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Abstract: Physical processes are usually described using four-dimensional vector quantities -
coordinate vector, momentum vector, current vector. But at the fundamental level they are
characterized by spinors - coordinate spinors, impulse spinors, spinor wave functions. The
propagation of fields and their interaction takes place at the spinor level, and since each spinor
uniquely corresponds to a certain vector, the results of physical processes appear before us in
vector form. For example, the relativistic Schrodinger equation and the Dirac equation are
formulated by means of coordinate vectors, momentum vectors and quantum operators
corresponding to them. In the Schrodinger equation the wave function is represented by a single
complex quantity, in the Dirac equation a step forward is taken and the wave function is a spinor
with complex components, but still coordinates and momentum are vectors. For a closed
description of nature using only spinor quantities, it is necessary to have an equation similar to the
Dirac equation in which momentum, coordinates and operators are spinors. It is such an equation
that is presented in this paper. Using the example of the interaction between an electron and an
electromagnetic field, we can see that the spinor equation contains more detailed information about
the interaction than the vector equations. This is not new for quantum mechanics, since it describes
interactions using complex wave functions, which cannot be observed directly, and only when
measured goes to probabilities in the form of squares of the moduli of the wave functions. In the
same way spinor quantities are not observable, but they completely determine observable vectors.
In Section 2 of the paper, we analyze the quadratic form for an arbitrary four-component complex
vector based on Pauli matrices. The form is invariant with respect to Lorentz transformations
including any rotations and boosts. The invariance of the form allows us to construct on its basis an
equation for a free particle combining the properties of the relativistic wave equation and the Dirac
equation. For an electron in the presence of an electromagnetic potential it is shown that taking into
account the commutation relations between the momentum and coordinate components allows us
to obtain from this equation the known results describing the interactions of the electron spin with
the electric and magnetic field. In section 3 of the paper this quadratic form is expressed through
momentum spinors, which makes it possible to obtain an equation for the spinor wave function in
spinor coordinate space by replacing the momentum spinor components by partial derivative
operators on the corresponding coordinate spinor component. At the end of the paper the question
on a possibility of second quantization of the electron field in the spinor coordinate space is touch
upon. The statement that the electron and positron have the same, and exactly positive energy, and
have opposite signs of charge and opposite signs of mass is also justified. Accordingly, in the
process of annihilation their total energy, momentum, charge and mass do not change. It is shown
that if we take as an axiom the conservation at interaction of the total mass of the system of particles
taking into account its sign, then it is possible to explain the difference between bosons and
fermions in the statistics to which they obey.
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1. Introduction

Nowadays, the interest to study applications of the Dirac equation to different situations and
to find out the conditions of its generalization is not weakening. In particular, in [1] new versions of
an extended Dirac equation and the associated Clifford algebra are presented. In [2] a study of the
Schrodinger-Dirac covariant equation in the presence of gravity, where the non-commuting gamma
matrices become space-time-dependent, is carried out. In [3] an idea is discussed that the visible
properties of the electron, including rest mass and magnetic moment, are determined by a massless
charge spinning at light speed within a Compton domain. In [4] some aspects of conformal
rescaling in detail are explored and the role of the "quantum" potential is discussed as a natural
consequence of non-inertial motion and is not exclusive to the quantum domain. Author establishes
the fundamental importance of conformal symmetry, in which rescaling of the rest mass plays a
vital role. Thus, the basis for a radically new theory of quantum phenomena based on the process of
mass-energy flow is proposed. In [5] author have derived the covariant fourth-order/one-function
equivalent of the Dirac equation for the general case of an arbitrary set of y-matrices.

Supporting these search aspirations, in our work we propose a deeper understanding of the
Dirac equation with an emphasis on the direct use of the principles of symmetry and invariance to
Lorentz transformations. For the first time we present a formulation of the Dirac and Schrédinger
equations in spinor coordinate space.

2. Generalized Dirac type equation

Let us introduce notations, which will be used further on. The speed of light and the
rationalized Planck’s constant will be considered as unity.
Pauli matrices

06 ) @0 D @-C 3 w-C )

Matrices constructed from Pauli matrices

o 0 o 0 o 0 o 0
Sﬂ:([‘; ﬂ'u) 51:(5 0'1) 52:(5 ﬂ'g) 53:(5 0'3)
A vector of matrices
ST =(5,,5,,53)
A set of arbitrary complex numbers and a vector of its three components
XT = (Xo, X1, X3, X3)
XT = (X1, X5,X3)
Let us define a 2x2 matrix of Lorentz transformations given by the set of real rotation angles
(e, @z, a3) and boosts (1, B2, F3)
n

= exp (—%ialal) exp (%,8101) exp (—%iaz crz) exp (%ﬁzcrz) exp (—%ia@ 0’3) exp (% 6363)
and a similar 4x4 transformation matrix
N
1. 1 1 1 1 1
= exp (_55“151) exp (Eﬁlsl) exp (—Emzsz) exp (Eﬁzsz) exp (_E ux353) exp (E ,8353)
We also define a 4x4 matrix of Lorentz transformations A, where u and v take values 0,1,2,3

1’1#

1 T
v = ETr[aﬂnavn ]

which can also be written explicitly using the 4x4 matrices of turn generators (R, R5, R3) and
boosts (Kll KZ' Kg)
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A = exp(a Ry )exp(B1 Ky Jexp(az Ry )exp (B K;)exp(azR3)exp(B3Ks)

Let's define a 4x4 matrix

M? = (SoXo — S1X; — 55X; — 53X3)(SoXo + S1 Xy + S, X5 + S3X3)
= (SoXo — STX)(SpX, +STX)
= SoXoSoXo — S1X15:1 Xy — 52X35:X; — S3X353K;5
+ SoXo (1 X1 + S X5 + S3X3) — S1X,(SoXg + S2 X5 + S3X3)
— S3X3(SoXo + 51X1 + S3X3) — S3X3(SoXo + S1X1 + S2X2)

In fact, we consider a quaternion with complex coefficients, which we multiply by its conjugate

quaternion (due to the complexity of the coefficients, these are biquaternions, but we still use

quaternionic conjugation, without complex conjugation).
Let us subject the set of complex numbers to the Lorentz transformation

X' =A%

Let us write a relation whose validity for an arbitrary set of complex numbers can be checked
directly

(SoXo' — 51X1 — $:X5" — S3X3")(SoXo' + 1%, + 5:X5" + $3X37)

= (SoXo — 51X, — S2X2 — 53X3)(SoXo + 51X, + 52X, + S3X3)

The matrix M? in the simplest case is diagonal with equal complex elements on the diagonal
equal to the square of the length of the vector X in the metric of Minkowski space, which we
denote m?. Both M? and m? do not change under any rotations and boosts, in physical

applications the invariance of m?

is usually used, in particular, for the four-component
momentum vector this quantity is called the square of mass.

Since the matrices § anticommutate with each other, for a vector ¥ whose components
commute with each other, we have just the simplest case with a diagonal matrix with m? on the
diagonal. But if the components of vector ¥ do not commute, the matrix M? already has a more
complex structure and carries additional physical information compared to m?2. For example, the
vector ¥ may include the electron momentum vector and the electromagnetic potential vector. The
four-component potential vector is a function of the four-dimensional coordinates of Minkowski
space. The components of the four-component momentum do not commute with the components of
the coordinate vector, respectively, and the coordinate function does not commute with the
momentum components, and their commutator is expressed through the partial derivative of this
function by the corresponding coordinate. If the components of the vector X do not commute, the
matrix M? will no longer be invariant with respect to Lorentz transformations.

Suppose that the complex numbers we consider commute with all matrices, and note that the
squares of all matrices are equal to the unit 4x4 matrix I
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M? = (XoXo — X1 X, — XoX; — Xa X)) + (5, XX, + S, XX, + 53X,X3)
— (5, X, Xy + 5,5, X, X, + 5,5:X,X5) — (5, X, X + 5,5, X, X, +5,5:X,X3)
— (83X3Xg + 535, X3X; + §35,X:X;)
= (XoXo — X1 X3 — X2X5 — X3X3)I + 5, (Xo Xy — X1Xp) + 52(Xo X
— X3Xg) + 83(XoX5 — X5Xo) — (8515,X, X, + 5,5 X, X3)
— (852851 X5X; +5,53X,X3) — (85351 X3X, + §35,X3X5)
= (XoXo — X1 X3 — X2X5 — X3X3)I + 5, (Xo Xy — X1Xp) + 52(Xo X
— X3Xg) + 83(XoX5 — X3Xo) — (815X, X, + 5,5, X,X,)
— (85,83X5X5 + 535,X3X5) — (535, X3X; + 5153X,X3)
= (XoXo — X1 Xy — XoX5 — X3X3)I + 51 (XoX1 — X1 Xp) + 52 (XX
— X3Xo) + S3(XoX3 — X3Xp) — (515:X1 X5 + 5,5, X1 X5 + 555, (X2 Xy
— X1X5)) — (5:5:X, X5 + S35, X, X5 + 535, (X3X, — X5X3))
— (8381 X3X; +5153X3X, + §;153(X, X5 — X3X,))

Taking into account anticommutative properties of matrices and expressions for their pairwise
products we obtain

M? = (XoXo — X1Xy — XoX5 — X3X3)I + 51 (XoX, — X1 Xo) + S2(XoX; — X, Xo) +
S3(XoX3 — X3Xo) — 528, (Xo Xy — X1X5) — 535:(X3 X5 — X5 X3) — 5155(X1 X5 — X3Xy) =
(XoXo — X1X1 — X3Xp — X3X3) 1 + $1(Xo X1 — X1Xo) + 52(XoXz — X3Xp) + S3(XoX3 —
X3Xo) +i83(Xp X1 — X1X3) + 151 (X3X; — X3X3) +155(X1 X5 — X3X;1) = (XoXp — X1 X, —
XoXy — X3X3)I + 51 (XoXy — X1 Xp) +i5:(X3X; — X5X3) + 5, (XoXz — Xz Xo) +
152(X1X3 — X3X1) + 53(XoX3 — X3Xo) +iS3(X2X; — X1 X3)
Consider the case when ¥ is the sum of the momentum vector and the electromagnetic
potential vector, which is a function of coordinates

X=2P+4A
BT = (Py, Py, P;, Ps)
AT = (A9, Ay, A2, 45)
P’ = (P, P,,P3)
AT = (A},4;,45)
M? = I[(Py + Ag)(Po + Ag) — (Py + A)(Py + Ay) — (P2 + A (P, + 4;) — (P +
A3)(P3 + A3)] +5:[(Po + Ap)(Py + A1) — (PL + A1) (P + Ap)] +i5:[(Ps + A3)(Py +
Az) — (P2 + A2)(Ps + A3)] + 5:[(Po + Ag) (P2 + Az) — (P2 + A2)(Po + Ag)] +iS5:[(Py +
A1)(P3 +A3) — (P3 + A3)(Py + AD] + S3[(Po + Ag)(Ps + A3) — (P3 + A3)(Po + 4p)] +
iS3[(P2 + A2)(Py + A1) — (P + A1) (P2 + A3)]
For now, we'll stick with the Heisenberg approach, that is, we will consider the components of
the momentum vector Py, Py, P;, P; as operators for which there are commutation relations with

coordinates or coordinate functions such as Ay, 41, 4,, A3. In this approach, the operators do not
have to act on any wave function.

Taking into account the commutation relations of the components of the momentum vector
and the coordinate vector, the commutator of the momentum component and the coordinate
function is expressed through the derivative of this function by the corresponding coordinate, e.g.

[(Pz +Az)(P1 +A1) - (Pl +A1)(Pz +Az)] = PA; — AP — (P1A2 —Azpl)
“dA, ( ,aﬂz)

Cax, \ ax

As a result, we obtain
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M? = f[(Pﬂ +Aﬂ}(Pﬂ+Aﬂ)_(Pl +A1)(P1 +A1)_(P2+A2}(P2 +1‘12}_

a4 a4 a4 LA a4 a4
(P; + A)(Ps + A3)] + S, [—;—1+ —"] +iS, [—L—Z +i —3] +5;[- PGt a—x;’] +
i [ 222+ i 222 4 53 [~ 522 4 i 220 4 iy [—i 222 4 £ 52 = T1(Po + Ao (P + A)
axg
(Pl +A1)(P1 +A1} (Pz +A2)(P2 + Az) - (Pg +A3)(P3 +A3)] — 185 [ ax1
[aA2 945 [aA2 34y 84z 941 [aA3 a4q aA1 aAz]
ax3 axz axo axz 2 axl axg axu 313 axz axl -

I[(Po + Ag)(Py + Ag) — (Py + APy + Ay) — (P, + A2)(P, + 4,) — (B3 + 43)(P5 +
A3)] — iS1Foy + S1F3; — iS;Fg; + S;F 3 — iS3Fo3 + S3Fp; = I[(Py + Ag)(Py + Ag) —
(P, + AP +Ay) — (P, + A)(Py + Ay) — (P3 + A3)(P; + A3)] —iS,Ey +5,B, —
iS,E, +S,B, — iS3E, + 538,

where

As a result, we have the expression
M? = f[(Pﬂ +Aﬂ}(Pﬂ +Au)— (Pl +A1)(P1 +A1)— (Pz +1‘12}(P2 +A2} -
(P +A3)(P; + A3)] + STB—iSTE
BT = (BxJ By: Bz) = (B:LJ BZ: 83}
ET = (Ex': EyJ Ez} = (Elx EEJ ES}
Similarly, it can be shown that
(SoPo — S1Py — S3P, — S3P3)(SpAg + S14; + 5,4, + 5343)
+ (Spdg — S;A; — S;45 — S3A3)(SoPy + S, Py + S, P, + S3P3)
= 2I(PyAy — PyA, — P;A; — P3A3) + STB—iSTE
The matrix
M? —{STB— iSTE} = [{(Py + Ag)(Py + Ag) — (P, + A)(P, + Ay) — (P, + A2) (P, +
Az) — (P3 + A3)(Py + A3)} = 1d?
does not change under Lorentz transformations involving any rotations and boosts.
1d? = (So(Po + Ao) — S1(Py + A1) — S3(P, + Az) — S3(Ps + A3))(So(Po + Ao)
+5,(Py+ A)) + S,(P, + A5) + S3(P; + 43)) — {STB—iSTE}

