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Abstract: Ridge regression is one of the most popular shrinkage estimation methods for linear
models. Ridge regression effectively estimates regression coefficients in the presence of high-
dimensional regressors. Recently, a generalized ridge estimator was suggested by generalizing the
uniform shrinkage of ridge regression to the non-uniform shrinkage, which was shown to perform
well under sparse and high-dimensional linear models. In this paper, we introduce our newly
developed R package “g.ridge” (the first version published on 2023-12-07 at https://cran.r-
project.org/package=g.ridge) that implements both the ridge estimator and generalized ridge
estimators. The package equips with the generalized cross-validation for automatic estimation of
shrinkage parameters. The package also includes a convenient tool for generating a design matrix.
By simulations, we test the performance of the R package under sparse and high-dimensional
settings with the normal and skew-normal error distributions. From the simulation results, we
conclude that the generalized ridge estimator is superior to the benchmark ridge estimator based
on “glmnet”, and hence, it can be the most recommended estimator under sparse and high-
dimensional models. We demonstrate the package using the intracerebral hemorrhage data.

Keywords: Cross-validation; High-dimensional data; Least squared estimator; Mean square error;
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1. Introduction

In linear regression, the least squares estimator (LSE) may not be suitable to estimate regression
coefficients if the number of regressors p is higher than the sample size n (ie, p >n). Ridge
regression (Hoerl and Kennard 1970; Montgomery et al. 2021) is an effective alternative for the high-
dimensional (p > n) data, and is widely employed in such data encountered in genetics (Arashi et al.
2021; Vishwakarma et al. 2021), medical studies (Friedrich et al. 2023), electromagnetic signals (Gao
et al. 2023), grain yields (Hernandez et al., 2015), and others.

Hoerl and Kennard (1970) originally proposed the ridge estimator to reduce the problem in
multicollinearity. Later, the ridge estimator is naturally adopted to the high-dimensional (p > n)
problem (Golub et al., 1979; Hastie et al., 2009) as a way to avoid overfitting phenomenon.

Ridge regression is a shrinkage estimator that shrinks all regression coefficients uniformly
toward zero (Hoerl and Kennard 1970; Hastie et al., 2009). This approach is particularly suitable for
modeling microarrays or single nucleotide polymorphism (SNP) data, where many coefficients are
close to zero (sparse models). For instance, Cule et al. (2011) applied the ridge estimator to the high-
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dimensional SNP data and performed significance testing for selecting an informative subset of SNPs.
Similar applications of ridge regression to high-dimensional data include Whittaker et al. (2000), Cule
and De Lorio (2013), and Yang and Emura (2017).

Unlike the ordinary ridge regression that shrinks all regression coefficients uniformly, the
generalized ridge regression allows different degrees of shrinkage under multiple shrinkage
parameters. Allen (1974) and Loesgen (1990) demonstrated that the multiple shrinkage parameters
in the generalized ridge estimator arise naturally by utilizing prior information about regression
coefficients; see also an extensive review paper of Yiizbasi et al. (2020) for generalized ridge
regression methods.

However, multiple shrinkage parameters are difficult to be estimated for high-dimensional
cases. To overcome this difficulty, Yang and Emura (2017) suggested reducing the number of
shrinkage parameters for the case of p > n in their formulation of a generalized ridge estimator. The
idea behind their approach is to assign two different weights (1 or 0.5) for shrinkage parameters by
preliminary tests (Saleh and Kibria 1993; 2019; Norouzirad and Arashi 2019; Shih et al., 2021;2023;
Taketomi et al. 2023). While this approach is shown to be promising due to its sound statistical
performance under sparse and high-dimensional models, none of the software packages were
implemented for the generalized ridge estimator.

