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Abstract

Physical processes are usually described using four-dimensional vector quantities - coordinate
vector, momentum vector, current vector. But at the fundamental level they are characterized by
spinors - coordinate spinors, momentum spinors, spinor wave functions. The propagation of fields
and their interaction takes place at the spinor level, and since each spinor uniquely corresponds to a
certain vector, the results of physical processes appear before us in vector form. For example, the
relativistic Schrédinger equation and the Dirac equation are formulated by means of coordinate
vectors, momentum vectors and quantum operators corresponding to them. In the Dirac equation a
step forward is taken and the wave function is a spinor with complex components, but still
coordinates and momentum are vectors. For a closed description of nature using only spinor
quantities, it is necessary to have an equation similar to the Dirac equation in which momentum,
coordinates and operators are spinors. It is such an equation that is presented in this paper. Using the
example of the interaction between an electron and an electromagnetic field, we can see that the
spinor equation contains more detailed information about the interaction than the vector equations.
This is not new for quantum mechanics, since it describes interactions using complex wave functions,
which cannot be observed directly, and only when measured goes to probabilities in the form of
squares of the moduli of the wave functions. In the same way spinor quantities are not observable,
but they completely determine observable vectors. In Section 2 of the paper, we analyze the quadratic
form for an arbitrary four-component complex vector based on Pauli matrices. The form is invariant
with respect to Lorentz transformations including any rotations and boosts. The invariance of the
form allows us to construct on its basis an equation for a free particle combining the properties of the
relativistic wave equation and the Dirac equation. For an electron in the presence of an
electromagnetic potential it is shown that taking into account the commutation relations between the
momentum and coordinate components allows us to obtain from this equation the known results
describing the interactions of the electron spin with the electric and magnetic field. In the presence of
a potential the momentum components cease to commute with each other. To neutralize this effect,
the Schrodinger equation is supplemented by several equations with mixed partial derivatives on
coordinates. In section 3 of the paper this quadratic form is expressed through momentum spinors,
which makes it possible to obtain an equation for the spinor wave function in spinor coordinate space
by replacing the momentum spinor components by partial derivative operators on the corresponding
coordinate spinor component. Section 4 presents a modification of the theory of the path integral,
which consists in considering the path integral in the spinor coordinate space. The Lagrangian
densities for the scalar field and for the electron field, along with their corresponding propagators,
are presented. An equation of motion for the electron is proposed that is relativistically invariant, in
contrast to the Dirac equation, which lacks this invariance. This novel equation permitted the
construction of an actually invariant procedure for the second quantization of the fermion field in
spinor coordinate space. Furthermore, it is demonstrated that the field operators are a combination
of plane waves in spinor or vector space, with the coefficients of which being pseudospinors or
pseudovectors. Each of these pseudovectors or pseudospinors corresponds to one of the particles
presented in the theory of electrodynamics. Furthermore, each plane wave possesses an additional
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coefficient in the form of a creation or annihilation operator. In vector space, these operators
commute, whereas in spinor space they anticommutate. The paper presents the spinor and vector
representations of the field operators in explicit form, comprising sets of 16 pseudospinors or 4
pseudovectors corresponding to particles represented in electrodynamics. An explicit form of the
symmetric traceless tensor with spin two, zero mass and two polarizations is presented, which can
serve as a model of the graviton. The results obtained may prompt changes in some aspects of the
construction of Feynman diagrams. Among other things, it presents a purely mathematical derivation
of Maxwell’s inhomogeneous equations without reference to empirical data on the action of electric
current, which is usually referred to when deriving equations. Section 4 presents Einstein's
inhomogeneous equation, which features the Riemann tensor rather than the Ricci tensor, with the
energy-momentum tensor having four indices rather than two.

Keywords: Dirac equation; Schrodinger equation; second quantization; path integral; graviton;
Bianchi identity; Einstein’s equation

1. Introduction

Nowadays, the interest to study applications of the Dirac equation to different situations and to
find out the conditions of its generalization is not weakening. In particular, in [1] new versions of an
extended Dirac equation and the associated Clifford algebra are presented. In [2] a study of the
Schrodinger-Dirac covariant equation in the presence of gravity, where the non-commuting gamma
matrices become space-time-dependent, is carried out. In [3] an idea is discussed that the visible
properties of the electron, including rest mass and magnetic moment, are determined by a massless
charge spinning at light speed within a Compton domain. In [4] some aspects of conformal rescaling
in detail are explored and the role of the "quantum" potential is discussed as a natural consequence
of non-inertial motion and is not exclusive to the quantum domain. Author establishes the
fundamental importance of conformal symmetry, in which rescaling of the rest mass plays a vital
role. Thus, the basis for a radically new theory of quantum phenomena based on the process of mass-
energy flow is proposed. In [5] author has derived the covariant fourth-order/one-function equivalent
of the Dirac equation for the general case of an arbitrary set of y-matrices.

Supporting these search aspirations, in our work we propose a deeper understanding of the
Dirac equation with an emphasis on the direct use of the principles of symmetry and invariance to
Lorentz transformations. For the first time we present a formulation of the Dirac and Schrodinger
equations in spinor coordinate space.

2. Generalized Dirac Type Equation

Let us introduce notations, which will be used further on. The speed of light and the rationalized
Planck’s constant will be considered as unity.

wn=(p 1) a=0 o ==(G 9) == 2

Matrices constructed from Pauli matrices
(oo O _ (01 0) _(02 0) _(03 0)
SO_(O 00) Sl_(O 0, S2 = 0 o S3 = 0 o

A vector of matrices

Pauli matrices

ST = (51,52,55)
A set of arbitrary complex numbers and a vector of its three components
X" = (Xo, X1, X5, X3)
X" = (X;, Xz, X3)
Let us define a 2x2 matrix of Lorentz transformations given by the set of real rotation angles
(a1, @z, a3) and boosts (B1, B2, B3)
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i 1 i 1 i 1
n=exp (— Ea101> exp (Eﬁlal> exp (— Eazoz) exp <Eﬁ202) exp <— Ea303> exp (§ﬁ303>

and a similar 4x4 transformation matrix

i 1 i 1 i 1
N = exp (— > alSl) exp <§ ﬁlSl) exp <— §a252> exp (E .3252> exp (— 3 a3S3) exp (5,8353>

We also define a 4x4 matrix of Lorentz transformations A, where u and v take values 0,1,2,3

1
Ah = 3 Tr[o,no,n']

AR = lTr[s NS,N1]
v 4 u v

Ah = %i 23: 23: i(su)aaNaﬁ(Sv)ByN_ay

£=0 a=0 f=0y=0

which can also be written explicitly using the 4x4 matrices of rotation generators (R;, Ry, R3)
and boosts (Ky, K;, K3)

A = exp(aiRy)exp(B,Ky)exp(azR,)exp(B,K;)exp(asRs)exp(BsKs)

Let’s define a 4x4 matrix

M? = (SoXo — S1X1 — S$2X; — S3X3)(SoXo + S1X1 + S, X, + S3X3) =
(SoXo — STX)(SoXo + S7X) =
SoX0SoXo — S1X151X1 — 5:X,5,X, — S3X35:X5 +
SOXO(Slxl + SZXZ + SSXS) - Slxl(SOXO + SZXZ + SSXS) -
S2X5(SoXo + S1X1 + S3X3) — S3X3(SoXo + S1X1 + 5,X5)

In fact, we consider a quaternion with complex coefficients, which we multiply by its conjugate
quaternion (due to the complexity of the coefficients, these are biquaternions, but we still use
quaternionic conjugation, without complex conjugation).

Let us subject the set of complex numbers to the Lorentz transformation

X' =/AX

Let us write a relation whose validity for an arbitrary set of complex numbers can be checked

directly
(SoXo' = 51X, — $2X," = S3X5")(SoXo' + S1X:" + $:X," + S5X57)
= (SoXo — S1X1 — SaXo — S3X3)(SoXo + S1 Xy + Sy X, + S3X3) = M2

The matrix M? in the simplest case is diagonal with equal complex elements on the diagonal
equal to the square of the length of the vector X in the metric of Minkowski space, which we denote
m?. Both M? and m? do not change under any rotations and boosts, in physical applications the
invariance of m? is usually used, in particular, for the four-component momentum vector this
quantity is called the square of mass.

Since the matrices S, anticommutate with each other, for a vector X whose components
commute with each other, we have just the simplest case with a diagonal matrix with m? on the
diagonal. But if the components of vector X do not commute, the matrix M? already has a more
complex structure and carries additional physical information compared to m?. For example, the
vector X may include the electron momentum vector and the electromagnetic potential vector. The
four-component potential vector is a function of the four-dimensional coordinates of Minkowski
space. The components of the four-component momentum do not commute with the components of
the coordinate vector, respectively, and the coordinate function does not commute with the
momentum components, and their commutator is expressed through the partial derivative of this
function by the corresponding coordinate. If the components of the vector X do not commute, the
matrix M? will no longer be invariant with respect to Lorentz transformations.

Assume that the complex numbers we are considering commute with all matrices, and consider
that the matrices are pairwise anticommutative and their squares are equal to the unit 4x4 matrix I

M? = (XoXo — X1 X1 — XX, — X3 X5)I +
(S1XoX1 + S2XoX5 + 53X0X3) — (51X X + 5152 X:1 X, + 515X, X3) —
(S2X2Xo + 5581 X, X1 + 5,83X,X3) — (S3X3Xo + S381X3X1 + S35,X3X,) =
XoXo — X1 X1 — X5X5 — X3X3)1 +
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Sl(X0X1 - XIXO) + SZ (XOXZ - XZXO) + S3 (XOXS - XSXO) -
(5152X1X2 + Sls3X1X3) - (SZSIX2X1 + 5253X2X3) - (5351X3X1 + SSSZXSXZ) =
(XoXo — X1 X1 — XoX; — X3X3) +
S1(XoXy — X1Xo) + S2(XoXz — X2Xo) + S3(XoX5 — X3Xo) —
(S182X1 X5 + 8551 X5X1) — (8283X2 X3 + S35, X3X5) — (5351 X3X; + 5153X,X3) =
(XoXo — X1X1 — XoX5 — X3 X3) +
S1(XoX1 — X1Xo) + S2(XoXz — X2Xo) + S3(XoX35 — X3X0)
—(85182X1 X, + $28:1 X1 X, + 528, (Ko Xy — X1 X))
—(85,53X, X5 + S35, X, X3 + S35, (X3 Xo — X2 X3))
—(835:X3X1 + 1S3 XXy + 5;S3(X1 X5 — X3X,)) =
(XoXo — X1 X1 — XoX; — X3X3) +
S1(XoX1 — X1Xo) + S2(XoXz — X2X0) + S35 (XoX35 — X3X0)
—8,51 (X2 X1 — X1X3) — S35 (X3Xp — X5X3) — §153(X1 X5 — X3X1)
Taking into account the expressions for pairwise products of matrices, we obtain
M? = XoXo — X1 X1 — XoXp — X3X3)[ +
S1(XoX1 — X1Xp) + S, (Xo Xz — X2Xo) + S3(XoX3 — X3Xo)
—5,51 (X3 X1 — X1X3) — S35, (X3Xp — X X3) — §153(X1 X3 — X3X,) =
(XoXo — X1 X1 — XoXp — X3 X3)[ +
Sl(XOX1 - X1XO) + SZ (XOXZ - XZXO) + S3 (XOXS - XSXO)
+iS; (X, X7 — X1 X)) + iS5, (XX, — XoX3) +iS, (X1 X5 — X3X;) =
(XoXo — X1 X1 — X2 X7 — X3X3) +
S1(XoX1 — X1Xo) + 1S (X3X; — XpX3) +
S (XoXz — X2Xo) + 1S, (X1 X5 — X3X,) +
S3(XoX3 — X3Xo) + iS3(XoX; — X1X3)
Consider the case when X is the sum of the momentum vector and the electromagnetic potential
vector, which is a function of coordinates
X=P+A
"= (Po, Py, Py, P3)
AT = (A, A1, 45, 43)
PT = (P, P, P3)
AT = (A, 4, A5)
M? = I[(Py + Ag)(Po + Ag) — (P + A) (P + Ap) — (P, + A) (P, + Ap) — (P3 + A3) (P + 43)] +
Sul(Po + A) (P + A) = (Pr + A)(Py + A)] + iS1[(P5 + A3)(P, + A;) — (P, + A)(Ps + A3)] +
So[(Py + A0) (P, + A3) — (P, + A2)(Po + Ag)] + iS,[(Py + A (P5 + As) — (P + A5)(Py + A)] +

S3[(Po + Ag)(Ps + A3) — (P3 + A3)(Po + Ag)] + iS3[(P; + A2)(Py + A1) — (P + A1) (P2 + A2)]

For now, we’ll stick with the Heisenberg approach, that is, we will consider the components of
the momentum vector Py, Py, P,, P; as operators for which there are commutation relations with
coordinates or coordinate functions such as Ay, 44, 4,, A3. In this approach, the operators do not have
to act on any wave function.

Taking into account the commutation relations of the components of the momentum vector and
the coordinate vector, the commutator of the momentum component and the coordinate function is
expressed through the derivative of this function by the corresponding coordinate, e.g.

[(P; + A)(PL+ Ay) — (P + AD(P + Ap)] =
(PP, — P1Py) + (PyAy — Ay Py) — (PrAy — AQPy) + (A2A; — AiAp) =

As a result, we obtain
M? = 1[(Py + Ag)(Po + Ag) — (P, + A)(Py + Ay) — (P, + A3) (P + Ap) — (P3 + A3)(Ps + A3)]

s [ 04y | 0Ao) 6A2+_6A3
=i laxl +iS; la 3 laxz
+S. 02+ OA°+S[ 4+ 194
2[Tlox, T iox,l T2 o
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+S. lb+l%+15[ 61+l%
3l Tox,  Oxg 3 "ox, ' oxy
1Py + Ap)(Po + Ag) — (Pr + A))(Py + Ay) — (P + Ay)(Py + Ay) — (P + A3)(Ps + A3)]

6A1 04, 04, 04,
1 6x0 0x1 Hox; ox,
'z axo axz Zlox, 0x3
6A3 aAo 0A, 04,
'3 Oxo 6x3 lox, ox,

I[(Po + Ag)(Po + Ag) = (Py + A1) (Py + A1) — (P + Ap) (P2 + Az) — (P3 + A3)(P3 + A3))]
_i51F01 + SlF32 - iSZFOZ + 52F13 - iS3F03 + S3F21
IT(Po + Ag)(Po + Ag) = (P + A1) (Py + Ay) — (P + A2) (P, + A3) — (P3 + A3) (P53 + A3)]
_ilex + Sle - iSzEy + Ssz - iS3Ez + S3BZ

where

As a result, we have the expression
M? = I[(P + Ao) (P + Ag) = (P + A) (P + A) = (Py + A2)(Py + A2) — (Py + A3)(P; + A3)] + SB
—iSTE
B" = (B,,B),B,) = (B1, B, Bs)
E" = (By By, B;) = (Ey, By Ey)
The matrix
—{S"B-iSTE} =
I{(Po + Ag)(Po + Ag) = (P + A1) (Py + A1) — (P + Ap)(P, + A) — (P + A3) (P + A3)} =
= Id?
does not change under Lorentz transformations involving any rotations and boosts.
d? = (So(Po + Ag) — S1(Py + Ay) = S5(P + Ap) — S3(Ps + A3))(So(Po + Ag) + S1.(Py + Ay)
+5,(P, + A;) + S3(Ps + A3)) — {S"B — iSTE}
= (S0(Po + 4¢) = 87(P +R) ) (So(Py + 4o) + 87 (P + &) ) — {S7B — iS"E}
Taking into account the electron charge we have
X=P-e€A
1d% = (So(Py — eAg) — ST (P + ) ) (So(Po — eAo) + 87 (P + K) ) + {S"B — iS"E}
Let us summarize our consideration. There is a correlation
Id? = M? + e{S"B — iSTE}
where
M? = (SO(PO —edy) —ST(P - eK)) (SO(P0 —edy) +ST(P - ex))
1d* = I{(Py — eAp)* — (P, — eAy)? — (P, —eAy)? — (P; — ed3)?’} =
1 [(PO —eAg) (P, — edg) — (P — eK)T(f’) - eK)] =

I{(PO —edy)? — (F - eK)z}

Let’s analyze the obtained equality

M? = 1d? — e{S"B — iSTE}

Note that the quantity d? is invariant to the Lorentz transformations irrespective of whether
the momentum and field components commute or not. To solve this equation, we have to make
additional simplifications. For example, to arrive at an equation similar to the Dirac equation, we
must equate M? with the matrix Im?, where m? is the square of the mass of a free electron. Then

Im? = Id? — e{STB — iSTE}

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Id? — Im? — e{STB — iSTE} = 0
1{(P, — eAo)? — (P — eR) '} — Im? — e[S"B — i§7E} = 0

With this substitution the generalized equation almost coincides with the equation ([6], formula
(43.25)), the difference is that there is a plus sign before eS”B, and instead of iS”E there is ia"E, in
which the matrices a have the following form

o' = (ay, @z, a3)
0 oy 0 o 0 o3
a1=<01 0) az:(az 0) a3=(03 0)

A similar equation is given by Dirac in ([7], Paragraph 76, Equation 24); he does not use the
matrices @, only the matrices S, but the signs of the contributions of the magnetic and electric fields
are the same.

Along with the original form

M? = (Sy(Py — eAo) — ST(P — eA)) (So(Po — eA,) + ST(P — eA) ) = d? — e{STE — iSTE)

it is possible to consider the form with a different order of the factors. It can be shown that this

leads to a change in the sign of the electric field contribution
M? = (SO(PO —ed,) + §T(l_5 - eK)) (SO(PO —edy) — §T(F - ex)) =d? - e{§T§ + L'§T]_Ef}

Since Id? unlike M?, is invariant to Lorentz transformations, it would be logical to replace it by
Im?2. At least both these matrices are diagonal, and in the case of a weak field their diagonal elements
are close. Nevertheless, the approach based on the Dirac equation leads to solutions consistent with
experiment.

The matrix M? in the general case has complex elements and is not diagonal, and in the Dirac
equations instead of it is substituted the product of the unit matrix by the square of mass m?, the
physical meaning of such a substitution is not obvious. Apparently it is implied that it is the square
of the mass of a free electron. But the square of the length of the sum of the lengths of the electron
momentum vectors and the electromagnetic potential vector is not equal to the sum of the squares of
the lengths of these vectors, that is, it is not equal to the square of the mass of the electron, even if the
square of the length of the potential vector were zero. But, for example, in the case of an electrostatic
central field, even the square of the length of one potential vector is not equal to zero. Therefore, it is
difficult to find a logical justification for using the mass of a free electron in the Dirac equation in the
presence of an electromagnetic field. Due to the noted differences, the solutions of the generalized
equation can differ from the solutions arising from the Dirac equation.

In the case when there is a constant magnetic field directed along the z-axis, we can write down

1 1
Ag=0 A, = —§B3x2 A, =§B3x1 A;=0
— —T ,— —.
(SoPy)> —M?* — (P —eA) (P—eA)l —eS3B; =0
(Sopo)z - M?* - (P1 - eAl)(Pl - eAl)I - (Pz - eAz)(Pz - 3A2)1 —eS3B; =0
(SoPy)? — M? — Py*I — P3%I — P* — (eA;)? — P,* — (eA,)? + eBsy(x; P, — X,P; + x; P, — x,P;) — eS3B;

=0
Py*l — M? — Py*I — P32 — P21 — (eA;)?I — P,*I — (eA;)?I + eB3(x; P, — x,P;)] — eS3B; = 0
L;+1 0 0 0
2 2 2 0 L3 -1 0 0 _
I(—=P,% — P,> — P> — (eA;)? — (eAy)?) — M? — eB; 0 0 Li+1 0 =0
0 0 0 ILy—1

Here (x; P, — x,P;) = Ls. Only when the field is directed along the z-axis, the matrix M? is
diagonal and real because the third Pauli matrix is diagonal and real. And if the field is weak, M?
can be approximated by the m?I matrix. This is probably why it is customary to illustrate the
interaction of electron spin with the magnetic field by choosing its direction along the z-axis. In any
other direction M? is not only non-diagonal, but also complex, so that it is difficult to justify the use
of m?I.

When the influence of the electromagnetic field was taken into account, no specific
characteristics of the electron were used. When deriving a similar result using the Dirac equation, it
is assumed that since the electron equation is used, the result is specific to the electron. In our case
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Pauli matrices and commutation relations are used, apparently these two assumptions or only one of
them characterize the properties of the electron, distinguishing it from other particles with non-zero
masses.

The proposed equation echoes the Dirac equation, at least from it one can obtain the same
formulas for the interaction of spin and electromagnetic field as with the Dirac equation, and in the
absence of a field the proposed equation is invariant to the Lorentz transformations. In contrast, to
prove the invariance of the Dirac equation even in the absence of a field, the infinitesimal Lorentz
transformations are used, but the invariance at finite angles of rotations and boosts is not
demonstrated. The proof of invariance of the Dirac equation is based on the claim that a combination
of rotations at finite angles can be represented as a combination of infinitesimal rotations. But this is
true only for rotations or boosts around one axis, and if there are at least two axes, this statement is
not true because of non-commutability of Pauli matrices, which are generators of rotations, so that
the exponent of the sum is not equal to the product of exponents if the sum includes generators of
rotations or boosts around different axes. By a direct check we can verify that the invariance of the
Dirac equation takes place at any combination of rotations, but only under the condition of zero
boosts, i.e., only in a rest frame of reference, any boost violates the invariance.

A test case for any theory is the model of the central electrostatic field used in the description of
the hydrogen atom, in which the components of the vector potential are zero

(So(Py — eAg) — STP)(So (P — edg) + STP) = I[(P, — eAg)? — P> — P,® — P3%] + ieSTE
If again we equate the left part with Im?, we obtain
I[(Py — eAg)? — P,* — P2 — P3*] — Im? + ieS"E = 0
I[(Py — eAg)? — P> — P, — P> — m?] —ie (513—‘::’ + SZZ—‘Z’ +S; %:) =0
Introducing the notations (4g = @(r) = Q/r, P = E, r =1/ /x; 2 + x, 2 + x3 %), we obtain

eQ\* o o Ll 09 | de() | dp)) _
II:(E_T> _P1 _P2 _P3 - m —le Sl axl +SZ axz +S3 ax3 —0

2
e e
I[(E—TQ) — P —P*—P7 - mz] +ir—g(51x1 +5S5,%, +S3%3) =0

If we substitute operators acting on the wave function instead of momentum components into
the equation, we obtain a generalized analog of the relativistic Schrodinger equation, in which the
wave function has four components. Using the substitutions

Py—ine P> —ie— i —i—
07 1T Ty, Yox, Yox,

the equation for the four-component wave function (¢, x4, x,, x3) before all transformations
has the form

d o - 0 - -
(so (E - eAO) +87(v— eA)> (so (% - er) —-ST(v- eA)) P+ M2 =0
and after transformations
o 2 . .
{(0(Po — edy))’ — (P—eA) 1 —eSTB + ieSTE} y = M2y
Once again, note that the matrix M 2 isnot diagonal and real.
All the above deductions are also valid when replacing 4x4 matrices S, by 2x2 matrices g,

P, — P; —

since their commutative and anticommutative properties are the same. The corresponding
generalized equation is of the form
2 — —\2 = N
(00(Py —eAy))" —M? —(P—eA) | —e6"B+ie¢"E=0
where
6" = (01,0,03)
and the equation for the now two-component wave function looks like

(cro (% - eA0> +37(V- eZ\’)) (00 (% - eAO) ~-67(v- eK)) Y+ M2y =0

In deriving his equation, Dirac ([7], Paragraph 74) noted that as long as we are dealing with
matrices with two rows and columns, we cannot obtain a representation of more than three
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anticommuting quantities; to represent four anticommuting quantities, he turned to matrices with
four rows and columns. In our case, however, three anticommuting matrices are sufficient, so the
wave function can also be two-component. Dirac also explains that the presence of four components
results in twice as many solutions, half of which have negative energy. In the case of a two-component
wave function, however, no negative energy solutions are obtained. Particles with negative energy
in this case also exist, but they are described by the same equation in which the signs of all four
matrices S or o are reversed.

One would seem to expect similar results from other representations of the momentum operator,
e.g., ([6], formula (24.15))

(1 0 0 1/0 10 1/0 =i 0 10 0
0 0 1 V2 010 V2 0 i 0 0 0 -1

under the assumption that this representation can describe a particle with spin one. But this
expectation is not justified, since the last three matrices do not anticommutate, and therefore the
quadratic form constructed on their basis is not invariant under Lorentz transformations.

If one consistently adheres to the Heisenberg approach and does not involve the notion of wave
function, it is not very clear how to search for solutions of the presented equations. The Schrodinger
approach with finding the eigenvalues of the M?matrix and their corresponding eigenfunctions can
help here.

{(SO(PO —edy)’ - (P— eK)ZI —eSTB + ieﬁTﬁ} Y = M2y

In the left-hand side are the operators acting on the wave function, and in the right-hand side is
a constant matrix on which the wave function is simply multiplied. This equality must be satisfied
for all values of the four-dimensional coordinates (t,x;, x,,x3) atonce. Then M? is not fixed but can
take a set of possible values, finding all these values is the goal of solving the equation.

Thus, we have arrived at an equation containing a matrix M? which is non-diagonal, complex
and in general depends on the coordinates (t,xy, x,, x3). After the standard procedure of separating
the time and space variables, we can go to a stationary equation in which there will be no time
dependence, but the dependence the matrix M? on the coordinates will remain. It is possible to
ignore the dependence of M? on the coordinates and its non-diagonality and simply replace this
matrix by a unit matrix with a coefficient in the form of the square of the free electron mass. Then the
equation will give solutions coinciding with those of the Dirac equation. But this solution can be
considered only approximate and the question remains how far we depart from strict adherence to
the principle of invariance with respect to Lorentz transformations and how far we deviate from the
hypothetical true solution, which is fully consistent with this principle. To find this solution, we need
to approach this equation without simplifying assumptions and look for a set of solutions, each of
which represents an eigenvalue matrix M? of arbitrary form and its corresponding four-component
eigenfunction.

Let us return to the question of Lorentz invariance of the expression

(SoXo — S1X1 — X5 — S3X3)(SoXo + S1 X1 + S, X, + S3X3) = M?