= (So(Po +40) = ST(P +A) ) (S0 (P + 40) + ST(P + A))

—{STB—isTE}
Taking into account the electron charge we have

X=—F—eA

1d? = (So(Py = eAg) — ST(P — eA) ) (So(Po — eAg) + ST(P — eA)) + e{STB — iSTE}
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Let us summarize our consideration. There is a correlation
Id? = M? + ¢{STB — iSTE}

where
M? = (SQ(PO —edy) —ST(P — .gual))(sﬂ(f:;J — eAy) + ST(P— eA))

Id* = H{(Py — eAo)* — (Py —eA;)* — (P, — eA;)* — (P; —ed3)?}
= I[(Py — eAo)(Py —eAp) — (P, —eAy)(Py —eAy)
— (P, — eA3)(P, — ed;) — (P3 — eA3)(P; —eAs5)]
= I[(Py — eAg)(Pp —edqy) — (P — eA)T (P — eA)]
= I{(Py — eAg)* — (P — eA)?}
Let's analyze the obtained equality
M? = 1d* — e{STB — iSTE}
Note that the quantity d? is invariant to the Lorentz transformations irrespective of whether

the momentum and field components commute or not. To solve this equation, we have to make
additional simplifications. For example, to arrive at an equation similar to the Dirac equation, we

must equate M2 with the matrix Im?, where m? is the square of the mass of a free electron.
Then

Im? = 1d* — e{STB — iSTE}
1d? —Im? — e{STB—iSTE} =0
I{(Py —eAy)? — (P —eA)?} — Im? —e{STB— iSTE} =0

With this substitution the generalized equation almost coincides with the equation [[6],
formula (43.25)], the difference is that there is a plus sign before €STB, and instead of iSTE there
is itTE, in which the matrices @ have the following form

al = (a;,a,, as)
0 o 0 o 0 o
@ = (0'1 01) @2 = (0'2 02) @ = (0'3 03)

A similar equation is given by Dirac in [[7], Para. 76, Equation 24]; he does not use the matrices

«, only the matrices §, but the signs of the contributions of the magnetic and electric fields are the

same.
Along with the original form

M? = (SG(RZJ —edy) —ST(P— .e,uan))(sﬂ(P,;J —eAy) +ST(P — eA))

= d? — e{STB—iSTE}
it is possible to consider the form with a different order of the factors. It can be shown that this
leads to a change in the sign of the electric field contribution

M2 = (SO(P{, —eAg) +ST(P— eA))(SQ(PQ —eAy) —ST(P — eA})

=d? — e{STB+iSTE}
Since Id?, unlike M?, is invariant to Lorentz transformations, it would be logical to replace it
by Im?. At least both these matrices are diagonal, and in the case of a weak field their diagonal

elements are close. Nevertheless, the approach based on the Dirac equation leads to solutions
consistent with experiment.

The matrix M? in the general case has complex elements and is not diagonal, and in the Dirac
equations instead of it is substituted the product of the unit matrix by the square of mass m?, the

physical meaning of such a substitution is not obvious. Apparently it is implied that it is the square
of the mass of a free electron. But the square of the length of the sum of the lengths of the electron
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momentum vectors and the electromagnetic potential vector is not equal to the sum of the squares
of the lengths of these vectors, that is, it is not equal to the square of the mass of the electron, even if
the square of the length of the potential vector were zero. But, for example, in the case of an
electrostatic central field, even the square of the length of one potential vector is not equal to zero.
Therefore, it is difficult to find a logical justification for using the mass of a free electron in the Dirac
equation in the presence of an electromagnetic field. After all, mass is simply the length of a
momentum vector, but the concept of a momentum vector, and hence of mass, can be applied only
for a free particle. Similarly, energy is the zero component of the momentum vector and the concept
of energy can only be strictly defined for a free particle. Due to the noted differences, the solutions
of the generalized equation can differ from the solutions arising from the Dirac equation.

In the case when there is a constant magnetic field directed along the z-axis, we can write
down

1 1
A{J:O A]_:_EB3X2 Az 2583:{1 ASZG

(SgPy)? —M? — (P — eA)T(P — eA)] — eS3B; = 0
(SoPy)? — M? — (P, — eA,) (P, — eA)] — (P, — eA;)(P, — eAy)] —eS3B; = 0
(SoPo)* — M? — Pozf _Pazf - Plz —(eAy)? —Pz2 — (e4;)?

1
+6583(11P2—XZP1 +le2—IZP1)—8535'3=C|

Py’l — M? — Py*I — P3°1 — P,%1 — (e A% — Py°I — (eA,)2I + eB;y(xy P, — x,P))I

_35383 = 0
I(—P2 — P2 — P3* — (ed,)? — (eA;)?) — M?
L;+1 0 0 0
0 Li—1 0 0o |
—eBsl g o Li+1 o |7°
0 0 0 ILy—1

Here (x; P, — x5P;) = L3. Only when the field is directed along the z-axis, the matrix M?
is diagonal and real because the third Pauli matrix is diagonal and real. And if the field is weak,
M? can be approximated by the m?I matrix. This is probably why it is customary to illustrate the
interaction of electron spin with the magnetic field by choosing its direction along the z-axis. In any
other direction M? is not only non-diagonal, but also complex, so that it is difficult to justify the

use of m?I.

When the influence of the electromagnetic field was taken into account, no specific
characteristics of the electron were used. When deriving a similar result using the Dirac equation, it
is assumed that since the electron equation is used, the result is specific to the electron. In our case
Pauli matrices and commutation relations are used, apparently these two assumptions or only one
of them characterize the properties of the electron, distinguishing it from other particles with
Non-zero masses.

The proposed equation echoes the Dirac equation, at least from it one can obtain the same
formulas for the interaction of spin and electromagnetic field as with the Dirac equation, and in the
absence of a field the proposed equation is invariant to the Lorentz transformations. In contrast, to
prove the invariance of the Dirac equation even in the absence of a field, the infinitesimal Lorentz
transformations are used, but the invariance at finite angles of rotations and boosts is not
demonstrated. The proof of invariance of the Dirac equation is based on the claim that a
combination of rotations at finite angles can be represented as a combination of infinitesimal
rotations. But this is true only for rotations around one axis, and if there are at least two axes, this
statement is not true because of non-commutability of Pauli matrices, which are generators of
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rotations, so that the exponent of the sum is not equal to the product of exponents if the sum
includes generators of rotations around different axes.

A test case for any theory is the model of the central electrostatic field used in the description
of the hydrogen atom, in which the components of the vector potential are zero

(So(Py —eAy) —STP)(So(Py — edy) + STP)
=I[(Py — eAg)? — P,* — P> — P3%] + ieSTE
If again we equate the left part with Im?, we obtain
I[(Py—edg)? — P> — P> — P?] — Im? + ieSTE=0

. 3:40 aA{] aA{J
I[(PO —edg)? — P2 — P, —P? — mz] — e (51 9x, +52 9x, + 53 8x3) =0

Introducing the notations (4 = @(r) = Q/r, Pb =E, r =1/ Jxlz +x,2 4+ x3 %), we

obtain

2
_ﬂ p2 p2 p2_ a2l - de(r) de(r) do(r) .
I[(E ) Pl P2 P3 m l e (51 ax1 +SZ axz +5375x3 =0

2
e e
Il(E‘ ——Q) —p?-p?_p?— mzl +ir—g(slx1 +S,x5 +S3x3) =0

If we substitute operators acting on the wave function instead of momentum components into
the generalized equation, we obtain a generalized analog of the relativistic Schrédinger equation, in
which the wave function has four components and changes as a spinor under Lorentz
transformations. Using the substitutions

- d o d - d - d
Pﬂ_’f._ Pl_’_f,— Pz_’_f,— P3_’_l—

dat 3x1 aX2 aX3

the equation for the four-component wave function Yr before all transformations has the form

ad ad
(50 (5 — eAﬂ) +8sT(v- eA)) (50 (5 — eAﬂ) —SsT(v - eA)) P +MPp=0
and after transformations
{(s0Py — edo))’ — (P — eA)?I — eSTB + ieSTEHp = M*

Once again, note that the matrix M? is not diagonal and real.
All the above deductions are also valid when replacing 4x4 matrices S, by 2x2 matrices gy,

since their commutative and anticommutative properties are the same. The corresponding
generalized equation is of the form

(05(Py — eAg))” — M? — (P — eA)?I — e6TB + ie6TE = 0

where
T —
6" = (01,03,03)
and the equation for the now two-component wave function looks like

(cro (% — eAg) +0T(V — BA)) (ag (%— eAg) —0o"(V— eA)) g+ MY =0

In deriving his equation, Dirac [[7], paragraph 74] noted that as long as we are dealing with
matrices with two rows and columns, we cannot obtain a representation of more than three
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anticommuting quantities; to represent four anticommuting quantities, he turned to matrices with
four rows and columns. In our case, however, three anticommuting matrices are sufficient, so the
wave function can also be two-component. Dirac also explains that the presence of four components
results in twice as many solutions, half of which have negative energy. In the case of a
two-component wave function, however, no negative energy solutions are obtained. Particles with
negative energy in this case also exist, but they are described by the same equation in which the

signs of all four matrices S or o are reversed.

One would seem to expect similar results from other representations of the momentum
operator, e.g., [[6], formula (24.15)]

(1 0 0) 1 (0 1 0) L (0 —i 0)
g = 0 1 0 W =—= 1 0 1 Wy = — i 0 —i w3
0 0 1 V2 0 1 0 V2 0 i 0

1 0 0
= (0 0 0
0 0 -1

under the assumption that this representation can describe a particle with spin one. But this
expectation is not justified, since the last three matrices do not anticommutate, and therefore the
quadratic form constructed on their basis is not invariant under Lorentz transformations.

Let's see what happens to M? when we change the sign of the matrices. When changing the
sign of 5; we have
M? = [=S54Py — (S - P)][=SoPy + (S P)] = [SoPy + (S~ P)][SoP, — (S-P)]
swapping the places of the multipliers. The multipliers do not necessarily commute, so M? is not
invariant with respect to the change of sign of S,, which can be interpreted as a reflection in time.
The same picture of invariance absence we have at the sign change of matrices §, i.e. at spatial
reflection
M? = [SoPy + (S - P)][SoP, — (S - P)]
If we change the signs of all matrices at once, we have
M? = [=5,Py + (S - P)][-SoPy — (S P)] = [SoPy — (S~ P)][SoPy + (S P)]
i.e. invariance. The physical interpretation of this case can be given by taking into account the
change of signs of the matrices in equation

(=So(Py — edg))’ — M2 — (P — eA)*I — e(—STB) + ie(—STE) = 0

which can be rewritten as

(So((—By) — (—B)Ag))z — M2 — (P —eA)*I— (—e)STB+i(—e)STE=0

it can be interpreted as an equation for a particle with negative energy and positive charge, i.e. for
the positron. Thus, the generalized equation with matrices S5y, 5;,55, 53 describes a particle, and
with matrices —§y, —5;, —5;, —S53 an antiparticle. However, in the next section of the paper
another approach is described in which we do not have to deal with negative energy, it is positive
for all particles, and the difference between particles and antiparticles consist in a different sign of
their mass. And the mass in the generally accepted sense is simply equal to its modulus.

If one consistently adheres to the Heisenberg approach and does not involve the notion of
wave function, it is not very clear how to search for solutions of the presented equations. The

Schrodinger approach with finding the eigenvalues of the M?matrix and their corresponding

eigenfunctions can help here.

{(s0P — edy))  — (P — eA)?I — eSTB + ieSTE} i = M7
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In the left-hand side are the operators acting on the wave function, and in the right-hand side
is a constant matrix on which the wave function is simply multiplied. This equality must be
satisfied for all values of the four-dimensional coordinates (t,xy,x5,%3) atonce. Then M? is not
fixed but can take a set of possible values, finding all these values is the goal of solving the
equation.

Thus, we have arrived at an equation containing a matrix M? which is non-diagonal, complex
and in general depends on the coordinates (t,x;,%;,%3). After the standard procedure of
separating the time and space variables, we can go to a stationary equation in which there will be
no time dependence, but the dependence the matrix M? on the coordinates will remain. It is
possible to ignore the dependence of M? on the coordinates and its non-diagonality and simply
replace this matrix by a unit matrix with a coefficient in the form of the square of the free electron
mass. Then the equation will give solutions coinciding with those of the Dirac equation. But this
solution can be considered only approximate and the question remains how far we depart from
strict adherence to the principle of invariance with respect to Lorentz transformations and how far
we deviate from the hypothetical true solution, which is fully consistent with this principle. To find
this solution, we need to approach this equation without simplifying assumptions and look for a set
of solutions, each of which represents an eigenvalue matrix M? of arbitrary form and its
corresponding four-component eigenfunction.

When searching for solutions, one can try to use two equations

3 d
So (5 — eAﬂ) +STW—eA) || s, (5 — BA{J) ~ST(V—eA) |U+M* Y =0

3 d
Sa (E — eAQ) _sT(v—ea) |( s, (E — BAQ) +8T(V—eA) |Y +M P =0

successively applying the operators with first order derivatives included in them to the
eigenfunctions already found, similarly as described in Schrédinger's work [8].