This paper introduces our R package “g.ridge” (https://cran.r-project.org/package=g.ridge) that
implements both the ridge estimator (Hoerl and Kennard 1970) and generalized ridge estimator
(Yang and Emura 2017). The package equips with the generalized cross-validation for automatic
estimation of shrinkage parameters. The package also includes a convenient tool for generating a
design matrix. By simulations, we test the performance of the R package under the sparse and high-
dimensional models, and the normal and skew-normal distributions for error terms. We conclude
that the generalized ridge estimator is superior to the benchmark ridge estimator based on “glmnet”,
and hence, it can be the most recommended estimator under sparse and high-dimensional models.
We illustrate the package via the intracerebral hemorrhage data.

The remainder of the paper is structured as follows. Section 2 reviews the ridge and generalized
ridge estimators. Section 3 introduces the proposed R package. Section 4 tests the package via
simulations. Section 5 gives a real data example. Section 6 concludes the paper.

2. Ridge regression and generalized ridge regression

This section introduces the ridge regression method proposed by Hoerl and Kennard (1970) and
the generalized ridge regression proposed by Yang and Emura (2017).
2.1. Linear regression

Consider the linear regression model y = Xf + &, where

Y1 xF X11 o Xap B &
y= : ) X=1|:1|= S : , B =\: ) & = ;
Yn xg Xn1 " Xnp ﬂp &n

X is a design matrix, x] = (¥, ., X;p) is the transpose of the vector x;, B is a vector of regression
coefficients, and € is a vector of errors with E[g] = 0. In some case, we assume Cov[e] = a?I,,,
where I, is the identify matrix of dimension n. The assumption of the covariance is necessary to
obtain the standard error (SE) of regression coefficients and testing their significance. Assume that X
is standardized such that Y., x;; = 0 and Y}, x{; = ¢ for j = 1,...,p, where c is n or n— 1. Also,
we assume that X does not include the intercept term (see Section 3.3 for details). These settings for
X are usually imposed in ridge regression (Hastie et al. 2009).

If XTX is invertible (non-singular), the LSE is defined as

BLSE — (XTX)_ley.

Clearly, the LSE is not available when XX is singular, especially when p > n.
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2.2. Ridge regression

Ridge estimator is an alternative to the LSE, which can be computed even when p > n. Hoerl

and Kennard (1970) originally defined the ridge regression estimator as
B = (X"X + AL,) X"y,

where 1> 0 is called shrinkage parameter. A diagonal matrix A, added to XTX makes all the
components of B(1) shrunk toward zero. Theorem 4.3 of Hoerl and Kennard (1970) shows that there
exists 4 > 0 such that the ridge estimator yields strictly smaller mean squared error (MSE) than that
of the LSE.

Golub et al. (1979) suggested choosing A on the basis of the predicted residual error sum of
squares, or Allen’s PRESS (Allen, 1974) statistics. Golub et al. (1979) proposed the rotation-invariant

version of the PRESS statistics, and called it as the generalized cross-validation (GCV) criterion
(Golub et al.,1979). The GCV function defined by Golub et al. (1979) is

1 1 2
V) = 11— AW /[T, - a)] M
where A(1) = X(XTX + AL)XT is the “hat matrix”. The GCV estimator of 1 is defined as

A = argminV(1).
120

Therefore, the resultant ridge estimator is
B = (XTX + AL,) ' XTy.

The GCV theorem (Golub et al. 1979) guarantees the use of the above ridge estimator under the
p > n setup. Noted that the GCV criterion is different from the cross-validation criterion that is
available in the widely used R function “cv.glmnet(.)” in the R package “glmnet”. There are many
other available criteria for choosing A (Cule et al. 2013; Wong and Chiu 2015; Kibria and Banik 2016;
Assaf et al. 2019; Michimae and Emura 2020), most of which are not applicable for the p > n setup.
Therefore, we will adopt the GCV criterion for the following discussions, which works well for both
p <n and p > n setups.