As it was noted, this expression does not change at rotations and boosts in Minkowski space
only if the components of (Xy, X1, X, X3) commute with each other. If they do not commute, the
matrix M? changes under Lorentz transformations. Two parts can be distinguished in this matrix

M2 = (XoXo — X1 X1 — Xo Xy — X3X5)I +

S1(XoX1 — X1Xo) + 151 (X3X; — X2 X3) +

S2(XoXz — X5 Xo) + iS5 (X1 X3 — X3X1) +
S3(XoX3 — X3X) + iS3(X2 X1 — X1X5)

The first row represents the unit matrix multiplied by a value that still does not change under
Lorentz transformations. All changes occur in the last three rows. In the particular case of
electrodynamics, we have (e = 1)

M? = 1((Py + Ag)(Po + Ag) — (P + A (P + Ap) — (P + A) (P, + Ap) — (P + A3)(Ps + A3)) +
+8; (P + Ag)(Py + A1) = (P + A (Py + Ag)) + S ((Ps + A3) (P, + Az) — (P + A3)(Ps + A3))
+8,((Py + Ag) (P + A) — (P + A)(Py + Ag)) + 1S, ((Py + A (Ps + A3) — (P5 + A3) (P, + Ay))
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+85((Py + Ag) (P3 + A3) — (P53 + A3)(Py + Ag)) + iS5 ((P + A) (P + A) — (Py + A (P, + 43))
Here the first line is invariant, but the last three are not. The only way to ensure complete
invariance of M? is to require these three lines to be zero. Let us again consider the commutation
relations, but now we will not assume that the momentum components commute with each other,
only the potential components still commute with each other. Now we can write the relations of the
form
((Po + eAg)(Py + eAy) — (P + eA;) (P + eAy)) =
(PoPy — P1Py) + e(PoAy — A1 Py) — e(PyAg — AgPy) + e(AgAy — AAg) =
0P, 04, ( . 8A0>
—i———ie———|—le-—
dx;
Such values as Z% always enter M? as a sum with the component of the field, in this case the
[

electric one

dP. dA dA aP.
LTI WL S

dx, ~ x,

If we formally define a new value

0xy 0xq

Py
V,=—
T m

and suppose that m does not change at rotations and boosts, and we also take into account the
presence of charge at the electron, we can require for this and all other similar sums the fulfilment of
the condition

m O_xo +eE, =0

The value V; can be regarded as a component of velocity, and velocity not in the usual sense,
as a derivative of the spatial coordinate by time, but simply as a component of momentum divided
by the inertial mass m. Then the above equality can be interpreted in the spirit of Newton’s law,
namely, that the acceleration multiplied by the mass is equal to the force acting on the side of the
electric field. If all such equalities are fulfilled, only the first line will remain in the quantity M?, and
it will be invariant under Lorentz transformations. It is possible to go further, and to assume equality
of the masses appearing here, namely

M? = Im?
As a result, we obtain a system consisting of the basic equation
(Po + eAp)(Py + eAy) — (Py + eAy))(Py + eAy) — (Py + eAy) (P, + eAy) — (Ps + eA3)(P; + eA3) = m?
which can be briefly written as
g* (P, + eA,)(P, + eA,) =m?
and additional equations
P,p, — P,P, +e(9,A, — 8,4,) = 9,P, + (0,4, — 3,4,) =0

In the general case it is necessary to take into account in the equations an external force, e.g. of
mechanical nature, defined at each point of the coordinate space. The equations then have the form

0P, + fuy + (0,4, —0,4,) =0

The external force is taken as given, and the acceleration and field are mutually adjusted to
nullify the right-hand side. This is true for a charge in an electric field that is fixed stationary, for an
electric generator, for an electric motor, and so on.

It is the fulfilment of these equations that causes the mass M? and m? to acquire the properties
we tend to expect of it, namely that the mass is not only invariant under Lorentz transformations, but
does not change under accelerations either.

We can introduce tensor notations

By tek, =0

where in one case we took into account the equality of the derivative commutator, and in the
other we simply replaced one of the momentum components with the derivative of the wave function
in the coordinate representation, and in both cases we omitted the imaginary unit.

P, =P, — PP, = —3,P, = 3,P, — d,P,
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0 —8pP, —8,P, —0,Ps

P Y R T R

w=\ 9,p, 9P, 0 —0,P,
9Ps 0,P; 9,P; 0

0 —0oP; —0oP, —0yP;
p = 0o Py 0 0,P, —0,P; 0,P; — 03P,
W\ 9gP,  0,P — 0,P, 0 0,P; — 03P,
0gP; 03P, —0,P; 03P, — 0,P; 0

The resulting system of equations describes not only uniform but also accelerated motion. The
presence of an external field leads to a change in momentum, and vice versa, any change in
momentum under the influence of an external force perturbs the potential and generates an
electromagnetic field. The equations include only the derivatives of the momentum components and
lack the values of the momentum components themselves. However, if the particle is moving, the
external field at its location changes depending on the nature of the motion, so the instantaneous
values of the momentum components are indirectly included in the equations as well.

To accurately calculate the fields at a moving point, it is necessary to use equations that take into
account the Lorentz transformations for the given external electromagnetic potential and
corresponding transformations for external fields.

In the simplest case, when the speed is constant, the expressions for converting fields at an
immovable point into fields at a moving point are as follows.

E=y(E—-(VxB))— I'V(V-E)
B=y(B+ (VXE))— I'V(V-B)
1 y—1 P
y=— I=1— V=—
NeT & m

Of course, the very assumption of constant velocity contradicts the essence of Newton’s law, in
which momentum and velocity change, so Lorentz transformations for fields in general may be more
complex. On the other hand, the vector product describing the Lorentz force is usually used in
calculations without reservations about the constancy of velocity.

Nevertheless, let us assume that external electric and magnetic fields are specified for a
immovable point. From these fields we form electromagnetic tensor. We also need to know the
instantaneous momentum vector and find the Lorentz transformation that results in this vector from
the momentum vector of a fixed points. We must apply the same transformation to electromagnetic
tensor and extract from it the values of the electric and magnetic fields for moving point that we need.

For quantum mechanics we can replace the momentum components in all equations by the
derivative operators

. . . .0
P0—>L(,)—xo P1—>—La—x1 PZ_)_LG_xZ 1:'3—>—La—x3
This also applies to equations from the second group, where mixed partial derivatives arise
0o 0
PP, »>+—
BV T ox, 0x,

As aresult, we obtain for the wave function a system of equations with second order derivatives.
The innovation compared to the commonly used Schrodinger equation is the presence in the
equations of mixed partial derivatives on all components of the coordinate vector.

The equations proposed here initially take into account the non-commutability of momentum
components, their derivation relies only on the unconditional fulfilment (even in coupled systems)
of the requirement of invariance to Lorentz transformations for the product of conjugate quaternions
with arbitrary coefficients

(SoXo — S1X1 — Sy Xo — S3X3)(SoXo + S1 Xy + SyX, + S3X3) = M2

Putting all equations together, we write a truly relativistic system of equations for the wave

function Y(x, x1, X5, X3)

d - d -
(00 (a_xo - eA0> + E’T(V — eA)> (00 (a_xo — eA0> — B’T(V - eA)> P+ MYP=0
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sk<(ii_ii)+ie(iA.+iA ))q;:o k=13
0x9 0x;,  0x) 0, dxy 1 0xy° .
9 0 9 aN /@ 9
Sl((_a_JC;;a_JCZ+a_JCZa_JC:,;)+le(_a_JCgA2+a_sz3)>lIJ=0
5(<_ii+ii)
z 0x; 0x3 0x30%x;

O (AL P D) [
3 0x, 0x, 0xq 0x, e ax, b ax, ? v=

This system is a generalization of the relativistic Schrodinger equation. The essence of the

+

'(6A+0A) =0
e 6x136x31¢_

generalization consists not only in taking into account the spin of the electron, which takes place
already in the Dirac equation, but also takes into account the non-commutability of the momentum
components. It can be assumed that the solutions of this generalized system will give exact values for
stationary electron energy levels in the atom, for which no radiative corrections will be needed.

The conditions expressed by additional strings of our equations may be too strong, since they
require that each pair of brackets with derivatives is zero. But invariance can also be achieved with a
weaker requirement that only their sum as a whole is zero. That is, each pair of brackets can deviate
from zero; the main thing is that these deviations are compensated in the total sum. This can work
both in classical and quantum mechanics.

If not to substitute the coordinate derivative instead of the momentum component and to remain
in the framework of classical physics, the system of equations

(Po+eAp)? — (P +eA)? — (P, + eAy)* — (Ps + eA3)? =m?
9,P, +e(9,4, —0,4,) =0

describes the motion of a macroscopic charged particle in the presence of an electromagnetic
field.

By means of the antisymmetric Levy-Civita symbol we transform antisymmetric tensors into
dual tensors

F/.w — %euvpal_;’vm ﬁuv — %guvpappg
and we use Maxwell’s equations written in compact form
9, F* = jv 0,F"v =0
Let us apply the derivative operator to our proposed equations
9,P* + ed,F* =0 9,P* + ed,F* =0
then taking into account Maxwell’s equations, we obtain
8, 5% = 0

9 P* +ej" =0

0,0"PY +ej” =0

If in the presence of an arbitrary potential there is no particle in the moving point, then our
equations are the homogeneous Maxwell’s equations for an arbitrarily moving point. If a charge is
placed in the point, we obtain inhomogeneous equations for an arbitrarily moving charge.

The proposed equations can be considered as a derivation of Maxwell’s equations. There
derivation is as follows. The homogeneous part of Maxwell’s equations

8, = 0
clearly follows from the definition of electromagnetic tensor. The inhomogeneous part
ed, F* = —9,P*

is a direct consequence of the approach we propose. The four-dimensional vector on the right
describes the field sources determined by the motion of a charged particle. This is very same current
vector that was included in the equation derived by Maxwell from empirical data. We do not need a
reference to empirical data, since the generation of electric current by a charged particle with nonzero
mass directly follows from the principle of invariance of its mass.

It is noteworthy that the four-dimensional divergence of the right-hand side of the proposed
equation
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9,0,P* =0

is zero in itself, and not because it is equal to the left-hand side, which has zero divergence. That
is, the current determined in this way automatically satisfies the conservation law required of the
current in the usual interpretation of Maxwell’s equations.

Let us clarify our understanding of the interaction between the electromagnetic field and the
momentum of a charged particle. The charged particle creates in the surrounding space lagging
potentials and fields, which depend on the nature of its movement - it is motionless, moves evenly
or accelerated. In any case, we are talking about the field at points not coinciding with the location of
the particle itself. It's another thing when we look at a field where the charged particle is. If there is
an external electromagnetic field at this point, the charge interacts with it and moves with
acceleration, while the required equality of the derivatives of the momentum and potential at the
point where the charge is located is observed, no additional field is created.

If the particle is additionally accelerated or slowed under the influence of external mechanical
force, then an additional field, either amplifying or attenuating it, arises to comply with the required
equality of derivatives. This additional field under some special conditions can be a source of
electromagnetic waves, which is the solution of an inhomogeneous wave equation in the right part
of which as a source is just this additional field. But if an additional field at the point of a particle is
created at any acceleration of its external force, for example, it takes place in an electrical generator,
and then the radiation waves do not generally occur. To generate waves, the field at the point of the
particle’s presence must be variable, that is, its first derivative must be different from zero, for
example, in time, which corresponds to the second derivative of potential. So there must be different
from zero also a second derivative of the momentum of the particle, that is, a derivative of
acceleration, which is sometimes called a jerk. A charged particle moving in a constant transverse
magnetic field has a non-zero derivative of acceleration with respect to time, directed opposite to the
velocity of motion, i.e. the necessary second derivative of momentum, and therefore generates an
electromagnetic wave. The field in this wave has a different nature than the field of lagging potentials
inherent in a particle moving with acceleration. Thus, in the vicinity of a charged particle, there is a
superposition of these two types of electromagnetic fields plus the field of external sources. Let us
emphasize that the creation of electromotive force in an electric generator is not a field in the vicinity
of the particle, but at the point of its location.

Note that the expression

By +ek, =0
0 —00P,  —0,P, — 0P / 0o E E Ez\
0Py 0 01P, —0,P; 0,P; — 03P, —E, 0 —B, By
0P, 0,P, — 0.P, 0 a,p, —a.p, | el -E, B, 0 -B, |=0
00P; 03P, —0,P; 03P, — 0,P; 0 &—Ez —-B, By 0 /

illustrates the possibility of controlling parameters of electron, for example, in quantum
computing. The first line of the matrix shows that the pulse of the electric field along the x-axis
changes the component x of the particle momentum, that is, produces a boost along this axis. After
this you can run a boost along the y-axis, then a boost along the x-axis in the opposite direction and
also a boost along the y-axis, also in the opposite direction

exp (%ﬁrﬂ) exp (%/?252) exp (_ %3151) exp (_ %ﬁzsz)

+ exp <%ﬁ151> exp (%ﬁz%) exp (_ %5252) exp (_ %3151) *1
Since the boosts on different axes do not commute, this sequence of boosts leads to a rotation, so
the particle will rotate at some angle around the z-axis. Incidentally, we note that the commutator of
any pair of boosts and/or rotations with different matrices S; and S; is equal to a matrix S
different from them with some real or imaginary coefficient C, for example
i

1 i 1
exp (Eﬁl.?l) exp (—Ea252> — exp (—EazSz) exp (53151> =CS;
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This is a special case of a general relation for arbitrary complex square matrices A and B,

arbitrary complex numbers «, f and some complex number C
exp(aA)exp(BB) — exp(BB)exp(ad) = C(AB — BA)

It's interesting whether this relations holds for the case when A and B are operators, not
matrices?

Thus, with the help of a sequence of electrical impulses we can turn the electron at arbitrary
angles around any axes. But we have three more components of the magnetic field standing in the
same positions of the electromagnetic tensor as the derivatives of the momentum.

0 —0,P; —d,P, —0,P;
9Py 0  90,P,—d,P, 0,P;— 5P,
doP, 0,P, — 0,P, 0 9,P; — 03P,
doP; 03P, — 0,P; 03P, — 0,Ps 0
0 E, Ey, E,
Y / —E, 0 0,4, —0,A; 0,45 — 63A1\
- \—Ey 0,4, — 0,4, 0 0,45 — 034, /
—E, 034, —0,4; 034, — 0,43 0

The magnetic field on the right-hand side of the equality is the curl of the electromagnetic
potential, and the corresponding positions in the tensor on the left can be interpreted as the curl of
the momentum, describing the internal rotations of the particle. The presence of a curl in the
electromagnetic potential leads to the appearance of a curl in the charged particle momentum. And
conversely, due to the presence of a momentum curl of charged particles there is a constant magnetic
field.

Here we have Newton’s law already for rotations, i.e. the impulse of the magnetic field directly
performs the rotation of the electron around the corresponding axis. While the pulse of the magnetic
field rotates a particle at a fixed angle, the constant magnetic field rotates it at a constant speed. In a
quantum computer, you can use both control of the rotation angle of a particle by an electric or
magnetic field, and control of its constant rotation by means of a magnetic field. Because Newton's
law works in both directions, by means of electrical or magnetic pulses it is possible not only to
initialize the state of the particle, but also to read the parameters of this state after performing
manipulations in a quantum computer.

If we recall that in Schrodinger equation, we replace momentum with the derivative of the scalar
wave function

B, =id,
and, on the other hand, the vector potential is also surely a derivative of some field
A, =id,a
then the relationship between the momentum rotor and the magnetic field does not seem strange
(8,0, — 9,0,)¢p = e(3,0, — 8,0,)a

It means that the covariant derivatives of fields are not required to commute (if they commuted,
there would be no magnetic field), but their commutators are required to compensate each other.

In the Schrodinger equation itself, we use the construction

0,0 +eA,p = 0,0 +ie(0,a)p

It is tempting to generalize it to a more symmetrical form, that is, the derivative of the product

of fields
iea(9,p) + ie(9,a)p = ied,(ayp)

At the same time, it is unclear why we can usually ignore the electromagnetic field in the first
term, perhaps because this field has zero mass?

Let us consider the matrix

® = (SoXo — S1X1 — So X — S3X3)(SoYo + S1Ys + S, Yy + S3Y5)
which includes sets of arbitrary complex numbers
X" = (Xo, X1, X2, X3)
Y' = (Yo, Y1, Yo, Y3)
Let us subject these sets of complex numbers to the Lorentz transformation
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X' =/AX Y =AY
In this case, the matrix @ has invariant trace proportional to the scalar product of vectors
Tr[(SoXo' — S$1X1" — $2Xp" — S3X3)(So¥o" + S1Y1' + S 13" + 83Y57)] =

Tr[(SoXo — S1X1 — S2X5 — S3X3)(So¥o + Sy Yy + S, + S5Y3)] = 4XTgY
1 0 0 0
[0 -1 0 0
8=lo o -1 o

0O 0 0 -1
Having made the same calculations that were made earlier, it is possible to check that
D = (SoXy — 51X — S, X5 — S$3X3)(SoYy + S1Y, + S,Y, + S5¥5) =
(XoYo — X1Y; — XoY, — XaY3)I +
Sl (XOYI - X1Y0) + lSl (XSYZ - XZYS) +
S2(XoYz — XpYo) + 1S, (X1 Y3 — X5Y;) +
S3(XoYs — X3Yp) + iS5 (XY, — X1 Y3)
Let us consider a special case of the phase of a plane wave in Minkowski space in the presence
of an electromagnetic potential
® =
(Soxo — S1x1 — Spx, — S3x3)(50(P0 + Ap) + 51 (P + Ay) + Sp(Py + A3) + S5(Ps + A3)) =
(xo(Po + Ao) —x;(Py + A7) —x,(P, + A) — x3(P3 + A3))I +
51(x0(P1 +A) —x(Py + Ao)) + i51(x3(P2 +4;) —x,(P3 + As)) +
Sz(xo(Pz +4;) —x,(Pp + Ao)) + iSz(x1(P3 +43) —x3(P; + A1)) +
S3(x0(P3 +43) —x3(Py + Ao)) + iS3(x2(P1 +4;) —x, (P, + Az))

We again apply the principle of absolute invariance and proceed from the assumption that the
trace @ must be invariant to the Lorentz transformations even in the presence of the field. The first
line satisfies this condition, and the trace of the other three must be equated to zero, which leads to
the equations for the momentum components. Let us perform the substitutions

Py—>idy, P, - —id; P,—> —id, P;— —io,

3
/Z Sk((ank + xkao) + ie(onk - xkAo))\
| k=1 |

Trl +Sl((x362 - x263) + ie(x3A2 - x2A3)) Illj = 0
\ +SZ ((x163 - x361) + ie(x1A3 - X3A1))
+S3 ((xzal - xlaz) + ie(szl - xlAz))
We have obtained the equations for the wave function, which, together with the equations

(ao (i — eA0> + E’T(V — eK)) (ao (aixo - eA0> — ET(V — eK)) P+M2P=0

dx,
Se(( 990k — 0x00) + ie(BoAy + 0A))Pp =0  k=1.3

S, ((—030, + 0,03) + ie(—034, + 0,43) )P =0
S, ((—0105 + 050;) + ie(—0, 43 + 934,) )y =0
S3((—0,0; + 010,) + ie(—0,4, + 0,4,)) P =0

form a complete system that describes a charged quantum particle in the presence of an
electromagnetic field.

For the system with mixed partial derivatives we have applied the most stringent requirements
possible, equating to zero each of the expressions with matrices S,. But invariance can also be
achieved with less stringent requirements

( (10 + Ap)(—id; + A7) — (—id; + A1) (i0y + A)) ) _ 0
"\ +i((=i05 + A3)(—id, + A) — (=10, + A;)(—ids + As3)) v=

( (0 + Ag)(—id, + Ay) — (—id, + A2) (0, + Ap)) ) _ 0
“\+i((=i0; + A (=105 + A3) — (—ids + A5)(—id, + 4y)) v=

( ((i0 + Ag)(—id5 + A3) — (—id5 + A3)(i0y + Ap)) ) — o
*\+i((=i0, + A;)(—i0; + Ay) — (=id; + A (=00, + 4,)) v=

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202401.1032.v10
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 January 2026 d0i:10.20944/preprints202401.1032.v10

15 of 73

Let us formulate the essence of the proposed approach. For each point of Minkowski space we
have equations arising from the requirement of invariance of mass to Lorentz transformations and to
changes of momentum (simply speaking, to accelerations). They reduce to the equality to zero of the
set of differences between the derivatives of momentum and the derivatives of some potential field
with possible addition of an external force. In the conventional sense, these are the equations of
motion. If we want to obtain a complete picture of the behavior of the system in the form of a
trajectory in coordinate space, we must choose such a trajectory at each point of which the equations
of motion are satisfied. To do this, we have to integrate the mentioned differences over some measure
and choose the trajectory with the minimum of the integral. This way we get the only classical
trajectory. It is imperative to emphasize that the equations of motion were not obtained from the
principle of least action; rather, they were derived from the requirement of invariance of mass to
Lorentz transformations and its invariance to accelerations.

When transitioning from classical interpretation to quantum mechanics, the equations of motion
are applied in a different way. In this context, let us clarify the relationship between the Lagrangian,
the equations of motion, and the translation operator. This operator transforms the quantum state
and its corresponding wave function in coordinate representation from one point to another infinitely
close point, acting either in configuration space or in Minkowski real space

e (PodXo—P1dX,—P,dX,—P3dX3) pl(Adt—Pdq)

Here, momentum is an operator, and coordinate is a number — one of the eigenvalues of the
coordinate operator, since we assume that the state is described by a wave function in coordinate
representation. To move a finite distance between two points, you can choose a trajectory connecting
these points, and apply the translator translation to each step. The resulting operator will be the
product of the operators, i.e., the product of exponents of the specified type

nei(ﬁ‘oaxo—i’;dxl—i’}dxz—ﬁgdx3) nei(ﬁdt—ﬁdq)

To achieve our goal — the transition to Lagrangian — we will sacrifice rigor and replace the
product of the exponent with the exponent of the sum, turning a blind eye to the possible non-
commutativity of the exponents with each other

el [(PodXo—P1dX1~P,dX,~P3dX3) el [(Hdt-Pdq)

Next, we will replace the momentum operators with their eigenvalues, interpreting the resulting
quantity as the probability amplitude of the of transition along the selected trajectory. This
substitution may also be incorrect due to the probable non-commutativity of the momentum
component operators with each other. After that, we find the sum of the probability amplitudes for
all possible trajectories

J el [ (PodXo—PydX1~PydX,—P3dX3) f el J(Hdt—Pdq)

The total phase along the trajectory is influenced by the fact that at each point of the trajectory
the momentum components are not independent; they are subject to constraints imposed by the
equation of motion. To account for this constraints, we use the ratio between the Hamiltonian and
the Lagrangian

dq

H=P— L

Hdt — Pdq = —Ldt
feif(Hdt—qu) — fe—idet

Using the two controversial assumptions mentioned above, we arrived at the well-known
scheme using the Lagrangian and the corresponding action. The transition to the Lagrangian
simplifies the calculation of the phase, reducing integration over multidimensional coordinate space
to integration over time. Moreover, since, for a given Lagrangian, the equation of motion is
determined by the Euler-Lagrange equation, it is assumed that the constraints on the momentum
components contained in the equation of motion are automatically taken into account in the
Lagrangian. However, if the equations of motion are considered to be a more fundamental
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description of nature than the Lagrangian, then doubts remain as to whether all the constraints
defined by these equations are taken into account in it.

Thus, if we assume that nature at a fundamental level is described by the translation operator
over an infinitesimally small distance and by the equations of motion, and these two laws are absolute
truths, then the integral over trajectories method using the Lagrangian is only an approximate truth,
which can be arrived at only at the cost of several controversial assumptions.

Let us formulate the phase and mass invariance requirement in a more general form using the
metric tensor of the flat Minkowski space

@ = (SoXo — S1X1 — So X, — S3X3)(SoPy + S, Py + S, P, + S5P3)

1 0 0 0 Xo 10 0 o\ /P
_ 0 -1 0 0 Xy 01 0 ol Al_
= (50,51,52, 53) 0 0 _1 0 XZ (50;51;52,53) 0 0 1 0 PZ -

00 0 =1/\X, 0 00 1/\P,

= (Su.8" X)) (S,IP7Fy)
Tr[(S.8"'X,)(S,1P7P,)| = 4X"gP
M? = (SyPy — S; P, — Sy Py — S3P3)(SoPy + S1Py + SyP, + S3P3) =

1 0 0 0 Py 1.0 0 o\ /P
_ 0 -1 0 0 Py 01 0 0\[P])_
- (50,51,52,53) 0 0 -1 0 PZ (50,51,52,53) 0 0 1 0 PZ -

0 0 0 -1/\p 0 00 1/\pP,

= (Su8""B)(SpIP°F;) = (PTgP)I
Tr[(S.8"'R,)(S,1°°P,)] = 4PTgP

Let us note an important difference. In the absence of an external field the matrix M? is diagonal
and invariant to Lorentz transformations, while the matrix @ is not diagonal even in the absence of
an external field and it changes under Lorentz transformations. However, its trace is invariant and
equal to four invariant phases. So we can formulate the general principle as a requirement that at
addition of an external field the trace of matrices in both cases remains invariant to Lorentz
transformations.

If we replace the metric tensor of the Minkowski space by the metric tensor of the space curved
by the action of gravitation of the general theory of relativity, will the phase and mass remain
invariant to the Lorentz transformations? Since the curvature of space is caused only by the action of
external masses, we can assume that the invariance principle is absolute. Then we have at our
disposal the equations imposing restrictions on the metric of curved space.

The matrix may be rewritten in another form

3 3
(Mz)p.v = Z gaﬁlya(sa)up (Sy)pvPBPB = Z gaﬁlyﬁ (Sa),up (Sy)vaﬁzS
p=0 p=0
where
Tgs = PgPs

has the meaning of the energy-momentum tensor. However, in this form it is not very clear how
to add the external field carefully. Earlier we added a vector field to the momentum vector, but
perhaps it makes sense to add at once some tensor field to the momentum-energy tensor. The tensor
of this field may have a more general form than the direct product of the sums of the electromagnetic
potential vector and the momentum vector. In this context the question arises whether it is possible
in this way to take into account the influence of the gravitational field, which is described by a tensor,
while requiring the conservation of mass invariance.

Let’s go back to our equation

P,P, — PP, + e(9,A, — 0,A,) = 0,P, + e(9,4, — 3,4,) =0

and look at it from a different point of view, taking into account the correspondence of the

momentum component and the derivatives according to the coordinates
L0 L0 L0 L0
P0—>La—xo—16 P1—>—La—x1——16 P2—>—La—x2——16 P3—>—La—x3——16
or, when using covariant derivatives instead of contravariant derivatives
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Py—>id, P, —-i0, P,—i0, P;—i0;
Then the previously obtained condition of absolute mass invariance will have the form
9,0, — 8,0, + e(9,4, —0,4,) =0
Add the vector field A4, to the covariant derivative
V, =0, +ted,
and find the commutator component of a covariant derivative acting on the scalar field ¢
V.%o = eA, 0,0 + eA,eA,p + 0,0,¢0 + ed, A, @ + eA,0,¢
V,V,p = eA,0,¢ + eA,eA,o + 0,0,¢ + ed, A, ¢ + eA,0,¢
[V %o = Mo — WVp = 0,0, — 8,0,0 + eduAyp — ed, A0

The commutator coincides exactly with the left part of our equation, providing absolute mass
invariance. Thus, in order for mass to be invariant, it is necessary that the covariant derivative
containing the vector field and acting on the scalar field has a zero commutator of its components.
This condition determines the equation of motion of a charged particle in an electromagnetic field,
and the commutator of the derivative includes an electromagnetic tensor containing components of
the electromagnetic field voltage. This principle of commutability of a covariant derivative works
both in the classical interpretation for a charged particle in an electromagnetic field

P,p, — P,P, +e(09,A, — 8,4,) = 9,P, + (0,4, — 3,4,) =0

and is the same in quantum interpretation when the scalar field ¢ is a scalar wave function,
and the operator equation of motion is an additional condition for the Schrodinger equation.

By the way, the basic equation given earlier

g"(P, +eA,) (P, +eA,) —m?* =0
can also be written using the covariant derivative
&7, —m*)e =0

The requirement of the commutativity of the covariant derivative is now added to the basic

equation
[VoV]e=0

It is sometimes assumed that the components of the ordinary derivative and the corresponding
components of the momentum are switched between each other. If this were true, then the
components of the momentum, for example, could not change over time, that is, the particle could
not accelerate, because the derivative of the momentum in time is equal to the momentum
commutator with the energy operator. In fact, the components of a generalized derivative that is
obtained after adding a compensating field are commutated. It is the addition of this field that
provides commutability of the derivative and mass invariance.

