଵ௡ஶସ௡ୀଵ∑ 𝜗ଶ௡ஶ ∆ଵ௡ஶସ௡ୀଵ 𝐾ூೕ(𝑡)⎭⎪⎬

⎪⎫
 (35) 

It is observed that for the permeable condition case, the DSIFs, DEIFs and DMIFs of a collection 

of multiple cracks do not depend on the electric and magnetic loadings. This property of generalized 

intensity coefficients for permeable cracks in transversely isotropic MEE materials has been reported 

in the literature for a single crack [47] as well as for three parallel asymmetric cracks [48]. 
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4. Numerical examples 

The methodology introduced in the preceding section based on generalized distributed 

dislocation technique,  allowed the consideration of a transversely isotropic MEE medium weakened 

by multiple axisymmetric planar cracks under transient in-plane magneto-electromechanical 

loading . The analysis covers both penny-shaped and annular cracks, as shown in Figure 1. The 

BaTiO3–CoFe2O4 composite material is used in numerical calculations. The piezoelectric and 

piezomagnetic characteristics of bimaterial composite are taken from the reference [49] and presented 

in Table 1. In all cases, the medium is subjected to far-field uniform dynamic traction σ୸୸ = σ଴ஶH(t), 

dynamic axial electric displacement D୸ = D଴ஶH(t)  and dynamic axial magnetic induction B୸ =B଴ஶH(t), in which σ଴ஶ, D଴ஶ and , B଴ஶ are the amplitudes of the normal stress, electric displacement  

and magnetic induction exerted on crack surfaces, respectively, and  H(. ) the Heaviside unit step 

function. The electro-mechanical and magneto-mechanical coupling factors are defined by λୈ =D଴ஶeଵହ/σ଴ஶdଵଵ  and λ୆ = B଴ஶαଵହ/σ଴ஶγଵଵ  to integrate the normal traction σ଴ஶ , electric D଴ஶ  and 

magnet B଴ஶ loading. In the following examples, for penny-shaped cracks the modes I and II DSIFs, 

DEIFs and DMIFs are normalized by K୍଴ = 2σ଴ஶඥl/π, K୍୍଴ = 2σ଴ஶඥl/π, Kୈ଴ = K୍଴dଵଵ/eଵହ and K୆଴ =K୍଴γଵଵ/αଵହ; respectively. Additionally, for annular cracks the generalized dynamic intensity factors 

are normalized by dividing to K୍଴ = σ଴ஶ√πl, K୍୍଴ = σ଴ஶ√πl, Kୈ଴ = K୍଴dଵଵ/eଵହ and K୆଴ = K୍଴γଵଵ/αଵହ, 

where l is crack length. The results are presented according to normalized time C୘t/l, where C୘ =ඥμ଴/ρ଴  with μ଴ = cସସ + ୢభభ஑భఱమ ିଶୣభఱ஑భఱஒభభାஓభభୣభఱమஓభభୢభభିஒభభమ  being the “extended” shear wave velocity in the  

transversely isotropic MEE medium.  

 

Figure 1. A transversely isotropic piezoelectromagnetic medium with axisymmetric planar cracks 

(penny-shaped crack and annular crack) subjected to transient in-plane magneto-electro-mechanical 

loading. 

Table 1. Material properties of BaTiO3–CoFe2O4 based on [47]. cଵଵ = 22.6E10 Nmିଶ, cଵଷ = 12.4E10 Nmିଶ, cଷଷ = 21.6E10 Nmିଶ, cସସ = 4.4E10 Nmିଶ, dଵଵ = 5.64E − 9 CଶNିଵmିଶ, dଷଷ = 6.35E − 9 CଶNିଵmିଶ, γଵଵ = 297E − 6 NsଶCିଶ, γଷଷ = 83.5E − 6 NsଶCିଶ, eଷଵ = −2.2 Cmିଶ , eଷଷ = 9.3 Cmିଶ, eଵହ = 5.8 Cmିଶ, αଷଵ = 290.2 NAିଵmିଵ , αଷଷ = 350 NAିଵmିଵ, αଵହ = 275 NAିଵmିଵ, βଵଵ = 5.367E − 12  NsVିଵCିଵ, βଷଷ = 2737.5E − 12  NsVିଵCିଵ. 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 29 January 2024                   doi:10.20944/preprints202401.1966.v1

https://doi.org/10.20944/preprints202401.1966.v1


 15 

 