2.3. Generalized ridge regression

Yang and Emura (2017) suggests relaxing the uniform shrinkage to the non-uniform shrinkage
to yield the generalized ridge regression. For this purpose, Yang and Emura (2017) replaced the
identity matrix I, with the diagonal matrix W(4) (defined later), and proposed

B4, 4) = {(XTX + AW (A)}1XTy,

where 1 > 0 is a shrinkage parameter and 4 > 0 is called the “threshold” parameter. The diagonal
components of W (4) were suggested to be larger values (stronger shrinkage) for the components B
closer to zero, yielding W (4) = diag{w,(4), ..., Wy(4)}, where

~ 1/2 if z =4,
Wf'(A)_{ 1 if z<4

where z; = {/SD(B°), and SD(B°) = {25-’:1([?]9 - ?zlﬁjp/p )2 /(p — 1)}1/2 for j=1, ..., p, and
B° =(pY ..., [?;,’ )T, defined as ,[?]9 = X]-Ty/X]TXj, where X; is the j-th row of X. Note that B is
called “compound covariate estimator” (Chen and Emura 2017).

The optimal value of (4,4) is estimated by the modified GCV function defined as

1 1 2
VO = Il — AGOWIF /|1l - 4G, 8% @
where A(1,4) = X{XTX + AW (4)}~'X". Then the estimators (1,4) are defined as
(i, ﬁ) = argmin V (4, 4).

20, 420
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Computation of (4, 4) is not difficult. Given 4, the function V(4,4) is continuous in A, and
hence it is easily minimized using any optimization scheme, such as the R function “optim(.)” to get
A(4). Under the sparse model (f = 0), the histogram of [?}(-J/SD(EO), j=1, ..., p, is well-
approximated by N(0,1). This implies that | [)3]9 |/SD(B®) falls in the range [0,3] with nearly 99.73%,
and hence, a search range 4 € [0,3] suffices. Since V(A(4),4) is discontinuous in 4, a grid search
was suggested on the grid D = {0,3/100,...,300/100}.

Finally, the generalized ridge estimator is defined as

B4 = {XTX + AW (4)}'XTy.
Also, the error variance can be estimated by

& = lly - xBAL.A)|" /v,
where v = Tr{l, — A(1,4)}* and A(4,4) = X{X"X + AW (A)}*x".

2.4. Significance test
Ridge and generalized ridge estimators provide methods to test the null hypothesis
HOj: ,8]=0 VS. Hlj: ﬁ]:#O,

for j =1, ..., p. One can perform significance testing, allowing one to access P-values of all the p
regressors (Cule et al. 2011; Cule and De Lorio 2013; Yang and Emura 2017). Since the significance
tests are similar between the ridge and generalized ridge estimators, we will explain the significance
tests based on the generalized ridge estimator below.

Let Bj (4,4) be the j-th component of B(4,4). As in Cule et al. (2011) and Yang and Emura
(2017), we define a Z-value Z; = Bj (1, 4)/SE{(4, 4)}, where SE{ﬁj (4,4)} is the square root of the j-th
diagonal of

Cov{B(4,4)} = 6% {X"X + AW (4) Y ' XTX{XTX + AW (4)} %,
We define the P-value as P; = 2{1 — CD(|Z]-|)}, where ®(.) is the cumulative distribution function of
N (0, 1). One can then select a subset of regressors by specifying a significance level.
3. R package: g.ridge

We implemented the methods of Section 2 in the R package “g.ridge”. This section explains the
main R function “g.ridge(.)”, and the other function “X.mat(.)”. Appendix A explains another
function “GCV(.)” that may not be directly used, but is useful for internal computing.

3.1. Generating data

The design matrix X and response vector y are necessary to perform linear regression (Section
2.1). Therefore, following Section 5 of Yang and Emura (2017, p.6093), we implemented a convenient
R function that generates X having three independent blocks:

x} X11 v Xag| Xpq+1 7 Xig4r |[Xiger+1r 7 Xap
X — S — . ‘. M M . M M ‘. M ,
xg Xn1 " Xngl Xng+1 7 Xng+r Xnger+1 7 Xmp (3)
=[ Firstblock | Second block | Third block ],

where the first block consists of g = 0 correlated regressors (correlation = 0.5), and the second block
consists of r = 0 correlated regressors (correlation = 0.5), and the third block consistsof p —q —r >
0 independent regressors. That is,

05 if j, ke{1,...,q},

Corr(xj, xy) = {0.5 if j, kef{g+1,...,q+r},
0  otherwise.

doi:10.20944/preprints202401.1119.v1
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The design matrix mimics the “gene pathway” for two blocks of correlated gene expressions often
used in simulation studies (Binder et al. 2009; Emura et al. 2012; 2016; 2023). The values ¢ = 0 and
r = 0 give a design matrix with all independent columns.