Extend the formulated principle to the gravitational field, for which we define a covariant
derivative including affine connection I}, and act on the vector field @

V,®° = 0,07 + I,5° dF
Use familiar expressions to find the commutator of a covariant derivative
V.V, ®° = 0,0,9° + 0,I,,°®Y + I,,,°0,P" + I,,°0,®Y + I, °I,,s" ®F — I,V 3,07 — I, I, s DF
V,V,@° = 0,0,9° + 0,I,°®Y +I,°0, DY + w"auqby + rw"rpﬁyqbﬁ - Va @° VL oF
[|7 ,V,|o° = (8,0, — 8,0,)P° +
D7 (9uLy” = Oyl + Lip "y’ = L Ly’ ) = 203" (0, @7 + L5 @F)

[I7w v |o° = (9,0, — 0,0,)P° + R%,,®Y + T,V V,®°

Loy

Here used designations: torsion tensor
- - Zruﬂ Fuvy - Fvuy
and Riemann tensor
— B
Ry = 9,1 vy — 0Ly +FB Ly Fl/b’grw
which plays the role of a gravitational field strength.
According to the proposed principle, components of a covariant derivative must commute, so

(0,0, — 8,0,)P° + R%),, @ + T, (0,®° + [,,;°®F) =0
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In the interpretation of quantum mechanics we have obtained an operator equation for the
vector wave function @7 in coordinate representation. In the classical interpretation, it is necessary
to replace the components of the operator derivative with the components of momentum

0,97 - B} —0,0,9° - BJP7
—(BPRY — PYPY) + R%,, @Y + T,V (—iP7 + I,,s°®F) = 0
Again, let us consider that the commutator of the coordinate function and the operator of the
momentum is equal to a derivative of this function according to the corresponding coordinate
PPP’ — BPB] = —0d,P7
0P + R%, @ + T,V (—iP7 + L, ®F) = 0
0,Pf = —R%,, @ = T,,,Y (—iP7 + I, 3° ®F)

In the left part there is a derivative momentum, in particular, for the time coordinate it gives
acceleration, and in the right part the force of gravity that causes this acceleration. This expression is
an analogue of Newton’s law and it describes interaction of a particle with the gravitational field, the
tension of which is described by Riemann’s tensor. Unlike the case of the electromagnetic field, in the
right part there is also a component of the momentum that is Newton’s law contains non-linearity.
The formula works in the opposite direction. If the particle is exposed to external influences, such as
electromagnetic nature, then it accelerates, so at this point an additional gravitational field is created
that adds to the external one. If the second derivative of the momentum is not zero, the source appears
in the right part of some wave equation. Then gravitational waves are generated.

The correspondence between the quantum mechanical and classical interpretations can be
established in a slightly different way. Let us take the original equation

(0,0, — 0,0,)®@° + R%,,,, @Y +T,,,Y (3,9° + ,;°®F) = 0
and use a different substitution
i0,9° - BY
—i(0,R7 — 0,B7) + R, ®Y + T,V (—iP7 + L3 ®F) = 0

Now the equation includes an antisymmetric tensor d,P — d,F’ containing, among other
things, the curl of the momentum components. The equation also includes components of the vector
field @?, which in the case of electrodynamics, where the corresponding field is scalar, we simply
remove from the equation. Now it is more difficult to do this, since there is contraction of the field
components with the Riemann tensor.

Similarly, as the equation of motion of a charged particle is an addition to the basic equation that
includes mass, so the equation of motion of particles in a gravitational field is an addition to some
equation that also includes mass. Suppose that in the case of gravity this equation has the analogous
form, including a diagonal matrix with a square mass on the diagonal

(87,7, — M2)0" = 0

The invariance of this mass to changes in the momentum is provided precisely by meeting the

commutability requirement of the generalized covariant derivative
[7,%]0° = 0

Strong and weak interaction theories also use covariant derivatives with corresponding
compensating fields. It is logical to extend to them the principle of the vanishing commutator of
covariant derivatives. Then we will get the equations of motion for these theories not on the basis of
the principle of least action, but on the basis of the requirement of absolute mass invariance.

For example, in Yang-Mills theory, the covariant derivative for a field W, which can be viewed
as a vector in a certain vector space and on which gauge fields act, is written as follows

7Y =0,%—igd°T W

where g is the coupling constant, Au‘r is the component of the gauge field, T? are the
generators of the gauge group. Then, in accordance with the principle of mass invariance (in some
cases, the invariant mass may be zero), the field obeys two equations

(e, —M*)¥ =0
[V, 7]®=0
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The first of these is the equation of motion, and the second is Newton’s law. The principle of
least action, the Lagrangian, and the Euler equation only allow us to obtain the equation of motion,
while both of these equations follow immediately from the principle of mass invariance.

We believe that natural processes are described by an equation in the form of a product of
conjugate quaternions, in which mass is invariant to Lorentz transformations.

((SoVo — S$1Vy — S5V — S3V3)(SoVo + S,V + S,V + S3Vs) — M?)W = 0

Due to the anti-commutativity of Pauli matrices, we can move on to the equation

(g"'v,V, —M*)® =0

This transition leaves the mass invariant even under accelerated motion, but only on condition
that the components of the covariant derivative commute. Why should we start with the initial
quaternionic equation rather than immediately with the Klein-Gordon equation? One argument is
that it is precisely through the transition process between them that we automatically obtain the
electromagnetic field tensor and the Riemann tensor, as well as the derivation of Newton’s law

3. Quantum Theory in Spinor Coordinates Space

Let us consider the set of arbitrary complex numbers, for simplicity we will call it a vector
XT = (X, Xy, X, Xs)
and let us consider arbitrary four-component complex spinors
x1T = (x1g,x14, x1,, x15)
x2T = (x20,x24,%2,,%23)
Among all possible vectors, let us select a set of such vectors for which there is a representation
of components through arbitrary complex spinors using gamma matrices in the Weyl basis

0 01 0 00 01
v_[0 0 0 1 v_[ 00 10
Yo =11 0 0 o0 i=lo -1 0 0
010 0 -1 0 0 0
00 0 —i 00 1 0
v_[0 0 i o v_[0 0 0 -1
210 i 0 0 3110 0 0
—iooo1 01 0 0
X, = le*(y(‘,/ylf)xz

and there is another way to calculate them
1
X = 5 Trx1x2" (vg )]

Let us narrow this space down to Minkowski space, for which we will assume that both spinors

are identical, and then the vector X constructed from them has real components
Xy = %X*(V&’V,‘{)X

and we will assume that this is the coordinate vector of an electron, constructed from the
coordinate spinor x. Thus, an electron can be characterized by its location in either spinor or vector
coordinate space, with the spinor coordinates being arbitrary and the vector coordinates being

calculated from them. It is important to note that not just any four real numbers are a vector in
Minkowski space, but only those obtained using a bilinear form from arbitrary spinor coordinates.

Xo = 2 (Xoxo + X1X; + XX, + X3X3)
Xy = 2 (=Xox1, — X1 + XpX3 + X3X7)
1
X, = 2 (iXgx, — iX1Xg — iXX3 + iX3%;)
X3 = 2 (=Xoxo + X1x1 + XX, — X3X3)
As we can see, the components of the vector in Minkowski space are interdependent, from this
dependence automatically follow the relations of the special theory of relativity between space and

time. For the same reason, the coordinates of Minkowski space cannot serve as independent variables
in the equations. And since we do not doubt the truth of the theory of relativity, we cannot doubt
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the reality of spinor space, which by means of the simplest arithmetic operations generates our space
and time.
The quantity
Xo = E(x_oxo + XX + XX, +X3x3) =t
represents time in four-dimensional vector space. An interesting fact is that time is always a
positive quantity. As an assumption it can be noted that since we observe that time value goes
forward, i.e. the value of t grows, and it is possible only due to scaling of all components of spinor
space, such scaling leads to increase of distance between any two points of Minkowski space. As a
result, with the passage of time the Minkowski space should expand, herewith at first relatively
quickly, and then more and more slowly.
Let us introduce another arbitrary spinor
P" = (Po, P1, P2, P3)
from which a vector with real coordinates is formed
PT = (Py, Py, Py, P3)

1
P, = Ep*(ygn‘{)p

1
P =5 Tripp’ (g vi)]

We will assume that this is the momentum vector of an electron, constructed from the complex
momentum spinor p.

Consider the complex quantity

0 0 1 0y /% X2
——=—= (0 0 0 1])[X o [ X

pTy(‘)/x = (pO' P1, P2, p3) 10 0 O x; = (pO: P1, P2, P3) xz =
0 1 0 0/ W3 X1

= PoXz + P1x3 + P20 + P3x1 = (P, X)

In order to achieve consistency between the Lorentz transformation acting on the spinor and the
Lorentz transformation that correctly transforms not only the vector obtained from it, but also the
tensor of any rank, it is necessary to change the transformation low of the spinor by changing the sign
of the angle at the boost in the first matrix

nl =
i i i 1 1 1
exp (— Ea101> exp (_E a202> exp (— Ea303) exp (— 53101> exp (— Eﬁzaz) exp (—§ﬁ303>
n2 =
i i i 1 1 1
exp (_ 2 a101) exp <_ 5“2%) exp (_ 2 0‘3%) exp (Eﬁlal) exp <§.3202> exp (53303)
_(ml 0
N= ( 0 nZ)

In this case, the transformed spinor yields a vector that can be obtained in parallel from the
original vector by applying the corresponding Lorentz transformation matrix in Minkowski vector
space

A = exp(aiRy)exp(azRy)exp(azRs)exp(BiK,)exp (B2 K;)exp(BsKs)
AgAT =g

The quantity pTy{x is invariant under the Lorentz transformation defined in this way, applied
simultaneously to the momentum and coordinate spinors, which automatically transforms both
corresponding vectors as well

) p'=Np
Py = Trlp'p (vl
1
Py =P WP’
P’ = AP
x' = Nx

1
X'y =S Trixx (vl
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X, =33 olyx
X' = AX
prox = plyx
Accordingly, the exponent
exp(—i(pTyox + ptyyx)) =
= exp(—i(Poxz + P1X3 + P2Xo + P3Xy + PoXz + P1X3 + P2 Xg + P3X1))
is also invariant and characterizes the propagation process of a plane wave in spinor space with
phase invariant to Lorentz transformations.
This plane wave is the solution to the following wave equations
(3270 + 72 7) exP (i, + P + By + Py + PuT + puTa + Py + psD) =
= —(Popz + P1p3) exp(—i(Pox; + P1X3 + P2Xo + P3X1 + PoXz + P1 X3 + P2Xg + P3X1))
s o = _751 exga(—i(%xz + D1x3 + P2Xo + D3xq + DoXz + P1X3 + P2Xo + P3X1))
(a_xoa_x—z + 0_9616_96_3) exp(—i(Poxz + P1x3 + DaXo + D3X1 + PoXy + P1X3 + P2Xo + D3X1)) =
= —(Pzpo + P3p1) exp(—i(Pox; + P1X3 + P2Xo + P3x1 + PoXz + P1 X3 + P2 X0 + P3X1))
= —mexp(—i(Poxz + Prx3 + P2Xo + P3X1 + PoXz + P1X5 + P2 Xo + P3Xy1))
where
PoP2 tP1P3 =m
P2bo T P3p1 =M
These definitions make sense if the equality is true
Pob2 + P1P3 = D2Po + P3P1
PoPz + P1D3 = P2Po t D3P1
that is, if the corresponding components of the spinor commute, which is known to be the case
for a free particle. The complex quantity m is invariant under the action on the momentum spinor
p with the transformation N.
Let us clarify that by the derivative on a complex variable from a complex function we here
understand the derivative from an arbitrary stepped complex function using the formula that is valid
atleast for any integer degrees, complex conjugate quantities are considered as independent variables

az* az*
_— = k=1 — = kzk 1
oz ~ 2 z ~ 2

In particular, this is true for the exponential function, which is an infinite power series.
It is not by chance that we denote the invariant quantity by the symbol m, because if we form
the momentum vector from the momentum spinor p included in the expression for the plane wave

1
Fo=5p'(rov)p
then for the square of its length the following equality will be satisfied
PTgP = Py’ — P* = P,* — Py = m? = mim = (Bopz + P1p3) (PP + PaP1)

AgAT =g
1 0 0 O
0 -1 0 O

8=lo 0o -1 o
0 0 0 -1
that is the square of the modulus m has the sense of the square of the mass of a free particle,

which is described by a plane wave in spinor space as well as by a plane wave in vector space.

The mass determined in this way can be complex or real with positive and negative values,
including zero. Its modulus coincides with the ordinary mass, defined as the length of the momentum
vector in Minkowski space.

For the momentum spinor of a bosonic type particle having in the rest frame the following form

pT = (pO' P11 _%)

mass is real and equal to zero

m = PoP2 + P1P3 = PoP1 — P1Po = 0
For the fermionic type momentum spinor having in the rest frame the following form
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P’ = (Do, P1, P P1)
it is not zero

m = PPz + P1P3 = DoPo + D1P1 > 0
Another version of the fermion

P’ = (Po,P1,—Po, —P1)
also leads to a nonzero mass, but with a negative value
m = Popz + P1P3 = —PoPo — P1P1 < 0
This particle with negative mass can be treated as an antiparticle, and in the rest frame its energy
is equal to its mass modulo and it is positive

Py = %(%Po + P11+ P2P2 + P3p3) = %(%Po +P1P1 + PoPo + P1P1) = PoPo + P1P1
For simplicity it is possible to consider, for example, the mass of the electron as negative and
that of the positron as positive.
We will further represent the field wave function as a four-component spinor function of four-
component spinor coordinates

Yo (Xo, X1, X2, X3) Uy

Y1 (x0, X1, X2, X3) Uy
X0,y X1,X2,X3) = = Xo) X1, X2, X:
ll’( 0r A1y 42s 3) wz(xo.x1,xz;x3) Uy (p( 0r A1, A2, 3)

Y3 (X, X1, X2, X3) Us

where the coefficients u, are complex quantities independent of coordinates. In fact, as shown
at the end of the paper, the wave function is a linear combination of such right-hand sides with
operator coefficients.

We operate within the framework of classical concepts of quantum mechanics, simply using
coordinate and momentum representations in spinor space instead of coordinate and momentum
representations in vector space to describe the state of a physical system. Both types of
representations are equally valid, and there is no need to express the wave function in one
representation through the wave function in the other; both wave functions equally describe the same
physical state. Moreover, since vector coordinates and momenta can be easily expressed in terms of
their spinor analogues, we would give priority to spinor representations as more fundamental.

Let us summarize the relations between quantum-mechanical quantities for the spinor space

XT = (xg, %1, %0, %3)  RT

(%o, %1, X2, X3)
p" = (9o, P1, P2 P3) P = (Po, Pr, D2, D3)

(P, X) = Doxz + D1X3 + P2Xo + P3xq

(p.X) = poXz + P1X3 + P2%o + p3l

The complete orthonormalized system of eigenvectors of the momentum operator
plp) = pIp)
DalP) = Do |P)
(plp") = 2m)*s(p —p")

d*p
J e iy = e

N d*p

Prox) = f(zTytlp>(X)p(pl(X’)
. d*p
pa(x)(x') = 1(27)4 |p>(x)pa<p|(x’)

d*p
l@) = f(zTy* ¢(p)|p)

@(p) = (plo)
The complete orthonormalized system of eigenvectors of the coordinate operator

R|x) = x|x)
ZalX) = x41%)
x|x") =8(x—x")

f d*x X)) (Xl(pr) = Ly (o)
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R = j d*x %) g x{X] )
Ragoie = | 4% Wty
) = [ d*x @00l
(%) = (x|¢)

The relation between wave function in momentum and coordinate representations and the
relation between eigenvectors of the coordinate operator and the momentum operator

d* ) e
009 = | G @@)e (P21 0)

d* ) L
lp) = fd4x e(x)|x) = f d4x (f (21:))4 (p(p)el((P.XH(p,x))) %)

d* . -
= J- (2754 ¢(p) (f d*x et((P.x)+(p,x))|x>>
d*p
e} = f(zTy} o()Ip)

Ip) :fd4x ei((P»X)‘*@)IX)

(x|p) = £!(@0+®x)
09 (%)
A — 4
pal) = [ dx 5 2

219) = [ dxx, 009 )
The wave function in coordinate or momentum spinor representation has the classical

interpretation adopted in quantum mechanics; the square of its modulus represents the probability
density of a measurable quantity taking a particular eigenvalue.

4. Path Integral and Second Quantization in Spinor Coordinate Space

Based on the above, we can modify the theory of the path integral. We will consider it in the
notations in which it is presented in [9]. For a free scalar field with sources J(X) the path integral has
the form

20) = [ Dp(0 explis (@) = [ Do) exp (i [ a'x(£p0) +1 000D

_ . 1((0p\* (0p\* (dp\* [0p\°
= fuw(x) exp (lfd4x{i((a_)(()> - (0—X1> - (0—X2> - (6_)(3) —mch(X)2>
+J (X)w(X)D

It includes the action of

S = [ dX L) +1(0P00)
and the Lagrangian density for the free field
_1//0¢ 2 dp\> dp\* dp\? 5 5

“‘“")—z((a—xo) ~(x) ~() () - <"<X))

For convenience and clarity, the following notations are introduced
(09)* = 9upd"p = n""9,9d,¢ = (9o9)* = (0:9)* = (029)* — (3390)°
0g I VI IY VI PIC
= (5%) ~Gx) ~Ge) ~(x0)
_ 0
For the general case the Lagrangian density has the form
£(p®) = 3 (0000’ ~ V()
where V(¢ (X))-polynomial over the field ¢(X).
Substituting the Lagrangian density into the Euler equation
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oL oL
“50up) ¢
the field equation of motion is obtained.
The free field theory is developed for a special kind of polynomial
1
V(e() =5me?
1
L(p) = 5[(09)* —m?¢?]
2
6L _18(09) _ 181009) = G10)* = (039)* = Bs0)’) _ , 18(0u0) _
6(0.p) 2600up) 2 6(0,9) 260 T
2
oL _ 1y .07 _m2g
Sp 2 op

In summary, Euler’s equation defines the equation of motion
00(00®) — 80 (0p9) — 05(Bop) — 8g(3o) + m?*p =0
05 —0tp — 09 — 03 +m*p =0
0% = 03¢ — 0fp — 030 — 03¢
e +mip=0
@2+mH)p=0
The notations used here are
%@ =05p — 0fp — 039 — 03¢
0% =05 —0f — 0% — 92
Thus, there is a correspondence of the Lagrangian density and the equation of motion for the
free field

£(p) = 5 [(@0 )" ~ (0100)" ~ (2:0%0)" ~ (920 (X))’ ~ m2p(X)]
£(9) = 5 [(09)* ~ m?g?]

L(@) = =[(09)* — (0:9)* — (0,0)* — (0:90)* — m?¢?]

3P (X) — 07 p(X) — 03 9(X) — 03p(X) + m*p(X) = 0
Our proposal is to replace the Lagrangian density in vector coordinate space by the Lagrangian
density in spinor coordinate space. For this purpose, we use the equation of motion in spinor
coordinate space and we want to find the Lagrangian density for which the Euler equation defines
this equation of motion

N =

a 0 a 0
(G * 335 00 = ~mo(
(020 + 950, )p(x) + mp(x) = 0

P 6L 3 oL _
#6500, p(x)  Sp(x)
For the sake of clarity, we use the same notation for the spinor coordinate derivative as for the
vector coordinate derivative; the context allows us to distinguish between them

_ 0 — 0
=g, L= 5
0x, ox,
Let us write the Lagrangian density plus sources in the form

1 — —
L{p®) = > [020(X) 3o (X) + D30 (X) 319 (X))] =V (9(X)) + (X))

And let’s substitute the Lagrangian density into the Euler equation
5L 8L 5L 8L

9 +0 +9 +9 +
°8(3) 183’80 *8(0s)
L oL 5L 8L 6L

5@) 5@ T %5@y T 5@y de
1 — — — — 6L
3192 (%0 0) + 0, (91000 + 3(2:0(9) + 0,030 (0| - 5~ = 0

For the case of a free field the derivative operators commute, so we can write

9
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— — 6L
(@230 +020)9() ~ (5,) = 0

_ _ oV
(020, + 0307)p(x) — <%) =0

It is pleasant that the Euler equation in invariant form works also in this situation, so that we
obtain the desired form of the equation of motion in the spinor coordinate space. It is important that
the proposed Lagrangian density has a relativistically invariant form, even in the general case, and
not only at commuting derivatives.

The polynomial has the form

1 A
V(9) = 3me(0? + 5 0(0° + T 9@ + -

In the case of a free field we restrict ourselves to the first term of the polynomial

1 2
Vip) =5 me(Xx)
Then the Lagrangian density and the equation of motion for the scalar field in spinor coordinate
space have the form

1 — — 1
L(90(0) = 5[0:0x)09 () + 039, p(x))] — 5 me(x)?
(0,00 + 0501 (x) + mep(x) = 0
Now we have to find the path integral, which, along with the Lagrangian density, includes the
sources

2G) = [ Do exp (i [ d*x(£(p () +009 ()
= [ D000 e (i [ x| 310,000,000 - 2o 0] - 30

+/@e))

The components of spinors are complex, and we have already noted that the derivatives on
complex variables are applied to the degree functions, which, most likely, can describe physical fields,
respectively, the finding of an indefinite integral for the function of a complex variable can be treated
similarly, i.e. as an indefinite integral from the degree function.

It is possible to recover Planck’s constant, which provides a transition to the classical limit

2G) = [ Do) exp (3 [ d*xcp)
One of the steps in computing the path integral in [9] is to find the free propagator from equation
—(0*+m*))DX-Y)=56X-Y)

the solution of which has the form
d*P eIP(X-Y)

(2m)* P2 —m? +ie

DX-Y) =
herewith
5@—W=J££ﬂmﬂﬂ
In our case, we want to find
1 2= 1
= [ oG exp (i [ d*x{510,:0(00:0 %) 009 (925001~ 3mp(? + (0P C0))

After integration by parts by analogy with ([9], Chapter 1.3) we obtain for the special case of a
free field

20) = [ Dot exp (it [ atxf- 5000[@:3 + 0,3 + o) + /0 0)})

In the process of calculation, it is necessary to find the solution of the equation
—(020, + 030, + m)D(x —y) = §(x —y)
For this purpose, we pass to the momentum space by means of the integral transformation

d4p L o . o _
= | =/ i(Pox2+P1x3+P2X0+D3x1+(PX))
p(x) fam4¢@k
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The assumed propagator has the form
d*p el (Po(x2=y2)+P1(x3-y3) +B2 (Xo=Y0) +P3(x1-y1) +(PX-Y))
Dx—-y) = — —
(2m)* (Pop2 + P1p3) —m
which is verified by substitution into Eq. Here it is assumed that the representation of the delta

function
d*p
sec-y) = [ ks

We include a conjugate phase to the exponent
(p,X) = poXz + P1X3 + P X + P3Xy
Which, on the one hand, provides convergence of the integral, and on the other hand, it does not
affect the result of calculating those derivatives from the lists d, and 9, that are included in this

e i(Po(x2—y2)+P1(x3—Y3)+Pz (X0 —Y0)+P3(x1 Y1) +(P.X-Y))

particular equation.

We note at once that there is no simple correspondence between the so defined phase of a plane
wave in spinor space and the phase of a plane wave in vector space, but both parts of the inequality
are invariant under Lorentz transformations.

One can see the difference between the propagators, since in one case m? is real and positive,
while in spinor space m is complex in general. We can use the approximate equality

_ (P2po + P3p1) + 1 _
(Bopz +Pips) =m  ((opz + Pips) —m )((Pzpo +Papy) + 11 )
_ (Pzpo + Dsp1) + M ~
~ (Pop2 + P1Ps) @2po + P3p1) + (Bopz + Pips)m — m(Papo + Papa) —m? ~
- (P2po + P3p1) + 1M _ (P2po +P3p1) + M
~ (P2 + Bips) Papo + P3p1) —m* P? —m?
in which it is taken into account that

P? = Py? — P,* — P> — P;* = m? = mim = (Pop2 + P1p3) (2P0 + P3pP1)

where
P? = pZ — P2 — P2 — P2
Now the propagator has the form

4 7R 7 m _

mngdp(mm+mmyHnQWWﬂWWwﬂwwm
(2n)* Pz —m?

What are the advantages of the transition from path integral in vector space to path integral in

spinor space? A possible answer is that there are new conditions for working with divergent integrals.
Now integration is performed over spinor space, so that in the numerator there is a four-dimensional
differential element d*p instead of element d*P in the case of vector space. The spinor element has
the order of magnitude P? instead of P* for the vector element, whish decreases the order of
magnitude of the numerator, while the order of magnitude of the denominator does not change.

If the spinor coordinate space is indeed more fundamental, and the vector coordinate space is
an offspring of it, then we ma y benefit from this transition in any case.

Now let us move from the scalar field to the field of an electron, that is, the field of a particle
with half-integer spin. We will use gamma matrices in the Weyl basis

0 010 0 0 01
W= 0 0 01 vo= 00 10
0 10 00 1 0 -1.0 0
0100 -1 0 00
0 0 0 —i 00 1 0
v_[0 0 i O v_[(0 0 0 -1
2={o i 00 3=1-10 00
-i 0 00 0 1 00
Let us consider the Dirac equation
r L % O v O e =0
(WO 9X, Yo X, Yo 9X, Yo 9X, m) oX) =
Taking into account the substitution
P0—>l'a—X0 P1—>—ia—X1 P2_>_ia_X2 P3_>_i6_X3

we can record
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(oPo+v{PL+ Y P +yiP; —m)@(X) =0
Let us substitute the expressions of the vector components through the components of the
momentum spinor

Py — P3 = popo + P3D3

Po + P3 = pip1 + 2D

—P; +iP; = p1po — P3P

—Py — iP; = pop1 — D23

YoPo+ ¥ P+ vy P +yiP; =

0 0 1 0 0 0 0 1
0 0 0 1 0 0 1 0
=<1000P°+0—100PlJr
01 0 0 -1 0 0 O
0 0 0 —i 0 0 1 0
0 0 i O 0 0 0 -1
tlo @ o o0 P2+<—1 00 o]~
—i 0 0 O 0 1 0 0
0 0 Py + P; P, —iP,
_ 0 0 P +iP, Py—P; )\ _
- Py —Ps —P, +iP, 0 0 -
—P1 iP,  Py+Ps 0 0
0 DPip1 +DP2P2 —P1Po t D3Pz
0 —Pob1 + D2D3 PoPo + P3P3
Po + P3P3 P1Po — D3P 0 0
—D2P3__ DP1P1 + P2pe 0 0 . /
0 P1D1 —P1Po 0 o0 D202 P3Pz
_ —DoP1 PoPo o _ 0 0 P2Ps  DPaPs | _
Popo plpo 0 0 P3Ds3 —DP3P2 0 0
PoP1  PiPa 0 0 —D2P3  D2P2 0 0
0 0 P1P1 —P1Po
_ 0 0 —PoP1 PoPo
= — — — [ — +
PoPo — [PoPo — PoPol  PoP1 — [PoP1 — P1Po] 0 0
P1Po — [P1Do — Pop1]  P1P1 — [P1P1 — P1p4] 0 0
0 0 D202 — [P2D2 — D202l P2P5 — [P2D5 — P3P-]
0 0 P3Pz — [P3P2 — P2p3] p3Ds — [P3P3 — D35l
PsD3 —D3P: 0 0
—D2P3 D2D2 o 0 0 o -
0 0 P1P1 —P1Po 0 0 P2b2  D2P3
_ 0 o0 ~PoP1 PoPo |, 0 0 PsP2  PaPs |
PoPo  DoP1 0 O P3P3 —D3P2 0 o0
pPibo  P1D1 0 0 —D2D3 D2P2 0 0
/ 0 0 [p2P2 —P2p2]  [p2Ds — Psp-l
_ 0 0 [psPz — P2p3] [p3Ps — P3psl
\ [poPo — Pobol  [PoP1 — Prpo] 0 0
[p1Do — Pop1] [p1D1 — P1p4] 0 0
=S5"(p) - K"(p)
Let us represent the matrix S¥(p) as a sum of direct products of spinors
0 2% 0 P2
174 _ 0 — _% _ 0 _ D3 =
STP) = p, | o, P1,0,0) +| 7 1(0.0,p1,—P0) +| 7= |3, —P2,0,0) +| 5" ) (0,0,P2,P3)
D1 0 —P2 0

For a free field the components of the momentum spinor commute, therefore
YoPo+y{Pi+ V3P, +yiP; =S"(p)
Complex mass
m = (Pop2 + P1P3)
m = (P2po + P3P1)
does not change at rotations and boosts for an arbitrary complex spinor. Moreover, by a direct
check it is possible to check that for an arbitrary spinor

SV(p)S"(p) = m?l
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For a free field, when all components of the momentum spinor commute, we can write the
relativistic equation of motion of the fermionic field