4.1. A transversely isotropic MEE medium with a penny-shaped crack  

For first example, the problem of a transversely isotropic MEE medium including a penny-

shaped crack with radius l = cଵ  is investigated. It is assumed that the crack is located at z = 0. The 

variations of normalized mode I DSIFs versus C୘t/l  for magnetoelectrically impermeable and 

permeable penny-shaped crack with loading combination parameters λୈ = 1  and λ୆ = 1 , are 

depicted in Figure 2. This  figure  indicates  that,  regardless  of magnetoelectrically 

impermeable and permeable boundary  conditions  of  the  crack  surface,  by increase of C୘t/l 
the normalized DSIFs first  increase  to high values and  then  asymptotically tend  to static 

value. However, the maximum values related to the electromagnetically impermeable crack surface 

are higher than the values related to the permeable crack. Furthermore, the occurring time the peak 

values of mode I DSIFs for two types of the impermeable and permeable penny-shaped cracks is 

similar and appears about at the normalized time C୘t/l ≅ 1.65.  

 
Figure 2. Variation of K୍(t)/K୍଴ versus C୘t/l  for magnetoelectrically impermeable and permeable 

penny-shaped crack with λୈ = 1 and λ୆ = 1. 
Figures 3–5 display the variations of normalized generalized dynamic intensity factors versus 

normalized time for magnetoelectrically impermeable penny-shaped crack under different values of 

combined magneto-electro-mechanical coupling factors. As it might be observed from Figure 3, the 

both magnetic and electrical loadings significantly affects the DSIFs of mode-I, so that the magnitudes 

of DSIFs of the crack increase with increasing values of λୈ  and λ୆ . Moreover, Figures 4 and 5, 

indicate that both the DEIFs and DMIFs are almost constant over the normalized time, and that 

electrical loadings do not have considerable effects on the DMIFs, and that magnetic loadings do not 

have considerable effects on the DEIFs as well. 

 

Figure 3. Variation of K୍(t)/K୍଴ versus C୘t/l  for magnetoelectrically impermeable penny-shaped 

crack under different magneto-electro-mechanical coupling factors. 
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Figure 4. Variation of Kୈ(t)/Kୈ଴ versus C୘t/l  for magnetoelectrically impermeable penny-shaped 

crack under different magneto-electro-mechanical coupling factors. 

 

Figure 5. Variation of K୆(t)/K୆଴ versus C୘t/l  for magnetoelectrically impermeable penny-shaped 

crack under different magneto-electro-mechanical coupling factors. 

4.2. A transversely isotropic MEE medium with an annular crack  

In this example, a transversely isotropic MEE medium weakened by an annular crack with 

length 2l = (bଵ − aଵ) is considered. aଵ and bଵ are the inner and outer radii of the annular crack. 

The crack is assumed to be on the plane z = 0. For λୈ = 1 and λ୆ = 1, the non-dimensionalized 

mode I DSIFs for electrically and magnetically impermeable annular crack are compared with the 

corresponding DSIFs for electrically and magnetically permeable annular crack in Figures 6 and 7. 

As expected, regardless of permeability of the crack, the curves of K୍୐(t)/ K୍଴ and K୍ୖ(t)/ K୍଴ exhibit 

the transient characteristic. So that, for inner and outer tips of annular crack, the DSIFs had a main 

peak value at about C୘t/l = 1.65  for impermeable condition and  C୘t/l = 2.1  for permeable 

condition. Afterwards, those values decline gradually to the static values. Moreover, for the annular 

crack similar to the penny-shaped crack, when t → ∞, the curves of modes I DSIFs around both the 

inner and outer crack tip tend to two constant values, respectively. It reveals that, permeability has 

no significant effect on the stress intensity factors in the static state. Additionally, the modes I DSIFs 

for inner tips are larger than the outer tips in the case of annular crack,. 
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Figure 6. Variation of K୍୐(t)/K୍଴ versus C୘t/l  for magnetoelectrically impermeable and permeable 

annular crack with λୈ = 1 and λ୆ = 1. 

 

Figure 7. Variation of K୍ୖ(t)/K୍଴ versus C୘t/l  for magnetoelectrically impermeable and permeable 

annular crack with λୈ = 1 and λ୆ = 1. 
Figures 6 and 7 depict the effect of the dimensionless time on the behavior of the annular crack 

tips for different values of electromechanical and magnetomechanical coupling factors. It is easily 

seen from figures, that the magneto-electromechanical coupling factors have considerable effect on 

the DSIFs of mode I. So that, the peak value of  DSIFs  for  greater  magneto-electromechanical 

coupling  factors  is much  more  than  the  small  value. While, like to the penny-shaped crack, 

the DEIFs and DMIFs for tips of annular crack are almost independent of the normalized time, and 

do not depend on magnetic and electrical loadings, respectively. 