3. Equation for the Spinor Coordinate Space

Let us return to the set of arbitrary complex numbers, for simplicity we will call it a vector
T = (X0,X1,%5,%3)
Let us consider in connection with it arbitrary four-component complex spinors
P’ = (o, 1,22, P3)
1T = (21,21, 21,5, 213)
22T = (x2,,22,,%2,,223)
There is a representation of the components of the vector
1
¥, = 517532
and there is another way to calculate them
1
¥, =5 Trlx1227s,]
Further we will assume that both spinors are identical, then the vector constructed from them
PT = (Py, Py, Py, P5)
has real components, and we will assume that this is the electron momentum vector constructed
from the complex momentum spinor p

1 t
JF?.: ZEP Spp
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B =5Tr[pp’s,]
Consider the complex quantity
0 1 0 0O Xo X
-1 0 0 0 X -X
pTEMMX = (pﬂl P1, P2, p3) 0 0 0 1 x; = (pﬂl P1, P2, p3) xgﬂ
0 0 -1 0/ \X3 X2

=PoX1 — P1¥o + PzX3 —P3X2
where we introduce one more complex spinor, which in the future we will give the meaning of the
complex coordinate spinor

XT = (XQ,XI,Xz,X3)

and
0 1 0 0
_ (oM 0)_ -1 0 0 0 0 1
ZMM_(-:) oy) L0 0 0 1 “M_(_l 0)
0 0 -1 0

Coordinate vector of the four-dimensional Minkowski space
X" = (Xo, X1, X3, X3)
is obtained from the coordinate spinor by the same formulas

1 T
X# =Ex SHx

1 T
X, = ETr[xx Sl

The quantity ]JTE My X is invariant under the Lorentz transformation simultaneously applied
to the momentum and coordinate spinor, which automatically transforms both corresponding
vectors as well

p’' =Np

r 1 I J'T
P', =5Tr[pp 5,1
r 1 1'1- I
Pp::ip Sup
P' = AP
X' = Nx

r 1 r 1'1-
X'y :ETr[x x"'S,]

r 1 I'T I
X# =Ex pr

X' =4AX
This quantity does not change for any combination of turns and boosts
p;TEMMX; = p' ZyuX
Accordingly, the exponent
exp(pT ZynX) = exp(poxy — p1¥o + P2X3 — P3X2)

characterizes the propagation process of a plane wave in spinor space with phase invariant to
Lorentz transformations.

Let us apply the differential operator to the spinor analog of a plane wave
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d d a d
(3x1 dx, 0x, 8x3) exp(pox1 — P1Xo + PaX3 — P3¥X2)
= (po(—p3) — (—p1)p2) exp(Pox, — P1Xg + P2 X3 — P3xy) =

= (P12 — PoP3) exp(PoX1 — P1Xo + P2 X3 — P3x2)
Applying this operator at another definition of the phase gives the same eigenvalue

(3 d Jd d
5}515}{2 aX{]ax:s

) exp(poxo + p1X1 + paxz + p3xz)

= (p1p2 — Pop3) exp(Poxo + P11 + P2X2 + P3x3)
that is, two different eigenfunctions correspond to this eigenvalue, but in the second case the phase
in the exponent is not invariant with respect to the Lorentz transformation, so we will use the first
definition.
Since

(Po, Pl)T and (pz,ps )T

are complex spinors, which, under the transformation

y-w=( O

is affected by the same matrix 1, then the complex quantity

m =pi1pPz — PoP3
is invariant under the action on the momentum spinor P of the transformation N. m is an
eigenvalue of the differential operator, and the plane wave is the corresponding m eigenfunction,
which is a solution of the equation

(3 d Jd d
axlaX2 3x03x3

)lﬁ(xa-xl-xz-xg) = m P(xg,%q, X2, X3)

Here Y(xg,X,%5,%3) denotes the complex function of complex spinor coordinates.

When substantiating the Schrodinger equation for a plane wave in four-dimensional vector
space, an assumption is made (further confirmed in the experiment) about its applicability to an
arbitrary wave function. Let us make a similar assumption about the applicability of the reduced
spinor equation to an arbitrary function of spinor coordinates, that is, we will consider this equation
as universal and valid for all physical processes.

Let us clarify that by the derivative on a complex variable from a complex function we here
understand the derivative from an arbitrary stepped complex function using the formula that is
valid at least for any integer degrees

dz*
0z
In particular, this is true for the exponential function, which is an infinite power series.
It is not by chance that we denote the eigenvalue by the symbol m, because if we form the

= kz¥?!

momentum vector from the momentum spinor P included in the expression for the plane wave

L t
JF?.: = E p Spp
then for the square of its length the following equality will be satisfied
Py> — P> — P* — Py = mm = m?
That is the square of the modulus m has the sense of the square of the mass of a free particle,

which is described by a plane wave in spinor space as well as by a plane wave in vector space. For
the momentum spinor of a fermionic type particle having in the rest frame the following form

p" = (po, P1,P1, —P0)
quantity

m = pipP2 — PoP3 = P1P1 + PobPo
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is real and not equal to zero, and for the bosonic-type momentum spinor

T _
P = (Po, P1,Po, P1)
it is zero
m = piP; — PoP3 = P1Po — PoP1 =0
i.e., the boson satisfies the plane wave equation in spinor space with zero eigenvalue.
For the momentum spinor of a fermion-type particle we can consider another form in the rest
system
T _ _—
p" = (Po, P1,—P1 Po)
then the mass will be real and negative
m = p1pP; — PoP3 = —P1P1 — PoPo
This particle with negative mass can be treated as an antiparticle, and in the rest frame its
energy is equal to its mass modulo, but it is always positive

1 1 o L L
Py = EPTS{JP = 7 (Popo + P11 + (—p1) (—P1) + PoPo)

1 _ _ _
:E(pﬂp{l +p1ip1 + PiPs +P0P0)

To describe the behavior of an electron in the presence of an external electromagnetic field, it is
common practice to add the electromagnetic potential vector to its momentum vector. We use the
same approach at the spinor level and to each component of the momentum spinor of the electron
we add the corresponding component of the electromagnetic potential spinor. For simplicity, the
electron charge is equal to unity.

Further we need an expression for the commutation relation between the components of the
momentum spinor, to which is added the corresponding component of the electromagnetic
potential spinor, which is a function of the spinor coordinates

(P{J + ag (xl-xz))(l’l + al(xl-xz)) - (Pl + al(xl-xz))(l’o + au(xl-xz))
Let us replace the momenta by differential operators

d d d d

Po—’a—xl ifJ1—’—§—xcI Pz—’a—xg Ps—’—a—xz

and find the commutation relation

d d
[(8_}51 + aﬂ(xﬂ-xl-xz-xs)) (_3_}50 + al(xﬂ-xl-xz-xs))

o 4 ( ) i
Bxq a1\ Xp, X1,X2,X3 EP)

+ agp ((xa- xl-h-h)))]lﬁ’(xﬂ- X1,%3,X3)

2 a2 A
—3—}:1(%1!3) —ana—%‘l‘a—%(%lﬁ)— ala_xl

da ay dy da dy Yy day dag

_3x1w+alax1 aOaXQ+aXle+aﬂaxU alaxl 3x1 +ax‘3w
E"'fll(xn-xl-xz-x:s)' 8ag(xg.x1.x2.x3)
—{ dx, + EP l,b(xg,xl,xg,xg)

Thus
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da, day

(po + ao)(py +ay) — (pr +a)(po +ag) = ax. T ax.
X1 0

Let us apply the proposed equation to analyze the wave function of the electron in a centrally

symmetric electric field, this model is used to describe the hydrogen-like atom. For the components

of the vector potential of a centrally symmetric electric field it is true that

1 1 !

Ao = 5a'S0a = 5 (Goao + @ray + @az + T3a3) = 5
1 1 _ _ _

A = 581513 ) (@ga, + ayag +aza; +azaz) =0

1. 1. — — .
Ay = ;4 S,a = E(—mu% +iaja —idza; +iaza,) = 0

1 1 _ _ _

Az = 531533 = E(%% —@a +aza; —azaz) =0

agay + axa; = a;a, + azas;
1

gy +aza; = E

aga, + araz = a;ap + azas

1
E(@ﬁh +a,ap + azaz +@ﬂ-2) =aqpa, + azaz =0

gty = —azag
ag = ias
a‘] = _Laz

=

Goag + @a, = ia; * (—iay) + Ga, = 2aza; = 2a,% =

As a result, it is possible to accept
i

-8
=]

1
ag = — a; = —— a; = a3 = —
°" 2R ' V2R 2 " 2R
. 11
Apy = V’_‘V’_ 2R

i

( F) 2R

R=yX2+ X +X%=

2

2
(2 o+ wo + T + 7))+ (2 (i + v — iy + 15w )+ (£ Gy — v+ vy —
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2

2 2
1, _ _ _ 1, _ _ _ 1, _ _ _
\[(E (Xgx; + X0 + X5x3 + xzxz}) - (E (—Xgx; + X% — X3 + xzxz}) + (E (Xgxg — XXy +%5x5 — xaxg))

We are looking for a solution of the spinor equation; we do not consider the electron's spin yet
a d a ad

(3}51 dx, B dxg dxg

This equation can be interpreted in another way.

Let us take the invariant expression

(p1P2 — Pop3) =M

) (’p(xu,xl,xz,xg} =m "P(xn;xbxzjxa}

And let's do the substitution

Po — 6 +aﬂ(xﬂ;x1;x2;xa) pl_)__ﬁx +a1(xﬂ:xljx2:x3}
X 0

P2 =5~ + a; (xg,x1,%3,x3) P3 =~ 5~ + as(xg, x1,x2,x3)
X3 2

(et o) G+ ea) = G ) (5 s -
axﬂ—l—al 6x3+a2 6x1+a° ax, +asz i =me

We will consider this equation as an equation for determining the eigenvalues

of m and the corresponding eigenfunctions

Jd d + Jd d ( da, 8013) 8fp+ do 8fp+ do
6XQ6X3{P 6X16XZ{P ax‘} axl ¢ azax‘] alﬂxg a3 6}{1 %o 6}{2

+ (a10; — apaz)e = me

i 1 1 i
ag = — a; = —— Ay = —— az = —
" V2R ' V2R " V2R " V2R
1 1 1
alaz_aﬂagzﬁ—i_ﬁzﬁ
da, das 13(1)‘16(1) 13(1)+‘13(1)
S — [ (R — 1 ——
ax‘] axl V’_ax‘] V’_ V’_axl V’_ V’Eax‘} 4—-\,|'R2 V’Eaxl 4—-\,|'R2
1 1 1 d 1 1 1
=—— —RH+i—| —= —(Rz)—
V2 (Rz)— dxg V2 4(R2}_ dxy
1 1 1
- | =@ - )]
‘V’E (RZ}

9 (z 2)—&—(5-2)]

(v’_)
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R= ,Xlz + X%+ X5”

2
1 o o o 1 o o o
= (E (Xgxy + X% + X523 + xaxz)) - (E (—Xgx; + X% — X3 + x;xz})

2 2
1
+ (E{x_uxo — XXy + XX — x_zxa})
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d

2
d 1
_6x0 (R?) __6 ((2 (xXpx; + X% +x2x3+x3x2})

NII—‘

2
( —XgX1 + X1Xp — X3X3 "‘Exz})

1 B B B 2

+ (xuxn X1x; + XX — X3X3)

1 d
=3 (Z(xﬂxl + Xixp +X3x3 + xgxz} (xuxl + Xyx + Xox3 + X3%5)

— 2(—Xgx; + X7xg — Xax3 + X3%5) — (—Xgx; + X% — Xax3 + X3x5)

dxg
d

+ 2(3ox0 — X131 + X%z — x_axa}—ax (Xoxo — X1x1 + XX —x_axa})
0

=7 @(ox, +¥1x0 + X33 + Fax2)Hy

— 2(—Xgxy + X1xg — Xzx3 + X3x2)%; + 2(Xpxp — X1%; +X3X5 — X3X3)Xg)
- % ((ﬂ}ﬁ + X1xp + Xax3 + X3x2)x; — (—Xpx; + X1Xg — X3X3 + X3X2)X;
+ (Xgxg — X1x; + X3x; — X3x3)%g)

=3 (Gooxy + X2x3)xg — (—Xox; — Xoxa)%;

+ (Xpxo — X121 + X2, _Exa)ﬂ)

=3 (Gioxy + Tx3)%1 + (gxy + X2x3)77

+ (Xgxo — Xyxy + Xax; — X3X3)%g)

=5 ((ox1 + 2x3)%1 + (x)% + (RoXo + Fzxz — X3¥3)¥o)

=3 (Xox 1% + 2x5x3%; + (Xgx + XX, — X3X3)%))

1
=3 (2X%2x3%; — 2X3x3%g + (Xgxo + X137 + X2x5 + X3x3)%,)

1 _ _ o o
:E(ng(x_le—xgxg)—l—(xgxg—l-xlxl—l—xgxg + X3x3)%g)

1 _ _ _ o
:E(ng(x_le—xgxg)—l—(xgxg—l-xlxl—l—xgxg + X3%3)%q)
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d

1, _ _ o _ _ _ o
P (R?) = > ((xﬂxl + X1 X0 + X3x3 + X3x2)%g + (—Xgx; + X1x0 — X3X3 + X3%2) X
1
— (gxo — Xqx1 + XX, — X3%x3)77)
=3 ((erxo + X3x2)%0 + (X7x0 + X3x2)%g

— (Xgxo — X1xy + Xgx; — X3X3)%;)

=3 (X1xoXg + 2x3x5%y + (X1x; — X325 + X3x3)X7)