" (P)SY (P e(x) = m?Ie(x)
where the matrix of derivatives S” is obtained from the matrix SV(p) by substitutions

p1—>i6_3 Po_’ia_z p3—>i6_1 Pz_’ia_o
p1 — 103 Po = 10, P30, pz = 0o
_ dp(x)
d =
ey o,
(()) 5 0 N
—a = = 0 — = EN
—sV = 5 (02,05,00) +( ~ 2 ](00,95,=9;) +| 5 |(91,=9,,00) + 601 (0,0,00,01)
63 0 _60 0

Using the transformations performed, we obtained the Dirac equation for the wave function in
the spinor coordinate representation, as opposed to the traditional form for the wave function in the
vector coordinate representation

gfé’Po + V{’(;’l + VzVPzaJr v3Ps - me®) =0
(78 5~ 8 5 — 8 g~ 8 g —m) @00 = 0
(S (p) —mHe(x) =0

SV +mhex) =0
We again want to find the path integral

2G) = [ Do) exp (i [ d*x12009) +000 1)
For this, we need the Lagrangian density, from which, by means of the Euler equation, the

equation of motion is derived.
It is proposed to use the density of the Lagrangian

1 1
L=5000"S"@x) —smeX) @)
Let us substitute the Lagrangian density into the Euler equation and obtain the equation of
motion. Since the Lagrangian density includes, along with the derivatives of d,, the derivatives of

dy, it is logical to use a different definition of Euler’s equation
oL 8L 8L 8L

a +0—==+0 +0, =+
°6(0) " "8(d,) 60 " ' 5(ay)
+3 8L LT 8L +a 5L L3 8L 6L
180 C8(0)  C6(8s) V6@ O
Then for the free field case when the derivative operators commute with each other, we obtain
the equation of motion

SVe(x) + me(x) =0
If to follow the invariance principle strictly, we should start from the product of two matrices,
i.e. to use the Lagrangian density

£ =2 1000"S"S p(x) ~ m2@(9" 9]
only such a product remains unchanged under Lorentz transformations; a single matrix does
not possess this property. It is in this sense that the Dirac equation cannot be considered invariant.
Nevertheless, further we will search for the path integral in the simplest case with the originally
proposed Lagrangian density and in addition assume commutativity of all derivative operators

21 = [ Dot exp (i [ a*x{ 500075 000 ~ 3m0" 000 + 1007 0]
After integration by parts, we presumably obtain
2) = [ Do exp (i [ atx{- 000" + milee) + 00 ))
Then it is necessary to find the solution of the equation

—(SV +mD)D(x) = I§(x)
For this purpose, we pass to the momentum space by means of the integral transformation
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d*p . —
= i(Pox1—P1%0+P2X3—P3X2+(PX))
o (%) f 2 ¢(p)e

We get the equation
(8V(p) —mDD"(p) =1
with the decision
SV(p) + mI
Vip) =

Indeed

(8" () ~mD(S" () + ) _ (P2 —mm)l _
P2 —mm P2 —mm
Here we use the equality, which is valid for an arbitrary complex spinor p
" (p) —mD(SY(p) + mI) = P2l — (m — m)S" (p) — mml = (P? —m?)I
P2 =Pp¢—P?—P;—P?
It is based on the ratio
fiim = P — P2 — P2 — P2
it is also taken into account that we consider fermions whose mass is real. As a result, the
propagator has the form
d*p SV(p) +mi
(2m)* PZ—mm
here we assume the validity of the relation

DV(x) = el (Poxz +P1x3+D220 +P3x1+(PX))

§5(x) = f d*p e (Poxz+PrX3+Pax0+P3%1+(PX))
(2m)*

Let’s return to the question about the use of completely relativistically invariant Lagrangian

density
1
L=5le®"S"S @x) —m* @) @(X)]
We would like to find a matrix such that, under Lorentz transformations, not only its square is

invariant, but the matrix itself remains unchanged. Developing the idea of invariance, we pass to the
set of reference spinors with wider filling, but continuing to form matrices possessing the invariance

property

D3 23 —Po (41
_| P _| ps _| 7P | ~Po

ul = Do u2 = P u3d = —_ﬁ u4 = E

P1 —Po P2 P3

Po P1 —PD3 D2

| P1 _| ~Po | P2 | p3

vl = __m V2 = _E v3 = e v4 = L

D2 —P3 P1 Po

Let’s define the matrix
S*(p) = ul(p)ud’ (p) — u3(p)u2’(p) + vi(p)v4" (p) — v3(p)v2' (p) =

p3 _po
__ o _p .
= pzz (plt —Po, P2, p3) - __p—; (pz’ D3, D1, _pO) +
P1 D2
Po _m
p Dy Do P2 — —
* —% (2,Ps, =p1 o) — 25, (=P1,P0, P2, P3) =
__ P2 /_ P1
D2Po + P3P1 0 0 0
0 0 D2po + P31 0
00 0 D2Po + D3D1
m 0 0 O
{0 m o0 o)_,-
=20 o0 m o|=2m
0 0 0 m

and matrix
Sr(P) = S*(P)" = u4(p)ul’ (p) — u2(p)u3’(p) + v4(p)vi’ (p) — v2(p)v3” (p)
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This matrix T(m does not change at rotations and boosts, so it can be stated that the equation
of motion in the form of
(SR +2ml)@(x) = 0
in which the matrix of derivatives S® is obtained from the matrix S®(p) by substitution

p1—>i6_3 Po_’ia_z p3—>i6_1 Pz_’ia_o
p1 — 103 Po = i0; P30y pz = 0o
61 -0,
-0, -
(63, 62, 60,61) a (60, 61, 61,_62) +
\ ) ao

5\ (%)

(Pz’ap 63' 62) ( 03, 62'60' 61)
) \%/

is truly relativistically invariant equation. Respectively we can use the invariant Lagrangian
density

1 —
L=>[@("S @) — 2mip() 9 (x)]
to which corresponds the relativistically invariant propagator of the fermion having a real mass,
which is negative for the electron and positive for the positron
1
DR(x) = f —
0 (2m)* SR(p) — 2mlI
Taking into account the ratios
1 i SR(p) + 2ml B
SR(p) —2ml  (SR(p) — 2mlI)(SR(p) + 2/l )
SR(p) + 2ml
" @opz + i) @zpo + P3Pl + 2(Bop; + Bipa)il — 2m(B5p + Pl — 4m?l =~
SR(p) + 2ml _ SR(p) +2mlI

(Popz + D1p3) (D200 + P3P1) — 4m2l (P2 —4m?)I
the propagator can be written as

d*p SR(p) + 2ml

(2m)* (P2 —4m?)I
Let us compare the propagator in spinor space with the propagator of the fermion given in ([9],

formula I1.2.22 and formula I1.5.18)

P e7PX d*P y*p,+ml

Q) yrB, —mi ) @n)* PZ—m?

In [9] this formula is obtained by applying the second quantization procedure or using

e (Poxz+P1x3+P2x0 +P3x1+(PX))

i(Pox2+P1¥3+D2%0+D3x1+(PX))

DR(x) =

D (X) — —iPX

Grassmann integrals. The results are similar, but the integration here is performed in the vector
momentum space. The Dirac equation and the corresponding Lagrangian density are not
relativistically invariant. Besides, here the mass is considered always real and positive, but then it is
not clear how electron and positron differ from the point of view of this formula.

Nevertheless, this fact and the fact of no invariance of the Dirac equation itself do not cancel the
value of the second quantization procedure and the final form of the fermion propagator, which
allows to make accurate predictions of the experimental results.

We hope that the proposed Lagrangian density for the spinor coordinate space can find
application in the calculation of the path integral, but already in the spinor space. Whether such a
calculation in spinor space has an advantage over the calculation of the path integral in vector space
can be shown by their real comparison.

Let us decompose the fermion field into plane waves with operator coefficients

_ [
000 = | o
di(p)ul(p) + idz(p)u3(p) + ib,(p)u2(p) + b, (p)us(p) o 1(Fox2 +Pixs +P3%0+ P31+ ()
+d,(p)v1(p) + id;(p)v3(p) + ib3(p)v2(p) + by(p)v4(p)
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e~ i(Pox2+P1x3+D2x0+P3x1+(pX))

+b;(P)VI(p) + ib3(p)v3(p) + id3(p)v2(p) + di(p)v4(p)
Let’s impose the anticommutation conditions on the operator coefficients

by (p)bi(p") + bi(p")b,(p) = 5(p —p')
d;(p)di(p’) +di(pHd,(p) = 6(p —p")
d,(p)d;(p") + d;(p')d,(p) = 6(p —p')
b,(p)b;(p’) + b3(p)b,(p) = 6(p — p)
d;(p)d;(p) + d3(p)ds;(p) = 5(p — p')
b;(p)b3(p’) + b3(p)bs(p) = 6(p — p)
by(p)bz(p’) + bi(p")bs(p) = 5(p — p)
ds(p)d;(p") + di(p)ds(p) = 5(p —p')

bi(p")bi(p) + b1 (P)bi(p") = 6(p’ — p)
di(p)d,(p’) + d.(p")di(p) = 6(p’ — p)
d;(p)d,(p’) + do(p)d3(p) = 6(p' — p)
b3(p)b,(p’) + b,(p")b3(p) = 6(p" — p)
d3(p)d;(p’) + ds(p")d3(p) = 6(p — p')
b3(p)bs3(p’) + b3(p")b3(p) = 6(p' — p)
bi(p)ba(p’) + by (p")bi(p) = 5(p’ — p)
d3(p)ds(p’) + du(p)di(p) = 6(p" — p)

We consider the rest anticommutators to be equal to zero. Then we can write the expression for

the anticommutator of the field

{9:0,9,0)} = 0,9, &) + 9,x)9:) = (@@ ) + (9" ®))
P)Q"(x) + ()T ()" =

ﬂ (‘21:;?)’4 (‘;;)’4

[dl(p)ul(p) + id,(p)u3(p) + ib,(p)u2(p) + b, (p)u4(p)
+d,(p)v1(p) + id;(p)v3(p) + ibs(p)v2(p) + by(p)v4(p)
[b1 (p)ul*(p’) + ib;(p")ud*(p') + id;(pHu2’ (p’) + d; (p")ud” (p’ ]
+bi(p")v1*(p") + ib3(p)Iv3* (p") + idi(p")v2" (p") + d4(p’)v4T(p )

ei(Pox2+P1x3 +p2x0+p3x1+(p,x))e (poxz +p]x}+pgx0+p L +(pTX")

([ 500U + a3+ B 0D ]\
+d, (p)VL(P) + ids(pIV3(p") + ib3(pIVZ(P") + by (p')VA(D)
| [ Bi(p)ul* (p) + ib(p)u3* (p) + ics (p)u2” (p) + ; (P)ud” (p)

+d4(p)v1+(p) +id;(p)v3*(p) + id;(p)v2’ (p) +d4(p)v4T(p)] }

p0x2+p1x3+p2x0+p3x1+(p X )) —i(Pox2+P1X3+D2X0+P3X1+(PX))

+b;(p)vi(p) + ib3(p)v3(p) + id3(p)v2Z(p) + d;(p)v4(p)

[ b; (p)ul(p) + ib;(p)u3(p) + id;(p)u2(p) + d;i(p)u4(p)

[dl(p’)ulr(p’) +idy(p")u3’(p") + ib,(p)u2*(p") + by (pHus* (p’ ]
+dy(pIV1T(p") + id3(pIV3T (p) + ibs(p"IV2* () + bu(p)) V4" (p)

e~ i(Pox2+P1X3+PaX0+P3x1+(PX)) o (poxz +p X} +pyxg+PEx] +(p! X’))

/ bi(p"ul(p") + ib;(p"Hu3(p") + id;(pIu2(p’) + di(pIud(p’ ]\
| +b;(pHVI(p") + ib3(pIV3(p") + id5(p")v2(p") + di(pIv4(p")
| d,(p)ul’ (p) + id,(P)u3’(p) + ib,(P)u2*(p) + by (P)u4* (p)

+d4(p)v1T(p) + id3(p)v3"(p) + ibs(p)v2* (p) + by (p)v4™ (p) /

(T T T T T o IN) afe— o —
e—l(p_oxz+p1X3+p2X0+p3X1+(p'.X'))eL(poxz+p1x3+p2x0+p3x1+(p,x))

[t

d, (p)d; (p")ul(p)ud” (p") + dy (p')d; (p)(ul(p’)u4’ (p))"
|—d,(p)d;(pud(p)u2’ (p’) — d,(p")d; (p)(u3(p’)u2T(p))T +

o i(Pox2 +Prxs X0 +Paxs +(pX) o ~L(POX5 HPIXS DI +PE ]+ (07 X))

by (p)b; (Pud(p)ul* (p") + by (p'bi(p)) (ud(p"ul*(p))"
| b, (b3 (") UZ(p)u3* (p") — by (p)b5(p) (WZ(p)Iu3* (1)) + -~

P OOT I B I N S SN S Sy B N - i —— i —
el(;o’fz+p1’f3+szo+l’3’f1+(l"v"’))e—l(Poxz+p1x3+pzxo+l73x1+(P,X))

+
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[ bi(p)by (p)uL(p)ud* (p') + b; (p)by (p) (WI(p)ud* (p))”
—b3(p)b, (p)u(P)u2* (p') — b3(p")b, (p) (W3 (PHu2* (p))” + -
d*p d*p o~ i(Poxa +Pixs +D2x0+B3x1+ (X)) o (P (poxy+pixs +phxg+phxi +®' X))
ff emt ot | * r
d; (p)d; (p")ud(p)ul’ (p’) + di(p")d, (p)(us(p)ul’ (p))
[—d;(p)d,(p)u2(p)u3’(p’) — dE(p’)dz(p)(u2(p’)u3T(p))T + -
e —i(pgxy+p xs+phxg+phxl+(' X)) oi(Poxa+P1x3 +D3x0+D3x1+(pX))
d,(p)d; (pHul(p)ud’ (p’) + d, (p')d; (p) (u4(p)ul’(p"))
|—d,(p)d; (pu3d(p)u2” (p’) — d,(p")d;(p)(u2(p)u3’(p")) + -

o1 (Poxz +P1x3+D2x0+P3x1+(p, X))e—l(Poxz+P1X3+P2Xo+p3x1+(l9 X'))

d*p d*p’
4 4 +
s, by ()b (PHWA(PIUL* () + by (p'bi () (WL (p)ud* ()
| —b,(p)b;(pu2(p)ud*(p’) — b,(p")b;(p)(ud(p)uz*(p")) + -
ol (poxp+pixs+p5x0+pixi+(p' X)) o~ i(Toxz+Prxs +D2x0 +P3x1+(PX))
b; (p)b, (pHul(p)ud*(p’) + b;(p' )by (p)(ud(p)ul*(p"))
|—b3(p)b2(pu3(p)u2*(p’) — b3 (p")b,(p)(u2(p)ud*(p")) + -

o~ (Pox2+P1X3+P2x0+P3x1+(PX)) o HP ( 0X5+PLXs+PxG+PRx ] +(p7 X'))

ff d4p d4 ’ N
2m)* (2m)% | .
COTRD | g ), (pud T () + i () ds () (a1 (s (p)
|—d3(p)d, (pu2(p)u3”(p’) — d3(p")d,(p)(u3(p)u2’(p")) + -
e—i(%x§+ﬂx§+p_£x6+p_§x{+(p X )) L(p0x2+p1x3+p2xo+p3X1+(PX))
[ [ ul(p)ud’(p) +-
[—u3(p)u2”(p) +-
f d4 l(Po(xz x2)+P1(x3 x3)+p2(x0 Jfo)+173(951 Jf1)+(l”i X))
= +

@m WUl (p) + - ]
[—u2(p)u3*(p) + -
_e—i(ﬁ(xz—x£)+p_1(x3—x§)+p_2(xo—x6)+p_3(x1—x1)+(p,x—x’))_

[ uI(p)ud*(p) + - |

[—u3(p)uz*(p) + -
d*p e—i(%(xz—x£)+ﬁ(x3—x§)+ﬁ-|-(x0—x(’))+ﬁ(xl_xb+m)
2 4
(2m) [ u4(p)ul’(p) + - ]
—u2(p)ud’(p) + -
| (o (e +Pi (xa=4)+Pa(xo—xb) 73 (2 —x1) + (px—x") |
[“1(P)u4T(p) —u3(p)u2’(p) + - _|_]
“4(P)U1T(p) - uZ(p)u3T(p) 4+t
d*p ei(P_o(xz—x£)+p_1(x3—x§)+p_z(xo—x{))+p_3(x1_x1)+w__xr))
Q)+ +
(em)? ﬁ(p)ul+(p) - ﬁ(p)u3+(p) 4+t
ul(p)ud* (p) — u3(p)u2*(p) + -+

| o~ 1(Po(x2—x2)+P1 (x3=x3) +D2(x0~x0)+P5 (x1~x1) +(px—x)) |
'[ul(p)u4T(p) —u3(p)u2’(p) + vi(p)v4” (p) — v3(p)v2'(p) +]]
u4(p)ul’(p) — u2(p)u3’(p) + v4(p)v1’(p) — v2(p)v3’ (p)
d*p o i(Po(x2=x3)+P1(x3~x3)+P2 (x0—x0) +P3 (%1 —x1) + (Px—x"))

_4 +

@M | rgp)ut* (p) — WZ(p)u3* (p) + VA(PIVI* (p) — VZ(pIV3* (p) +
ul(p)u4*(p) — u3(p)u2*(p) + vi(p)v4*(p) — v3(p)v2*(p)

e~ i(Po(x2=x3)+P1(x3~x3)+P2 (*0—x0) +P3 (x1—x1) + (Px—x"))

o
=f((21 })74 (SR(p) _|_SR(p))ei(ﬁ(xz—x§)+ﬁ(X3—x§)+ﬁ(x0—x(’,)+ﬁ(x1—x{)+(p,x—x’)) +
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f(czl41;4 (g(p) +S_R(p))e—i(%(xz—x£)+ﬁ(x3—x§)+ﬁ(x0—x6)+ﬁ(x1—x{)+(p,x—x’))
3

. m 0 0 0
(621 })74 % 671 r% % ei(ﬁ(xz—xé)+ﬁ(x3—x§)+ﬁ(x0—x{,)+ﬁ(x1—x{)+(p,x—x’))+
s
00 0 m
. m 0 0 O
—(Czi ’)’4 0 m 00 oi(pa(es+t)pilas ) 4patro=x) 73(amx)) )
T m
0 0 0 m

=4mls(x' —x) + 4mId(x — x')
We will consider this relation as a proof of the anti-symmetry of the fermion wave function
under the stipulated anticommutation relations. It is important that all the above deductions are valid

in any frame of reference, while the proof of anticommutativity of the fermion field in [9] is carried
out for the rest frame.

Let us calculate the total energy of the fermion field

E=P,= f d*x <p+(x)<p(x)

= [ ff an? é;);

f[di(p')uf(p')—idE(p')u3+(p’) ib;(p")u2’ (p") + bi(pHud’ (p' ]e—i(p_éxz+p_iX3+p_éxo+p_§x1+m)-|
I +di(p)v1*(p") — id3(p")v3* (p") — ib3(pIv2" (p') + bi(pIv4" (p") I
[bl(p’)ulT(p’)—ibz(p’)u3T(p’)—idz(p’)u2+(p’)+d1(p’)u4+(p’ ] i(Phxa+pixs+phxotphxs+ (0 ) |
+by(p" V1" (p") — ibs(p'IV3' (p") — id3(p")v2*(p') + dy(p)V4* (p") |

[ [dl(p)ulT(p) + id,(p)u3” (p) + ib,(p)u2*(p) + b; (p)u4*(p)
{ +d,(p)v1T(p) + id3(p)v3T(p) + ib3(p)v2* (p) + by(p)v4* (p)
I, [b1 (p)ul*(p) + ib;(p)ud*(p) + id;(p)u2’ (p) + d; (p)ud’ (p)
|* +b;(p)v1*(p) + ib3(p)v3*(p) + id;(p)v2' (p) + d;(p)v4" (p)
= [ [| e
(2m)* 2m)*

[ [di(p')lﬂ*(p’)—idz(p’)u3+(p') ib;(pHu2”(p") + bi(pu4” (p’ ] ]
+d;(pHvit(p') — id3(p")v3*(p') — ibs(p')v2" (p') + bi(p")v4" (p")
di(p)ul(p) + id,(p)u3(p) + ib,(p)u2(p) + b;(p)ud(p)
+d,(p)v1(p) + id3(p)v3(p) + ib3(p)v2(p) + bu(p)v4(p)
e —i(p_{,xz+p_{x3+p_§xo+p_§xl+(p’—,x)) ei(p_oxz +D1x3+P2 %0 +P3x1+(PX))
+ [ b, (p"ul’(p’) — ib,(p"Hu3" (p") — id,(p")u2*(p’) + d,(p")ud"* (p’ ]

+b,(p V1" (p") — ib3(p")V3" (p') — id3(p")v2* (p') + d4(p"Iv4* (p')
[ b;(p)ul(p) + ib;(p)u3(p) + id;(p)u2(p) + d;(p)u4(p)
+b;(p)v1(p) + ib3(p)v3(p) + id3(p)v2(p) + d;(p)v4(p)
ei(P_6X2+P_{X3+EXo+P_§x1+(P—)0) —i(Pox2+P1x3+P2x0+P3x1+(PX))
d*p d*p’'
ﬂ (2m)* 2m)*
[ [di(p’)lﬂ*(p’) —id;(p")u3*(p") — ib;(p"Hu2’ (p') + bi(p")u4” (p’ ] T
+d;(pHvit(p) — id3(p")v3*(p') — ibs(p')v2" (p') + bi(p")v4" (p")
[dl(p)ul(p) + id,(p)u3(p) + ib,(p)u2(p) + b, (p)u4(p)
+d,(p)v1(p) + id;(p)v3(p) + ib3(p)v2(p) + b,(p)v4(p)
s(p'—p)
+ [ b, (p"ul’(p’) — ib,(p")u3d" (p") — id,(p")u2*(p’) + d,(p")ud"* (p’ ]
+b,(p)v1" (p') — ib3(p)V3” (p') — id3(p")v2* (p') + d4s(p"Iv4* (p")
bi(p)ul(p) + ib;(p)u3(p) + id;(p)u2(p) + d; (p)u4(p)
+b;(p)vi(p) + ib3(p)v3(p) + id5(p)v2(p) + di(p)v4(p)
5(p—p)

e {(Poxa+P1x3+P2X0+P3x1+ (X))

1
|
|

e~ i(Pox2+Pixs +P_2X0+P_3X1+(PVX))JI
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[ di(p)d,(p)ul*(p)ul(p) + d;(p)d;(p)ud*(p)ud(p)
+b,(p)b; (p)ul” (p)ul(p) + bi(p)b; (p)u4” (p)u4(p)
+b,(p)b; (p)u3” (p)u3(p) + b;(p)b,(p)u2’ (p)u2(p)
+d;(p)d,(p)u3* (p)u3d(p) + d,(p)d;(p)u2* (p)u2(p)
+d;(p)d4(p)v1* (p)vi(p) + dy(p)d;(p)v4* (p)v4(p)
+b,(p)b;(p)v1” (p)vi(p) + bi(p)bs(p)v4" (p)v4(p)
+b3(p)b3(p)v3” (p)v3(p) + b3(p)bs(p)v2” (p)v2(p)

L +d3(p)ds(p)v3* (p)v3(p) + d3(p)d3(p)v2* (p)v2(p) ]

[ b1(P)bi(P) + bi(P)b1(p) + di(P)ds(P) + d1(p)di(P) |

_ f d'p eof )|+b2 (p)b3(p) + b3(p)bo(p) + d3(p)d2(p) + da(p)ds(p) |

2m)* P | 1b,()b;(p) + bi(P)bs(p) + di (p)da(p) + ds (D) () |
+b3(p)b3(p) + b3(P)bs(p) + d3(p)d;(p) + d;(p)d3(p)

d4p 4 d4p
=8fm eo(p)é(0) =8J.d xIW €o(P)

@ny*

here
eo(P) = Pobo + P1P1 + P2P2 + P3P3

Each summand in brackets represents the operator of the number of particles with a certain
reference spinor. The operator’s action consists of consecutive application of the annihilation operator
and the operator of the creation of a particle. On initial examination, it would appear that the energy
associated with zero-point fluctuations in the vacuum has been overlooked. However, an
examination of the final expression reveals that the field always possesses a constant energy,
regardless of the particles that contribute to it. This constant energy of the field can be interpreted as
the energy of zero-point fluctuations of the vacuum.