 

Figure 8. Variation of K୍୐(t)/K୍଴ versus C୘t/l  for magnetoelectrically impermeable annular crack 

under different magneto-electro-mechanical coupling factors. 
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Figure 9. Variation of K୍ୖ(t)/K୍଴ versus C୘t/l  for magnetoelectrically impermeable annular crack 

under different magneto-electro-mechanical coupling factors. 

 

Figure 10. Variation of Kୈ(t)/Kୈ଴ versus C୘t/l  for magnetoelectrically impermeable annular crack 

under different magneto-electro-mechanical coupling factors. 

 

Figure 11. Variation of K୆(t)/K୆଴ versus C୘t/l  for magnetoelectrically impermeable annular crack 

under different magneto-electro-mechanical coupling factors. 

4.3. A transversely isotropic MEE medium with two non-planar penny-shaped cracks 

In the third example, a transversely isotropic MEE medium containing two parallel concentric 

interacting equal-length penny-shaped cracks under impermeable condition is analyzed. The radii of 

cracks are  cଵ and cଶ  and the crack length for both of them is lଵ = lଶ = l. The penny-shaped cracks 

were symmetrically located relative to the z = 0, where the centers of cracks lie on a vertical line of 

length h. The graphs of modes I and II DSIFs, DEIFs and DMIFs against the dimensionless time with λୈ = 1 and λ୆ = 1 are shown in Figures 12–15, respectively. Figures 12–15 demonstrate the effect of 

the interaction between cracks for h/l = 1,5 and 10. In Figure 12, for a given h/l, the mode I DSIFs 

increases to a maximum value and then gradually reduce and tend to the static value. By increasing  h/l , both the static and the peak values increase in magnitude. Nevertheless, Figure 13 indicates that, 

as the distance between two cracks, i.e. h/l , decreases, the magnitude of mode II DSIFs increases. 
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This observation can be interpreted by the well-known phenomenon of Poisson effect. Due to the 

Poisson effect, the compressive stresses created on the opposite sides of the crack are unequal, as a 

result, shear stresses are created on each of the cracks. From Figures 14 and 15, it is observed that, by 

increasing the distance between cracks, the DEIF and DMIF increase. Furthermore, from Figures 12–

15, it can be seen that as h/l approaches to infinity, the values of generalized intensity factor get close 

to the values of a penny-shaped crack. 

 

Figure 12. Variation of K୍(t)/K୍଴ versus C୘t/l  for magnetoelectrically impermeable two non-planar 

identical penny-shaped cracks with λୈ = 1 and λ୆ = 1. 

 

Figure 13. Variation of K୍୍(t)/K୍୍଴  versus C୘t/l   for magnetoelectrically impermeable two non-

planar identical penny-shaped cracks with λୈ = 1 and λ୆ = 1. 

 

Figure 14. Variation of Kୈ(t)/Kୈ଴  versus C୘t/l   for magnetoelectrically impermeable two non-

planar identical penny-shaped cracks with λୈ = 1 and λ୆ = 1. 
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Figure 15. Variation of K୆(t)/K୆଴  versus C୘t/l   for magnetoelectrically impermeable two non-

planar identical penny-shaped cracks with λୈ = 1 and λ୆ = 1. 
4.4. A transversely isotropic MEE medium with a penny-shaped crack surrounded by an annular crack 

The final example describes the interaction between two coplanar concentric axisymmetric 

cracks. The two axisymmetric interacting cracks are an annular crack (number 1) and a penny-shaped 

crack (number 2). The cracks are located at zଵ = zଶ = 0 and have radii aଵ, bଵ and cଶ, respectively. 

The annular crack length is 2l = (bଵ − aଵ)  and the length of penny-shaped crack is l = cଶ . The 

distance between the tip of penny-shaped crack tip and the inner tip of annular crack is 2d. In this 

example, is assumed that  d = 0.1l, and the values of magneto-electro-mechanical coupling factors 

are λୈ = 1 and λ୆ = 1. The normalized mode I DSIFs, DEIFs and DMIFs have been computed and 

plotted graphically in Figures 16–18. In comparison with the previous examples (single crack 

problem), it is revealed that the interaction between cracks enhanced the generalized intensity factors 

of the crack tips. Both the max and steady-state value of generalized intensity factors increase while 

increasing the crack tip interaction. Also, these figure state that the magnitudes of the DSIFs, DEIFs 

and DMIFs for the annular crack are higher compared to the penny-shaped crack. 