1 _ _ o
= E (2x2|X3xG — X2Xq ) + (xs_x‘] + Xq1Xq +x2x2 +X3X3}x1)

Let's introduce the notations

Xpx; — X3xp =1

this quantity does not change under rotations and boosts and is some analog of the interval defined
for Minkowski space and

1
E(xﬂx_ﬂ‘i‘x_ﬁr"ﬂxz +X3x3) =t

this quantity represents time in four-dimensional vector space. An interesting fact is that time is
always a positive quantity.
ad d
—(R?) —i—(R? ]
e (R?) % (R?)
1 _ — = =
=3 (2x3(32%1 — X3%) + (Xoxp + x1 X1 + X2x; + X3X3)Xg)
1

- iE (22, (x3xg — X3%7) + (xpXg + X1X1 + XX + X3X3)%7)

= x3(33X] — X3%) + > (Xgxg + X177 + XX, + X3X3)Xg

— ix;(X3Xg — X2%7) — iz (XX + X127 + XX + X3X3)%;
= xal + 7 + iyl — ity = L(x3 + ix,) + t(Xg — i%7)

As a result, we have an equation for determining the eigenvalues of m and their corresponding
eigenfunctions @(xy, X1, %3, X3)
ad d a d 1 d d ad d
(_ i ) n ( @ L e )
dxqdxy dxy0x, V2R

_6XQ+6X3 8x1_L§x2

1 1
+—— (1Ces +ix) + (5 —i47))p + = = mo
R
(V2E)
Instead of looking for solutions to this equation directly, we can first try substituting already

known solutions to the Schrodinger equation for the hydrogen-like atom. If @(X,, X1, X5, X3) is
one of these solutions, we need to find its derivatives over all spinor components

dp  dop 90X,
dx, - ax, dx,
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1 _ _ _
X, = 3 (xpxo + X1x; + 5%, + X3x3)
1 _ _ _
Xl = E(Xﬂxl + X1Xg + XaXg + 1312)
Xy = 5 (—i%ox; + i¥yx0 — i3 + iX3%7)
1

X3 = E (x{lx{l — XX T X%, — 1’31’3)

For example
dp O Xy, dpxy Odpix; 0Jd¢ X
dx, 0X,2 09X, 2 09X, 2 0X; 2
Let’s pay attention to the shift in priorities. In the Schrodinger equation one looks for energy
eigenvalues, while here it is proposed to look for mass eigenvalues, it seem more natural to us. The
mass of a free particle is an invariant of the Lorentz transformations, and in the bound state the
mass of the particle has a discrete series of allowed values, each of which corresponds to an energy
eigenvalue, and the eigenfunction of these eigenvalues is the same. But these energy eigenvalues
are not the same as the energy eigenvalues of the Schrodinger equation, because the equations are
different. When an electron absorbs a photon, their spinors sum up and the mass of the electron
changes. If the new mass coincides with some allowed value, the electron enters a new state. The
kay idea here is the assumption that the interaction of spinors occurs simply by summing them.

The advantages of considering physical processes in spinor coordinate space may not be
limited to electrodynamics. It may turn out, for example, that the spinor space is not subject to
curvature under the influence of matter, as it takes place in the general theory of relativity for the
vector coordinate space. On the contrary, it can be assumed that it is when the components of
vector coordinate space are computed from the coordinate spinor that the momentum spinor with a
multiplier of the order of the gravitational constant is added to this spinor. This results in a warp
that affects other massive bodies.

To account for the electron spin, we will further represent the electron wave function as a
four-component spinor function of four-component spinor coordinates

Wo(xg, X1, X2, X3) Uy

Y1 (xg,x1,%2,X3) Uy
Xg,X1,X2,X3) = = Xg,X1,X32,X
W(xg, x1,x2,X3) W, (X, X1, X2, X3) U, @(xq,x1,%2,%3)

¢3(x0-x1-x2-x3) s

where the coefficients 1, are some complex constants.
We will search for the solution of the wave equation considered in the first part of this paper
(SoPo — S1P1 — S2P; — S3P3)(SoFo + S1Py + S:P; + S3P3) Y = M*§
Let's express the left part through the components of the momentum spinor

L t
JF?.: :Ep Slup

1 0 Po Po
1 | 0 1
POZEPTSOPZE(pO-pI-pZ-p3) 0 0

0 0

S 1

1
ps | = E(PQ-PL P2, Pa) o
P3 P3

oo o
= oo o
=
=

1 _ _ _
:E(p{]p{l +p1ip1 T P22 +P3P3)
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0 1 0 0 Po P1
1 1 1
Pl zp Slp Z@GJPIJPZJ pS} D 0 0 1 pz Z@GJPIJPZJPS) pS
0 0 1 0 Pz Pz
1 _ _ _ _
=5 (Pop1 + P1Po + P2P3 + P3p2)
0 —i 0 0y /Po —ipy
pzl tg :l(p————) [ 0 0 0 P1 :l(p____) IPg
2 2 P o:p 2 0:P1, P2, P3 0 0 0 —i P 2 0.1, P2, P3 _Lpg
0 0 i 0 D3 ip,
1, — L _
=3 (—iPopy + iP1Po — iP2P3 + iP3P2)
1 0 0 0 Po
1 1
. =70 -1 0 0 P1
P3 zp SSP 2 &Jﬂlpll pZJPS) D 0 1 0 pZ

0 0 0 -1 Ps3

Po

1 L —p 1 _ _ _
=5 @0, P12 P3) | p, | =5 PoPo — Pip1 + Pap2 — Paps)

—P3

1 . _ _ 1. e _ _
Pp—P; = > (Popo + P1P1 + P2p2 +DP3Db3) =3 (Popo — P1P1 + P2P2 — P3P3)
1 _ _ _ _ _ _ _
=5 Popo 1P1 T P2P2 + P3P —PoPo 1P1 — P2P2 1D3
z(pp + P1P1 T P2P2 T P3P PoPo + P1P p2p +PP}

1 _ _ _ _ _
=5 (P1p1 +P3ps + Pib1 + P3p3) = P11 + P3bs

1 L L L 1 L L L
Pop+P; = > (Popo + P1P1 + P2p2 +DP3P3) +E (Popo — P1P1 + P2P2 — P3P3)
=PoPo + P2P2
. 1 _ _ _ N O — — —
—P+iP= -3 (Pop1 +P1po + P2ps + P3p2) + 15 (—ipop1 + iP1Po — iP2p3 + iP3p2)
1 _ _ _ _ _ _ _
= E @0?1 + P1iPo T P2P3 T PaP2 + PoP1 — P1Po + P2P3 — Papz}

1 _ _ _ _ _
=3 (Pop1 + P2bs + Pop1 +P2P3) = Pop1 + P23
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. 1 _ _ _ N O — — —
—P —iP= -3 (Pop1 +P1Po + P2bs + P3p2) — 15 (—ipop1 + iP1Po — iP2p3 + iP3p2)
1 . . . . . . .
= E @0?1 + P1Po T P2P3 T PaP2 — DPoP1 T P1Po —P2P3 + Papz}
1 _ _ _ _ _
=5 (P1po + P3b2 + P1Po +P3P2) = PiPo + P32

SoFo — 51Py — 5P, — 5355

1 0 0 0 0 1 0 0
10 1 0 0 |1 0 0 0
10 0 1 0 Fo 0 0 0 1 Py
0 0 0 1 0 0 1 0
0 —i 0 0 1 0 0 0
| 0 0 0 [0 -1 0 0
o 00 —i/27l 0 0o 1 o]
0 0 i 0 0o 0 0 -1
Py — Py —P, +iP, 0 0
_ | AP Py + P 0 0 B
o 0 0 P,— P —P,+iP, |
0 0 —P, —iP, By + P
Epl +E§U3 39_0_]91 + E_Pa 0 0
_ | P1Po + Pap2 PoPo + D22 . . 0 _0 .
0 0 Pipy ‘i‘ﬁpa PoPi + P2P3
0 0 PiPo + PzP:2 PoPo + P2P2
SoPy + S1Py + SoP; + S3Ps
1 0 0 0 0 1 0 0
10 1 0 0 1 0 0 0
“{o o1 olfftl o 00 1[0
0 0 0 1 0 0 1 0
0 —i 0O 0 1 0 0 0
I 0 0O 0 0 -1 0 0
lo 00 i)l 0 01 0]
0 0 i 0 0 0 0 -1
By + P P, —ibP 0 0
. P, +ip, By — Py 0 0
= 0 0 P,+P, P,—iP,
0 0 P +iP, Py— P
P_ipu + P_ipz _P__npl _P__2P3 0 0
_ | ~P1Po — P3Pz PiP1 t Papa o 0 0 -
0 0 Pﬂ_Pﬂ + Pz_Pz _P_0P1 _Epa
0 0 —P1Po — P3Pz PiP1 T PaPs

Let's distinguish the direct products of vectors in these matrices
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PoPo + P2P2  —PoP1 — P2Ps 0 o
| —=P1pPo — P3P P1P1 + P3P 0 0
SoPy + 5Py + 5P + 55P; = 0 0 P, + P, P, —iP,
0 0 P, +iP, Py — Py
P_ipn _EIH 0 0
_ | ~P1Po PPt 0 U_
0 0 Pipu _@Ih
0 0 —P1Po P11
P_ipz _P__zpa 0 0
n —PaP2 Psps 0 0_
0 0 IEUZ _Epa
0 0 —D3D2 P3Pz
7 ﬂ =
= Pt )~ 0,0 2 10,0,- Ps (- 0,0
( Po: P1, Y, )+ _ [: fhey) Pﬂ:P1}+ ( P2, P3, Y, .}
0 o 0
0 P1 0
0
+ 0_ (DJD! —P2, p3}
—Pz

P3
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Dbyt PPz DoPy + Pals 0 0

_ _ _ _ [ P1Po P3Pz DoPo +D2P: 0 0
SgPy — Sy Py — S,Py — S3P; = . Bip B B 4 P
0 0 PiPo + PP PoPo + PaP2

Epl P__UP1 0 0 Epa P__zpa 0 0
_ | 1o PoPo 0 0 n Pz PP 0 0

0 0 P PoPs 0 0 PPz PaPs
0 0 P1Pa BoPo 0 0 PzP2 P2P2
plg_l - [Plp__l - IT_1P1] PlITi_ [PJ.ITi_ P_iPJ.] 0 0
_ [ PoPr — [PoP1 —PiPo]  PoPo — [PoPo — Popol B o o o
0 0 pib: — [ =il paPo — [PiPe — Popi]
0 0 poP1 — [PoPr — P1iPo] PP — [PoBo — o)
PsPs — [PsPs —Papal - paPz — [PaPz — Papsl 0 0
+ PPz — [poPs —Papa] 2Pz — [poPz — P2p:] o o 0 0_ o
0 0 p3bs — [PaPs — Bapa]l  paPz — [paPz — Daps]
0 0 PP — [paPs —Pap2] 2Pz — [P2Pz — P2p:]
|21 0
o 0 o
= (%ﬂ (P1. P9, 0,0) + Dy (0,0,p1, 1)
0 Po
[0y0r — il [piPo — Popi] 0 0 Pa
[poPr — Pipo]  [PoPo — Popol o 0 2 [ —
—_ PR _ JEE— —_— + r JU!U
0 0 (001 — i1l [PiPo — Popil 0 (P P2 )
0o 0 [PoPr —Pivo]l  [PoPo — Popol 0
0 [PsPz —Papa]l  [paP2 — P2ps] 0 0
0 — P20z —Pap2] P22 — P2l 0 o0
+ 0,0, D5, — . _
(Pa (0.0.73.7) 0 0 [psps —Paps]  [psPz — Bzps]
P2 0 0 [P —Tap2]  [PoPz — Pap2]
Let's introduce the notations
—Po 0 —p2
il 0 il
;t:]l (_pﬂ; P1, D,D) + 3 (OJOJ —Po pl) + IE)S (_pZJ P3, DJD)
0 p1 0
0
+ 2 )©0,—psps) =57
o
Pz
P1 0 P3 0
Po

- 0 S P2\, 0 e
0 (ph Pas D,D) + P1 (DJD! P1, pﬂ) + 02 @31 Pz, D,D} + Pz (DJD! P3, pZ) =S
0 Po 0 P2
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[p1P1 — Papi]  [P1Po — Popi] 0 0
[poP1 — P1po]l  [PoPo — Popol 0 0
0 0 [p:P1 — Pip1]  [P1Do — Dopil
0 0 [PoP1 — P1Po]l  [PoPo —Popol
[psbs —Psps]l  [psPz —Pzpsl 0 0
" [p2Ps — P3Pzl [p2Pz — P2p:] - 0 0 -
0 0 [psPs —Pspsl  [pspz — P2psl
0 0 0,03 —Psp2]  [p2pz — D212l
=K
Let us substitute differential operators instead of spinor components
d d d d
Pﬂ—’a_xl 1‘91—’_6_}:‘:1 Pz—’a_xa Pa—’_a_xz
o1 __ a1 _ a[1 _  al
Pn_’a—x—l Pl_’_a—E Iﬁ'z_’a—E Pa_’_a—x—z

Then the quantities included in the wave equation

(5™ — K)S™W(xg, x1,x2,%x3) = M*P(xg, X, x2,%3)

will have the form

3 0 ]
x, _ 0 . CAx, _
JUN IO I 6 A W IR ) 6 AW B VA 6 K 0
3_371 8x9’8x1’ ! gxﬂ o 8x9’8x1 a_x3 6XE’8.X3’ !
0 9 0
0 dxy 0
0
O - —
o =2 |(op 20 20
dx, I\ 9x; 9%
3
s
a0 0 s
sl a[1] a 9 TG,
+ = 3 - T - 3 -
s _a—g ( dx, 6x0’0’0)+ aﬂ (U’U’ dx, 6x0)+ _a—g ( dx3’ sz’ﬁ'ﬂ)
0 _9l 0"
0 dxg 0
0
U_
_9[] o
+ ax__3 (U;U; xg’ —a—xz)
a[]

~os
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K=
(_%)_272__272(_%) (_%)g_g_g(_%) 0 0
i il 1 a[] 0 0
ay @ 3 a afl @
o o (o) oo a) (aom oo,
0 0 i i IR
Go-=m =) GaE-=bs
(_6‘19@)_27%__2_2(_61:@) (_619@)2_[1_27[3(_%_) 0 o0
0 0
a a a a g\ a a
0 0 i i} IRl
o)l (G ambn)
Let us consider the case of a free particle and represent the electron field as a four-component
spinor function of four-component spinor coordinates
Wo(xg, X1, X2, X3) 0
C i et} By LR
P3(xg, X1, X2,%3) 3

For a free particle, the components of the momentum spinor commute with each other, so all
components of the matrix K are zero.