The following relations were taken into account in the derivation

by (p)bi(p) + bi(p)bi(p) = 6(0)  bi(p")bi(P) + by (P)bi(p) = 5(0)

di(p)di(p) + di(p)di(p) = 5(0)
d,(p)d;(p) + d;(p")d,(p) = 6(0)
b, (p)b3(p) + b3(p)b,(p) = 6(0)
d;(p)d;(p) + d3(p)ds(p) = 6(0)
b3 (p)b3(p) + b3(p)bs(p) = 5(0)
by(p)b;(p) + b3 (p)b4(p) = 5(0)
d,(p)di(p) + di(p)ds(p) = 6(0)

di(p)d,(p) + d1(p)di(p) = 6(0)
d;(p)d,(p) + d2(p)d;(p) = 6(0)
b;(p)b,(p) + b (p)b3(p) = 5(0)
d3(p)ds(p) + d3(p)d;(p) = 6(0)
b3(p)bs(p) + b3(p)b3(p) = 5(0)
bi(p)bs(p) + bs(p)bi(p) = 5(0)
di(p)d,(p) + d4(p)di(p) = 6(0)

5(0) = fd“x

Let us draw an analogy between our approach and the relations given in ([11], Volume 1,
Chapter 3, Section 3.3.1). There it is noted that the creation and annihilation operators of the fermionic
field must satisfy such commutation relations that the equality expressing translational invariance is

satisfied

PX +A) = eP"A @(X)e~PTA

which in differential form is written as

0, 0(X) = i[F, @(X)]
The coordinates here are the components of the Minkowski vector space. On the basis of these
relations the anticommutation relations between the creation and annihilation operators are derived.
In the spinor coordinate space, we can express the translational invariance of the field operator

by the relations

o(x+a)= ei(Poai1-p1ao+p2a3-p3a,+(pa)) (P(X)e—i(poa1—p1ao+1’za3—P3a2+(P'3))

9@ (x) = i[pz, (X)]
9,9(x) = i[py, @(X)]
[Py, x0] = —i
[p3,x2] = —i

9,9(x) = i[ps, @(x)]
930 (x) = i[p1, @(X)]
[po,x,] = —i
[Pz, x3] = —i

It is interesting to find out in what relation these translational operators are - one operator acts

in vector space, the other in spinor space. Both operators act on the same state, but in one case the
state is described by a wave function in vector coordinate representation, and in the other case in

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202401.1032.v10
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 January 2026

35 of 73

spinor coordinate representation. The translation mechanism of the operators is essentially the
same, but it is not possible to replace the action of one translation operator by some combination of
actions of the other. Because of this, the question arises as to which of these operators better describes
nature. Our point of view is that the translation operator in spinor space is primary, and the operator
in vector space just successfully copies it, without being exact, but being some approximation. It
attracted the attention of physicists first because vector space is more accessible for investigation.
When integrating over a four-dimensional vector space in some cases there is a divergence, then use
renormalization. When integrating over four-dimensional spinor space, the differential element has
two orders of magnitude of the vector momentum component smaller, while the denominator in the
integrand remains of the same order as when integrating over vector space. This difference possibly
affects the convergence.
Let us calculate the total mass of the fermion field

M= f d*x T (%) @(x) =

. d*p d*p’
[ || G Q) @
[dl(p’)ulT(p’) +id,(p")u3’(p’) + ib,(p")u2*(p’) + by (pud* (p’ ]
+d,(pHvLT (p") + id3(p")v3T (p) + ib3(p'IV2* (p') + bs(p"Iv4* (p')
[bi‘ (P)ul(p) + ib;(p)u3(p) + id; (p)u2(p) + di(p)us(p)
+b;(p)vi(p) + ib;(p)v3 (p) + id;(p)v2(p) + di(p)v4(p)

e (p0x2+p1x3+p2xo+p3x1+(p x) —l(poxz+P1X3+P2X0+P3X1+(PX))

4 d4 '
+ v ff @ny* 2oyt
[bi‘ (pul*(p’) + ib;(pu3*(p’) + id; (p)u2’(p’) + di(pHud’ (p' ]
+b;(p)v1*(p") + ib3(p)v3* (p") + id3(p")v2" (p") + di(p)v4" (p")
[dl(p)ul(p) + id,(p)u3(p) + ib,(p)u2(p) + by (p)u4(p)
+d,(p)v1(p) + id3(p)v3(p) + ib3(p)v2(p) + by (p)v4(p)
e_i(p'(,)xﬁp';“+pv£x°+pvéx1+m)ei(ﬁ’fz’rﬁxﬁﬁxﬁﬁxﬁm)
d4p d4— ’
ﬂ (2m)* (2m)*
[dl(p’)ulr(p’) +id,(p")u3’(p") + ib,(pu2*(p’) + by (pud* (p’ ]
+d,(p")v1" (p") + id;(p)v3" (p) + ib3(p")v2* (p') + by(p')v4™* (p)
[bi‘ (P)ul(p) + iby(p)u3(p) + id; (p)u2(p) + di(p)us(p)
+b;(p)v1(p) + ib3(p)v3(p) + id; (p)v2 (p) + di(p)v4(p)

d4— ’

ﬂ (2m)* (2m)*
[bi“ (PHul*(p") + ib3(pHu3*(p') + id;(pHu2’ (p") + di(p"Hua’ (p' ]
)

+b;(p)v1* (p') + ib3(pIv3*(p) + id;(p)v2" (p') + di(p")v4 (p
[dl(p)ul(p) + id,(p)u3(p) + i, (p)u2(p) + bl(p)u__4(p)] © —p) =
+ds(p)v1(p) + id3(p)v3(p) + ib3(p)vZ(P) + ba(p)v4(P)|
[ di(p)d;(p)ul” (p)u4(p) + by (p)b; (p)ud*(p)ul(p) 1
_ f _d*p 1 —d,(p)d;(p)u3” (p)u2(p) — bz(p)bz(p)u2+(p)u3(p)
@m)*| +d,(p)d;(P)V1T (P)v4(P) + by(p)b;(P)v4* (P)VI (D) |
| —d;(p)d3(p)v3” (p)v2(p) — bs(p)b3(pIv2* (pIV3(p) ]
[ bi (p) by(p)ul*(p)ud(p) + di(p)d; (p)us’ (p)ul(p)]
+ f d*p | ~b3(p)bz(p)u3* (P)UZ(p) — d3(p)d;(P)u2(P)u3(p) | _
(2m)*|+b;(p)bs(p)v1* (p)v4(p) + d4(p)d4(p)v4T(p)v1(p)|
[—b3(p)bs (PIV3* (PIVZ(P) — d3(p)d5(P)v2T (p)V3(p)]
[ di(P)di(p) + by (P)bi(p) + ds(p)di(p) + bs(PIbi(P)
J d*p (m + )I +b,(p)b;(p) + d,(p)dz(p) + d3(p)d3(p) + b3 (P)b3(P) | _
(2m)* |+b; (P) by (D) + di(P)d: (P) + b; (P)bs(P) + di(P)ds(p) |
+b3(P)by(p) + d5 (P)d, () + b (P)bs(P) + d3 (P)ds(p) ]

_ (4 _ _ (e [ 4P _
—fw16(m+m)6(0)—fdxfW16(m+m)

]5(p—p’)+
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The ratios used in the derivation are
ul”(p)ud(p) = Pspy + Pabo + PoPz + P1Pz = M +m
—u3”(p)u2(p) = —(~poP; — P1Ps — DsP1 — P2bo) =M +m
udt*(pul(p) =m+m
—u2*(p)ud(p) =m+m
viT(p)va(p) =m+m
var(p)vi(p) =m+m
—v3T(p)v2(p) =m+m
—v2*(p)v3(p)=m+m
ul*(p)ud(p) =m+m
ud4"(pul(p) =m+m
—u3*(pu2(p)=m+m
—u2(p)ud(p) =m+m
vit(p)va(p) =m +m
vaT (p)vi(p) =m+m
—-v3*T(p)v2(p)=m+m
—v2T(p)v3(p) =m+m
bi(P)bi(p) + bi(P)b1(p) = bi(P)b1(P) + b1 (p)b;(p) = 5(0)
d,(p)di(p) + di(p)d,(p) = di(p)d,(p) + d,(p)di(p) = §(0)
d,(p)d;(p) + d3(p)d>(p) = b;(P)b2(P) + b, (P)b3(p) = 6(0)
b,(p)b3(p) + b3(P)b2(p) = d5(p)d2(p) + d,(p)d;(p) = 6(0)
d;(p)dz(p) + d3(p)ds(p) = b3(P)bs(p) + b3 (P)b3(p) = 6(0)
b;(p)b3(p) + b3(P)bs(p) = d3(p)d3(p) + d3(p)d;(p) = 6(0)
by(p)bi(p) + bi(P)bs(p) = bi(P)bs(p) + bs(p)bi(p) = 6(0)
d(p)d;(p) + di(p)da(p) = di(p)ds(p) + d.(p)d;i(p) = 6(0)

§(0) = f d*x

Let us give an interpretation of the operator coefficients for this approach
D3 23 —Po P1
| —p2 | p3 | ~h _ | ~Po

ul = Do u2 = P u3d = —_ﬁ u4 = E

P1 —DPo P2 P3

Po P1 —Pp3 D2

| P1 _| ~Po | P2 | p3
vl = __m v2 = _E v3 = Do v4 = —s

D2 —P3 P1 Po

d*p
000~ [ Gy
[dl(p)ul(p) + idy (p)u3(p) + b (PIUZ(P) + by (PIUA(P) | i(pyrs-paxotpoxs—psxs+B0)
+d,(p)v1(p) + id3(p)v3(p) + ibs(p)vZ(p) + bs(p)v4(p)
[ by (p)u_l_(p) + ib;(p)u_i(p) +id;(PIU2(p) + di(PIUA(P) | —i(pox;-p1xo+pax3-psr2+ )
+b;(p)v1(p) + ib;(p)v3(p) + id3(p)v2(p) + di(p)v4(p)
di(p) creates and d,(p) destroys a particle ul(p), di(p)d;(p) is the operator of the number
of such particles
b,(p) creates and b;(p) destroys a particle ul(p), b,(p)b;(p) is the operator of the number
of such particles
di(p) creates and dj(p) destroys a particle u4(p), d,(p)di(p) is the operator of the number
of such particles
b;(p) creates and b,(p) destroys a particle u4(p), b;(p)b,(p) is the operator of the number
of such particles
The properties of all particles and operators are summarized in a table

creates destroys spinor vector
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di(p)

d,(p)

ul(p) =

P3
—D2
Po
P1

d,(p)

di(p)

u4(p) =

P1
—Po
P2
P3

b1 (p)

bi(p)

ul(p) =

__Pz

bi(p)

by (p)

u4(p) =

d;(p)

d.(p)

vi(p) =

d4(p)

d;(p)

v4(p) =

—P1

b,(p)

bi(p)

bi(p)

b,(p)

d3(p)

d,(p)

d,(p)

d;(p)

b,(p)

b3(p)

b (p)

b,(p)

d3(p)

d;(p)

v3(p) =
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P1 Py
-p
d;(p) ae) | vee=| i
—Ps Q3
—P3 Py
—= p
) BE | EEe=| &
P 0:
2 Py
b5 () b | VZe=| 5 3
—Db3 Qs

Here the column “vector” shows the vector obtained from the corresponding spinor by the
formula of the form

1
P, = Ep*(VXV,L’)p

1
U1, = Eu1*(y},’y;)u1
Py
Q1
Q>
Qs

Although we have used the term vector for quantities like U1, they are not really vectors in the
sense that if a Lorentz transformation is applied to a coordinate spinor and hence a coordinate vector,

Ul =

the true vector must undergo the same transformation. For a momentum vector this is the case, but
for quantities like U1 it is not right.

Their time component coincides with the component of the momentum vector, but the spatial
components differ from the corresponding components of the momentum vector.

By the words d;(p) destroys the particle ul(p) it should be understood that this operator
transforms this particle into the particle u4(p), and the operator di(p) performs the reverse
transformation of u4(p) into ul(p). The action of the operator d;(p) on any other particle gives
Zero.

Let us see what result we get if we apply another definition of anticommutativity of the
fermionic field.

d*p
o) = J. @t
[dl(p)ul(p) + idy (p)u3(p) + ibo(PIU2(P) + by (PIU4(P) | (e, +7rxs 473504731+ 00
+d,(p)v1(p) + id3(p)v3(p) + ibs(p)vZ(p) + bs(p)v4(p)
bi(P)ul(p) + ib;(pPIud(p) + id; (P)u2(p) + di(PIU4(P) | ,i(pox, +prxs +axo 7321+ )
+b;(p)vI(p) + ib3(p)v3(p) + id;(p)v2(p) + d;(p)v4(p)
{0, 7,6)} = 0,07, + 7,0, = (9)@* &) + ()" )"

PGP () + ()T ) =
B d*p d*p’
B ﬂ 2m)* (2m)*
[dl(p)ul(p) + id,(p)u3(p) + ib,(p)u2(p) + b, (p)u4(p)
+d,(p)v1(p) + id3(p)v3(p) + ib3(p)v2(p) + b, (p)v4(p)
[di(p’)uﬁ(p’) —id;(p"u3*(p") — ib;(p"Hu2” (p') + b; (p")us’ (p’ ]
+d;(p")v1*(p') — id3(p")v3*(p") — ib3(p")v2" (p') + bi(p")v4" (p")
i (Paa +PTx3 +P7x0 +Pax +(p)) o H(PoX5 +PI X5 +PE X +DR XL+ (07X

+

i
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/[d1 (pHul(p’) — id;(pHu3d(p’) — ib;(p)u2(p’) + by (pIu4(p’ ]\
+d;(p")vi(p") — id3(p")v3(p) — ib3(pIv2(p") + bi(p")v4(p")
[dl(p)ulT(p) +id,(p)ud’(p) + ib,(p")u2*(p') + b; (p)u4+(p)]
\ +d,(p)v1T (p) + id3(p)v3T (p) + ib3(P)V27* (p) + bs(p)v4* (p) }

ATl a Mol T T VTN e e o TN
e—L(p_oxz+p1x3+P2x0+P3x1+(P',X'))eL(p0x2+p1x3+p2x0+p3x1+(p,x))

+
[ bi(p)ul(p) + ib;(p)u3d(p) + id;(p)u2(p) + d; (p)u4(p)
+b;(p)vi(p) + ib3(p)v3(p) + id3(p)v2(p) + di(p)v4(p)
[ b, (pul’(p') — ib,(p")u3™(p") — id,(p")u2*(p’) + d, (p")us*(p’) ]
+b,(pIV1" (p") — ib3(p V3" (p") — id3(p)v2* (p') + d4(pIv4* (p')

—L(p0x2+p1x3 +D2x0+P3%1+(P, x))e (Po"z +p1ag +P2x0+P3x1+(P X’))

+
/ [bl(p’)ul(p’)—ibz(p’)u3(p’)—idz(p’)@p’)+d1(p’)?i(p ] \
+b,(p'IV1(p’) — ib3(p)v3(p") — id3(p)v2(p") + ds(p')v4(p’)
i [ bi(p)ul*(p) + ib;(p)u3*(p) + id;(p)u2” (p) + d; (p)ud” (p) ]
\ +b;(p)v1*(p) + ibibs,(p)v3*(p) + id3(p)v2” (p) + di(p)v4 (p) /
ei(l’Ty"é+p7x§+E"(’J+;§xi+(l"v"’))e—i(P_on+p_1X3+ﬁXo+P_3X1+m)
d;(p)di(pHul(p)ul*(p’) + (di(p’)d1(p)ﬁ(p’)u1T(p)) + -
— T
+d,(p)d;(pHud(p)u3*(p’) + (d;(p)d,(p)ud(pHud’(p)) + -
=j_f d4p d4p' l(p0x2+p1x3+p2x0+p3x1+(px))e—l(Poxz+P1x3+P2xo+P3X1+(P X'))
(2m)* 2m)* _ + T
b, (p)b; (p")ud(p)u4’ (p") + (b5 (p")b; (P)u4(pHus*(p)) + -
Ay 12 * ’ 12 12 12 T
+b,(p)b; (pHu2(p)u2’ (p’) + (b3 (p)b.(pHu2(pHu2*(p)) + -
ei(p'{)xé +py b +p) g +pv§x1+(l”rx’)) e —i(Pox2+P1x3+P2x0+P3x1+(PX))
N+ 1 12 12 * 12 T
b; (p)b, (pHul(p)ul”(p’) + (b, (p")b; (P)ul(pHul*(p)) + -
R T
+b3(p)b,(p)u3(p)u3’ (p’) + (b,(p")b;(P)ud(pHud*(p)) + -
d*p d*p' e—i(?axz+ﬁX3+ﬁxo+ﬁ§xl+Ef))ei(pT’)x;ﬂT{xg+?§x6+;§x§+(p’,x’))
ff @m)* 2m)* * o .
d; (p)d; (p)Hu4(p)us*(p") + (d,(p")d; (p)ud(pHud’(p)) +--
— T
+d3(p)d, (pHu2(p)u2*(p’) + (d.(p")d;(p)uz(pHu2’(p)) +--
I o~ i(Pox5 I 4PL R PE I+ (0 X)) (P +Pixs +P3x 0+ DI+ (D))
[[ di(p)d;(pHul(p)ul*(p’) + (di(p)d;(p)ul(p)ul*(p”)) + - |]
| +d,(p)d;(pHud(P)ud*(p’) + (d;(p)dz(P)ud(p)ud*(p)) + -
d4'p d4p' ei(%xz +P1x3 +pAzXo+zTgX1+M)e_i(;(l)xé+Hx§+?£x6+;§xi+(p’,x’))
= || ———— +
ﬂ- 2m)* (2m)* | . — _ i
@m @1 b, (p)bi (0 (p)ud™ (@) + (bi (p)by (P)UEPIUAT () + -
| +b,(P)b; (P u2(p)u2’ (p’) + (b3(p" )b, (pHu2(p)u2’ (p)) + -
] ol (POx5+PIxS 4L DS+ (0 X))y —i(Poxs +Pixs +P3x0+PI X1+ (P)) ]
[[b; (P)b; (PHuT(p)ul’ (p’) + (by (p)bi (PIul(p)ul”(p")(p)) + ]
| +b3(p)b,(pHu3(p)u3”(p’) + (b, (p")b;(p)u3(p)ud’(p")) + -
ﬂ_ Ay dhp e—i(ﬁax2+ﬂx3+ﬁxo+ﬁxl+m)ei(p_{)xé+p_§x§+z’_£x(')+EXQ+(p’.X’))
+
ZT[ 4 (277: 4 * I I 4 * 1A
(2m)* (2m) [dl(p)dl(p Yud(p)ud* (p') + (dy (p')d; (p)ud(p)ud* (p ))+~-]
+d3(p)d, (pHu2(p)u2*(p’) + (d,(p")ds(p)u2(p)u2*(p’)) + -

e —i(Péxé +Pix§+P£x6+P:{;X{+(P'JX')) ei(P_oxz +P1x3+P2%0+P3%1+(PX))
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[ ul(p)ul*(p) + -
| +u3(p)u3d®(p) + -

o i(Po(x2=x3)+P1(x3—x3)+Pz (x0—x0) +P3 (%1 —x1) + (Px—x"))

- [ d'p N

(2m)* WA (p)ud” (p) + - |
[ +u2(p)u2’(p) + -
| o —i(Po(x2—x2)+P1(x3—x3)+D2 (x0—x0)+P3 (x1-x1) +(px—x))
[ [ utl(p)ut”(p) + - | ]
[ +u3(p)u3”(p) + |
e~ i(Po(x2=x3)+P1(x3—x5)+Pa(x0—x0)+P3(x1-x1) + (px—X")
+
[ u4(p)ud*(p) + -
[+u2(p)u2*(p) + -
| i(Po(x2=x2)+P1(x3—x3)+P3 (x0—x0)+P3 (x1-x1) +(px—x") |

[ ul(p)ul*(p) + u3(p)u3*(p) + ]

u4(p)ud™(p) + u2(p)u2*(p) + -
d4'p ei(ﬁ(xz —x5)+P1(x3 —x§)+ﬁ(x0—x{))+ﬁ(x1—x£)+M)
WACoR T N s
u4(p)u4’ (p) + u2(p)uz2’(p) +
[ﬁ(p)ulT(p) +u3(p)u3’(p) + ]

| o —i(Po(x2—x3) +P1(x3—x5)+P3 (x0—x0 ) +P3(¥1-x1) + (px—x")
'[ul(p)u1+(p) +u2(p)u2*(p) + ud(p)ud*(p) + ud(p)ud*(p) +
vi(p)v1l*(p) + v2(p)v2*(p) + v3(p)v3*(p) + v4(p)v4*(p)
d4’p ei(pT)(xz —x3)+P1(x3—x5)+Pz (x0—x0)+P3(x1—x1 ) +(px—x"))
= | —= +

(2m* [ﬁ(p)u1+(p) +UZ(p)uz* (p) + u3(p)u3* (p) + uA(p)ud* (p) +

'
2m)*

vi(p)vl*(p) + vZ(p)v2*(p) + v3(p)v3*(p) + v4(p)v4* (p)

e—i(ﬁ(xz —x5)+P1(x3—x5)+Pz (x0—x()+P3(x1—x1 ) +(px—x"))

ot
— f(‘zi_z)l (TR(p) +TR(p))ei(%(xz—x§)+ﬁ(x3—x§)+ﬁ(x0—x{))+ﬁ(x1—x§)+(p,x—x’)) +
T

4 -
+f((ZiTI)74 (E(p) + ﬁ(p)) e_i(%("z—xé)‘*ﬁ(?@_x§)+ﬁ(xo—x(’))+ﬁ(x1—XD*'(P'X—X’)) —

. ep 0 00
— dp 4 0 e(p) 0 0 et (Po(x2=x3)+P1(x3—x3)+Pz2 (x0—x0) +P3(x1—x1) + (PX—x"))
(2m)* 0 0 e(p)
0 0 0 el
. e O 00
N d*p 0 e 00 o~ 1(B0(x2—x3) +P1(xs—x} ) +T2 (xo—xb)+73 (x1-x}) + (px—x"))
(2m)* 00 e O
00 0 e
=4e(p)lé(x' —x) + 4e(p)Io(x —x)
where

TR(p) = ul(p)ul*(p) + u2(p)u2*(p) + ud(p)u3*(p) + u4(p)us*(p)
Tr(p) = v1(p)v1*(p) + v2(p)v2*(p) + v3(p)v3*(p) + v4(p)v4" (p)
T®(p) + Tr(p) + TRl(p) J(r) Ty ((I)l) =

0
4(PoPo + P1P1 + P2P2 + P3P3) % 10 f 8 = 4e(p)!

0 0 0 1
The last operation of taking the value (pobg + p1P1 + P2Pz + P3P3) out from under the sign of
the integral seems doubtful because of its dependence on the momentum over which the integration
is performed. If one closes one’s eyes to this, as is generally accepted in the literature, in particular in
[9], this relation is taken to be interpreted as a proof of the anti-symmetry of the fermion wave
function under the stipulated anticommutation relations. The only situation where this is
unquestionably true is when considering in a rest system where boosts are excluded, energy is equal

to mass, and invariant to rotations.
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It is noteworthy that the antisymmetric treatment, whether or not complex conjugation is
considered, yields a diagonal matrix that is invariant in one case but not in the other. It is encouraging
to observe that the set of reference spinors remain consistent.

It is crucial to note that the proposed invariant approach cannot be realized within the
Minkowski vector space. To achieve this, it is necessary to transition to the spinor space. This
reiterates the secondary role of the Minkowski space in comparison to the spinor space.

Dirac’s equation can be expressed in both spinor and vector spaces, a fact that led Dirac to
discover it. In contrast, the invariant equation can be written in spinor space but not in vector space,
which explains why it was unknown.

Let us define four vectors

Py Py Py Py
| & | @ _ |~ N
Ul = 0, U4 = 0, V1= 0, V4 = 0,
Qs Qs -0 —0Q3

Why we have chosen these 4 vectors out of 8 possible combinations of signs of three spatial
components? Because they are represented in the previously given table of variants of spinor
particles.

An alternative view of the selected four vectors is possible. The initial 16 spinors can be
interpreted in the spirit of quantum mechanics as vectors in a Hilbert space. They describe pure states
and form a complete basis, since the sum of their density matrices (projectors) is equal to the diagonal
matrix with the following value on its diagonal

4(Pobo + P1P1 + P2P2 + P3P3)

16 spinors are necessary precisely to ensure completeness. This basis is not orthogonal.

It is interesting that if one does not use complex conjugation when forming the tensor product
of spinors, then the sum of 16 such products will also be a diagonal matrix with the following value
on the diagonal

4Re(popo + p1P1 + D2b2 + P3P3)

The three spatial components of the four Minkowski space vectors presented above are nothing
more than a three-dimensional polarization vector, defined as the average of the spin operator over
one of the 16 initial states. The polarization vectors form two pairs in which their directions are
opposite. If we take two states with opposite polarization vectors, we can treat them as two electrons
with opposite spins and use the tensor product to form a singlet state from these electrons. For
example, we can use the state ul, which corresponds to the polarization vector V1, and u2, which
corresponds to the opposite vector Ul

m D2 P2 E
B S _[-P Ps | _[Ps P2
[s) = |ul) @ |u2) — [u2) ® |ul) Do ® pl_ P1_ ® Po
P1 ~Po ~Po P1

This pure state is characterized by an antisymmetric wave function, each of the electrons here is
in a mixed state, end they are entangled with each other. Let us define the extended spin operator as
four 8x8 matrices

V.,V
Yovu 0O
L =Uo®(YVVV)=( )
* o VR 4974

and let us find its average value in the singlet state

B, = (s|L,|s) = Tr(Is\(s|T,) = 27: 27: Egsﬂ(n‘)aﬁ]

a=0 =0
As a result, we obtain a four-dimensional polarization vector that has the form
Py
_|0
P = 0
0
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This vector does not change with any rotations of the initial spinors, and during boosts its form
remaining the same, but the energy value changes. The polarization vector of the three triplet states
of this spin pair has exactly the same properties with the same energy value

[ul) ® [u2) + |u2) ® |ul)
lul) ® |ul) - [u2) @ [u2)
lul) ® |ul) + [u2) @ [u2)

Spinor ul forms a set of four states with the same properties with only one spinor from the
remaining 14, which is the spinor v4 corresponding to the polarization vector U1

P [P\ [P\ P

T\ _ 1A _ | 7P2 P3| _| 7P3 P2
D)@ Ive) —IvH @ lu) = ,* | @ 5 el b
Po p1 P1 Po

In general, for any of the 16 spinors, there are two other spinors with which such singlet and
triplet states are formed. These states are similar to Bell states, but Bell states only include zeros and
ones, and the states themselves are an idealized representation of the properties of electrons, the
result of a thought experiment. In our case, the states are associated with electron momentum and
describe a pair of real relativistic particles under the action of arbitrary Lorentz transformations. The
hypothesis that the model of combining two electrons using the tensor product of states adequately
describes nature is confirmed at least by the fact that these four states are found in this form in the
helium atom.

When we consider the 16 states expressed through the components of the momentum spinor,
the question arises as to how to interpret them if the electron is in an atom. It should be noted that in
this case, the components of the electron’s momentum are replaced by derivatives of the wave
function in the spinor coordinate representation with respect to the corresponding spinor coordinate.
In this case, each spatial mode is assigned 16 pseudo-spinors. This interpretation provides a physical
basis for understanding the nature of the spin of an electron in an atom.

The polarization vectors for all other pairs do not have such a simple form and change under
rotations and boosts. But among the spinors there are still pairs with interesting properties. For
example, the state u4, which corresponds to the polarization vector U4, and v1, which corresponds
to the vector V1. Their singlet and triplet states correspond to the following polarization vectors

Po P1 D1 Po Py

_ I a1 Po|_|[Po 4! 0
i) Q VD) = VD Q lut) = " | Q| p, |~ | ps | ¥ 1 P,
—P3 P2 D2 —Ps3 0

Do D1 P1 Po Qo

_ | ~h Po Po —P1 0

|u4) ® |VI> + |V1> ® |u4) - pz ® p3 + p3 ® pz QZ
—Ps3 D2 P2 —P3 0

Po Po D1 D1 Qo

_ _| P —P1 Po Po 0
u) ® lu) - D) @ Ivi) = | 71| @[ 1)+ ( 50 @ o
—Ps3 —P3 P2 P2 0

Po Po P1 P1 Py

_ | 7P —P1 Po Po 0

[u4) Q |ud) + |v1) ® |v1) = s ® s + s X Ps P,
—Ds3 —Ps3 D2 D2 0

All components of these polarization vectors change during rotations and boosts, but the
structure of the vectors and their coincidence in the singlet and one of the triplet states remain
unchanged.

Since electrons tend to form pairs (in atoms or in superconductors), it is logical to consider the
tensor product of two Hilbert spaces. This product is itself a Hilbert space, and 256 tensor products
of the original 16 spinors form a complete basis of states in this space. The sum of all projection
operators is equal to the diagonal matrix with a diagonal element

(4(Popo + P1p1 + D2p2 + P3ps))?

This interpretation leads us to believe that physical fields and their corresponding particles are

described at a basic level by the 16 spinor states presented. The momentum vectors available to our

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202401.1032.v10
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 January 2026 d0i:10.20944/preprints202401.1032.v10

43 of 73

perception are the result of a kind of measurement we make of the average values of various
operators, in particular, the spin operator. The picture of the world that we see is the result of a
quantum measurement procedure applied to the state space. Which is more productive: describing
nature using initial quantum states, or settling for the average values of a certain operators? At the
same time, one may ask whether the real electron is a pure state in the form of a superposition of 16
basis states, or whether it is a mixed state in the form of a weighted sum of 16 projectors onto these
states.

Let us look for a representation of the electromagnetic field operator in vector space without first
referring to spinor space. Let us define four vectors expressed through the components of the

momentum vector

Py Py Py Py

_ P _| P _[~h _(h
Ul = P, U4 = —p, V1 = P, V4 = P,
Py Py —P3 —P3

Here, instead of the spatial components @, obtained from the basis vectors using the matrix
Y0 v, » we have returned to the spatial components P, obtained using the matrix S,. This makes the
relationship between the components of the momentum vector and the components of the
pseudovectors that make up the field more obvious. We temporarily forget about the origin of these
pseudovectors; their origin from pseudospinors is not used in any way.