The marginal distributions of p regressors follow N(0,1), which is achieved by

1 1 1 1
= (ﬁ (Zil + U_i), 'ﬁ (Ziq + ui) ‘ ﬁ (Zi,q+1 + Ui), .y ﬁ (Zi,q+r + Ui) Zi,q+r+1' ey Zip)!
where z;y, ..., z; and u;, v; all independently follow N(0,1) for i =1,...,n

Figure 1 shows an example for generating design matrices using “X.mat(.)”. One can simply
input n, p, q, and r into “X.mat(.)” by noting the constraint g +r < p.

X. mat (=10, p=5, =2, r=2)

[, 1] [ 2] [, 3] [, 4] [, 5]
[1,] 0.30286121 -1.4042485 0.2990863 -0.77945630 0.16330260
[2,] -0.11552023 1.6003517 -0.5182660 0.29110555 1.13324716
[3,] -0.39592474 0.6222520 -0.6380998 0.06248976 0.01258271
[4,] -0.53638007 -1.4421847 0.1989783 -0.91435289 -1. 10369504
[5,] -0.56900668 0.3999890 0.6363566 0.21951083 1.28595956
[6,] 0.06838002 -0.7568795 -0.4469101 -0.07094224 0.51303380
[7,] —-1.93387303 -1.5622571 0.3656942 -0.52163603 0. 88876440
[8,] -0.65573210 -1.1243532 2.0034517 0.07205347 0.40843912
[9,] -0.44089659 0.8356337 0.7106600 0.86011873 -0.42751349
10,] 0.72431385 0.0815342 —0.5045873 0.11688376 —0.41882593

[

X.mat (n=100, p=50, =10, r=10) )aSe e

[ 1] [, 2] [, 3] [ 4] [ 5]

[1,] -1.628616065 0.350807670 —0.79449742 -0. 84110652 —0. 94113560

[2,] -1.248901077 0.102982061 0.36307722 -0.06853637 0.54965144

[3,] —-1.511824993 0.101449020 -1. 71875097 -2. 63930316 -2. 57129347

[4,] 0.685971795 -0.065351363 —1.07056267 0.03858069 0.65514252

[5,] -0.890478700 -1.248550309 -0. 39481568 0.26222332 —1. 44839359

[6,] -0.160220805 0.299619536 0.71986851 0.79924024 -0. 62203494

[7,] 0.577732158 -0.008340793 0. 36434856 -0. 17981946 0. 30900329

[8,] 0.615842721 0.792628689 0.30962590 0.92601946 1.53846060

[9,] -0.960912240 0.737678438 0.62334634 —1.15351705 1.15436393

[10,] 0.823301963 -0.268783376 0.50211475 1.56679398 -0. 34899425
[11,] 0.357640114 -0.414504983 0.39977151 1.09637574 0.08072281
[12,] -0.852747794 2.296812377 0.64330836 —0. 10850883 1. 74043088

Figure 1. Examples for generating design matrices using “X.mat(.)”.

3.2. Performing regression

The ridge and generalized ridge estimators can be computed by the R function “g.ridge(.)”
whose input requires a design matrix X and a response vector y. Specifically, the command
“g ridge(X, Y, method = "HK", kmax = 500)” can calculate the ridge estimator B(4), where “HK”
stands for “Hoerl and Kennard”, and “kmax=500" means the range 0 < 1 < 500 for estimating A.
The output of the command includes 1€10,500] and B(1). Similarly, the command “g.ridge(X, Y,
method = "YE", kmax = 500)” can calculate B(4,4), where “YE” stands for “Yang and Emura”. The
output also displays the plot of V(1) against A € [0,500], and its minimizer 1 € [0,500] (the plot
of V(4,4) for the generalized ridge).