Let us use the model of a plane wave in spinor space

@ (xg, x1,%2,%3) = exp(poxy — P1Xg + P23 — P3x2)
Substituting the plane wave solution into the differential equation, we obtain the algebraic
equation

0 Uy
—ct [ M1 2| W
) Uy @(xg,x1,%2,X3) =M u, @ (x0,x1,%2,%3)
3 Uz
—Po 0 —P2
- i 0 Da
) pol (—poup +pruy) + —Pg (—pouz + pruz) + Poa (—paup + p3uy)
0 p1 0
0 Uy
D _ z uj_
+ —7; (—=p2uy + p3us) p @(xp,x1, %3, x3) =M U @(x0,%1,%2,%3)
Ps U3
P1 0 P3 0
P — 0 — p — 0 .
Dﬂ (ph Po, D,D} + pl (DJD! P1, pﬂ) + 02 @31 P2, D,D} + pB (DJD! Pz, pZ)
0 Po 0

P2

reprints202401.1032.v3
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—To 0 —D2
il 0 il
I:)l (—poup +py1uy) + —Pg (—pouz + pruz) + I:)a (—paup + p3uy)
0 p1 0
0 0
0 _ z uj_
+ —p; (—=pauy + paus) p @(xg, x4, %2, x3) = M U @(xp,x1,%3,%3)
Pz Uz
P1 0 P3 0
P — 0 — p — 0 _
Oﬂ [:le pﬂr D,D} + pl (DJD! Pl: pﬂ) + 02 @r Pg, D,D} + pa (0101 p31 pZ)
0 Po 0 P2
—Po 0 —P2
L 0 i
I:)l (—poup + pruy) + Py (—pouz + prusz) + %3 (—paug + p3uy)
0 p1 0
0 0
0 u
+ 5 (—p2up + p3uz) ¢ = M? u21

Pz U3
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P1 P3

p S — p S —
00 (—p1po + Popy) (—poug + pruy) + 02 (—pzpo + P2p) (—pouy + pruy)

0 0

Py (—Pﬂ?ﬂ + Pﬂpl}(—iﬁ'uuz —I—p1u3}

Pa) (—Papﬂ + Pzpl} (_Pauz + Plua}

(—Papz + Pzpa)(—quﬂ + P3u1)

P
+ ( %ﬂ) (—p1pz + Pop3) (—p2up + p3uy)
0

Pl) (—Pﬂ?z + Pﬂpa} (_quz + Paua)

0 N
+ p; (—papz + P203) (—p2up + pauz) ¢ = M? u
Pz U3

Let us take into account the commutativity of the momentum components, besides, let us
introduce the notations

—P3Po +P2P1 =M —PiPz + PoP3 = —M
for the quantities which are invariant under any rotations and boosts, then we obtain

P3 0 P1

%2 m(—poup + p1uy) + p[; m(—pou; + piuz) + %ﬂ (—m)(—pauo + p3uy)
0

P2 0
0 Up
+ P[i (—m)(—puz + psus) ¢ = M? U,

Po U3
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P3 P1 Pz P1
Pz | - Po | = Pz | - Po | —
uy | — 02 mpg + Dﬂ mpy | +uy 02 mp, — Dﬂ mpy
0 0 0 0
0 0 0 0
1 0= 01— 0=, [ 0]=
+ u, D3 mpg + Dy mp, |+ us Da mp, oy mps
D2 Po P2 Po
Uy
_ 2z W
=M u
U3
PiPz —P3Po P3P1 — P1Ps3 0
g Pol:z 0_ P2Po + uy P2pP1 D_Pnpa + uymm _— —ngpu
0 0 PoPz — P2Po
0 Uy
_ 0 _ 2 Uy
Tuzm PabP1 —pips | M U
P2P1 — PoPs3 3

Additionally, introducing notation for Lorentz invariant quantities

PiP2z —P3Po =M PaP1 — PoP3 =M

we obtain

1 0 0 0 Ug
uﬂm(g +ugm | | +wpm| 9 ) +ugm 8 = m2 3;
0 0 0 m Uz
m2 0 0 0 Ug
0 m2 0 0 R AL
Ug 0 + uy 0 + U, m> + uU; 0 =mo| 4,
0 0 0 m? Uz
m? 0 0 0 U 0
0 m? 0 00w _ Mz | W
0 0 ]rnz 0 Uz Uz
0 0 0 m? Uz Uz

We see that in the case of a plane wave in spinor space, the matrix in the left part of the

equation is diagonal and remains so at any rotations and boosts, the diagonal element also does not
change.

In this case we can consider the matrix M? in the right part to be diagonal with the same

elements on the diagonal m?, then the equation can be rewritten as an equation for the problem of
finding eigenvalues and eigenfunctions
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STSHP(xg, x1,2x2,x3) = M2IP(xg, X1, X5, x3)
STSTWP(xg, x1,x2,x3) = m*P(xg, xq,x2,x3)
Let us compare our equation with the Dirac equation [[6], formula (43.16)]
P{]+M O P3 Pl—iPz H{]
C' P{]+M P1+EP2 —P3 Hl _0
P P, —iP; Py —M 0 u; |
P, +iP —P5 0 Po—M Uz
In the rest frame of reference, the three components of momentum are zero and the equation is
simplified
PQ + M 0 0 0 Uy
0 Po+ M 0 0 Uy ) _ 0
0 0 Py— M 0 Uz |
0 0 0 By— M Uz

That is, in the rest frame the Dirac equation and the spinor equation analyzed by us look
identically and contain a diagonal matrix. The corresponding problem on eigenvalues and
eigenvectors of these matrices has degenerate eigenvalues, which correspond to the linear space of
eigenfunctions. In this space, one can choose an orthogonal basis of linearly independent functions,
and this choice is quite arbitrary. For example, in [[9], formula (2.127)], solutions in the form of
plane waves in the vector space have been proposed for the Dirac equation in the rest frame

u'(0) exp(—iMt)
v'(0) exp(+iMt)

and the following spinors are chosen as basis vectors

1 0 0 0

1 _|0 2 _|1 1 _ 10 2 |10
ut(0) = 0 u?(0) = 0 vi(0) = 1 v4(0) = 0
0 0 0 1

For transformation to a moving coordinate system in [[9], formula (2.133)] the following
formula is used

Yi(X) = u'(P) exp(—iPX)
Y (X) = v (P) exp(+iPX)

where
1 1
0 0
Py+M Py Py+M|PL— 1P,
1 _ _— 2 _ _ 1
ul(pP) = oM Py + M u?(P) = oM Py + M vi(P)
P, +iP, —P;
Po+ M Py+M
Py
Py+M
Fo+M| p, +iP,
2M | P+ M
1

0



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 February 2024 d0i:10.20944/preprints202401.1032.v3

30

P, — iP,

Po +M
PQ +M —P

V= o P +3M

0

0
1

The basis spinors form a complete system, that is, any four-component complex spinor can be
represented as their linear combination and this arbitrary spinor will be a solution to the problem
on eigenvalues and eigenfunctions in a resting coordinate system. The choice of the given particular
basis has disadvantages, because if to find a four-dimensional current vector from any of these basis
functions

1 t
L 1 1
Ju =73 (u (0)) S,u'(0)
then this current in the rest frame of reference
1 1
jiT = (— 0,0 —)
] 2 [l R} 2
has non-zero components, and the square of the length of the current vector is zero. It turns out that
a resting electron creates a current, which contradicts physical common sense. Since we have
freedom of choice of the basis, it is reasonable to choose the spinor of the wave function in the rest
frame of reference proportional to the momentum spinor, for example

Po

I L U
u(O)—J; D,
P3

The proportionality factor is chosen so that in the rest frame the zero component of the current
is equal to the charge of, for example, an electron or a positron. If the momentum spinor in the rest
frame has the form

T _ R— —_—
P = (Po. P1,P1, —Po)
then the momentum vector in this rest frame of reference will be
PT = (m,0,0,0)
and the current vector
jiT = (e,0,0,0)
The same momentum vector in the rest frame of reference can be obtained from different
spinors, e.g,

1 0 1 0 1
o (1 [ o (-1 o
PL={po] P2=|7| P3=| o | PE=| P=1o
1 0 1 0 0

after a 30-degree boost along the z-axis we get
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1.299 0 —1.299 0
[ o [ 077 3 0 [ —o0.77
PL={ PZ=|1999 | P3= 0 P4 =11 799 P
0.77 0 0.77 0
1.14
[ o
0
0.548

e
After scaling the spinors by the factor f;, similar relations are true for the current vector.

Thus, electrons can have the same momentum and current vector but different spinors, i.e., they are

characterized by different spins. As it is supposed, the electron here has two physical degrees of

freedom, since in a rest frame of reference one can choose the components p, and p; to be real.
Thus defined spinor wave function for a free particle is invariant to Lorentz transformations,

since in this case the mass of electron m = p;pP; — P3Py, its charge and the phase of the plane
spinor wave

exp(p” ZyyX) = exp(poxy — p1xo + P2X3 — P3x2)
do not change at rotations and boosts. The matrix on the left side of the equation does not change
either, remaining diagonal with m? on the diagonal.

It is logical to use the same considerations when choosing the basis for the wave function of the
photon, whose mass, i.e., the eigenvalues of the wave function equation, are also degenerate and
thus equal to zero. In this case, the choice of the proportionality factor between the spinor of the
wave function and the momentum spinor is not so obvious, one can, for example, consider the
option of

Po

_ P

u (0) - W’E pz
P3

For a fermion, which can be an electron or a positron takes place ]JT = (pPo, P1,P1, —Po), 50O

the quantity
m = pipP2 — P3Po = P1P1 T PoPo

which, unlike the mass M in the Dirac equation, is complex in the general case, is also real for the
fermion and can be positive for the electron or negative for the positron. The charge is proportional
to the mass with a minus sign, since the electron charge is considered negative and the positron
positive. For simplicity it is possible to consider the mass of the electron as negative and that of the
positron as positive, then the charge will be proportional to the mass without changing the sign.

For the momentum spinor of a boson, such as a photon, it is true that pT = (po, P1, Po. P1),
so its mass is zero

m =piP2 — P3Po = P1Po — P1Po = 0
The given constructions are not abstract, but describe the physical reality, since the results of
the processes occurring in the spinor space are displayed in the Minkowski vector space. In
particular, the momentum vector corresponding to the momentum spinor has the following
parameters

L t
B =5Trlpp'S,]
the square of the length is equal to the square of the mass of the electron or positron
P{Jz _Plz _Pzz _P32 =1’T12
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And to the spinor wave function Ys(xy, ¥1,%5, ¥3) at some point in spinor space corresponds

the vector wave function W(X,, X1, X5, X3)

¥, = Tr's,)
2

(which for a plane wave coincides with the current vector), taking its value in the
corresponding point of physical space with coordinates

1 T
X, = ETr[xx Sl

The vector wave function ¥ can be compared in meaning to the square of the modulus of the

conventional scalar wave function, in particular ¥ is equal to this square and has the meaning of
probability. The conventional scalar wave function itself is closer in meaning to the spinor wave
function considered here, they both have complex values, and the four-component wave functions
of the electron have in both cases the same meaning.

The arbitrary choice of the basis of the linear space of the eigenvectors of the matrix takes place
only for a free particle. In the general case the matrix K is not zero, the wave equation has no
solution in the form of plane waves in spinor space and ceases to be invariant with respect to
Lorentz transformations, and the eigenvalues become nondegenerate.

We propose to extend the scope of applicability of the presented equation consisting of
differential operators in the form of partial derivatives on the components of coordinate spinors
with a nonzero matrix K

(57— K)S™(xg, x1,%5,x3) = M*Wlxg, x4, X3, %3)
not only to the case of a plane wave, but to any situation in general. This transition is analogous to
the transition from the application of the Schrodinger equation to a plane wave in vector space to its
application in a general situation. The legitimacy of such transitions should be confirmed by the
results of experiments.

This equation will be called the equation for the spinor wave function defined on the spinor

coordinate space. Here the matrix M 2 s, generally speaking, neither diagonal nor real, but it does
not depend on the coordinates and is determined solely by the parameters of the electromagnetic
field. Only in the case of a plane wave it is diagonal and has on the diagonal the square of the mass
of the free particle. We can try to simplify the problem and require that the matrix M? is diagonal

with the same elements on the diagonal m?, then the equation can be rewritten in the form of the
equation for the problem of search of eigenvalues and eigenfunctions for any quantum states
(57— K)S™(xg, x4, %5, x3) = m*Plxg, X, x5, X3)

This approach is pleasant in the Dirac equation, where the mass is fixed and equated to the
mass of a free particle, and at the same time results giving good agreement with experiment are
obtained.