For the selected vectors the following relations are valid

V1+U1T — U1+ V1T + V4« V1T — V1 « v4T +
00 0 O
U4+ V4T — V4« U4T + U1 U4 — U4+ U1T = 8 8 8 8
00 0O
V1+U1T +U1+V1T + V4« V1T + V1 V4T +
+U4 V4T + V4 +U4T + U1+ U4T + U4+ U1T =
8P2 0 0 0
_[ o o 0 o0
0 0 —8P2 0
0 0 0 0
4PZ2 0 0 O
T T T T _ 0 0 0 0
V1«ULT+ V4« V1T + U4« VAT + UL« U4 = | 4p? 0
0 0 0 0
4PZ2 0 0 O
T T T T _ 0 0 0 0
U1«V1T+V1+VaT +V4xU4T+ U401 =| 4p? 0
0 0 0 0

(UL *U1T + U4+ U4T + V1« V1T + V4« v4T) +
+(U1* V1T + V1« U1T + V4 « U4T + U4+ V4T) =
8P 0 0 O

— 0 0 O O
0 0 0 O
0 0 0 O

8P =U1T U1 + U4T x U4 + V1T « V1 + V4T « V4 + 4]M?
(U1T U1 + U4T + U4 + V1T « V1 + V4T « V4) +
+(U1T V1 + V1T « U1 + V4T « U4 + U4T « V4) = 8P¢
U1T %« V1 + V1T « U1 4+ V4T « U4 + U4T « V4 = 4M?
U1T « U1 + U4 « U4 + V1T « V1 + V4T « V4 = 8PZ — 4M?
U1T «V1 = V1T « U1 = V4T « U4 = U4T « V4 = M?
U1T « U1 =U4T xU4 = V1T« V1 = V4T « V4 = PT « P = 2P — M?
U17gU1 = U4TgU4 = V1TgV1 = V4T gv4 = M?
M? = PTgP = (P,P)
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1 0 0 0
=<o -1 0 0>
8=lo o0 -1 o
0 0 0 -1
0 0
(U1—U4)=<0> (V1—V4)=< 0 )
2P2 _2P2
0 0

N
©co

0 2P()
(U1+V1)—< ) (U4+V4)=<8>
0 0

Let us decompose the field into plane waves with operator coefficients and let’s find the
commutation relations for them. We will use the next notation for the scalar product of vectors
(P,X) = PTgX
X) = d*p
000 = | G
[ d,(P)V1(P) + by (P)U4(P) £iPX)
+d,(P)UL(P) + by (P)V4(P)
+
[ by (P)V1(P) + d;(P)U4(P) o-i(PX)
+di(P)UL(P) + b (P)V4(P)
o= [
=) ey
[ d, (P )VL(P") + by (P")U4(P’) pi(P'X")
+d,(P)YUL(P") + b, (P )V4(P")

+
[ b;(POIVI(P) +d;(POUA(P) | i)

+d; (P)UL(P") + b} (P")V4(P")
[£:00, 9,(X)] = 9: (X9, X)) = 9, X9, ) = (@K@ K) = (9K K))')
eX)9"(X) — (9(X )" (X)) =
([ d*P d*P'
- ff @n)* 2n)*
(A PVIR)TR) (5 PIULPYe X)) = ((dyPIVIED X)) (d;(PIULP) X))
+( by (PYUA(P)e'®X) (b; (PYVA(P e (P X)) — ((bl(P’)U4(P’)e"(""x'))(b{(P)v4(P)e“'(P'x))T>T
+(b4(PIVAP) ) (B (PIVI(PNe X)) - ((b4(P')V4(P'>el‘<"""’))(b:(P)V1<P)e-i<""°)T)T
[+ P () P) ;PP e X)) (@, PP )) s PyuacRYe )T |
ﬂ d*p d*p’
_ @m* 2m)* )
(b3 (PIVI(P)e"®9) (b, (P')VAP ) *'X))" — ((b4 P’)V1(P')e-i(P"X’))(b4(p)v4(p)ei(P,X))T)
+(d;(PYUA(P)e®D) (d, (P)UL(P)elP'X))" — ((dz(P')U4(P')e-f<"""’>)(d4(P)U1(P)e“""°)T>T

+(d; (PYUL(P)e ") (d, (P)VL(P)e X)) — <(di(P’)Ul(P’)e‘i(P"x'))(dl(P)V1(P)ei(P'X))T>T

+(b{(P)V4-(P)€_i(P‘x))(b1 (P')U4—(P')ei(P"x’))T _ ((bf (P/)V4(p’)e—i(P’.X'))( b, (P)U4—(P)ei(P,X))T)T
d*P d*p’
ﬂ (2m)* (2m)*
[ d;(P)d;(PHVL(P)ULT (P)e!PXe=i(P'X) — g, (P)d; (P)UL(P)VT (P")e (P X )e~i(PX) ]
|+ by (P)b; (PYU4(PIVAT (P)ei PR i(P'X) — b, (P)b; (PIVA(PYUAT (P)e ("' X )emitP)]

| +b4(P)b;(P)V4(P)VIT (P)e!PXe=i(P"X) — b, (P")b;(P)V1(P)VAT (P")e!(P'X)e=i(PX) |
| +d,(P)d;(P)UL(P)UAT (P)eiPDe~i(P'X) _ g, (P")(P)U4(P)ULT (P)ei(P'X )e=i®X) |
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d*P d*P’'
|| Gy

[ b;(P)b,(P)VL(P)VAT (P )e iPXi(P'X') _ p=(p)p, (P)V4A(P)VIT (P') e~i(P'X)i(PX) ]

|+ (P, (PYUA(PIULT (P P0eilP'X) — d (P, (PUL(PYUAT (P)e (P X i |

| +d; (P)d,(P)UL(P)VIT (P")e iPXi(P'X) _ g=(P")d, (P)VL(P)ULT (P")e~{(P'X)i(PX) |
| +b:(P)b, (P)VA(P)UAT (P")e~iPX (P, X’)4 b: (4P')b1(P)U4(P)V4T(P')e—f("""’)e"(""‘)J
d*p d*p’
ﬂ (2m)* (2m)*

[ (di(P)d;(P") — di(P")d; (P))V1(P)ULT (P")e! (PR i(P'X') ]

+( by (P)b; (P) — bj(P")b, (P))U4(P)V4T (P")e' P =i(P'X')

+(b4(PYD;(P") — b;(P)by(P)VA(PIVT (P)e P i(F'X)

[+(d,(P)d;(P") — d;(P")d,(P))UL(P)U4T (P')e! (PR e=i(P'X)]

d*p d+p’
ﬂ (2m)* (2m)*

[ (b;(P)b4(P") — by(P")b;(P))VI(P)V4T (P e {PXi(P'X) ]
+(d; (P)dy(P") — d,(P)d;(P))U4(P)ULT (P")ePXei(P'X)
+(di(P)d; (P') — dy (P)d; (P))UL(P)V1T (P)e PV i(P'X)

| +(b; (P)b,(P") — by (P")b; (P))V4(P)U4T (P')e~i(PX)i(P'X’) |

Let us apply the following commutation relations

d,(P)di(P") — di(P")d(P) = 6(P —P")
by (P)b;(P") — bi(P")b,(P) = 6(P — P')
by (P)b;(P") — bi(P")b,y(P) = 6(P —P')
d,(P)d;(P') — di(P")d,(P) = 6(P — P')
d,(P")di(P) — di(P)d,(P') = 6(P' — P)
di(P)d;(P") — d,;(P")d;(P) = —6(P' — P)
bi(P)b,(P") — by (P")b;(P) = —6(P' — P)
d;(P)d,(P") — d,(P")d3(P) = —6(P' — P)
bi(P)by(P") — b,y (P")by(P) = —6(P' — P)
d*p d*p’
ﬂ (2m)* (2m)*
[ §(P — P)VL(P)ULT(P")ei®PXe=i(P'X) 1 [—§(P' — P)V1(P)VAT (P")e{(PX)i(P'X)]
I+6(P — P)UA(P)VAT(P)ei®Xe—i(®'X) | | _5(p' — pyua(p)u1” (p)e-iPXi(?'x)]
| +8(P — P)V4(P)VIT(P)ei®PXe=i(P'X) [ " [—5(P' — P)UL(P)V1T (P")e i(PXi(P X)) |
l+5(P — PHUL(P)UAT (P")ei®PX)e~i(P' X)) l4—6(P’ — P)V4(P)U4T (P)e~iPX)i(P'X") |
d*p
(2m)*
[ VI(P)ULT(P)e!PPeiPX) | [_y1(P)V4T (P)e-iPXei(PX)]
L uapyvar @)e0e (X)) -va@yut? @e-iexeiex)]

I+V4(P)V1T(P)61(PX)e—l(PX’)| |_U1(P)VIT(P)e—i(P,X)ei(P,x’)|
l+U1(P)U4T(P)61(PX)6—L(PX’)J l_v4(P)U4T(P)e—i(P,X)ei(P,X’)J
d*P
(2m)*
[ VI(P)ULT(P) ] [ VI(P)V4T(P) ]
| +U4(P)V4T (P) Iei(P,X—X’) _|+u4(P)U1’(P) |ei(P,X’—X)
| +vap)v1T(p) | |+urP)v1T ()|
+U1(P)U47 (P) +V4(P)U4" (P)
L [4P3 0 0 0 o /4P 0 0
4Pl o 0o 0 0 pi(PX-X') _ 4P o 0o 0 0 i(PX'-X)
@m*\ 0 0 —4P? 0© @m*\ 0 0 —4PZ 0
0 0 0 0 0 0 0 0
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4PZ 0 4PZ 0
d*p
_( 0 o0 f eibx-x) _( 0 0 2i(PX'-X)
4 4
0 0 _4p2 (2m) 0 0 —4P2 (2m)
0 O 0 0
4p? 0 o o 4P2 0
0 0 0 0 ’ 0 0 0 0 ,
= ’X—-X)— 0X'-X)=0
0 0 —apz of°F7XITL o o _gpp o )0X X
0 0 0 0 0 0 0 0
Here it is taken into account that
4P2 0 0 0
T T T T _ 0 0 0 0
V1i+«U1"+V4+xV1' +U4+«V4" +U1+xU4" = 0 0 —4P22 0
0 0 0 0
4P2 0 0 0
T T T T _ 0 0 0 0
Ul+xV1" +V1+xV4" +V4+xU4" +U4+xU1" = 0 0 —4p? 0
0 O 0 0

We will consider this relation as a proof of the symmetry of the wave function under the

stipulated commutation relations.
Let us find the commutation relations for the wave function and its time derivative, which in

this case play the role of canonical momentum
[0:%0,6,(X)] = @i X6, X) =, X9, X) = (€K (X) ~ (@K )" (X))

where
d <PL X)

¢,X) =
POPT(X) - (cp(x )cpT(X))T E
ﬂ d*pP d*P’

] (2m)* 2m)* .
(. PIVIP)EPR) (=P PIULP e X)) — (((iP5)dy (PIVLP)e X)) (d; (PYUL(PYe P )T )
+( b, (PYUA(P)e!®X)((—iP})b; (P")VA(P")e (P X))  — (((iPé)bl(P’)U4(P’)ei(P"X'))(b{(P)V4(P)e‘i(P'X))T)T
+(b4 (PYVA(P)e PR ((—iP{)by(POVL(P)e (X)) — <((iPé)b4(P’)V4(P’)ei(P"Xl))(bZ(P)VI(P)e‘i(P’x))T)T
+(da (PYUL(P)EPD) (—iPh)d; (P UA(P)e 1P X)) — (((iPé)d4(P’)U1(P’)ei(""x'))(dZ(P)Uél-(P)e‘i("'x))T)T
» d*P d*p’ _

|| G .
(b3(P)VL(P)e~iPX)((iP})b, (P)VA(P")ei(P' X)) — (((—iPé)bj;(P’)Vl(P’)e“'(P"x'))(b4(P)V4(P)ei(P'x))T>
+(dZ(P)U4(P)e‘i(P'X))((iP(;)d4(P’)U1(P’)ei(P"X'))T - (((—L'P(;)dZ(P’)U4(P’)e‘i(P"X'))(d4(P)U1(P)ei(P'X))T)T

+(d{(P)Ul(P)e“'(P'x))((iPé)dl(P’)V1(P’)e"(""x'))T - (((—ip(;)az;(P')U1(1)')e—i("""’))(az1 (P)Vl(P)ei(P'x))T>T

T
_+(b{(P)V4(P)e‘i(P'X))((iPé)bl(P’)U4(P’)ei(P"X'))T - (((—ipg)b;(P’)V4(P')e-i(""x’))(bl(P)U4(P)e“"'X))T) ]
([ d*P d*P’
- H (2m)* (2m)*
[ (=iP§)d,(P)d;(P")VL(P)ULT (P")e!®Xei(P'X) _ (ipiyd, (P")d;(P)UL(P)VIT (P")ei(P'X)e-i(PX)
|+ (—iPy)b, (P)b; (PYUA(PIVAT (P)e!PX)e=i(P'X') _ (iPf)b, (P)b; (P)VA(P)UAT (P)e! (P X )=iP) |
| +(=iP§)by(P)b;(P)VA(P)VLT (P")e!®PXe=i(*'X') — (iP)b,(P")bj(P)V1(P)VAT (P")ei(P'X ) i(PX) |
L+ (—iPg)ds (P)d; (PYUL(PYUAT (P)eiPRei(P'X) — (ipg)d, (P")d;(P)UA(P)ULT (P")e!(P'X)-ilPX)|

|| G
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[ (iP5)b;(P)b,(P)VL(P)VAT (p)e i ®Xei(P'X') — (—iP)b; (P )b, (P)VA(P)VLT (P") e{(P'X)ei®X)
I+(iPé)dZ(P)d4(P’)U4(P)U1T(p’)e‘i("'x)ei(""x') — (—iPy)d}(P)d4(P)UL(P)UAT (P')e~i(P'X)iPx) |
| +(iP5)d; (P)dy (PHYUL(P)VLT (p")e i PXei(P'X) — (—iPj)d;(P")d; (P)V1(P)ULT (P")e {(P'X)eiPX) |
L+(iP5)bi (P)by (PIVA(RYUAT (pe™ PV (P'X) — (—iPy)b; (P)by (PYUA(PIVAT (P)e (P X)iP |
d*P d*P’
- || G
[ (—iP§)(d; (P)d;(P") — dj(P")d; (P))V1(P)ULT (P")elPXe~i(P'X') ]
| +(=iPD) (b1 (P); (P') = bi (P)by (PYUA(PIVAT (P)ei "X =i(P'X) |
| +(=iP3) (b4 (P)b;(P') — bi(P))by (P))VA(PIVT (P)e! PR i(P'X) |
[+ (=P (d,(PYd5(P") — dj;(P’)di(P))lgl(P)U4T(P’)ei(P'X)e‘i(""X')J
| Gy
m)* (2m)
[ (iP§)(b;(P)b4(P") — by(P)b;(P))VI(PIV4T (P )e~I(PXi(P'X) ]
I +(iP)(d5(PYd, (P — dy(P)d;(P))U4(P)ULT (P')e~i(PX)i(P'X) |
| +(iP)(di (P)d; (P") — dy (P")d; (P))UL(P)VLT (P)e (PR i(P'X) |
| +(iP)) (b; (P)by(P") — by (P")b; (P))V4(P)U4T (P")e~i(PX)¢i(P'X") ]
The commutation relations remain the same
d;(P)di(P") — di(P")d,(P) = 6(P — P')
b, (P)bi(P") — bi(P")by(P) = §(P — P’)
by (P)by(P') — bi(P")by(P) = 6(P —P')
d,(P)dy(P') — d3(P")d,(P) = 6(P — P’)
di(P)d,(P’") — d,(P")di(P) = —6(P' — P)
bi(P)by(P") — by (P)bi(P) = —6(P' — P)
d;(P)d,(P") — d,(P)d;(P) = —5(P' — P)
bi(P)by(P") — by(P")bi(P) = —5(P' — P)
d*P d*p’
- || G
[ 6P — P')Vl(P)UlT(PI)ei(P,X)e—i(P’.X') 1 [-8(P' — p)Vl(P)V4T(Pl)e—i(P,X)ei(P’,x’)-l
ir) i +8(P — P')U4(P)VAT (P")ei®X)i(P'X") i R i _5(P' — P)U4(P)U1T (P")e~iPX)i(P'X) |
| +8(P = P)VA(P)VIT (P)ei®Xe—iF'X) | " " | _5(P' — P)UL(P)VLT (P")e~iPXi(P'X) |
l+5(P - PHUL(P)UAT (P PR~ |-’ — P)VA(P)UAT (P")e~iPXi(P'X) |
d*p
~ ) (2m)*
[ VI(P)ULT(P)e!PXei(PX) ]
(—iPy) I TU4(PIVAT (P)e P (((PX") I +
| +V4(P)V1T (P)eiPXe-i(PX) |
| +u1PyuaT (P)eiPX (X)) |

[-V1(P)V4T (P)e~i(PX)i(PX)]
| _ua@yuar e
iP) | _ s

| —UL(P)VIT (P)e~iPX)i(PX) |

l—V4(P)U4T(p)e—i(P,X)ei(p,x')J
d*p
~ ) @t
[ V1(P)U1T(P) ] [ V1(P)V4T (P) ]
[+U4(P)VA"(P)| ipx—x') _ (P )|+U4(P)U1T(P) | iexrx _
| +vaPVIT(P)| D\ LUt (P |
00 4Pz 0 0

0
4 4
20 21 0
0

(=iPy)

—4p? (zn)ze

0

4P2 0 0 0

0 0 0
—4P? 0
0 0

§(X—X') — (iP,) §X' —X)
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8P2 0 0 0
o o oo ,
= —iP S(X-X
Pl o o _gpz 0] )
00 o0 o0

As one would expect, the field has only two degrees of freedom. This relation is valid for any
reference frame, but the values of the momentum components in each of them are different.
Let us calculate the square of the field energy

B2 = [ or 0000 =
. d*P d*p’
- | 2% || Gy
[ di(POVLT(P') + bi(POU4T(P) | _ipx) ]
[+d;(PHULT(P") + b, (P")VAT (P") |
[ b, (PHV1IT(P") + d,(PHU4T(P") ie'x) |
+b,(PHULT(P") + d,(P)V4AT(P")
[dl(P)VlT(P)+b1(P)U4T(P) L% |
+d,(P)U1T(P) + b,(P)V4T(P) I
[bl(P)v1T(P)+d1(P)U4T(P> Ja

————
+

+b;(P)ULT(P) + d;(P)V4T (P)
i [ d:(PYV1T(P") + bi(P")U4T (P')
+d;(PHULT(P') + b;(P")VAT (P')
[ d,(P)V1(P) + b,(P)U4(P)
+d,(P)UL(P) + b,(P)V4(P)

. a*r a*p’ ~i(P'X) pi(PX)
- || Gy [ EOVIT®) + (U P)
+b,(PHULT(P’) + d,(P")V4T (P")
[ b;(P)VL(P) + d; (P)U4(P)
+b;(P)UL(P) + d;(P)V4(P)
L(P x)e i(P,X)
[ di(PYVI*(P) + bi (P))U4T(P")
+d;(PUL*(P") + b;(P))VAT (P
[ d,(P)V1(P) + b, (P)U4(P)
+d,(P)UL(P) + b,(P)V4(P)
ﬂ d*P d*p’ 5(P—P")
m* (2m)* [ b, (PYV1T(p') + d,(P)U4*(P)
+by(PYUL"(p") + d,(P")V4*(P')
b (P)V1(P) + d; (P)U4(P)
[+bZ(P)U1(P) + d;(P)V4(P)
§(P' —P)
[ di (P)dy (P)VIT (p)VI(P) + dy (P)d; (P)U4" (P)UA(P) |
d*P_|+b,(P)bi(P)V1T ()V1(P) + b; (P)b, (P)U4" (P)U4(P) |
(2m)* | +d;(P)d,(P)UL" (p)UL(P) + d4(P)d4(P)V4T(P)V4(P)I
+b,(P)b;(P)U1" (p)UL(P) + b3 (P)b, (P)V4" (P)V(P)
d*P_ 1 by(P)bi(P) + bi(P)by(P) + di(P)d; (P) + d; (P)d; (P)
(2m)* [+b4(P)bZ£(P) + b3 (P)by(P) + di(P)d,(P) + d,(P)d;(P)
d*P . [ (b1 (P)by(P) + 6(0)) + by (P)b, (P) + di(P)d;(P) + (di(P)d,(P) + 5(0))
(2m)* +(bi(P)by(P) + 8(0)) + bi(P)by(P) + d4(P)d4(P) + (di(P)d4(P) + 6(0))
LI, [ bi(P)b(P) + di (P)d; (P) |+ f
(2m)* +b;(P)by(P) + d3(P)d,4(P)

) 4PTP5(0)

here
PTP = V1T(P)V1(P) = U4"(P)U4(P) = U1T(P)U1(P) = V4T(P)V4(P) =
= 2P2 — M? = 2P2 — PTgP = 2P2 — (P,P) = 2P2 — P?
If we consider the photon field, the mass is zero, so that only the energy of the field remains in
the formula. Each summand in brackets under the integral represents the operator of number of
particles with a certain reference vector, its action consists in the consecutive application of the
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annihilation operator and the particle creation operator. The last summand describes the energy of
zero-point fluctuations of vacuum. When there is no particle, we have the equality
E? = f d*X @t (X)e(X) = f‘ﬁ—P 4PTPS(0)
(2m)*
In this connection it is logical to use the normalization for the wave operator
X
2PTP
If the mass is not zero, then we can relate UL1(P) and V1(P) to the current of electrons with
different spins and, respectively, relate U4(P) and V4(P) to the current of positrons with different

spins.

As we have seen, neither electron current vectors nor electromagnetic field vectors are true
vectors. When transforming the coordinate system, the same transformation acts on the components
of the momentum vector, from these transformed components in each frame of reference the
pseudovectors of the field are formed. But we know that the interaction between current and
electromagnetic field is described by an additional term in the Lagrangian density of the
electrodynamics theory. This term is the scalar product of the current and the electromagnetic
potential and it is necessary for this product to be a scalar. But to form a scalar using a metric tensor,
two true vectors are needed, and these are not available. There remains only one way to provide the
scalar, it is necessary that signs of components in pseudovectors of current and field coincide, then
they will compensate each other, and in fact we will get the scalar product of two vectors, and hence
we will get a scalar.

Thus, there is a direct interrelation between the spinor description of the field and its vector
description. 16 pseudospinors pass into 4 pseudovectors, moreover, the modulus of the complex
mass in spinor space is equal to the mass in vector space. At all this by the value of the phase of a
plane wave in spinor space by any direct way it is not possible to calculate the phase of a plane wave
in vector space. Hence the assumption arises that operators in spinor space describe nature exactly,
while operators in vector space provide only an approximate description. This may partly explain
the problems with divergence when integrating in vector space.

To describe the evolution of the field state, we consider the vacuum averaged expression having
the sense of the propagator. Before we do so, let us explain the meaning of operators included in the
field decomposition

d*pP
009 = | Gy
d,(P)V1(P) + b;(P)U4(P) | ;px)
[+d4(P)U1(P) + b, (P)V4(P) ¢
+
b;(P)V1(P) + d;(P)U4(P) | _;px)
[+d;(P)U1(P) + b (P)V4(P)| ¢

For example, d;(P) is an operator of annihilation of a particle with pseudovector V1(P),
similarly, other operators without asterisks annihilate particles with pseudovector which stands in
expansion with these operators. Accordingly, the operator dji(P)d;(P)is the operator of the number
of particles with pseudovector V1(P).

Let us define a vacuum state of the field with zero filling numbers of particles of each of four
varieties by specifying its properties with respect to the action of annihilation operators

d,(P)|¥) =0 ds(P)|W,) =0 b (P)|¥,) =0 b,(P)|¥,) =0
(Woldi(P) =0  (Wldi(®)=0  (%lbi(®)=0  (¥lb(P)=0
It follows from these relations that
(Wold, (P)di(P")|Wo) = (Wol[ dy(P), di (P")]|¥o) = (Wo|S5(P — P")| W)

Let us construct the amplitude of the field component, which is born at the point with

coordinates X = 0 and annihilated at the point with coordinates X
(Wolo;(X);(0)|Wo) = ((Wol@(X)T (0)|Wp));;
(Wolo(X)@" (0)| %) =
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ff d*p d4P’ [dl(P)VI(P)+b1(P)U4(P) ” b;(PHVIT(P") + d;(P)U4T (P") ) e PX)
(2m)* (271)4 +d,(P)UL(P) + b, (P)V4A(P)| [+d;(PHULT(P") + b (P)VAT (Pl *° €
ﬂ d*p d‘*P’ [dl(P)d{(P’)Vl(P)UlT(P’)+b1(P)b1(P’)U4(P)V4T(P’ ”q; SiBX)
(2m)* (211)4 +d,(P)d;(P)UL(P)U4T (P") + b, (P)b;(P)V4A(P)VLT (P)][ °

d*P
(2m)*

V1(P)U17(P) + U4(P)V4" (P)

+U1(P)U47 (P) + V4(P)V1'(P)

4P2 0 0 0

Pyl 0 0 0 0

em* " °|\ 0 0 —4pZ o

0 0 0 0

For the reasons given above, let us apply the normalization of the field operator
o(X)
2PTP

(Wo Wo)e i(PX)

‘PO > e i(PX)

As a result, we get

(YoleX)™ (0)|¥y) =

4PTP
4P2 0 0 0
d4P (LpollpO) 0 0 0 0 ei(P'X) _
(m)* 42PZ—M2)\ 0 0 —4P} 0 B
0 0 0 0
. P2 0 0 O
a*p (lPoN’o) 0 0 0 0 ei(P'X)
Qm)*2P2—M2\ 0 0 —P} 0O
0 0 0 o0

If the mass is zero, this expression is the matrix element between states of the photon.

Note that the matrix entering the matrix element has no inverse, so we do not try to find the
equation of motion or Lagrangian density, they are not necessary in this case, since we have an
explicit expression for the field operator. We do not have to worry about following the principles of
Lorentzian covariance, gauge invariance, or following ideas of symmetry. Instead, we rely only on
the fulfilment of canonical commutation relations for the field operator. The field operator is written
identically in any frame of reference, and to pass to another frame it is enough to know how the
momentum vector is transformed, which is transformed by exactly the same law as the coordinate
vector, which ensures the invariance of the phase of the plane wave. In other words, the field is not a
vector but a set of pseudovectors (pseudospinors in spinor space), only momentum and coordinate
are vectors (spinor).

We can make our reasoning more intuitively clear if we define the creation and annihilation
operators of the field particle

_ [ @*P [ bi(P)V1(P) + d;(P)U4(P) | _;p,
BRx) = f n)* [+d;(P)U1(P) rh@va@le
4
ACO = d*p [ di(P)VL(P) + b, (P)U4(P) | i)
(2m)* 1+d,(P)UL(P) + b, (P)V4(P)
Let us find the commutation relations between the components of these operators
[4,X), B;(X)] = 4,(X)B;(X") — B;(X")4;(X) = (A(X)BT(X’) - (B(X’)AT(X))T)U,

AX)BT(X') — (B(X)AT(X))' =
d*p d*p’
ﬂ (2m)* (2m)*
[ dy(P)d;(PHVI(P)ULT (P)ei®Xe=i(P'X') _ g=(P")d, (P)V1(P)ULT (P")e~i(P'X)i(PX) ]
|+ b1 (P)B; (PYUA(PIVAT (P! PV — y (P1)b, (PYUA(PIVAT (P)e (P X i) |
| +b4(P)b;(P)V4A(PIVLT (P")e!PXe~iP'X) — b2 (P")b, (P)V4(P)VLT (P") e~H(P'X)i®X) |
l"'014(P)dZ(P')Ul(F’)U4-T(F")e"("X)e‘i("'X') d4(P’)d4(P)Ul(P)U4T(P')e—i(P’X’)ei(P,X)J
r (d1(P)d; (P") — di (P")d; (P))V1(P)ULT (P")eiPX)ei(P'X') 1
- | @ &P 4P | +(5(P)B; (P") — b (P')b, (P)) U4(PIVAT (P)ei PR ("X |
@) )| +(b, ()b (P') — b (P')b, (P))VA(PIVIT (P)e PR e-i('x") |
|-+(da(PYA5(P) — di(P')d, (P))UL(PYUAT (P)eiPR=i(F'X")
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[ (5P = PO)VI(IULT (P! e='X) ]
ff d*p d*p’ |+(5(P P'))U4(P)V4T(P')e’(Px)e—l(l’ x’)l
(2m)* (21’[)4 +((5(P P'))V4(P)V1T(Pr)e,(px)e_L(P X/ I
l+(6(P P"))U1(P)U4" (P")ei®PXe=i(P'X)]
[ V1(P)U1T (P)e!®Xe-i(PX) ]
_ f d*p I+U4—(P)V4T(P)ei(P.X)e—i(P,X’)|
(2m)* | +V4(P)V1T (P)e!PX=i(PX) |
l+U1(P)U4T(P)ei(P,X)e—i(P,x’)J
[ VI(P)U1T(P) |
d*P_|+U4(P)V4" (P)| o—i(PX-X')
o)t | +vareyvire)|®
+U1(P)U4" (P)
. 4P¢ 0 0 0
AP [0 0 0 0 Lexx)
(2m)* 0 0 —41322 0
0 0 o0 o0

4P 0 0 0
= 0 0 0 0 fd4P e—i(P,X—X’)
0 0 —4P 0[] C2m)*
00 0 0
4P2 0 0 0
0O 0 0 0 ,
0 0 -4P? 0 S -X7)
0 0 0 0
4P2 0 0 0
A,(X)B;(X) — B;(X)A,X) = sx—-x)| ¢ 0 0 0
I J ‘ 0 0 —4P} 0
o 0o o oy,

As we see, the commutation relations are satisfied for the creation and annihilation operators.