The R function “g.ridge(.)” can also compute the SE of B, Z-value and P-value for significance
tests (Section 2.4), and the estimate of the error variance 62 (Section 2.3). As in the typical practice
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of ridge regression, we used the centered responses “Y-mean(Y)” rather than “Y” (will be explained
in Section 3.3). Also, if “X” were not generated by “X.mat”, the scaled design matrix “scale(X)” would
be recommended rather than “X” itself.

Figure 2 shows the code and output for the ridge estimator. The output shows 1 = 31.66314,
B(1) = (0.581485036, ...0.083260387), SE, Z-value, P-value, and 62 = 1.778618. The output also
displays the GCV function V(1) against 1 € [0,200], showing its minimum at 1 = 31.66314. In the
code, we changed “kmax” from the default value (500) to 200 for a better visualization of the plot. In
many cases, users will need to try different values of “kmax” to reach a desirable plot for the GCV
function.

g=r=10 # no. of nonzero coefficients
beta=c (rep (0.5, q), rep(0.5,r), rep(0, p-g-r))
X=X.mat (n, p,q, r)

Y=X%*%beta+rnorm(n, 0, 1)

g. ridge (X, Y-mean (Y) , method="HK”, kmax=200)

$lambda
[1] 31.66314
$delta
NULL
$beta

estimate SE Z P
1 0.581485036 0.08947689 6.49871722 8.100787e-11
2 0.427391830 0.09135134 4.67855011 2.889106e-06
3 0. 426403230 0.09024061 4.72518142 2.299100e-06
4 0. 467624543 0.08760862 5.33765431 9.415676e-08
5 0.315385880 0.07892798 3.99586909 6.445735e-05
6 0.359967672 0.09460152 3.80509388 1.417504e-04
7 0.590670823 0.09202644 6.41849073 1.376319e-10
8 0.443482337 0.09156709 4.84325010 1.277323e-06
9 0.392810185 0.08864682 4.43118188 9.371800e-06
10 0.494611370 0.09374955 5.27587995 1.321206e-07

e Y e T Ve Ve e Y ~ A~ A~ A~ A A~

95 0.205402132 0.09733490 2.11026194 3. 483580e-02
96 -0.002375934 0.09632705 -0. 02466528 9. 803219e-01
97 -0.004448922 0.09691848 -0.04590376 9.633870e-01
98 -0.056570548 0.09716495 -0. 58221147 5. 604242¢-01
99 -0.046582104 0.09396814 -0.49572230 6. 200904e-01
100 0.083260387 0.09459359 0.88019056 3. 787561e-01

{

[ . 178618
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Figure 2. The R code and output for calculating the ridge estimator using “g.ridge(.)”.

The output of the generalized ridge estimator is similar to that of the ridge estimator. Only the
difference is an additional parameter estimate 4 € [0,3] shown at “delta$”.

3.3. Technical remarks on centering and standardization

We assume that X is standardized and does not include the intercept term (Section 2.1). If X is
generated by “X.mat”, it is already standardized, and hence there is no need to do the standardization.
However, in other cases, X has to be standardized, e.g. by the R command “scale(X)”. By assumption,
the design matrix X does not include the intercept term (a column of ones) since one can always use
the reduced model y — (XL, y;/n)1 =XB + & for the intercept model y =Byl +XB+¢& (B, is
estimated by Y-, y; /n), where 1 is a vector of ones. This means that the usual unbiased estimator
is applied to the intercept.

4. Simulations

We conducted simulation studies to test our R package “g.ridge”. The goals of the simulations
are to show: (a) the generalized ridge estimators in our package exhibits superior performance over
the ridge estimator in the package “glmnet(.)”, and (b) the sound performance under the normally
and non-normally distributed errors (the skew-normal distribution will be considered).
Supplementary Materials include the R code to reproduce the results of the simulation studies.