 

Figure 16. Variation of K୍(t)/K୍଴  versus C୘t/l   for magnetoelectrically impermeable a penny-

shaped crack engulfed by an annular crack with λୈ = 1 and λ୆ = 1. 
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Figure 17. Variation of Kୈ(t)/Kୈ଴  versus C୘t/l   for magnetoelectrically impermeable a penny-

shaped crack engulfed by an annular crack with λୈ = 1 and λ୆ = 1. 

 

Figure 18. Variation of K୆(t)/K୆଴  versus C୘t/l   for magnetoelectrically impermeable a penny-

shaped crack engulfed by an annular crack with λୈ = 1 and λ୆ = 1. 
5. Concluding remarks 

The transient response of a piezo-electro-magneto-elastic material weakened by multiple 

axisymmetric planar cracks based on the distributed dislocation method is investigated. The system 

is subjected to sudden in-plane magneto-electro-mechanical impacts. Two kinds of electromagnetic 

crack-face conditions are considered. Applying the Hankel and Laplace transform methods, the 

associated boundary value problem is reduced to a singular integral problem with Cauchy kernel. 

These integral equations were solved through a numerical method and the DSIFs, DEIFs and DMIFs 

are calculated at the crack tips. According to the numerical results, the most important results 

obtained are as follows: 

1) The DSIFs for magnetoelectrically impermeable and permeable axisymmetric planar cracks 

rise quickly to a peak. All curves settle down to the static value over time. 

2) For two types of the axisymmetric planar crack, the peak values corresponding to the 

magnetoelectrically impermeable crack surface are greater compared to those of permeable case. 

3) For two types of the axisymmetric planar crack, the DSIFs for static value (t → ∞)  are 

independent of the crack-face electric and magnetic boundary condition. 

4) For two types of the axisymmetric planar crack, the DSIFs are significantly affected by the 

magneto-electro-mechanical coupling factor, which the DSIFs at the crack tips increase as the 

magneto-electro-mechanical coupling parameter increases. 

5) For two types of the axisymmetric planar crack, the DEIFs and DMIFs for tips of cracks are 

almost independent of time, and do not depend on magnetic and electrical loadings, respectively. 

6) For the single annular crack, inner tips have larger generalized dynamic intensity compared 

to the outer tips. 

7) For two non-planar penny-shaped cracks, by increasing distance between two cracks, the 

mode-I DSIF, DEIF and DMIF magnitude increase whereas the magnitudes of mode-II DSIF decrease. 

8) The interaction between cracks has a significant effect on generalized intensity factor of crack 

tips. 
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Appendix A ϱ୬(η, p) (n = 1,2, … 8) in Eq. (7) are the roots of the following characteristic equation Det ሾΔ(η, p)ሿ = 0  

where the matrix  Δ(η, p)  is given by 

𝚫(𝜂, 𝑝) =
⎣⎢⎢
⎢⎢⎢
⎢⎡cଵଵ − cସସϱ୬ଶ + ρpଶηଶ −(cଵଷ + cସସ)ϱ୬ −(eଷଵ + eଵହ)ϱ୬ −(αଷଵ + αଵହ)ϱ୬−(cଵଷ + cସସ)ϱ୬ cଷଷϱ୬ଶ − cସସ − ρpଶηଶ eଷଷϱ୬ଶ − eଵହ αଷଷϱ୬ଶ − αଵହ−(eଷଵ + eଵହ)ϱ୬ eଷଷϱ୬ଶ − eଵହ dଵଵ − dଷଷϱ୬ଶ βଵଵ − βଷଷϱ୬ଶ−(αଷଵ + αଵହ)ϱ୬ αଷଷϱ୬ଶ − αଵହ βଵଵ − βଷଷϱ୬ଶ γଵଵ − γଷଷϱ୬ଶ ⎦⎥⎥

⎥⎥⎥
⎥⎤
 

 

and the λଵ୬(η, p), λଶ୬(η, p) and λଷ୬(η, p) in Eq. (7) can be achieved by 

λଵ୬(η, p) = ተተ− ൬cଵଵ − cସସϱ୬ଶ + ρpଶηଶ ൰ −(eଷଵ + eଵହ)ϱ୬ −(αଷଵ + αଵହ)ϱ୬(cଵଷ + cସସ)ϱ୬ eଷଷϱ୬ଶ − eଵହ αଷଷϱ୬ଶ − αଵହ(eଷଵ + eଵହ)ϱ୬ dଵଵ − dଷଷϱ୬ଶ βଵଵ − βଷଷϱ୬ଶ
ተተ

ተ −(cଵଷ + cସସ)ϱ୬ −(eଷଵ + eଵହ)ϱ୬ −(αଷଵ + αଵହ)ϱ୬cଷଷϱ୬ଶ − cସସ − ρpଶηଶ eଷଷϱ୬ଶ − eଵହ αଷଷϱ୬ଶ − αଵହeଷଷϱ୬ଶ − eଵହ dଵଵ − dଷଷϱ୬ଶ βଵଵ − βଷଷϱ୬ଶ
ተ  