Let us define the total particle number operator in the form
N;(X) = B;(X)A;(X)

N;; = f d*X B;(X)A;(X)
Let’s find the commutator
[N, B;(X)] = j d*X'{B;(X")A;(X")B;(X) — B;(X)B;(X)A;(X)} =
J d*X'{B;(X)A;(X")B;(X) — B;(X")B;(X)A;(X")} =

j d*x' {B;(X") (4,(X)B;(X) — B;(X)4;(X"))} =

4P2 0 0 0 4P2 0 0 0
’ ’ ’ 0 0 0 0 0 0
ax B.xHsx —x)f 0 0 = B.(X
J (B (X3¢ )} 0 0 —4P? 0 i® 0 o —4P; 0
0 0 o oy 00 o0 oy

Let’s define the vacuum state using the relations
di(P)[Wo) =0 by (P)[¥) =0 dy(P)|¥p) =0 by(P)|¥) =10
which implies
A;(X)[W) =0
Nilwo) = [ 44X 5,004 001%) = 0
Let’s act on vacuum by the creation operator and for the obtained state we find eigenvalues of

the particle number operator
4P 0 0 0
0 0 0 0
0 0 —apz o) BOO=[NeBX]= N5 X) - BN,
0 0
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4P2 0 0 0
0 0 0 0 B
0 0 _apr o) BOOI) = NGO — B OONI%)
0 0 0 0/y
4P2 0 0 0
0 0 0 0
MBow)=( 0§ ] (B
0 0 o 0y
If we apply normalization
AX) BX)
2PTP  2PTP
then the eigenvalues will have the form
P20 0 0
1 0 0 0 0
I\Iji(Bj(X)H’o)):m 0 0 —-P? 0 (B;(X)|¥,))
0 0 0 0

ij

Note that in the case of the photon field, the matrix, taking into account the normalization,
contains elements whose modulus is less than or equal to ¥4, since at zero mass Py < P§ .

The fact that for the creation and annihilation operator’'s commutation relations are fulfilled,
allows to conclude that quanta of the field obey Bose statistics, therefore a single action of the creation
operator increases the number of particles in the field by one, and the action of the annihilation
operator decreases this number by one. Hence, by means of these operators it is possible to write the
matrix element not only for the case when the initial and final states are vacuum, but also for the
initial state with an arbitrary number of particles

P 0 0 0
(LJACOBTO)1¥,) _ [ d*P (%) [0 0 0 0
4PTP S J@m*2p2-M2\ 0 0 —P? O
0 0 o0 o
For illustration let us consider a one-particle state
1) = B;(X)|¥)
Pk 0 0 0
oo 0 O
Ivjlll'p1> - 2P02 _ Mz 0 0 _PZZ 0 ILIJl)

0 0 o0 o0

ij
and act on it with the creation operator. Again, let’s take into account
P20 0 0
L 00 0 0
2RZ—M2{ 0 0 —PZ 0
0 0 o0 0/y

B;(X) = [Ny, B;(X)] = N;;B;(X) — B;(X)N;;

P20 0 0
1 00 0 ©
WE_ME 0 0 —P? 0 B;(X)|¥;) = N;;B;(X)|¥;) — B;(X)N;;|¥1)
o 0 o oy
P20 0 0
1 00 0 0
=NjiBj(x)|LP1>_Bj(X)2POZ—_W 0 0 —P2 0 |¥1)
0o 0 o oy
The result is
P20 0 0
_ 0 O 0 0
I\GiBj(X)|‘P1)—2m 0 0 —PZ 0 B;(X)|¥1)

00 o0 0/y
The eigenvalue of the particle number operator has increased, instead of a one-particle state we

have a two-particle state
[W,) = Bj(X)|lp1)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202401.1032.v10
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 January 2026 d0i:10.20944/preprints202401.1032.v10

53 of 73

P20 0 0
0 0 0 0
Nyj|¥,) = 2——— v
il ¥2) 2P2—-M2\ 0 0 —P} 0 %)

0 0 o0 0/y
Further application of the creation operator increases the number of particles to any value. Now
let us find a commutator for the annihilation operator, without taking into account the normalization

for the moment
[Nji:Ai(X)] = fd4X' {Bj(X’)Ai(XI)AL’(X) - Ai(X)Bj(X,)Ai(XI)} =

jd“X' {B;(X)4:(X)4;(X") — A;(X)B;(X)A;(X")} =

[ ax{(5x):00 - 4,008,(x)) 4,x)) =

42 0 0 0 42 0 0 0
4! ' ’ 0 0 0 0 _ 0 0 0 0
de{—&(X —“RAXN o —4P2 0 =AM o —4PF 0
0 0 0 0/ 0 0 0 0/
The ratios have been taken into account here
42 0 0 0
A,(X)B/(X") — B;(X)4;X) =6x—x»| 0 0 0 0
J J i 0 0 —4P} 0
00 o 0y
4P2 0 0 0
B/(XDA;(X) — A;(X)B,(X) = —6x—-x)[ 0 0 0 0
SR it 0 0 —4P2 0
00 o0 0/y

Let’s act by the annihilation operator
42 0 0 0
0 0 0 "0 4xX) =[Ny 4X)] = Nudi(X) — A, (XN
0 0 —4pz o) A=W AOI=Nd(X) = AN,
(U 0 0/
on the two-particle state and for the obtained state
4P2 0 0 0
O 0 o | ACOIY) = NiA(OI) — ACON; )
0 0 _4P22 0 l 2/ = HYjidti 2 i jil T2
0 0 o 0y
we find the eigenvalues of the particle number operator
Nji(A;(X)|¥2)) =

4P 0 0 0 4P 0 0 0
__| 0 0 0 0 . 0 0 0 0 .
==\ o 0 _ap o) ACOM*2| G0 ] @00
4P 0 0 0
0 0 0 0
N;i(Ai(X)|¥,) = 1 Ai(X)|¥2)
JEE 2 0 0 —4p2 o 2
0 0 0 0/ i

Here, the fact has been used that without taking into account the normalization we have
4P2 0 0 0
0 o0 0 O
bY
0 0 —4P2 0 I¥2)
0 0 0 0/
Thus, the annihilation operator reduces the number of particles and puts the field into a single-

Nji|¥,) = 2

particle state.
Separate application of the creation and annihilation operators more corresponds to the ideology

of second quantization than their use only as a sum, i.e. only as a field operator
eX) = AX) + B(X)

In particular, since
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(ol@X)@™ (0)|¥o) = (WolA(X)BT (0)|¥y)

then the matrix element really acquires the sense of the amplitude of the probability that the
particle is born at the origin and annihilated at the point with coordinates X.

Moreover, now the matrix element can be not bound to the vacuum state, but can be applied to
the field state with arbitrary number of particles n>0. The application of the sum of operators to some
state makes sense only in the case when all operators except one give as a result zero. Therefore, at
the usual approach we have to work only with the vacuum state so that at calculation of the matrix
element the annihilation operator gives zero. In our approach this restriction is removed, the
operators are not summed, but only multiplied, and they can be applied to a state with any number
of particles. For this purpose, let us take into account the following relations

(P(P,dy)n|d; (P)d; (P)P(P, dy1)n) = (P(P,dy)n|di (P)d; (P)|P(P, dy)r)
= (P(P,d1)n|6(P = P)[W(P,dy)y) = (V(P)y|6(P = P)[W(P)y)
(W(P, by)n|by (PYb; (P)[W(P, by)pn) = (W(P, by)n by (P)by (P")|P (P, by)y)
= (P(P,b1)n|6(P = P)|P(P,by)y) = (Y(P)y|6(P = P)[W(P)y)
(P(P,dy)n|ds(PYAG(P)[W(P, dy)n) = (W(P, dy)n|di(P)ds(P)[W(P, dy)n)
= (P(P,dy)n|8(P — POIP(P,dy)n) = (P (P)n|5(P — PV (P)y)
(W(P, by)n|bs(PYb;(P)[W(P,by)y) = (V(P, by)n |b;(P)D4(P)[W(P, by)y)
= (P(P,by)n|6(P = P)|P(P,by)n) = (¥(P)y|6(P — P)|¥(P)y)
@aacosT @, = [[ 2 I8
(2m)* (2m)*
d,(P)V1(P) + b, (P)U4(P) [ bi(P)VIT(P') + d;(P)U4" (P")
[+d4(P)U1(P) + b4(P)V4(P)] [+d1 P)HU1"(P") + bi(P')V4" (P")
d*p d*pP’
ﬂ m)* 2m)*
d,(P)d;(P")V1(P)U1" (P') + b, (P)b; (P")U4(P)V4™ (P')
[+d4(P)dZ(P’)Ul(P)U4T(P’) + b, (P)b; (P )V4(P)V1"(P")
f d*P W), [ V1(P)U1" (P) + U4(P)V4" (P) ” WP, ) ¢l
(2m)* +U1(P)U4T(P) + V4(P)V1T(P)

(PP,

[[#@peien

(PP,

[ et

» 4p2 0 0
p 0 0 0 0 iPx)
@t CJCORY | I _4p2 0 Y(P),)e
0 0 0 0
» 4P2 0 0 O
p o 0o 0 0],
= | —— (¥(P),|¥(P (X
| Gy v@ur@| 8 0. % e
0 0 0 o0

» 4P2 0 0 0
P o o o0 o0]};
= (¥ |¥ - i(P.X)
(¥l ")f o\ 0o 0 —4p2 0]°
0 0 0 0
The assumption used here is that the scalar products (¥(P),|¥(P),) = (¥,|¥,) are the same for

any values of momentum. Taking into account the normalization

P20 0 0
d*P (W, |¥,) 0 0 0 0]
W, |A(X)BT (0)|¥,) = S e
( nl ( ) ( )l n) (21_[)42P02_M2 0 0 —PZZ 0 e
0 0 0 0

At non-zero number of particles we can change the order of operators and first apply the
annihilation operator
wasoar @) = [ [ o7 08
" m)* (2n)*
[ b;(P)V1(P) + d;(P)U4(P) ] [ d,(P")V1"(P’) + b, (P")U4T (P")
+d;(P)UL(P) + b; (P)V4(P)] [+d,(P")UL"(P’) + b, (P')V4AT (P")
a*p d*p’
f f (2n)* 2m)*
[ d;(P)d,(P")UL(P)V1"(P’) + b;(P)b, (P")V4(P)U4" (P')
+d;(P)d,(P)U4(P)U1" (P") + b;(P)b, (P )V1(P)V4" (P")

(P(P)y,

|[w@e-ie®

(PP,

[[w@e-ie®
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U1(P)V17 (P) + V4(P)U4" (P)

-/ TP e, [[ ey, et

2n)? +U4(P)U1T (P) + V1(P)V4" (P)
" 4P2 0 0 0
- P o o 0 0 —i(PX)
o Rer R | IR Y| LIORE
0 0 0 0
" 4P2 0 0 0
- P 0 0 0 0| —iexn
= [ Gy v@uv@n| o 8 0. % e
0 0 0 0
L. (4P 0 0 0
0 O 0 0 —i
= (Y. |¥ i(P.X)
(¥l ">f(2n)4 0 0 —4p2 0]°
0 0 0 0
After normalization we obtain
PZ 0 0

0
a*p (lpnllpn) 0 O 0
(2m)* 2PZ —M2| 0 0 -—P?
0 0 o
Let’s return to the previously used definition of the vacuum state by means of relations
di(P)[¥) =0 by(P)[¥p) =0 du(P)|Wp) =0 by(P)|¥) =0
di(P)d,(P)|¥) = 0 bi(P)by(P)|Wo) = 0 di(P)ds(P)|¥) = 0 by(P)by(P)|Wp) =0
which implies

(W |BX)AT (0)|¥,) = -i(PX)

oo oo

A;(X)[W) = 0
Nilwoh = [ @K B,00ACO1¥:) = 0
As we have seen, the action of the creation operator transforms the zero-particle state into a one-
particle state

P20 0 0
1 0 0

N;i(B;(X)|¥y)) = N;i|¥,) = M2 8 % _P2 0 |¥1)
0 0 0 0

ij
At that, none of the operators of the number of particles with a particular value of momentum
di(P)d; (P)[¥1) bi(P)by(P)[¥1) di(P)d,(P)[W1) bi(P)by(P)[Wy)

has no definite meaning, since the particle is only one. In this connection it makes sense not to
define the vacuum in such a detailed way;, it is enough to define that the vacuum state is characterized
by only one condition

Nilwo) = [ 44X 5,004, 001) = 0

At this approach the field energy is not equal to the sum of energies of partial oscillations,
accordingly the question about the energy of zero-point oscillations of each oscillator constituting the
field is removed. We get rid of the problem of infinite energy of the sum of zero-point vibrations of
an infinite number of oscillators.

We can use the creation and annihilation operators instead of the field operator, and we can
apply them to an arbitrary state, not just the vacuum state. So, we don’t need to calculate the vacuum
mean and apply Wick’s theorem.

We would like the matrix element to have properties of the Green’s function, i.e., to satisfy the

equation

0 0° 0 0
- (axo2 COX2 0X,2 0Xy?
The solution of this equation has the form
d4P ei(P,X) d4P ei(P,X)
D(X) = f 2 2 2 2 = f
(2m)* P} — P? — P — Pf — M? (2m)* P2 — M2
Therefore, we complement the denominator of the integrand, for what we relate the creation

+ m2> D(X) = §(X)

and annihilation operators
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B = [ 2P [bi(P)Vl(P)+dz(P)U4(p) eni®X
=] @ l+dieyua®) + b;@vae) | Ve
* i(P,X)
A = [LF [dl(P)Vl(P)+b1(P)U4(P) e
(2m)*

+d,(P)UL(P) + b, (P)V4A(P)|\/p2 — p2
PZ 0 0 o0 )
d*p (wnlwn> 0 0 0 0 e~ i®X)
2m)* 2P —-M2\ 0 0 —-P? O Pz — M2
0 0 0 o0
After such normalization, one doubts the expediency of the normalization introduced earlier,

(l'pn |§(X)ET (0) |l'pn) =

namely, the inclusion of the multiplier in the formula
(Wn|Pn)
2P¢ — M?
By analogy with the introduced creation and annihilation operators for fields in vector space, let
us describe the corresponding operators for fields in spinor space. As an initial one we use the
previously described field operator for the fermionic field

d4—
0 - | Gy
d,(p)ul(p) + id,(p)u3(p) + ib,(p)u2(p) + b;(p)u4(p) o (Paxa+PTx3+ P30+ P31+ (p)
+d,(p)v1(p) + id;(p)v3(p) + ib3(p)vZ(p) + b, (p)v4(p)
[ bi(p)ul(p) + ib;(p)u3(p) + id;(p)u2(p) + dj(p)u4(p) o~ i(Po%2 +P1¥3 +P3 %0+ 371+ (P))
+b;(p)v1(p) + ib3(p)v3(p) + id3(p)v2(p) + di(p)v4(p)
Let us define the creation and annihilation operators
d*p
b(x) = @t
[b1 (P)ul(p) + ib;(pP)ud(p) + id; (P)u2(p) + di(PIU4(P) | ,-i(pyx, +rxs +av0 7321+ )
+b;(P)VI(p) + ib3(P)V3(p) + id3(P)VZ(p) + d;(P)v4(p)
d*p
a(x) = @i
[dl(p)ul(p) + idy (p)u3(p) + by (PIU2(P) + by (PIU4(D) | i(pgr, +7ixs 4735047551+ 50)
+d4(p)v1(p) + id3(P)v3(p) + ib3(PIV2(P) + by (p)v4(P)
Let’s find anticommutation relations between components of these operators

(000,56} = (b ) + b x)a® = (a@bC) + (bx)a™®)')
a(x)b"(x') + (b(x’)aT(x))T =
p d4 I
ﬂ 2m)* 2m)*
[dl(p)ul(p) + id,(p)u3(p) + ib,(p)u2(p) + b, (p)u4(p)
+d,(p)v1(p) + id3(p)v3(p) + ib3(p)v2(p) + by (p)v4(p)
[b 1(pHul*(p’) + ib;(pHu3*(p) + id;(pHu2’ (p’) + di(p")ud’ (p’ ]
+bi(p")v1*(p") + ib3(pIv3* (p") + idi(p))v2" (p) + di(p")v4" (p)

et (Pox2+P1X3+Pax0+P3%1+(PX) o~ (poxz +p X +phxb+pixl+(p’ xr)

+
/[ bi (pHul(p’) + ib;(p")u3(p’) + id;(pu2(p’) + di(p"u4(p’ ]\
| +b;(pHVI(p') + ib3(p")v3(p') + id5(p")v2(p’) + di(p")v4(p")
| dy(p)ul’ (p) + id,(p)u3’ (p) + ib,(p)u2*(p) + by (p)u4* (p) |
\ +d4(p)v1T(p)+ld3(p)v3T(p) + ib3(p)v2*(p) + bs(p)v4* (p) /
—l p0x2+p1x3+p2x0+p3x1+(p X )) i(Pox2+P1X3+Da%0+P3%1+(PX))
[ dl(p)dl(p’)ul(p)u‘lT(p’) |
| —d,(p)d;(p")u3d(p)u2’(p’) + -
ﬂ- d4p d4 ' L(P0x2+P1X3+P2Xo+p3x1+(pX))e-:( ox2+P1x3+szo+ 3X1+(p X’))
4 4
CONED b ()b (P EE(p)uL* ()
| —b,(p)b;(p)u2(p)ud*(p’) + -

_ei(p(’)?é+pQX§+pEXB+p§x{+(p’.X’)) e~ i(Pox2+P1x3+P2x0+P3x1 +(PX)) ]
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b3 (p")b, (p)(WI(p)ud* (p))"
|—b3(p)b,(p) (WB(P)u2* (p)) + -

_l.(poxz+p1x3+p2x0+p3xl+(p x))e (p0x2+p1x3 +pzx0+p3x1+(p’ xr))

ff (Czijrl)) é:w; *

[ di(p")dy(p)(ud(pHul’(p))'
| —d3(p)dy (p) (u2(p')u3" ()" + -
_e—i(?6XE+?£x§+Zx6+Féxi+W)ei(mx2+mx3 +P2x0+P3%1+(PX)) |
d; (p)d; (p)ul(p)ud” (p") + d; (p))d; (p) (ud(p"ul’ (p))"
|—d,(p)d; (p")u3(p)u2” (p") — d3(p")d,(P) (u2(pHu3" (p))” + -

el (Poxz+P1x3+D2x0 +P3x1+(p, x))e—l(p0x2+p1x3+p2x0+p3x1+(p X’))

d4- d4 I
ﬂ CORCORR _ * _ r
by (p)b; (pud(p)ul*(p’) + bi(p" )b (p)(ul(p')us*(p))
| b, (p)b3(p"YuZ(p)u3* (p') — b3(P")b,(P) (W (P Huz* (p))" + -
ol (POX2+PTxs 40 x0+P5X 1+ (0T X)) , —i(Poz +Pixs +P2x0+ P31+ (P X))

[ d,(p)d; (pHul(p)uda’(p’) + d;(p)d,(p)(ul(p)ud’(p"))

—d,(p)d; (pu3(p)u2’ (p") — d;(p")dz (p) (u3(P)u2’ (p") + -

i(Poxz +Pixs+D3x0 +D3x1 +(00) o ~L(POXE+DIX5 +DLx0+PEXL +(PTXT))

d*p’
4 4 +
ﬂ (2n)* (2m) [ b, (p)b; (p")u4(p)ul*(p’) + b;(p")b;(p)(ud(p)ul*(p"))
—b,(p)b;(pu2(p)u3*(p") — b3 (p")b,(p)(uZ(p)ud*(p")) + -
ol (POX2+P T +pLx0+P5 1+ (0T X)) o —i(Pox +Prxs +P2x0+ P31+ (P X))
[ ul(p)u4’(p) + u4(p)ul’(p) ]
—u3(p)u2’(p) — u2(p)usd’(p) + -

i(Po(x2—x2)+P1(x3—x3)+Pz (x0—x0) +P3(x1—x1) +(Px—x"))

d4
- | == +
J [ WA(p)ut* (p) + ul(p)ud* (p) ]
—u2(p)u3*(p) —ud(p)u2*(p) + -
| o —i(Po(x2—x2)+P1(x3-x3)+P2(x0—%0)+P3 (x1—x1) +(Px—x")) ]
[ ul(p)u4’(p) + u4(p)ul’(p) + vi(p)v4’ (p) + v4(p)vi’ (p)
—u3(p)u2’(p) — u2(p)u3”(p) — v3(p)v2'(p) — v2(p)v3’(p)
d4p i(Po(x2—x3)+P1(x3—x3)+P2 (x0—x0)+P3 (x1-x1) +(p.x—x"))
—4 +
(2m) [ WE(p)ul* (p) + WL(p)ud* (p) + VA(PIVI* (p) + VI(p)V4* (p) ]
—u2(p)u3*(p) — ud(p)u2*(p) — v2(p)v3*(p) — v3(p)v2*(p)

i(Po(x2—x2)+P1(x3-x3)+P2 (x0—x0)+P3 (x1—x1 ) +(px—x"))

_ f (341),4 (SR(p) +SR(p))ei(ﬁ(xz—xg)+p—1(x3—x§)+p—z(xo—x{))+ﬁ(x1—x{)+(p,x x"))
T

f(z ) (SR(p) +SR(p)) —i(Po(x2—x3) +P1(x3—x5)+P2 (x0—x4 ) +P3 (1 —x1) +(px—x"))

) m 0 0 0
(‘21_1‘)’4 % m 0% (5 (=) +B7 (3~} ) +53 (x0 =1 )45 (x1 =} )+ (p—x)
s m
00 0 m
\ @i 0 0 0
+ (%4 40 m 00 ) il et s xd) o) a3 )
00 0 m

=4mlé(x' —x) + 4mId(x — x')
{a:(x"), bj(x)} = a;(x")b;(x) + b;(X)a;(x") = 4Re(m)S (X' — X)&;;
{bj(x), a;(x)} = bj(x)a;(x) + a;(X)b;(x") = 4Re(m)5(x — x')5;;
Besides these relations, the following ‘anti-commutation relations take place between the

components of the annihilation and creation operators
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{bi(x), b;(x)} = by(X)b;(x") + b;(x' )b (x) = 0
{00, 4(x)} = ;) a;(x") + 4;(x)a;(x) = 0
Let's define operators of the total number of particles in the form
Ni®) = h®ax) Ny = f d*x by (x)a; (%)
Let’s find the commutators
[N b; (0] = f d*x’ [b;(x)a;(x)b;(x) — b (30)b; (x)a; (x)] =
f d*x’ [b;(x")a; (x")b; (%) + b; (X" b (X)a; (x)] =
f d*x' [b;(x") (& (x)by (%) + b ()@, (x) )| =
4Re(m) f d*x’ b(x)8(x’ — X)8;; = 4Re(m)8;;b;(x) = [Nji, b;(%)]
[N ;0] = f d*x’ [b(x)a;(x)a;(x) — a;(0b;(x)a; (x)] =
f d*x’ [~b(xa; (R a; (x) — a;(0b;(x)ay(x)] =
- f d*x' [(b(x)a: (0 + a; (0 (x) ) a(x)] =
~4Re(m) j d*x' §(x' —%)8;;a;(x') = —4Re(m)8;;a;(x) = [Njy, ;)]

Instead of defining the vacuum state through its properties under the action of annihilation
operators
d1(p)|¥o) = d2(p)|¥o) = b, (p)|¥o) = by (P)[¥o) = 0
d,(p)[¥o) = d3(p)|¥o) = b3(p)|Wo) = b3 (p)|¥o) = 0
which would entail the ratios
a(x)|¥o) =0  N;|¥) =0
we will not require from operators all these properties, but we will be limited by a weaker and
simpler definition of vacuum, namely, absence of particles in vacuum
NjiH’o) =0
Let’s use the found commutator
4Re(m)6;;b;j(x) = Nj;bj(x) — bj(X)Nj;
4Re(m)d;;b;(x)|Wo) = Nj;b;j(x)|Wo) — bj(X)N;;|¥o)
Njibj(x)llpo) = 4Re(m)6ijbj(x)|lpo)
[¥1) = b;(X)[Wo)
Nji|q’1) = 4Re(m)6ij|lpl)
On the obtained one-particle state let’s act on the obtained one-particle state by the creation
operator again
4Re(m)6;;b;(x)|¥1) = N;ib;(x)|W1) — by (X)N;|'¥y)
4Re(m)6;;b;(x)|¥,) = Nj;b;(x)|¥1) — 4Re(m);;b;(x)['¥;)
N;ib; () |W1) = 2(4Re(m)8;;)b; (x)|Wy)
|¥2) = b;(x)|¥y)
N;i|¥,) = 2(4Re(m)6;))|¥y)

We have obtained a state with two particles and we can thus increase the number of particles to
infinity. All particles are identical and indistinguishable from each other, each of them is in all
allowed states, of which the free field has infinitely many. Electrons in an atom have fewer allowed
states, but still any electron occupies all of them equally with the others. This theory describes both
electron and positron, the difference between them being only in the sign of the mass, it being
convenient to consider that the electron has a negative mass and the positron a positive one.

Similarly, we use the commutator of the annihilation operator

—4Re(m)6;a;(x) = Nja;(x) — a;(X)Nj;
—4Re(m)5ijai(x)|q’2) = Njiai(x)|‘P2) - ai(X)NjillpZ)
—4Re(m)5ijai(x)|q’2> = A’;’iai(x)“’z) - 2(4Re(m)5ij)ai(x)|‘pz)
Njiai(x)llpz) = 4Re(m)6ijai(x)|lp2>
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Thus, the action of the annihilation operator has transformed the two-particle state into a one-
particle state. Using the same calculations, we obtain the result of the annihilation operator action on
the one-particle state

Njia;(x)[¥1) = 0 * a;(x)|¥1)
And in the same way we define the result of its action on the null state
Njiai(x)llpo> = _4Re(m)5ijai(x)|lpo) = 4Re(_m)6ijai(x)|lp0)

We obtain a state with the number of particles minus one, but we see that in fact it is a state with
one particle whose mass is negative. Thus, the positron annihilation operator is also the electron
creation operator. It destroys positrons until they run out, after which it starts creating electrons. The
creation operator, on the contrary, destroys electrons, and when they run out, starts creating
positrons. Thus, since there are many electrons in our universe, this operator cannot be creating
positrons because it cannot destroy all electrons due to their number. Moreover, the operator of
annihilation of positrons because of the absence of the latter, only creates more and more electrons.

If the mass is zero, then in any state the number of particles is zero, i.e., for example, the
electromagnetic field in spinor space, where it should be fermionic, simply has no particles. The
absence of particles does not contradict the presence of the field, which is represented by the same 16
spinors, this field obeys Fermi statistics, and it has no charge and can be treated as a Majorana
fermion. This field interacts with electrons in spinor space, and the result of the interaction manifests
itself in vector space.

With the help of the creation and annihilation operators we can write the matrix element for the
situation when the initial and final states are states with arbitrary number of particles

(WnlaG)b™ (0)| W) =

1 0 0 O
d*p 0 1 0 0, i(pors+pirs+paro+paes +(p0
f W(Lpnll'pn>4Re(m) 00 1 0 el (Pox2+P1x3+D2x0+P3x1+(pX))
0 0 0 1

(l}’n|b(x)aT(0)|l}’n) =
1 0

00
4 .
f % (W, ¥, )4Re (m) 8 (1) (1) 8 o~ i(Pox2+Pixs+D2x0 P31 +(PX))

00 01
An indirect argument in favor of the fact that the sign of a fermion’s charge is determined by the

sign of its mass is as follows. In quantum electrodynamics, the amplitude of the scattering of fermions
on each other is used to determine the interaction potential between two fermions. This amplitude is
proportional to the product of the fermion’s masses. The corresponding product is positive for two
electrons or two positrons and negative for different particles. Therefore, depending on the sign of
the product of the masses, fermions are either attracted or repelled.