4.1. Simulation settings

We generated X by “X.mat” with n =100, p € {50, 100, 150, 200}, and g = r = 10 based on
Equation (3). Given X, we set y = Xp + &, with B defined by the sparse model:
q r p-q-r
B=(b/q,...,b/q, d/r,...,d/r, 0,...,0)T,
for four cases: (I) b=d =5; (II) b =d =10; (Ill) b =5, d =-5; (IV) b =10, d = —10. Errors ¢
were generated independently from the normal distribution, or the skew-normal distribution
(Azzalini 2014); both distributions have mean zero and standard deviation one, and the skew-normal



https://doi.org/10.20944/preprints202401.1119.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 January 2024 doi:10.20944/preprints202401.1119.v1

distribution has the slant parameter ten (alpha=10 in the R function “rsn(.)”). Figure 3 shows the
remarkable difference of the two distributions. The skew-normal distribution was not previously
examined in the simulation setting of Yang and Emura (2017).

Histogram of errors

o
o
S 7 — Skew normal
«
o
S | — Normal
n
> -
c
[0
=}
g 8
r 8 7
=
o
o _|
o
n
o

[ I 1 T I T !
-3 -2 -1 0 1 2 3

errors

Figure 3. The histogram of the normal and skew-normal distributions (the slant parameter ten;
alpha=10 in the R function “rsn(.)”). Both distributions have mean 0 and standard deviation 1.

For a given dataset (X,y), we computed B that can be (i) the ridge estimator by “g.ridge(.)”, (ii)
the generalized ridge estimator by “g.ridge(.)”, or (iii) the ridge estimator by “glmnet(.)”. Based on
500 replications (on random errors &), the performances of the three proposed estimators were
compared by the total mean squared error (TMSE) criterion defined as

~ ~ p A
TMSE(B) = E[|B - I’ = £ [Z (- ﬁ]-)z],
j=
where E[.] was performed by the Monte Carlo average over 500 replications.

4.2. Simulation results

Table 1 compares the MSE among the three estimators: (i) the ridge by “g.ridge(.)”, (ii) the
generalized ridge by “g.ridge(.)”, and (iii) the ridge by “glmnet(.)”. We see that the generalized ridge
estimator is superior to the ridge estimator since the former has smaller TMSE values for all cases.
Also, the generalized ridge estimator is superior to the “glmnet(.)” estimator for cases of p €
{100,150, 200}, while it is not the case for p = 50. This conclusion holds consistently across the four
parameter settings (I)-(IV) and two error distributions (normal and skew-normal). In conclusion, the
generalized ridge estimator in the R proposed package is the most recommended estimator for data
with sparse and high-dimensional settings.

Table 1. The total mean squared error (TMSE) of the three estimators: (i) the ridge by “g.ridge(.)”, (ii)
the generalized (g-) ridge by “g.ridge(.)”, and (iii) the ridge by “glmnet(.)”. The TMSE is computed by
the Monte Carlo average over 500 replications.

Error distribution Regression coefficients P (i) ridge (i) g-ridge (iii) glmnet
Normal MHb=d=5 50 0.463 0.385 0.306
100 0.950 0.682 2.182
150 1.146 0.658 1.996

200 1.520 0.920 2.199
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) b=d=10 50 0.855 0.681 0.545
100 2.151 1.562 8.688
150 3.008 1.482 7.904
200 4.929 2.687 8.691
(III) b=5and d =5 50 0.602 0.539 0.388
100 0.990 0.628 2.025
150 1.219 0.703 2.132
200 1.589 0.953 2.226
(IV) b =10 and d = —10 50 1.541 1.290 0.737
100 2.398 1.580 8.046
150 3.231 1.614 8.434
200 4.651 2.770 8.804
Skew-normal OHb=d=5 50 0.440 0.361 0.294
100 0.957 0.670 2.182
150 1.162 0.678 2.000
200 1.500 0.910 2.197
) b=d=10 50 0.821 0.655 0.527
100 2.285 1.705 8.691
150 3.021 1.509 7.905
200 4.883 2.673 8.686
(III) b=5and d = -5 50 0.576 0.519 0.376
100 0.974 0.622 2.029
150 1.233 0.721 2.137
200 1.582 0.949 2.243
(IV) b =10 and d =-10 50 1.504 1.273 0.720
100 2.449 1.508 8.054
150 3.224 1.616 8.453
200 4.618 2.731 8.860

NOTE: We set the sample size n = 100 all cases.