 

λଶ୬(η, p) = ተተ−(cଵଷ + cସସ)ϱ୬ − ൬cଵଵ − cସସϱ୬ଶ + ρpଶηଶ ൰ −(αଷଵ + αଵହ)ϱ୬cଷଷϱ୬ଶ − cସସ (cଵଷ + cସସ)ϱ୬ αଷଷϱ୬ଶ − αଵହeଷଷϱ୬ଶ − eଵହ (eଷଵ + eଵହ)ϱ୬ βଵଵ − βଷଷϱ୬ଶ
ተተ

ተ −(cଵଷ + cସସ)ϱ୬ −(eଷଵ + eଵହ)ϱ୬ −(αଷଵ + αଵହ)ϱ୬cଷଷϱ୬ଶ − cସସ − ρpଶηଶ eଷଷϱ୬ଶ − eଵହ αଷଷϱ୬ଶ − αଵହeଷଷϱ୬ଶ − eଵହ dଵଵ − dଷଷϱ୬ଶ βଵଵ − βଷଷϱ୬ଶ
ተ  

 

λଷ୬(η, p) = ተተ−(cଵଷ + cସସ)ϱ୬ −(eଷଵ + eଵହ)ϱ୬ − ൬cଵଵ − cସସϱ୬ଶ + ρpଶηଶ ൰cଷଷϱ୬ଶ − cସସ eଷଷϱ୬ଶ − eଵହ (cଵଷ + cସସ)ϱ୬eଷଷϱ୬ଶ − eଵହ dଵଵ − dଷଷϱ୬ଶ (eଷଵ + eଵହ)ϱ୬
ተተ

ተ −(cଵଷ + cସସ)ϱ୬ −(eଷଵ + eଵହ)ϱ୬ −(αଷଵ + αଵହ)ϱ୬cଷଷϱ୬ଶ − cସସ − ρpଶηଶ eଷଷϱ୬ଶ − eଵହ αଷଷϱ୬ଶ − αଵହeଷଷϱ୬ଶ − eଵହ dଵଵ − dଷଷϱ୬ଶ βଵଵ − βଷଷϱ୬ଶ
ተ  

 

Appendix B 

Coefficients in Eq. (8) are ϑଵ୬(η, p) = cଵଵ − ϱ୬(η, p)ሾαଷଵλଷ୬(η, p) + cଵଷλଵ୬(η, p) + eଷଵλଶ୬(η, p)ሿ ϑଶ୬(η, p) = cଵଷ − ϱ୬(η, p)ሾcଷଷλଵ୬(η, p) + eଷଷλଶ୬(η, p) + αଷଷλଷ୬(η, p)ሿ ϑଷ୬(η, p) = cସସሾϱ୬(η, p) + λଵ୬(η, p)ሿ + eଵହλଶ୬(η, p) + αଵହλଷ୬(η, p) ϑସ୬(η, p) = eଷଵ − ϱ୬(η, p)ሾeଷଷλଵ୬(η, p) − dଷଷλଶ୬(η, p) − βଷଷλଷ୬(η, p)ሿ ϑହ୬(η, p) = αଷଵ − ϱ୬(η, p)ሾαଷଷλଵ୬(η, p) − βଷଷλଶ୬(η, p) − γଷଷλଷ୬(η, p)ሿ 
 

 

Appendix C 

For symmetric problem the unknown functions A୬(η, p) (n = 1,2,3,4) in Eq. (15) are 
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Aଵ(η, p) = a 2∆(η, p) ൣ∆ଵଵ(η, p)b୸∗(p)  + ∆ଶଵ(η, p)bந∗ (p)  + ∆ଷଵ(η, p)bம∗ (p)൧ Jଵ(aη) Aଶ(η, p) = a 2∆(η, p) ൣ∆ଵଶ(η, p)b୸∗(p)  + ∆ଶଶ(η, p)bந∗ (p)  + ∆ଷଶ(η, p)bம∗ (p)൧ Jଵ(aη) Aଷ(η, p) = a 2∆(η, p) ൣ∆ଵଷ(η, p)b୸∗(p)  + ∆ଶଷ(η, p)bந∗ (p)  + ∆ଷଷ(η, p)bம∗ (p)൧ Jଵ(aη) Aସ(η, p) = a 2∆(η, p) ൣ∆ଵସ(η, p)b୸∗(p)  + ∆ଶସ(η, p)bந∗ (p)  + ∆ଷଵ(η, p)bம∗ (p)൧ Jଵ(aη) 