We are of the opinion that the spinor equation is more fundamental than the relativistic
Schrodinger and Dirac equations, it is not a generalization of them, it is a refinement of them,
because it describes nature at the spinor level, and hence is more precise and detailed than the
equations for the wave function defined on the vector space.

Let us consider the proposed equation for the special case when the particle is in an external
electromagnetic field, which we will also represent by a four-component spinor function at a point
of the spinor coordinate space

ao(xg, X1, %2, X3)
a;(xo, x1,%2,%3)
a (xg, x1,%3,%3)
as(xg, x1,%3,%3)

alxg, x1,%2,x3) =
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We will apply to the wave function of the electron the operators corresponding to the
components of the momentum spinor, putting for simplicity the electron charge equal to unity

Po — 8 -l—aﬂ(xﬂ.xl.xz.xg)

P — —E + ﬂl(xﬂ-xl-xz-xg)

doi:10.20944/preprints202401.1032.v3

X1 0
d d
p2 — 3 s 1+ a; (xﬂ.xl.xz.xg) ps — _E.'_xz + ﬂg(xﬂ-xl-xz-xs)
_ 3[] _ a1
Po — 8_ + ag(xg.xl.xz.xg) pP1— _E.'__ + ﬂl(xﬂ-xl-xz-xg)
_ a1 _ ]
P2 =~ 35— +a; (xg, x1,%3,%3) Pz — —a—_-l-ag(xg.xl.xz.xg)
X3 X2

Note that the electromagnetic potential vector can be calculated from the electromagnetic
potential spinor by the standard formula

1 T
u :Ea Spa

The advantage of the spinor description over the vector description is that instead of summing

A

up the components of the momentum and electromagnetic potential vectors as is usually done
1 " 1 "
E, + 4, —Ep Sup +Ea S,a
now we sum the spinor components and then the resulting vector is

1 1 1 1 1
E(p +a)is,(p+a) = EpTS#p + EpTSL,a +-als,p +EaTS#a

2
in addition to the usual momentum and field vectors, contains an additional term
1 " 1 "
> p'S,a+ > a's,p

taking real values and describing the mutual influence of the fields of the electron and photon.
After the addition of the electromagnetic field the components of the momentum spinor do not
commute, the corresponding commutators are found above

(5o o0) (ot )~ () (3 ool = (G 50
6x1+a0 6x0+a1 ﬂxg+a1 6x1+a0 qa—a—lerqu

(G o) (o o) ~ (o o) (G oo = o+ 5
aX3 a2 aX2 3 3x2 a3 aX3 e ¢ = aX3 3x2 ¢

Let's find commutators for other operators
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a a af af
(68w
() o) -
o[l _\/ 8¢ _ a[] g
=(a—x—1+“°)(‘ﬁ+“1@)—( axﬁ“l)(a—x—l*“o@)
o[l a@y o[l _ . _¢ 8@\ 08[l/2¢ a[]
= G_x_l(_a_x_u) + ﬂu“ﬂo"‘a_x—l(ﬂﬂo) +ag (_a_x_o) e %, (ax ) Q0P +— %, (@op)
8@ ad[] 5\ @ @
—ﬂ_la—;;=a—2{a_1w)+ﬁ(—a—_) E{ao?) ala—;
ag _ oda, _ [ 0@ 6‘:;0_ @, _ ad@ da, 0da,
T g T ) T g~ T~ g P
LI
dx;  dx;

CT RN
=(aixl+au)(—g—£_:+a_l)qo—( gg+al)(ai+au)qo=
(aaf“")( g_xi}r“_l“’)_(_g;Jr )(aw”““’)

a[]

= 9 ( gf)+aua1§0+ (ﬂ1§0)+ﬂo( ax_)+ (axl) a,q, u‘P"‘ZE(%?)

ax, 0%,
Gga py  o[] do
—a15— ax, {ﬂlﬁo) +ag ( 6_) — {ﬂo ®)— alé‘_xl
Bgo _ &a_ ( Bgo) d¢ Bau _dg Jay Bau
“ox, T l‘i”“" o) ta o T o Y T Max  ox, P Tox. ¢
da; dag
= {—1+—_0}
dxy 0%,

Further we will use these and analogous relations

(220 (o) o = 2+ 22
(G o) (o 7) (o) o= e
(e a)(Dom) - (Do) (- —)}{—_—?}
{(—ai%+al)(—g—£_j+ﬂ_1)_( 20, ) ax, T ™ ¢={(_g—z_:)+%}go
(2 ) (L)~ (D) (2 e = [C2)- 2
(=) (5 m) () (o = o=l e

%)
(=) ) (=) ()~ G e

Let's solve the equation
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(S — K}S+l|1(xﬂ,x1,x2,x3) = lel’(xﬂ:xhxz:xa)

wﬂ(xﬂ:xhxz:xa) wﬂ(xﬂ:xhxz:xa}
(S_—K)S+ Py (xg, 1, %2,%3) _ 2 Py (xg, x1,%2,x3)
2(xg, %1, X2, %3) Yy (xg,x1,%2,%3)
U"atxnfxbxz;xa) watxn,xbxzrxa)
d
Tox, M _ _
| a af]  _\[all, _
S - a_xl_i_au ((_a—fo—l—al),(a_fl—l—ao ,U,O
0
0
0
0
9 a[] a[]
e o) )
i
a—xl‘Fao
d
Tox, _ _
i} af]  _\ (o], _
+ a—x3+a2 ((_a—fz ag),(ax_g‘l'az ,U,U
0
0
0
0
9 a[] a[]
o 3(”’”( =+ (=)
d
a—x3+a2
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+| =(55+) (o0~ ex) ()

] ] a1l ] ] afl N\ /el _\; @
o) () - () o) (o) (G +m) (30 +%) (am ) -
_ ] ] _ a1 _\s@ ] a1 _\ [e01 _\s@ 0 0
= (a+ﬂp)(—§_ﬂ+m)—(—E_D+HL)(a—xL+ﬂp) (a+ﬂp)(ﬁ+ﬂp)—(a—x_L+ﬂp)(a—xL+ﬂDJ
0 0 [po - o] (B — Boe]
0 0 [popr — Bipe]  [poBo — Popol
[p:7 ]l [Pz - Fopsl 0 0
+([P:ﬁ—ﬁp«] [p-Pz — P22l 00 )
0 [ —Bapa]l [z —Fopal
0 [ —Bp]l Bz —Boped
9w, da, 0@, 0da; ga; om; 0 oa;
Tox, T ox, ox, 0%, 0 0 “ox,Tox, ox, om 0 o
g o, @& 95 ' Ay 0 o
ox, 0%, 0x;, 0% o, 0w om om
= o& o0& om om | T ga; om; 0 04
0 0 Tox, 8% 8x, 8% 0 o Tox, 8% 9x. 0%
0 0 o5 o, @& 95 0 o g5, o8 o0& om
o, Tow,  ox, 0%, 8x, 9% o, 0%
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(_ (Gixl + “0)’4’2 + (_aionr ‘11)’»!)3)

(_(aingr “z)*ﬁu + (_aixz"‘ﬂz)?ﬁl)

o (5 | (- (o o) (- a)s)

Since the second factor S¥ in the left-hand side of the equation has a simpler structure than
the first factor, perhaps as a first step we should find the eigenvalues and eigenfunctions of the
equation

ST (xq, x1, X2, x3) = M2 P(xg, x4, %3, X3)

and use them when solving the equation as a whole.
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a
—a—xo"ral B B
ar]  _\ [oll  __
5SSt = %Jr% ((_a_x—0+“1)’(a_x—l+“°)’0’0)
0
0
0
0
d af] a
o e (oo,(_a_g_gﬂ—l),(aﬁ %))
a
a—xl"-ao
a
—a—x2+a3 B B
a all  _\ (oIl
| e (32 em) (e oo)
0
0
0 af],
60 i _(6_x_1+a0)
[l _\/al1 _ A ay
+| "o, T (00(_6_ “3)(ax—3+“2)) (—gEJrﬂ) (_ (a_x:
a (i
6—x3+a2 g
+a0¢)0) ( ;ﬂx:"‘aﬁh))
0
0
an 2 2
+ _(6x_1+a0) (_(aiz U'Pz) ( ’P3 1'P3))
o, o
ox;
afl
_(6_x__3+a2) ap oy
ad 0
| () (- e+ (e
0
0
o
a[]
+ (6_x3+a2) ( (?z—f—azwz) ( 5 +a31,b3))
E
o
9

+ (27[__3 + %) (—2—2 + a_l))( (a% +agi)+ (2""1 + alwl))
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o +
axu %
- a da;  dag g dyy
S5t = — (—_-‘r—_) —(—+ + | ==+ ayuy
IIJ axl + o axl axu axl ﬂu-“i!’u axu alwl
0
0
o +
ﬂx: @3 _ — — —
a o[l  __\fell __ o[l o[l (3% )
+| = e — 4+ +l—xa; || ——+7 - =+
ax3+ﬂ: ( ( FEa [ it [ %, [ 7%, g ax, aoo
0
0
0
0
3y ) g (aal aau) (aw: ) ( 3P, )
+l——4ay | |+| 5t || =+—=]| - + 2|+ |——+a
( ax, T MW ax; |\am; T aw, ax, T oY ax, T Vs
a
—+
31’1 o

0

0

a r 3 i B -
[ (-(-58+ =)o)+ ()38 m)(- Gl

a
——+a
dxyg _ _ _ a
a all, _\fall _\, foll, _\( o[l K __ by
+ [ E-i_ g (_ (_a_x_u-f' ﬂlj(a_?a‘Fﬂ-:)‘f' (a_l‘f' ﬂu)(_ 3x_3+ ﬂ-a))(_ (3_1,'3+ rl:‘q,'iu)

0
0
a
- +ﬂ-3
ax:
ap a da;  da, Ay Py
+(‘a—+ﬂ3%"l))+ . T o (= a—x:)(‘ (G +aavn) (-3 :”3%"1))
0
0
0
0
9 o[l , _\fall .\, (e0 _\( e[l o,
—— + a; === iLE LT} - _ ==
+ ax, ay ( ( ax_u+al)(3ﬂ+a:)+(ax_l+au)( ax_:+aa) (ax3+a:¢:)
d
a‘i‘ﬂu
0
0
s _9 das _da, 3P, s
+(‘a73”3‘*”3))+ axy " (a—x—jag)(‘ (axamf'ﬁf)*(‘a—x:”ﬂ‘f’ﬂ)) -
a
Ea'i‘ﬂ:

Let's calculate the expressions included in the equation
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a [] ] a
(—( 3E+a3)(a£3+ao)+(ag az)( a£_1+al))go
(=) )—(—a—ﬂﬂ—)(@—ﬂﬂ—)@
ox; *)\ax °

] af] a

(aij ) tme (ag+“3>(3i+““§”)

o[l a¢ a[] a9 a[] a1y, __
- 55 (-52)*+ 55 e + w52 )+ mme + 5 (52) - (‘a—x—)(‘*ﬂq’)

o
_@%_“3“0'@

a[]( a@) aalqo azaf—i-azalqo 6‘[](@@) ﬁ_ga—f a—ﬁﬂ]ﬂ—ﬁ_ga—f
dxg \ 9%,/ 0x; 0, 07, \dx; dx;  dx; dx;
— Q309

6[1( ) f*_ﬂ(ﬁ) LT PR AL AL
ox; \ax;/ ox;\ox,/) ' lox; ' ox, tox; cox, Yox; Gox

+ (aza; — az3a)e
Let us consider the situation when the electromagnetic potential can be described by a plane
wave in spinor space

ag(xq, X1,%z,%3) Ugo
_ | aa(xo,xy,%2,%3) | _ [ uas
alxo,x1, X2, %3) = az(xg,x1,%2,x3) B ”22 Pa
az(xq, x1,X3,%3) a3
Ugp
u
= Hz; exp(PaoX1 — Pa1Xo + Pa2X3 — PazX2)
Ug3
(Comt o) G o)~ (i o) (-5 )}
3x0 = aX3 @2 axl o 3 Xz a3 ?
00,00 (e ) S O
aXQaX3@ 3x13x2@ 3x0 axl ? 28x0 1aX3
de do
— Qg 6_}51 +ag E.'_xz + (a,a; — agaz)e
_ 99 N a a +( ) dp
— axﬂ 5}(3@ axlaxzq} UgrPa1 Up3zPaol) Pa® Ugz Py axﬂ

de de de
— Ug1Pa a—xz + Ug3Pq a—xﬂ T Ugo Pa a—xg + (Ua1Uaz — UaoUa3)Pa’ @

(e o0) G +o2) = G +o2) o ol = - 52
—tagllz—+ax|— |5 a ——
o, ) \ax, T %) T o, ax, )P T oy, ax)?
= (Ug2Pa0 — UgoPaz)Pa®P

When the electromagnetic potential is represented by a plane wave, the field created by a
charged particle is not taken into account, so this model adequately describes only the situation
when the electromagnetic field is strong enough and the influence of the particle charge can be
neglected.

It would be interesting in this context to consider for the presented spinor model the case of a
centrally symmetric electric field and to find solutions of the spinor wave equation for the
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hydrogen-like atom, taking into account the presence of spin at the electron. For such a model we
can take

. 1 1 .
g = —l—= = — iy = — g = —1l—=
0 1™ 2R 27 2R 3

~ o o

i _ N N
= \Jl (E(x[,xl +Xxp+ Xgxg + xaxg)) - (5(—x0x1 +Xyxp— Xgxg + xaxg)) + (E(x[,x[, — Xy + XX, — xaxa))

As mentioned above, we can substitute into the equation the already known exact solutions of
the Dirac equation for the hydrogen-like atom by expressing the components of the coordinate
vector and derivatives on them through the components of the coordinate spinor and derivatives
on them. It is likely that the solution of the Dirac equation would not make the spinor equation an
identity; it would be evidence that more arbitrary assumptions are made in the Dirac equation than
in the spinor equation, and that the latter claims to be a better description of nature.