5. Data analysis

This section analyzes a real dataset to illustrate the generalized ridge estimator in the proposed
package. We retrospectively analyzed a dataset from patients with intracerebral hemorrhage who
were hospitalized at Saiseikai Kumamoto Hospital, Kumamoto city, Japan. The study was conducted
in accordance with the Declaration of Helsinki, and the protocol was approved by the Ethics
Committee of Saiseikai Kumamoto Hospital on March 29, 2023. Saiseikai Kumamoto Hospital is a
regional tertiary hospital that serves patients with stroke in southern Japan and provides acute care
in a comprehensive stroke care unit.

The outcome variables (y) are the changes of the blood volume (in mL) from the initial value
and to the follow-up value, which were measured by the CT scan. Excluding patients with less than
10 mL blood volume at the initial CT scan and other inclusion/exclusion criteria, we arrive at n =
172 patients. Regressor variables (X) consist of p = 35 continuous measurements, including
histological variables (e.g., age), vital signs (e.g., blood pressure, mmHG; respiratory rate,
times/minute), and blood measurements (e.g. albumin, g/dL; Gamma-glutamyl transpeptidase
(Gamma-GT), IU/L; lactate dehydrogenase, IU/L; Prothrombin time, second; Blood platelet count, 10-
3/uL; C-reactive protein, mg/dL). The responses and regressors are centered and standardized before
fitting a linear model as explained in Sections 2.1 and 3.3.

Figure 3 displays scatter plots for the centered responses y — (¥i.;y;/n)1 against the
predictors XB based on the ridge estimator and generalized ridge estimator. We observe that the
predictors reasonably captured the variability of the changes in the blood volume (response
variables). However, the figure also shows that the changes in the blood volumes were not fully
explained by the predictors since some residual errors remain. Figure 4 depicts the residuals

doi:10.20944/preprints202401.1119.v1
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constructed by the generalized ridge estimator. We observe that the residuals are asymmetric around
zero. The asymmetry in the errors does not yield any problem as the proposed ridge estimators was
verified for the asymmetric errors (Section 4).

Ridge Generalized ridge
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Figure 3. The responses y — (X1, y; /n)1 against the predictors X based on the ridge estimator
and generalized ridge estimator applied to the intracerebral hemorrhage data.
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Figure 4. The fitted residuals for the generalized ridge estimator applied to a dataset on patients with
intracerebral hemorrhage.
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Table 2 shows the fitted results for estimated regression coefficients sorted by P-values (only
with P <0.05). The fitted results are quite similar between the ridge and generalized ridge estimators.
The most significant regressor is the lactate dehydrogenase. This variable was previously reported as
an important predictor of hematoma expansion (Chu et al. 2019). An interesting difference is found
in the number of significant regressors: 6 regressors for the generalized ridge estimator, and 5
regressors for the ridge estimator. That is, the C-reactive protein as a regressor selected solely by the
generalized ridge estimator. A study conducted in a large population in China reported that a high
C-reactive protein level was an independent risk factor for the severe intracerebral hemorrhage
(Wang et al. 2021). The selection of C-reactive protein as a variable associated with increased
hematoma volume may reflect the tendency of patients with severe intracerebral hemorrhage to have
easier hematoma expansion.

Table 2. The fitted results for estimated regression coefficients (only with P-value < 0.05) sorted by P-
values applied to a dataset on patients with intracerebral hemorrhage.