 

where ∆(η, p) = ሾλଷଷ(λଵସλଶଶ − λଵଶλଶସ) + λଷଶ(λଵଷλଶସ − λଵସλଶଷ) + λଷସ(λଵଶλଶଷ − λଵଷλଶଶ)ሿϑଵଵ                +ሾλଷଷ(λଵଵλଶସ − λଵସλଶଵ) + λଷଵ(λଵସλଶଷ − λଵଷλଶସ) + λଷସ(λଵଷλଶଵ − λଵଵλଶଷ)ሿϑଵଶ               +ሾλଵସ(λଶଵλଷଶ − λଶଶλଷଵ) + λଶସ(λଵଶλଷଵ − λଵଵλଷଶ) + λଷସ(λଵଵλଶଶ − λଵଶλଶଵ)ሿϑଵଷ               +ሾλଶଷ(λଵଵλଷଶ − λଵଶλଷଵ) + λଵଷ(λଶଶλଷଵ − λଶଵλଷଶ) + λଷଷ(λଵଶλଶଵ − λଵଵλଶଶ)ሿϑଵସ
  

∆ଵଵ(η, p) = (λଶଷλଷଶ − λଶଶλଷଷ)ϑଵସ + (λଶଶλଷସ − λଶସλଷଶ)ϑଵଷ + (λଶସλଷଷ − λଶଷλଷସ)ϑଵଶ ∆ଶଵ(η, p) = (λଵଶλଷଷ − λଵଷλଷଶ)ϑଵସ + (λଵସλଷଶ − λଵଶλଷସ)ϑଵଷ + (λଵଷλଷସ − λଵସλଷଷ)ϑଵଶ ∆ଷଵ(η, p) = (λଵଷλଶଶ − λଵଶλଶଷ)ϑଵସ + (λଵଶλଶସ − λଵସλଶଶ)ϑଵଷ + (λଵସλଶଷ − λଵଷλଶସ)ϑଵଶ ∆ଵଶ(η, p) = (λଶଵλଷଷ − λଶଷλଷଵ)ϑଵସ + (λଶସλଷଵ − λଶଵλଷସ)ϑଵଷ + (λଶଷλଷସ − λଶସλଷଷ)ϑଵଵ ∆ଶଶ(η, p) = (λଵଷλଷଵ − λଵଵλଷଷ)ϑଵସ + (λଵଵλଷସ − λଵସλଷଵ)ϑଵଷ + (λଵସλଷଷ − λଵଷλଷସ)ϑଵଵ ∆ଷଶ(η, p) = (λଵଵλଶଷ − λଵଷλଶଵ)ϑଵସ + (λଵସλଶଵ − λଵଵλଶସ)ϑଵଷ + (λଵଷλଶସ − λଵସλଶଷ)ϑଵଵ ∆ଵଷ(η, p) = (λଶଶλଷଵ − λଶଵλଷଶ)ϑଵସ + (λଶଵλଷସ − λଶସλଷଵ)ϑଵଶ + (λଶସλଷଶ − λଶଶλଷସ)ϑଵଵ ∆ଶଷ(η, p) = (λଵଵλଷଶ − λଵଶλଷଵ)ϑଵସ + (λଵସλଷଵ − λଵଵλଷସ)ϑଵଶ + (λଵଶλଷସ − λଵସλଷଶ)ϑଵଵ ∆ଷଷ(η, p) = (λଵଶλଶଵ − λଵଵλଶଶ)ϑଵସ + (λଵଵλଶସ − λଵସλଶଵ)ϑଵଶ + (λଵସλଶଶ − λଵଶλଶସ)ϑଵଵ ∆ଵସ(η, p) = (λଶଵλଷଶ − λଶଶλଷଵ)ϑଵଷ + (λଶଶλଷଷ − λଶଷλଷଶ)ϑଵଵ + (λଶଷλଷଵ − λଶଵλଷଷ)ϑଵଶ ∆ଶସ(η, p) = (λଵଶλଷଵ − λଵଵλଷଶ)ϑଵଷ + (λଵଷλଷଶ − λଵଶλଷଷ)ϑଵଵ + (λଵଵλଷଷ − λଵଷλଷଵ)ϑଵଶ ∆ଷସ(η, p) = (λଵଵλଶଶ − λଵଶλଶଵ)ϑଵଷ + (λଵଶλଶଷ − λଵଷλଶଶ)ϑଵଵ + (λଵଷλଶଵ − λଵଵλଶଷ)ϑଵଶ 