We can also consider the case of a constant magnetic field directed along the z-axis

1 1
A{]:D Al:_EBEXZ AZZEBgXl A3=0

1
Xy = E(x_{lxl + X% + X33 -I—x_3x2)

Xy = 5 (~i%qx; +iX1xo — iX3x3 + iX3X7)
1

A= > (@pa; + ajag + @zaz + azay)

4, = 5 (~iGga, +i@iag — iTa; + iGzaz)

1
Ag = E(@% + ayay + azay +@a3)
1 _ _ _
Az = E(a{]aﬂ —a;a; +aza; — r7"»3013)'

Let's say

ap = ixy,/B3/2 a; = —Xg4/B3/2
a; = ix3,/B3/2 az = —Xzy/B3/2
A= EBS(ixlx_{J_ iXgxy + iX3x — iXzx3) = —533}(2
_ _ _ _ 1
Az = 183(x1x0 + XoX1 + X3Xo + X2X3) = EBgXl

1
Ag = 183(x1x_1+ XoXg + X3X3 + x3%3) :EBsf

1 _ _ _ _
Az = 183(x1x1 — XoXp + X3X3 — X3X3) = 533}{3

We see that the scalar potential A, grows with time, but does not depend on spatial
coordinates, and the vector potential does not depend on time, so that there is no electric field. In
this case
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da; day da, do
0xy 0% Oxp 0% 0 0
da; da, da, dag 0 0
e mtm
da; day da, da;
0 0 COx 9%, O0xg 0%
0 0 da; da, da, da,
9x, 0% O0x, 0%
da; da; da; dag
Ox, 0%, Ox, 0% 0 0
dag; dag da; da; 0 0
N dxg  0x; dxg 0% o _
da; das da, da,
0 0 COx, 0%, Ox, 0%
0 0 da; da, da, da,
0x3  0X; Oxg 0%
B(o Z o o), mal0 ¢ o o\ (0 i o
JE 0o o1 of VB2l o o0 1 0TV o o0 1 o0
0 0 0 —i 0 0 0 —i 0 0 0 —i

In general case electric and magnetic fields are expressed through partial derivatives of
components of the vector potential by components of the space vector. We also can find the
expression through these fields for the derivatives of the spinor components of the electromagnetic
potential by the components of the coordinate spinor. To do this, we first find all derivatives

04, 049X,

dx, - 09X, dx,
then express the components of the vector potential through the components of the spinor
potential, substitute the components of the electric and magnetic fields instead of the derivatives of
the components of the vector potential by the components of the coordinate vector, and then find
the required derivatives from the resulting system of linear equations.

From general considerations taking into account the substitutions

_ o1 el

Pa—’a—ﬂ Pl—’—a—x—ﬂ

it is possible to write the commutation relations for the components of the impulse spinor and
functions from the components of the coordinate spinor
Aol L1y, 551 =~ oms ~ o)
9%, ¢ ¥ Pol = "{¥Po — Po®
_ _ 0%y
[x1,D0] = (x1P0 — Dox1) = Cor. €
X1

[X1,p0] = (X1po —PoX1) = ¢

el 1[ — 1
i, ~ d @, P1 ——a(qﬂpl—plqﬂ)
%,

i

[xo-ﬁ] = (xuﬁ - ﬁxu) = —d

[x_o-Pll = (x_ﬂpl - Plx_n) =—d
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All other combinations commute with each other. The constant coefficients ¢ and d possibly
include a minus sign, an imaginary unit and some degree of the rationalized Planck’s constant.
Their values can be determined using known commutation relations for vector components, e.g.

X]_Pl_ P]_Xlzlh

and using expressions of vector components through spinor components

- =@, )@ )6
X

~@wA (] o)) @D o))

-G ()7 () - 5 () 5 ()

= (Xox; + X1%0)(PoP1 + P1P0) — (PoP1 + P1Po) (Xox1 + X1X0)

= XgX1DPoP1 + XoX1P1Po + X1XoPoP1 + X1XoP1Po — PoP1XoX1 — PoP1X1%0

— P1PoXoX1 — P1PoX1Xo

= (Xox1PoP1 — PoP1X0X1) + (XoX1P1Po — P1PoXoX1) + (X1XoPoP1

— PoP1X1%0) + (X1%oP1Po — P1PoX1%0)
XpX1PgP1 — PaP1X0¥1 = Xo(Pox1 + €)py _E(x_ﬂpl + fﬂxl

= XoPoX1P1 + CXoP; — PoXoP1X1 — dPoXy

= XoPoX1P1 — XoPoX1P1 + CXpP1 — gﬁxl = CXpP1 — d_ﬂxl
X1XoDP1Po — P1PoX1Xp = X1 (P1Xg — d)po — P1(X1po — )X

= X1P1XoPo — dX1Po — P1X1PoXo + CP1X0o

= X1P1%oPo — X1P1XoPo + CP1xg — dX1pg = €P1Xo — dX1pyg
XoX1P1Po — P1PoXoX1 = XoP1X1Pp — P1PoXoX1 = P1XoX1Pp — P1PoXoX1

= P1XoPoX1 — P1PoXoX1 = P1PoXoX1 — P1PoXoX1 = 0
X1XgPoP1 — PoP1X1Xg = X1XgPoP1 — PoP1X1Xo = PoX1XoP1 — PoP1X1%0

= PoP1X1Xo — PoP1X1Xo = 0
X1Py — Py Xy = (Xox1PoP1 — PoP1X0%x1) + (X1%0P1Po — P1PoX1%0)

= cXopy — dPoxy + EP1xo — dX1po

= c(p1¥o — d) — d(xyPg — ©) + lxopy + d) — d(po X1 + )

= cp1Xg — cd — dx;Pg +dc + Exopy + éd — dpyX; —dE

= cpyXg — dx;Pg + €xoP1 — dpeXy

Let's return to the relations
P{JZ _Plz _Pzz —sz = mm = m?
PiP2 —PoP3 =M
PiPz —PoP3 =M
(P1Pz — Pop3)(P1P2 — Pop3) = mm =m

In this form they are equivalent, but if an external field is added, a difference arises, since in
one case the field is added at the vector level and in the other at the spinor level

(Po —Ag)? — (Py —A))? — (P, — 43)* — (P; — A3)* =m?

2

((Pl —ay)(p; —az) — (po — ap)(pz — as)))(@l —ay)(pz —az) — (po —ag)(ps —as))

= ?’le
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These relations correspond to differential equations including the relativistic Schrodinger
equation
92 92 a2 a2
(aXQz B 3x12 B asz B aX32
( da d a d
dx,dx, Oxp0x,
(5[_] a[1 a[all

9% 0%, 0xg0%;

)@(Xa- X1, X5, X3) = m?@(Xo, X1, X5, X3)

) @(xg, X1,22,%3) = m@(xq,x1,%3,x3)

)q&(xg.xl.xz.xg) = M @(xg, X1,%2,X3)

)@(xu- X1,%3,%3) = m?@(xg, X1, X5,%3)

6[_]5[_]_6[_]5[_] (6 ad B da d
dx,{dx; dxgdxs /) \dx,;0x; Odxgdxs

For a free particle the eigenfunctions and eigenvalues solving these equations should coincide,
but in the presence of an external field the eigenvalues and the corresponding eigenfunctions will
differ because of the above mentioned difference in summation in one case of vector components
and in the other case of spinor components.

Let us describe in more detail the square of the length of the momentum vector

4(P{JP{J — PP — PP _P3P3) —
= (Popo + P1P1 + P22 + P3Pz )(PoPo + P1P1 + P2P2 + Paps)
— (Dopy + P1Po + P2p3 + P3p2) Pop1 + P1Po + 2Pz + D3p2)
+ (—Pop1 + D1Po — P2p3 + P3p2)(—Popy + P1Po — P2P3 + D3P2)
— (Popo — P1P1 + D2P2 — P303) (PoPo — P1P1 + P2P2 — P3P3)
(Popo + P1p1 + D2b2 + Papa) (Pobo + PPy + D2P2 + D3p3)
— (Popo — P1p1 + P2p2 — P3p3) PoPo — P1P1 + D2P2 — P3pP3)
= PoPo (P1P1 + P2p2 + P3p3) +P1p1(PoPo + P2P2 + PaP3)
+ 202 (Popo + P1p1 + P3ps) + P3ps PoPo + P1p1 + P2p2)
— PoPo(—P1p1 + P2pP2 — P3ps) + P1P1(Popo + P2P2 — P3P3)
— D202(DoPo — P1p1 — Pab3) + D3z @oPo — PPy + P2P2)
= PoPo (P1p1 +P3ps) +D1P1(Pobo + P2p2) + P2p2 (P1p1 + P3p3)
+ Dap3(Popo + D202) — Pobo (—P1P1 — P3P3) + D1p1 (Pobo + P2p2)
— P202(—P1p1 — Pap3) + P3p3(@opoe + P2p2)
= PoPo (P1P1 + P3p3) + P11 (PoPo + D2p2) + P2p2 (P1p1 + P3ps)
+ Pap3(PoPo + D2p2) + Popo (P1P1 + P3p3) + P11 (Bopo + P2p2)
+ D202 (P1p1 + Pap3) + P3ps(Popo + D2p2)
—(Popy + P1po + D23 + P3p2)(Pop1 + P1Po + Pabs + Dabz)
+ (—Pop1 + D1Po — P2p3 + P3p2)(—Popy + P1Po — P2P3 + D3P2)
= —poP1(P1Po + P2p3 + P3P2) — P1po (Pop1 + D2P3 + P3D2)
— 203 (Pop1 + P1Po + PaP2) — P32 PoP1 + P1Po + P2P3)
— PoP1(P1Po — P2Ps + P3P2) + P1Po(—Pop1 — P2P3 + P3p2)
— D203 (—Dop1 + P1Po + P3p2) + Pap2 (—Pop1 + P1Po — D2P3)
= —Pop1(P1Po + D3p2) — P10 Pop1 + P2p3) — D203 (P1po + D3p2)
— Pap2(Pop: + P2p3) — PopP1(P1Po + P3p2) + P1po(—Pop1 — P2P3)
— P23 (+P1Po + PaP2) + P3P2(—PopP1 — P2P3)
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4(PyPy — P\P, — P,P, — P3P;)
= PoPo (P1p1 +P3ps) +D1P1(Pobo + P2p2) + P2p2 (P1p1 + P3p3)
+ Pap3(PoPo + D2p2) + Popo (P1P1 + P3p3) + P11 (Bopo + P2p2)
+ D2p2(P1p1 + Pap3) + Paps(@opo + P2p2) — Pop1 (P1Po + P3p2)
— P1Po Pop1 + P2P3) — P2p3(P1po + P3p2) — Pap2(Bopy + P2ps)
— Dop1(P1po + Pab2) + P1bo (—Pop1 — D2P3) — D23 (P1bo + P3p2)
+ Dap2(—Pop1 — P2P3)

To obtain this result, we did not have to make assumptions about commutability of the spinor
components among themselves. Accordingly, a similar expression takes place for the phase of a
plane wave in vector space

4(PyXo — Py X, — PX; — P3X3)
= Popo (X1x1 + X3x3) + P11 (Koxo + X2x2) + Pop2 (Xyxy + X3x3)
+ P33 (Xoxp + X3x3) + Popo (X¥1x1 +X3%3) + Prp1 (KXo + X2%3)
+ D202 (X1x; + X3x3) + Paps (Koxo + X2%5) — Popy (X1x + X3X3)
— D1po (Koxy + X3x3) — Paps (X1xo + X3x2) — Papz (Koxy + X3x3)
— Pop1 (X¥1% + X3%3) + P1Po (—XoX1 — X3x3) — P23 (X1x0 + X3%3)

+ P3p2 (—xgx; — X3x3)
Further we assume that the components of the momentum spinor commute, which takes place
for a free particle, then we obtain

4(PyPy — P\P; — P, P, — P3P;)
= PoPo (P11 +P3p3) + D101 (PoPo + P2p2) + D202 (P1p1 + P3p3)
+ Dap3(Popo + D2p2) + Pobo (P1p1 + P3p3) + P11 (Popo + P202)
+D202(P1py + Paps) + a3 (@opo + P2p2) — Pob1 (P1po + P302)
— D100 (Pop1 + P2p3) — D23 (P1po + Pap2) — Pap2(Popy + P2p3)
— o1 (P1Po + P3P2) + P1Po (—Dop1 — P2P3) — P2p3 (P1p0 + P3P2)
+ P3p2(—Pop1 — P2P3)
= 2PoPo (P1P1 + P3P3) + 2911 (BoPo + P2p2) + 2P2p2(P1p1 + Paps)
+ 2p3p3 (Poro + D2p2) — Pop1(P1Po + P3p2) — P1po(Popy + P2p3)
—D203(P1Po + P3p2) — Pap2 Popy + P2p3) — Pob1 (P1Po + P302)
+ D100 (—Pop1 — P2p3) — D2p3(P1po + P3p2) + Dap2(—Dopy — P2p3)
= 2PoPo (P1P1 + P3P3) + 2911 (BoPo + P2p2) + 2P2p2(P1p1 + Paps)
+ 2p3p3 (Popo + D2p2) — 2PoP1(B1Po + P3p2) — 2P2p3 (P1po + D3b2)
— 2pop1(P1Po + Pap2) — 2P2p3(P1po + P3p2)
= 2Popo (P1p1 + D3p3) + 2P1p1(Popo + P2p2) + 20202 (P1p1 + Paps)
+ 2p3p3 Popo + P2p2) — 2PoP1(P1Po + P3p2) — 2P2p3 (P1po + Pap2)
— 2pop1(P1Po + Pap2) — 2P2p3 (P10 + P3p2)
= 2PoPo (P3P3) + 2P1P1 (P2p2) + 2P202(P1p1) + 2P3pP3 (Po o)
- le (P3p2) — 2P2p3 (P1po) — 2Pop1 (P3p2) — 2023 (P1po)
= 4PoPo (P3P3) + 40101 (P2p2) — 4Po 1 (P3P2) — 4P2P3(P1po)

On the other hand, we can write
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mm = (Plpz _Pnps)(Plpz _Pupa) = P1P2P1P2 — P1P2PoP3z — PoP3P1P2 + PoPzPol3

Thus, the results of calculations coincide.