Ridge Generalized ridge

B f SE P-value B f SE P-value
Lactate dehydrogenase 0.122 0.047 0.008 0.145 0.055 0.008
Gamma-GT 0.116 0.048 0.016 0.143 0.056 0.010
Respiratory rate -0.120 0.052 0.020 -0.140 0.059 0.018
Prothrombin time 0.077 0.036 0.031 0.083 0.040 0.038
Blood platelet count -0.100 0.049 0.040 -0.114 0.056 0.044
C-reactive protein None None >0.05 0.112 0.057 0.049

Finally, we compared the performance of the ridge and generalized ridge estimators by means
of the residual mean squared error (RMSE) defined as

iz1Yi =
- (252) -2

The RMSE were 2.288 (the ridge estimator) and 2.284 (the generalize ridge estimator). Therefore,
the predictor constructed from the generalized ridge estimator had slightly better performance over
the one from the ridge estimator.

2
RMSE =

Therefore, we have demonstrated that the ridge and generalize ridge estimators in the proposed
R package provide statistically and biologically sound conclusions on the real data analysis.

6. Conclusion

This paper introduced the new R package “g.ridge” that can perform the ridge and generalized
ridge regression methods. We showed that the generalized ridge estimator in the proposed package
performs better than the widely used ridge estimator in the “glmnet” package. Furthermore, the ridge
and generalized ridge estimators in the proposed package can deal with asymmetric error
distributions. With the abundance of sparse and high-dimensional data (Kim et al. 2007; Zhang et al.
2021; Vishwakarma et al. 2021; Bhattacharjee 2022; Bhatnagar et al. 2023; Emura et al. 2023) and
asymmetrically distributed data (Abe et al. 2012; Huynh et al. 2021; Yoshiba et al. 2023; Jimichi et al.
2023), the proposed package may provide a reliable statistical tool for statisticians and data scientists.

The generalized ridge estimator considered in this article may be extended to logistic regression,
Poisson regression, and Cox regression. Such extensions have not been explored yet. While the
extensions might not be technically difficult, well-designed simulation studies and implementations
in some software packages will be necessary to fully justify the advantage and usefulness over the
usual ridge estimator that is widespread via the “glmnet” package.

Institutional Review Board Statement: The study (of Section 5) was conducted in accordance with the
Declaration of Helsinki, and the protocol was approved by the Ethics Committee of Saiseikai Kumamoto
Hospital (Approval No. 1156 and March 29, 2023).
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Appendix A. GCV function

The GCV functions are defined as V(1) and V(4,4) in Equations (1) and (2), respectively. The
ridge estimator uses V(1) while the generalized ridge estimator uses V(4,4) for estimating
shrinkage parameters. Therefore, we made an R function “CGV(X,Y,k,W)” to help computing V(1)
and V(4,4), where “X” is a design matrix, “Y” is a response vector, “k” is actually 1 (because
“lambda” is a long name). Note that “W” can be any square matrix of dimension p to allow for
general use. Thus, what we actually compute in “CGV(X,Y,k,W)” is

1 1 2
V0L W) = 21l = AL W /|2 el = 4G )] ©

where A(k, W) = X{X"X + kW} XT for any symmetric matrix W.However, we normally use W =
I, for the ridge or W = W (4) for the generalized ridge as defined in Section 2.3.

Figure A1l shows the R code for using “CGV(X,Y k,W)”. The default for “W” is W = I, and
therefore “GCV(X,Y,k=1)" can compute

1 1 2
VL L) = S 1 = ACLOWIP /| el — AL 1))
for A(L, L) = X{XTX + I,}7XT, or equivalently,

2
V(D) = 0 — AR /[ el — A

for A(1) = X{XTX + I,}71xT.

100 7% “ obser

100 # no. of dimen. 7

beta=c (rep (0. 5 q); rép(‘O. 5, 1), rep‘ 0, p-g-r))
X=X.mat (n, p, q, r)

Y=X%*%beta+rnorm(n, 0, 1)
GCV (X, Y, k=1)

[, 1]
[1,] 4.557893

Figure Al. An example for using “CGV(X,Y, k,W)".
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