Moreover, for anti-symmetric problem the unknown functions A୬(η, p) (n = 1,2,3,4) in Eq. (16) 

are Aଵ(η, p) = 112Λ(η, p) aଷηଶΛଵ(η, p)b୰∗(p)  ଵFଶ ൬32 ; 2, 52 ; − 14 aଶηଶ൰ Aଶ(η, p) = 112Λ(η, p) aଷηଶΛଶ(η, p)b୰∗(p)  ଵFଶ ൬32 ; 2, 52 ; − 14 aଶηଶ൰ Aଷ(η, p) = 112Λ(η, p) aଷηଶΛଷ(η, p)b୰∗(p)  ଵFଶ ൬32 ; 2, 52 ; − 14 aଶηଶ൰ Aସ(η, p) = 112Λ(η, p) aଷηଶΛସ(η, p)b୰∗(p)  ଵFଶ ൬32 ; 2, 52 ; − 14 aଶηଶ൰ 

 

 

where Λ(η, p) = ሾ(ϑଷଵ − ϑଷସ)ϑଶଶ + (ϑଷସ − ϑଷଶ)ϑଶଵሿϑସଷ                                                                                          +ሾ(ϑସଵ − ϑସଶ)ϑଷଷ + (ϑସଶ − ϑସଷ)ϑଷଵ + (ϑସଷ − ϑସଵ)ϑଷଶሿϑଶସ                                                      +ሾ(ϑସଶ − ϑସଵ)ϑଷସ + (ϑସଵ − ϑସସ)ϑଷଶ + (ϑସସ − ϑସଶ)ϑଷଵሿϑଶଷ                                                     +ሾ(ϑଷଶ − ϑଷଷ)ϑଶଵ + (ϑଷଷ − ϑଷଵ)ϑଶଶሿϑସସ + (ϑଷସ − ϑଷଷ)(ϑଶଶϑସଵ − ϑଶଵϑସଶ)         

Λଵ(η, p) = ϑଶସ(ϑଷଶϑସଷ − ϑଷଷϑସଶ) + ϑଶଶ(ϑଷଷϑସସ − ϑଷସϑସଷ) + ϑଶଷ(ϑଷସϑସଶ − ϑଷଶϑସସ) Λଶ(η, p) = ϑଶସ(ϑଷଷϑସଵ − ϑଷଵϑସଷ) + ϑଶଷ(ϑଷଵϑସସ − ϑଷସϑସଵ) + ϑଶଵ(ϑଷସϑସଷ − ϑଷଷϑସସ) Λଷ(η, p) = ϑଶସ(ϑଷଵϑସଶ − ϑଷଶϑସଵ) + ϑଶଵ(ϑଷଶϑସସ − ϑଷସϑସଶ) + ϑଶଶ(ϑଷସϑସଵ − ϑଷଵϑସସ) Λସ(η, p) = ϑଶଷ(ϑଷଶϑସଵ − ϑଷଵϑସଶ) + ϑଶଶ(ϑଷଵϑସଷ − ϑଷଷϑସଵ) + ϑଶଵ(ϑଷଷϑସଶ − ϑଷଶϑସଷ) 

Appendix D 

Mathematical formula 
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Appendix F 

The kernels of integrals in Eq. (23) are K୧୨ଵଵ(s, q, p) = r୨2 ෍ න ∆ଵ୬(η, p)∆(η, p) ϑଶ୬(η, p)ηJଵ൫r୨η൯ J଴(r୧η)eି஗ய౤(஗,୮)ห୸౟ି୸ౠหdηஶ
଴

ସ
୬ୀଵ , K୧୨ଵଶ(s, q, p)= r୨ଷsgn(z୧ − z୨)12 ෍ න Λ୬(η, p)Λ(η, p) ϑଶ୬(η, p)ηଷ  ଵFଶ ൬32 ; 2, 52 ; − 14 r୨ଶηଶ൰ J଴(r୧η)eି஗ய౤(஗,୮)ห୸౟ି୸ౠหdηஶ

଴
ସ

୬ୀଵ , 
K୧୨ଵଷ(s, q, p) = r୨2 ෍ න ∆ଶ୬(η, p)∆(η, p) ϑଶ୬(η, p)ηJଵ൫r୨η൯ J଴(r୧η)eି஗ய౤(஗,୮)ห୸౟ି୸ౠหdηஶ

଴
ସ

୬ୀଵ , 
K୧୨ଵସ(s, q, p) = r୨2 ෍ න ∆ଷ୬(η, p)∆(η, p) ϑଶ୬(η, p)ηJଵ൫r୨η൯ J଴(r୧η)eି஗ய౤(஗,୮)ห୸౟ି୸ౠหdηஶ