Let us compare the phases of plane waves in vector and spinor spaces. Let us hypothesize that
the plane wave in spinor space has a more complicated form than it was supposed earlier in the
paper, namely, it contains an additional conjugate multiplier

exp ((Poxl — P1Xp T P2x3 — Psxz)(iﬂuh — P1Xp t P2X3 — Paxz))

On the one hand, this assumption does not cancel the reasoning given in the paper concerning
the equations and derivatives, since the derivatives on the components of the spatial spinor from
the first conjugate factor are equal to zero, and on the other hand, the phase of the wave in this form
is closer to the generally accepted phase of a plane wave in vector space.

For the boson the momentum spinor has a special form

T _
P° = (Po, P1, o, P1)
Thus phases calculated by two methods do not coincide with each other, though both of them
are invariant under Lorentz transformations

(Poxl — P1Xp T P2x3 — Psxz)(Pﬂxl — P1Xo T Pax3 — Paxz)
* PyXy— P X, — PBX, — P3X5

However, if to impose restrictions also on the form of the coordinate spinor

xT = (xg,%1,%0,%1)

then

(Pox1 — P1Xg + P2X3 — P3x2)(PoX1 — P1Xg + P2X3 — P3X2)
= po(x1 + x3)po (x1 + x3) + Py (xg + x2)p1 (30 + x2)
— po (x1 + x3)p1 (xg + x2) — p1 (%0 + x2)pe (%1 + x3)
= 4poX1PoX + 4P1XoP1Xo — 4PoX1P1X0 — 4P1XoPoX1

4(PoXo — P1X; — PX; — P3X3)
= 2poPoX1X1 + 2p1P1XgXg + ZP2P2 X1 X1 + ZP3p3XoXg + ZPoPo X1
+ 2Py p1XoXo + 2P2P2 X1 X1 + 2P3p3XoXo — 2PoP1X1 X0 — 2P1PoX0 X1
— 2Py P3X1Xg — 2P3P2XoX1 — 2PeP1X1Xg — 2P1PoXoX1 — 2P2P3X1 X
— 2p3p2XoX;
= 4popoX1X1 + 4p1P1XeXo + 4PoPoX1X1 + 4P1P1 X0 X0 — 4PoP1X1%X0
— 4p1PoXoX1 — 4PoP1X1X0 — 4P1PoX0X1
= 4popoX1X1 + 4p1P1XeXo + 4PoPoX1X1 + 4P1P1 X0 X0 — 4PoP1X1%X0
— 4P PoXoX1 — 4PoP1X1Xo — 4P1PoXoX 1

= 8PopoX1x1 + 8P1P1Xoxo8 — 8Pop1X1X0 — BP1PoXpXy
That is, there is an equality

(Pox1 — P1Xo + P2X3 — P3X2)(PoX1 — P1Xo + P2X3 — P3X3)
- Z(PUX{J — P X, —PX, —P3X3]I

The form of the coordinate spinor defined in this way leads to the zero length of the coordinate
vector, but the boson is characterized by this property. That is, it turns out that the requirement of
coincidence of two definitions of the phase allows revealing the form of the coordinate spinor of the
particle.

If a fermion is at rest in some coordinate system, then all components of its momentum vector,
except the zero component, i.e., energy, are zero. Therefore, the phase of the corresponding plane
wave in vector space depends on time but does not depend on spatial coordinates. It turns out that
oscillations in time occur synchronously throughout space, and there is no wave propagation in the

do0i:10.20944/preprints202401.1032.v3
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usual sense. On the contrary, the phase of the wave in spinor space depends on the spatial
coordinates in such a situation. In addition, two fermions with different spins correspond to the
same momentum vector, so the phases of the corresponding waves do not differ. But the phases of
the wave in spinor space for fermions with different spins are different even when they are
stationary.
If we accept the proposed hypothesis, then we need to change the equation for which the plane
wave is an eigenfunction
( a ad a d
dx,0x, Odxgdxs
= (po(—ps
— (—p)p2)f f expl(poxy — P1xo + P2X3 — Pax2)(Poxy — P1xo + Pax3
— p3x2)]
= (p1p2
— popa) [ [ expl(poxy — p1xo + P23
— Pax2)(Po X1 — P1Xo + P2X3 — P3x2)]

)EXP[(Puxl — p1Xg + P2x3z — P3x2) (PoX; — P1Xo + Pax3z — Pax3)]

where

f&) = (poxy — prxg + P2X3 — P3xz)

As a result, we have the equation

a d a ad _
( ) explf GF @] = mFGIF G explFf ()]

dx,0x, B dxg 0x4

Although the complex multiplier in front of the exponent in the right-hand side does not
change with rotations and boosts, it now depends on the coordinates.
Let's consider the equation

a a a a -
(ﬂxl dx, 0xg axg) px) = mf(x)f(x)e(x)

then the function corresponding to the free particle

o(x) = exp[(pox1 — P1Xo + P2X3 — P3x2)(PoX1 — P1Xo + P2X3 — P3X2)]
fx)f(x)

is its solution with

m = (pyp2 — Pop3)

This equation can be ascribed a universal character and its solutions can be sought at different

possible values of m for real physical conditions, for example, in the presence of an
electromagnetic field. Note that the function with imaginary unit under the exponent

exp[if (x)f (X)]
f&f(x)

tends to zero at removal from the origin, i.e. the wave function of the free fermion is localized in

space.

If one consistently adheres to the idea of the fundamentality of the spinor space, it is necessary
to reformulate the procedure of second quantization of the electron field. According to the known
concept, the wave function of the electron field is represented in the form of expansion by plane
waves describing a free electron. But we can use plane waves not in vector space, but plane waves
in spinor space

u exp(pT ZyyX) = u exp(poxy — P1Xo + P2¥s — P3x2)
In this case, let us assume
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Ug Po
u=|l%)= €
Uy m P2
Uz P3

Alternatively, we can use decomposition by the following functions

uexl’[i (Poxl — P1Xp T Pax3— Psxz)(Pﬂx1 — P1Xp t P2X3 — Paxz)]
(pox1 — P1Xo + P2x3 — P3x2)(Poxy — P1Xg + P2X3 — P3X3)

We can start the analysis in a rest frame of reference, for transition to the general case it is
necessary to apply the Lorentz transformation to the impulse and coordinate spinors, in this case
neither the phase in the exponent nor the mass of the electron m = p;p; — P3Py changes. In the
rest frame, one momentum vector corresponds to four momentum spinors

1 0 1 0 1
o (1 [ o = o
Pl={,] P2={1] P3={ o | PE={ 4 P=1o
1 0 1 0 0

Signs of the respective masses

m = p1P2 — PoP3
ml=—-1 mZ=1 m3=1 m4=-1

say that it's two particles with positive mass and two with negative mass. The energy of all four
types of particles — electrons and positrons with different spin, represented by the zero component
of the momentum vector, is positive, which once again emphasizes that there are no particles with
negative energy.

The orthogonality relations take place in any reference frame

p17p2 = p37p4 = p17Zy, p2 = p37 Iy, p4 = 0

Let us accept the agreement that spinors p2 and p4 describe the field with zero number of
particles in the state with momentum P and masses with different sign. Spinors pl and p3
describe the field with presence of a particle in a state with momentum P and negative or positive
mass, respectively. The transition from one state to another is provided by the annihilation and
birth operators

0 0 0 0 0 -1 0 0
ap=( -1 0 00} , (0o 0 00
00 01 P 00 00
00 00 00 10

The relations can be directly verified
bpap + apbp =1
arpl =p4 app3 =p2
bpp2 = p3  bpp4 =pl
bpap = Np
Nepl =1=pl Npp3=1=p3
Npep2 =0=*p2 Npp4d=0=+p4
The action of the operators does not change the sign of the mass of the particle. Here the

particle number operator Np demonstrates that two states are indeed filled and two are empty,
since this operator has an eigenvalue in one case of one and in the other case of zero.
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The wave function of the electron field at a fixed value of the momentum vector P will be a
combination of plane spinor waves with four momentum spinors corresponding to this momentum
vector.

A system of particles with different momenta can be described by the direct product of
momentum spinors, which includes spinors p1, p2, p3, p4, as well as their versions subjected to

an arbitrary Lorentz transformation N = p1, N = p2, N = p3, N = p4, as co-multipliers p;

P=Hpi
i

This system can be acted upon by an operator in the form of a direct product of an arbitrary set
of annihilation and birth operator matrices or unit matrices for a particle whose state does not

change
a=[a
i
a-p=[|@p)
i

The annihilation and birth operators have disadvantage, they do not commute with Lorentz
transformations matrix

In this case

bp*N#N=b, ap*N=N=ap

Let's introduce operators

0 -1 0 0
—1 0 0 0
TP:bP ‘I‘(Ip = 0 0 0 1
0 0 1 0

= o O
—_—o O
o= o
oo =

1 0 0 0
The product of them commute with the Lorentz transformations matrix and they
anticommutate with each other
(rp*s)*N —N=(p=*s)=0
(s*1p)* N—N=(s*1p) =0
s*1p+1p*s=0
The product of those operators with the proper order choice transform the state with zero

number of particles to the state with presence of a particle and vice versa, and this relation is
Lorentz invariant

(rp*s) = (N =pl) =N =p4

(s =7p) = (N = p4) = N+pl

(rp *s) = (N *p2) =N = p3

(s *7p) * (N +p3) = N+ p2

Double applying this product changes the momentum spinor sign

-1 0 0 0
-1 0 0
0o -1 0

(sxrp) (s *7p) = (rp )+ (rpes) = | 9
0 0O 0 -1
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Let us note one more interesting point. Let in a rest frame of reference electron and positron
meet, then the annihilation process can be described by the summation of spinors in two ways with
the same result

1 0 1 1
_|0 _ |1 _|0 _|0
pl = 0 p2 = 1 P1= 0 P2 = 0
1 0 0 0
mpl=—-1 mp2=
1 0 1 1 0
pr+pz=(0|+{1]=(1])=(3)+g]=f1+12
1 0 1 0 1
1 0 1 1
_|0 _[1 _ |0 _| O
f1= 1 f2 = 0 F1 = 0 F2 = 0
0 1 1 -1

mfl=0 mf2=0
We see that at interaction the total mass of particles, their total energy and total momentum are
conserved, and photons fly away in opposite directions. The same takes place in any other frame of
reference.
If we take as an axiom the conservation of mass of a system of particles during interaction,
then we can explain the difference between bosons and fermions.

1 0 -1 0
_|0 _ |1 _| 0 _ -1
1 0 1 0

Fermions with masses of different signs, for example, electron and positron, when summing

p1l + p2 of their spinors give zero mass, i.e. the law of conservation of mass is fulfilled. The
electron can be summed with an electron with the same sign of mass, but a different spin

p1 + p4, their mass is equal to two masses of the electron, that is, the law of conservation is also

fulfilled. But the summation of spinors of two identical electrons p1 + p1 gives a mass four times
greater than the mass of the electron, that is, this combination is forbidden by the law of
conservation of mass and two electrons cannot be in the same quantum state. Identical bosons at
summation of spinors give zero mass, the law of conservation is fulfilled. In particular, identical
photons can be summed in an unlimited number, while the mass will remain zero and all photons
will be in the same quantum state. However also among four types of bosons

1 0 -1 0

_|0 _|1 _| O _[ -1
bl = 1 b2 = 0 b3 = 1 b4 = 0
0 1 0 1

there are forbidden pairs, in particular b1 +b4 and b2 + b3, at summation of spinors of which
the mass is different from zero. The reasoning applies to a rest frame of reference, but since the
masses of all the particles do not change during the transition to an arbitrary system, the above
results have universal significance.

The law of conservation of mass allows k photons to sum their spinors, so it would seem that

energy of the system then will be proportional to k2, that contradicts to experience. But the



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 February 2024 d0i:10.20944/preprints202401.1032.v3

51

possibility of summation does not mean its realization, photons can form several groups containing
some number of indistinguishable particles, for which it is necessary to take into account
combinatorial regularities at their exchange within groups and between groups. In general, a
dynamical equilibrium should be established, leading, for example, to Bose statistics.

Conclusion

An alternative approach to analyze relativistic and quantum effects inherent in charged
particles in the presence of an electromagnetic field is proposed. Two ways of describing the
electron behavior in the electromagnetic field are considered: by means of the vector equation,
which is based on the plane wave model for a free electron, and the spinor equation, which is based
on the representation of the electron as a plane wave in spinor space. For both equations, which are
valid for a free particle, their applicability to an arbitrary physical situation is postulated, in
particular to describe the behavior of a particle in the presence of an electromagnetic field. The
presented equations are intended to fulfill the same role as the Schrodinger equation and the Dirac
equation. At the same time, in our opinion, the spinor equations more accurately describe the
details of the interaction between fields and particles.
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