଴
ସ

୬ୀଵ , 
K୧୨ଶଵ(s, q, p) = − r୨ sgn൫z୧ − z୨൯2 ෍ න ∆ଵ୬(η, p)∆(η, p) ϑଷ୬(η, p)eି஗ய౤(஗,୮)ห୸౟ି୸ౠหη Jଵ(r୧η)Jଵ൫r୨η൯dηஶ

଴
ସ

୬ୀଵ , 
K୧୨ଶଶ(s, q, p) = − r୨ଷ12 ෍ න Λ୬(η, p)Λ(η, p) ϑଷ୬(η, p)eି஗ய౤(஗,୮)ห୸౟ି୸ౠหηଷJଵ(r୧η) ଵ Fଶ ൬32 ; 2, 52 ; − 14 r୨ଶηଶ൰ dηஶ

଴
ସ

୬ୀଵ , 
K୧୨ଶଷ(s, q, p) = − r୨ sgn൫z୧ − z୨൯2∆ ෍ න ∆ଶ୬(η, p)∆(η, p) ϑଷ୬(η, p)eି஗ய౤(஗,୮)ห୸౟ି୸ౠหη Jଵ(r୧η)Jଵ൫r୨η൯dηஶ

଴
ସ

୬ୀଵ , 
K୧୨ଶସ(s, q, p) = − r୨ sgn൫z୧ − z୨൯2∆ ෍ න ∆ଷ୬(η, p)∆(η, p) ϑଷ୬(η, p)eି஗ய౤(஗,୮)ห୸౟ି୸ౠหη Jଵ(r୧η)Jଵ൫r୨η൯dηஶ

଴
ସ

୬ୀଵ , 
K୧୨ଷଵ(s, q, p) = r୨2 ෍ න ∆ଵ୬(η, p)∆(η, p) ϑସ୬(η, p)eି஗ய౤(஗,୮)ห୸౟ି୸ౠหη J଴(r୧η)Jଵ൫r୨η൯dηஶ

଴
ସ

୬ୀଵ , K୧୨ଷଶ(s, q, p)= r୨ଷsgn(z୧ − z୨)12 ෍ න Λ୬(η, p)Λ(η, p) ϑସ୬(η, p) eି஗ய౤ห୸౟ି୸ౠหηଷJ଴(r୧η) ଵ Fଶ ൬32 ; 2, 52 ; − 14 r୨ଶηଶ൰ dη ,ஶ
଴

ସ
୬ୀଵ  

K୧୨ଷଷ(s, q, p) = r୨2 ෍ න ∆ଶ୬(η, p)∆(η, p) ϑସ୬(η, p)eି஗ய౤(஗,୮)ห୸౟ି୸ౠหη J଴(r୧η)Jଵ൫r୨η൯dη,ஶ
଴

ସ
୬ୀଵ  

K୧୨ଷସ(s, q, p) = r୨2 ෍ න ∆ଷ୬(η, p)∆(η, p) ϑସ୬(η, p)eି஗ய౤(஗,୮)ห୸౟ି୸ౠหη J଴(r୧η)Jଵ൫r୨η൯dη,ஶ
଴

ସ
୬ୀଵ  

K୧୨ସଵ(s, q, p) = r୨2 ෍ න ∆ଵ୬(η, p)∆(η, p) ϑହ୬(η, p)eି஗ய౤(஗,୮)ห୸౟ି୸ౠหη J଴(r୧η)Jଵ൫r୨η൯dη,ஶ
଴

ସ
୬ୀଵ  
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K୧୨ସଶ(s, q, p)= r୨ଷsgn(z୧ − z୨)12 ෍ න Λ୬(η, p)Λ(η, p) ϑହ୬(η, p) eି஗ய౤ห୸౟ି୸ౠหηଷJ଴(r୧η) ଵ Fଶ ൬32 ; 2, 52 ; − 14 r୨ଶηଶ൰ dη ,ஶ
଴

ସ
୬ୀଵ  

K୧୨ସଷ(s, q, p) = r୨2 ෍ න ∆ଶ୬(η, p)∆(η, p) ϑହ୬(η, p)eି஗ய౤(஗,୮)ห୸౟ି୸ౠหη J଴(r୧η)Jଵ൫r୨η൯dη,ஶ
଴

ସ
୬ୀଵ  

K୧୨ସସ(s, q, p) = r୨2 ෍ න ∆ଷ୬(η, p)∆(η, p) ϑହ୬(η, p)eି஗ய౤(஗,୮)ห୸౟ି୸ౠหη J଴(r୧η)Jଵ൫r୨η൯dηஶ
଴

ସ
୬ୀଵ . 
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