We would like the spinor matrix element to have properties of the Green’s function, i.e. to satisfy
the equations which for this case are given below and which can be combined into one equation

0o 0 0o 0
<6_x06_E + %, I%; + m) D(x) =6(x)

(ii+ii+ ) DG) = 5(3)

0xo0x, 0xq0%x3
(6 ad 4 a 0 +_)<6 0 N 0o 09 +_)D()—6()
9%, 0%, 0x,0%; ") \oxy0m, T ox 0w, ) T T O
where the delta function can be represented as

d* e - —
6(x) = P el(Poxz+P1x3+l’2xo+p3x1+(ﬁx2+P1x3+P2x0+Z’3x1))
(2m)*

The solution of the combined equation has the form
d4p ei(mxz +P1x3+P2%0+P3%1+(P.X))
D(x) = f ¢ I
2m)* (Pop2 + P13 — M) (P2Po + P3P — M)
Therefore, we will supplement the denominator of the integrand, for which we will normalize
the creation and annihilation operators
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_ d*p
bt) = f Q)
[ b; (p)ul(p) + ib;(p)u3(p) + id;(p)u2(p) + d; (p)ud(p) | e Poxz+Pixs+Paxo+Psx1+(px)
+b;(p)v1(p) + ibs(p)v3(p) + id;(p)v2(p) + :li;’i(p)v4(p) (Pop2 + Pips —m)
a(x) = (21:)94
[dl(p)ul(p) + id,(p)u3(p) + ib,(P)UZ(p) + by (p)ud(p) | e Poxz+Pixs+Paxo+Psx+(px)
+d,(p)v1(p) + id;(p)v3(p) + ibs(p)v2(p) + by(p)v4(p) (P2po + D3Py — M)
(W, [ax)BT (y)|W,) =

1 . —
j P g w0 100 4Re (e (279 ®x)
(2m)* g g é 2 (P2po + P3p1 — M) (Pop2 + P10z — M)
(lpnl (x)aT(Y)|an) =
1 0 0 O . —
@ g (01 0 0| sReue (0= 5)
@m)* 8 g (1) (1] (P2po + P3p1 — M) (Pop2 + P1pz — M)

The electron and positron have different mass sign, so their matrix elements will be different.
We can repeat the above calculations, keeping the annihilation operator, but defining the
creation operator differently

_ [
™=y
[dl(p)ul(p) +idy(P)u3(p) + ibo(PIuZ(p) + by (PIUAP) | i(pgx,+p1x5 +P3x0 +3x1+(P0)
+d,(p)v1(p) + id3(p)v3(p) + ibs(p)v2(p) + 114(p)v4(p)
(2m)*

[ di(p)ul(p) — id;(p)ud(p) — ib;(p)uz(p) + b; (p)u4(p) o~ i(Po%s +P1¥3+73 %0+ P31+ (P)
+d3(p)v1(p) — id3(p)v3(p) — ib3(p)v2(p) + bi(p)v4(p)
As a result, we obtain the anticommutator
T
{a:00,b;(x)} = &by (x") + b(x)a;(x) = (aGOb(X) + (b(x)a’ (X)) )U
a(x)b” (x) + (b(x’)aT(x))T = 4Py I5(x' — X) + 4PyI5(x —X') = 8P,5(x — X')
Py = poPo + P1P1 + P2P2 + P3Ds
As before, using the creation and annihilation operators, we construct the matrix element for a
state with an arbitrary number of particles
d*p

00" ) Gy

[dl(p)uup) +idy (P)u3(p) + ib(PUZ(P) + by (p)ud(p) | e Pore PrxstPxo P+ p)
+da(@)VA(P) + ids (PIV3(P) + ibs (PIV2(P) + ba(PIVA(P)]  (PaPo +P3Pr —T)

~ d*p
500 = [ G
[ d; (p)ui(p) — id}(p)ud(p) — ibj(P)u2(p) + b (p)ud(p) | e (Poxz+Pixs+Pazo+Paxi+(ex)

+d;(p)v1(p) — id3(p)v3(p) — ib3(p)v2(p) + b;(p)v4(p) (Pop2 + P1ps —m)
(anlﬁ(x)bT(Y)lan) =

d*p (1) 2 g g gp,ei(@x-y+Pxy)
= [ G (Tl S5 L —
(2m)* 8 g (1] (1] (P2po + P3p1 — M) (Pop2 + P10z — M)
(lpnl ®a’ (y)|¥,) =
1 0 0 O . ey
- f TP w0 1 00 8pye~(Px1Gx)
@m** mn g g é 2 (P2po + P3Py — M) (Pop2 + P10z — M)

Now instead of mass the matrix element includes energy, therefore such theory is applicable
also to the field with zero mass, i.e. it can serve as a model not only for the electron, but also for the
electromagnetic field in spinor space. The only problem is that if earlier the action of the
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annihilation operator on the zero-point state gave a particle with negative mass, now this action gives
a particle with negative energy, which makes the interpretation of such theory more difficult.
Note that in this revision the creation and annihilation operators are conjugate to each other
~ d*p
ax) = 2
[, (p)ul(p) + i (P)u3(p) + ib, (PIUZ(p) + by (PIud(p) | _ '@+ )
[+ds(p)v1(p) + id3(P)v3(p) + ib3(P)V2(P) + by (P)v4(p) | (P20 + P3Py — M)

e
B(x) :'az(x)zf(z—n";4

[ di(p)uL(p) — id3(p)U3(p) — ib;()u2(p) + bi (Pua(p) | e~ (®I7®)
[+d3(p)v1(p) — id3(p)v3(p) — ib3(PIV2(p) + bi(P)v4(P) | (PoP2 + P15 —m)

The considered free field matrix elements describe the situation when there is a point source
with coordinate x and a point sink with coordinate y. In the general case in the spinor space the
distribution of source-stocks J(x) can be given and the value of

1
W) = =3 [[ d* aty 1Dy x -y, @)

which is used for finding the integral over the trajectories and which can be written using the
Fourier transform for the spinor space

d* . _
]L(p) = fﬁji(x)e_l((nx)*‘(nx))

10 d*p —— 8(poPo + P1P1 + P2P2 + P3P3
W(Q) =—= f f P ) 6y — (PoPo I:lp_l P2z _p3p33

2)) (2m) (P2po + P3p1 — M)(Pop2 + P1P3 — M)
In quantum field theory it is customary to calculate a similar quantity

w() == [[ atx a*v 00D, x = V00
in which the coordinates, momenta and the Fourier transform connecting them belong to the
vector space. In our opinion, the transition to spinor space, more fundamental than vector space,
which is a superstructure over spinor space, can eliminate divergences in calculating integrals in the
framework of the formalism of the integral over trajectories. In momentum space the similarity is
even more obvious, the kernels of the integrals are the same, the only difference is in the space where

the integration takes place and the way of calculating the Fourier transform - either in vector or in
spinor space

J;(p)

v
= 2) e P gz g — i
1 d4p — 861
v 2 (2”)4]l(p) (Pzpo + P3p1 — M)(Popz + P1P3 — M) i)
The spinor space has the additional advantage that the integrand is factorized

L d J.(p) J;(p)
W(]) = __ff 48P0 — L_ — 6’-} — j_
2)) @m) (Pzpo + P31 —m) ' (Pop2 + P1ps —m)
This factorization in momentum space looks like a consequence of a more fundamental property
of factorization in coordinate space

1
w() = —Ejf d*x d*y J;(x)D;;(x — y)];(¥)
1
- _Ejf d*x d*y J; ()(WnlaG)b™ ()W) ii/; (7)
1
= =5 [[ ¢ @ty oo (acob™ @) g @) )

1 4 4 T
= —5 (| [] @x *y 10 (@GOBT )11, )

We can assume that first it makes sense to perform integration separately on x and y, and only

then to perform multiplication
([ exreaw)([ay o)

W)

1
wy = —3 (Wn W)
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Since earlier we have obtained an explicit representation of field operators in both vector and
spinor space, we do not need to refer to the equation of motion and the Lagrangian density.
Proceeding from these representations, we define the creation and annihilation operators, and from
them we construct the matrix element as a function of relative coordinates.

It may seem artificial to add an additional multiplier to the denominator of the plane wave. But
then we must remember where the plane wave itself came from, namely, that it is a solution of the
homogeneous wave equation. But the wave cannot arise from nothing, it must have a source, that is,
it must be a solution of the inhomogeneous wave equation. In the case of a source in the form of a
delta function, this solution includes just such a multiplier in the denominator. Furthermore, the
introduction into the denominator of a factor proportional to energy is often justified by the need to
ensure the Lorentz invariance of the integral.

Using the found field operators and propagators, one can make corrections in the rules of
construction of Feynman diagrams. In particular, one of 16 pseudospinors should be compared to the
external lines of the fermion, and one of four pseudovectors should be compared to the external lines
of the boson instead of the polarization vector. One should also correct the type of propagators of the
fermion and the boson. All these corrections can be done even within the classical Feynman diagrams
in vector space. Then the outer lines will be explicitly expressed through the momentum components,
and the diagram will look the same in any reference frame. A complete transition from integration in
vector space to integration in spinor space would be a more radical step, the consequences of which
are yet to be studied.

In particular, when integrating over the momenta associated with the inner lines of Feynman
diagrams in vector space, a divergence of the form [ d*P(1/P*), for example, arises. In spinor space
the denominator remains the same, but the numerator in the integral [d*p(1/P*) is of lower order,
since the component of the momentum vector is a bilinear form of the component of the momentum
spinor.

In light of the existence of operators capable of creating and annihilating fermions and bosons
that are constrained to a particular point in space, a re-evaluation of the concept of elementary particle
interaction becomes imperative. Without recourse to prior reasoning or justification, it can be
assumed that the interaction is described by the multiplication of any set of such operators bound to
the same point in space. This product, which also incorporates constant multipliers to account for the
degree of interaction, is then integrated over the entire coordinate space. The result of this integration
is a multiple integral over the momentum space, which in vector space often diverges, but in spinor
space perhaps not.

Previously defined operators

~ d*p
59 = [ Gy

[bi‘ (ul(p) + ib3(P)u3(p) + id3 (PIu2(p) + dj (p)ud(p) | ¢~ /Porz*Prxa Paxotvaxi+(px)

+b;(p)vi(p) + ib3(p)v3(p) + id5(p)v2(p) + d;(p)v4(p) (Pop2 + P1ps —m)

d*p

(2m)* L
[dl(p)lﬂ(p) + id;(P)u3(p) + ib,(P)uZ(p) + by (p)ud(p) | ¢ (Poxz+Pixa Paxotpaxs+ @)
+d,(p)v1(p) + ids(p)v3(p) + ib3(p)v2(p) + b,(p)v4(p) (P2po + P3p1 — M)

create or annihilate the fermion at a precisely defined point of space, while the momentum of

ax) =

the fermion is not defined. Taking into account the symmetry between the coordinate and momentum
operators in quantum mechanics, we can postulate similar operators for a fermion with exactly
definite momentum and indefinite coordinate.

b(p) = f d*x
b (GOUL(X) + b3 (GOU(X) + id; (OU2(X) + d} (X)ud(x) | e~ {(Poxz+Pixs+Pa%o+Paxi+(p)
+b;(X)VI(x) + ib;(x)v3(X) + id}(X)v2(X) + d}(x)v4(X) (Xoxy + X7x3 — 1)
alp) = J. d*x
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d; GOUL(X) + id, )u3(X) + iby (DUZ(X) + by (X)ud(x) ] e (Porz+Pixs Paxo+P3x1+(p)
[+d4 X)V1(X) + id3(X)v3(X) + ib3(X)V2(X) + by (x)v4(X) (x2x0 + Xax; — 1)
where [ is the invariant interval of the spinor coordinate space. Now the difference between an
electron and a positron is determined by the sign of the interval.
The simplest recipe for the description of the electron-positron field seems to be the use in its

equation of motion of the matrix, which we obtained in the construction of the anticommuting field
operator, namely

Ps —Po
SR(p) = N2 — P11\,
)= Do (P1, D0, P2, P3) — D3 (P2, 93, P1, —Po) +
P1 2
Po _m
p Do Da. D2 — —
+ _% (P2, D3 —P1, Do) — g(z) (=P1, D0, P2, P3) =
P2 D1

which after the substitutions transforms into a differential operator

a -
(35, —05,80,0,) — 5. (8o, 01,81, —0;) +
\ 63 } a0

-0,
(), (2
Pz:ab 3, 62) 2, (—63, 04,0, 01)
\%} \Z}

Earlier we showed that

P2Do + D3P1 0 0 0
0 D2Po + P3p1 0 0
SR(p) =2 _ -
(p) 0 0 DP2Do + D3P1 0
0 0 0 DP2Do + P3b1
m 0 0 0
_ o m 0 0])_,=
=20 0 m o=
00 0 m

Thus, the equation of motion has the form
(SR +2ml)@(x) = 0
After transition to the momentum space by means of integral transformation
d'p (P00 +(x)
009 = [ G eme

we get the equation of motion

(SR(@) — 2mI)(p) = 0
(@zpo +P3p1) —m)I@(p) = 0
The Green’s function is a solution of the inhomogeneous equation

(SF + 2mI)DR(x) = I5(x)
4 —_
DR(x) i f (Czlnz)) ~ DR(p) R
_(5%) — 2mI)D%(p) =1
(@ + ) =~ m)0" ) =1
DR(p) =

(P2p0 + D3p1) — M

I i ey
DR(x) = f L i (®0+®X)
@m)* (papo +P3p) —m
Let us note that the diagonality of the left part of the free field equation
(P2po + P3p1)I@(p) = mig(p)

allows to take into account in a simple way the influence of the external electromagnetic
potential expressed in the spinor form

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

d0i:10.20944/preprints202401.1032.v10


https://doi.org/10.20944/preprints202401.1032.v10
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 January 2026 d0i:10.20944/preprints202401.1032.v10

64 of 73

(@2 = a2)(po — @) + (s — a2)(p1 — @) ) [9(p) = mig(p)

Due to the diagonality of the equation, the addition of an external field does not break its
invariance, unlike in the vector space. It turns out that at the spinor level the fields interact additively.
There arises a strange assumption that since the matrix is diagonal, there is no need to zero out the
non-diagonal elements to ensure mass invariance, hence Newton’s law is not relevant in spinor space,
and the components of the momentum spinor always commute.

Replacing the momentum components by derivatives gives us an analogue of the Schrodinger
equation

(@ - @)(1@; = a0) + (i3 — 0)(i3; — @) ) 19 (®) = mI(p)
However, we must not overlook the fact that we arrived at this equation by assuming that the
particle is free and therefore equal to zero, for example, a matrix of the form

/ 0 0 [p2P2 —P2p2]  [P2Ps — ﬁpz]\
KV(p) = o 0 0 o [psP2 —P2psl  [psPs — P3ps]
\ [PoPo — PoPol  [PoP1 — P1Pol 0 O
[p1Po — Pop1] [p1P1 — P1pi] 0 0

from the initial composition of the matrix
§'(p) = K" (p) +

0 P1 0 P2

0|, —— —DPo 0 p —
Do (pO! P1, 0!0) + go (0,0, P1, _pO) + m (p3' —P2, 0'0) + 03 (0'0' P2, p3)
P1 0 -2 0

If a particle is in an electromagnetic field, then after substitution

p1—oi0s—a;  po—id+ag p;—iditas  p,—idhta
P12 i03—a; Py~ i0p+d p3—i0i+a; P~ idt+a;

the matrix KV(p) is generally not equal to zero. However, in developing the principle of
absolute mass invariance, we must impose the condition that it is equal to zero, which will lead to an
analogue of Newton’s law in spinor space. For the matrix S®(p), there is also a corresponding
commutator matrix KV(p), which is zero for a free particle, and in the presence of a field, this
condition must be imposed separately after substitutions.

The theory outlined in the article allows us to answer the question how the fermion field changes
under the action of Lorentz transformations on the coordinates. Exactly, if we move to another frame
of reference by rotations and boosts, the coordinate spinor changes. As a consequence, the
momentum spinor changes, the components of which are the coefficients of the expansion on the new
coordinates, and the momentum spinor undergoes exactly the same transformation as the
coordinates, so that the phases of all plane waves in spinor space do not change. The components of
the new momentum spinor are substituted into the 16 spinors describing the fermion field. Thus,
there is no any uniform law of transformation of a spinor of the fermionic field, each of 16 spinors
corresponding to the particles forming it, is transformed in its own way.

4. Momentum Tensors for Maxwell’s and Einstein’s Equations

We need to take a closer look at Maxwell’s inhomogeneous equations. Let’s repeat the relations

that we will analyze
Ey = 0,4, — 0,4,

(o5 5 5
—F 0 —B, B

En=|_.~ S
E, B, 0 -B,

&—Ez -B, B, O /

B, = BB, - PP, =-0,P,=0,P,—0,F,
0 —0oP; —0¢0P, —0,P;
P _ aopl 0 —61P2 _61P3

W\ 0gP, 0,P, 0 —0,P;
0oP; 0,P;3 0,P; 0

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202401.1032.v10
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 January 2026 d0i:10.20944/preprints202401.1032.v10

65 of 73

0 —0oP; —0,P, —0oP3
P = 0oPy 0 0,P, — 0,P; 0,P3; — 03P
W\ 9gP,  0,P — 01P, 0 0,P3 — 03P,
00P; 03Py —0,P; 03P, — 0,P; 0
On the one hand, the requirement of invariance of mass leads us to the equation
P, t+eF, =0

from which we can obtain
0,P* + ed, F* =0
On the other hand, we have the universally recognized Maxwell’s inhomogeneous equations

9, F* = j
i
In the results, we are forced to recognize the validity of the relationship
9,P* = —ej

On the left side is the vector obtained as a result of the contraction of the tensor consisting of the
derivatives of the momentum vector. This tensor contains information about the internal rotations of
the particle, for example, the spin of an electron. After contraction, all this information is explicitly
absent. In addition, when contracting electromagnetic tensor to obtain the generally accepted four
independent equations, the assumption is made that the derivatives with respect to different
coordinate components commute, and, in addition, Lorentz gauge is applied. As a result, generality
s violated and a too special type of equations is obtained. On the right-hand side is the current vector,
which can be interpreted as the momentum vector multiplied by the charge. This view of current
arose historically, since current was considered as the movement of charges. Quantities with the
dimension of charge appear twice here, since current density also has this dimension. This is logical,
since the left side is proportional to force, and it depends both on the charge generating the potential
and on the charge of the particle on which the force acts. There is a clear analogy with Coulomb’s
law, which includes the product of interacting charges.

It can be argued that the expression

0,P* + ed, F* =0

is a theoretically sound formulation of inhomogeneous Maxwell’s equations, which follows
from the requirement of mass invariance, while the expression

aﬂ FHv = jv

is an empirically established relationship, where the right-hand side contains a surrogate vector
that historically arose from practical considerations.

By analogy, we can recall that in Einstein’s equation, the Riemann tensor also contracts to the
Ricci tensor with a loss of information. It can be assumed that by simultaneously contracting all the
terms in the original equation, it is possible to strictly derive Einstein’s inhomogeneous equation, as
is the case with Maxwell’s inhomogeneous equations.

The expression we propose looks like the definition of a current vector by a given momentum
tensor P*’. But why do we contract the tensor and reduce it to a vector? After all, when performing
contraction, some of the information contained in the tensor is lost. For example, any information
about the internal rotations of a particle described by the momentum rotor is definitely lost. One of
the reasons we are forced to do this is that, in the early days of electrodynamics, current was described
exclusively as a vector, and not as a tensor. Therefore, in order to write the equations, it was necessary
to convert the left-hand side into a vector using a contraction, which is also combined with taking
derivatives. With the development of quantum electrodynamics, this approach was reinforced by the
fact that for an electron, the Dirac spinors describing it are combined in such a way that the current
again turns out to be a vector. As a result, the system using the current vector turns out to be closed.

But if electric current is the movement of electrons, and electrons have spin, then spin does not
disappear anywhere in electric current. Having spin, electrons are a source of magnetic fields, and
when contracted into the current vector, this property of the source magnetic field source disappears,
and there are no magnetic field sources on the right side of Maxwell’s equations. This means that
describing current as a vector is insufficient; we would like to define current as a tensor formed from
the original spinor of the electron. The following definition is proposed
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T =2 > [gens(on),

a=0 =0
where we use the following six matrices - Commutators of gamma matrices in the Weyl basis

Oy El’o o v

00 0 i 00 0 1 00 i 0
00 i 0 0 -1 0 00 0 —i
%15\ g —i 0 0f %°27|o0 -1 0 0 3=\ _; o 00)
- 0 0 0 1. 0 0 0 0 i 0 0
00 1 0 00 0 i 00 0 1
00 0 -1 o o0 —-i o (o0 10
92511 0 o0 0 93510 i 0 0] ?22T|lo 1 0 0
0 -1 0 0 - 0 0 0 100 0

This current tensor is antisymmetric and has zero trace
0 ¢ t, t3
—t; 0 ty s
—t, —t, 0 ¢t
—t; —ts —tg O
here we have denoted, for example,

T =

by =ty
Direct calculations show that when the original spinor is rotated 360 degrees around any of the
axes, the current tensor created from it becomes identical to itself, i.e., its spin is equal to one.
The Lorentz-transformed spinor yields a tensor that can be obtained in parallel from the original
tensor by applying the corresponding Lorentz transformation matrix in Minkowski vector space.
3

(ATAT) = Zi EM(NP)B(%)M;]

a=0 =0
The value T,,T#" is invariant to rotations and boosts, and if the mass is a real or imaginary

quantity, then the following equality holds, in which the right-hand side is positive in the first case

and negative in the second
3 3 3 3
Z Z ZZ af y(SgaygB(S =2m?
p=0y=

a=0

Using the 16 spinor at our dlsposa efme 16 pseudotensors of the form, for example

e Ca
- 11—
(ul) (u1) (ul)
Z 3PS 85 (0,
0p=0

a=
If the spinor mass is not zero, then each of these pseudotensors is equal to one representative
out of four pairs of pseudotensors; in a pair, they differ in their common sign.

0 1 —J2 —Js 0 = J2 Js
=1 0 Ja Js A 0 —ju —Js
J2 =Ja 0 —Je —J2 —Ja 0 Je
Js —Js Je 0 —Jj3 Js e O

0 —j» —J2 Js 0 1 J2 —J3

i 0 —ja Js =1 0 Js —Js

J2 Ja 0 s —J2 —Ja 0 —Js

—Jjs —Js —Js O Js Js Js O

0 _jl jz j3 0 j1 _jz _js

i 0 —ju —Js =1 0 Ju s
—J2 —Ja 0 Js J2 Ja 0 —Js
—Jjs Js  —Js O Jz3 —Js Js O

0 jl _jz _j3 0 _jl jz j3

i 0 —ja —Js i 0 Ja Js

J2 Ja 0 Js —J2 —Ja 0 —Js

J3 Js  —Je O —Jj3 —Js Je O

If the mass of the spinor is zero, then the tensor obtained from the spinor has the form
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0 0
tl tZ
0 —-t; 0 ¢t
0 —t, —t3 0
and 16 pseudotensors are reduced to possible polarizations in the form of two pairs of
pseudotensors with opposite common signs

0 0 0 0 0 0 0 0
00 J1 J2 0 0 —j1 —J2
0 —jy 0 —j3 0 ji 0 Js
0 —j, jz O 0 j» —jz O
0 0 0 0 0 0 0 0
0 0 —j1 Jj2 0 0 /1 —J2
0 1 0 Js 0 —j1 0 —Jj3
0 _jz _j3 0 0 jz j3 0

The structure of the current tensor at nonzero mass coincides with the structure of the
electromagnetic tensor (antisymmetry, zero trace), which suggests writing the equation

eFm, = Tuv

Like Maxwell’s equations, this equation establishes a connection between a massless field and
its sources in the form of massive particles, exhaustively characterizing their mutual influence. This
equation does not contain a contraction, which leads to a loss of information in the inhomogeneous
Maxwell’s equations. However, there is nothing to prevent us from taking derivatives and
contracting both sides of this equation.

We can also write the relation for momentum

By =Ty

This relation has a different meaning and is rather not an equation, but an identity that connects
the external manifestation of current in Minkowski space with its internal structure at the spinor
level. These are two representation of the energy-momentum tensor of a charged particle.

Now, we can propose the following definition of the Lagrangian density for electrodynamics

L= —%FWF”" + eF, TH + T, TH

The quantity £ is invariant under rotations and under boosts.

Let us formulate a conclusion from the calculations performed. The interaction of an
electromagnetic field at an arbitrarily moving point in space with the field of a charged particle or,
more strictly, with a field possessing an electric charge, is most accurately described not by Maxwell’s
equations, part of the information in which is lost due to the contraction of the electrodynamics
tensor, but by an equation with the direct participation of this tensor.

3 3 1 B
eF[Lv = PIW = TMV = Z Z [Ep“pﬁ(a‘“’)aﬁ]

a=0 =0

Here, the tensor F,, contains the derivatives of the momentum vector components in
Minkowski space, which, in quantum mechanics, are interpreted as mixed partial derivatives of the
wave function in the vector coordinate representation. The tensor T, contains the components of
the momentum spinor, which, in turn, are interpreted as derivatives of the wave function in the
spinor coordinate representation.

It should be emphasized that this equation is valid only when the current tensor is not equal to
zero, i.e.,, when there is a field with an electric charge at the point in space under consideration. If the
point is in a vacuum, then the equation means that the electromagnetic field strength is zero.
However, an electromagnetic field can exist in a vacuum, so for a vacuum it is necessary to use the
contraction of the left-hand side together with the derivatives, i.e.,, Maxwell’s equations, which allow
for a non-zero field even when the right-hand side is zero.

Let us consider constructing an explicit expression for the tensor with spin two to propose a
model for the gravitational field carrier. A tensor formed by the direct production of vectors does not
give the desired result, because its spin remains equal to one. Let us apply the method used to
construct the current tensor and define the coordinate and momentum tensors
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tote= YO Y [rimaaan),, (occ),

a=0 =0y=086=0

i = 02 223 [Taps o) o),

a=0 f=0y=06=0
We can rotate the initial spinor, and the tensor constructed from it is rotated together with it. By
direct calculations we can check that when we rotate the spinor around any of the axes by 720 degrees,
it turns into itself, the vector turns into itself when we rotate by 360 degrees, and 180 degrees is
enough to translate our tensor into itself, i.e. the tensor defined by us has spin two.
For a tensor created from a transformed spinor

e i i i [ V0P, (V05 (01), (5, |

a=0B=0y=06=0
the transformation law using Lorentz matrices applies

3
Puver = Z Z Z Z Tapys AualvpAeyAis

a=0 f=0y=06=0
Note that from the 16 pseudospinors that make up the complete basis of states, we can form 256
pseudotensors of the form

1—7n
(ul)(u3) (ul) (ul) (u3) (u3)
uv{r E E § E [ (UHV)aB (o.f‘f)y(;]

a=0f=0y=06=0

The tensor m,,¢; is antisymmetric with respect to the first two indices and antisymmetric with
respect to the last two indices. It is symmetric when the first pair of indices is permuted with the
second pair. As is well known, the Riemann tensor has the same properties. The Bianchi identity also
holds for the Riemann tensor. Let us check whether the Bianchi identity holds for our tensor. Direct
calculation shows that for a given spinor p, a surprising equality holds when any index is fixed and
the other three are cyclically permuted, for example

To123 + Ma013 + Mi203 = B
where
B = —Re(Pop2 + P1ps)Im(Pop2 + P1ps) = —Re(m)Im(m)

Thus, if the mass is valid, for example, then Bianchi’s identity for such a combination, where all
indices are different, is satisfied. If there are at least two identical indices, then the identity is satisfied
for any spinor with any mass. The value B for any combination is invariant under rotations and
boosts.

As a result, it turns out that if the mass of a particle is real, imaginary, or simply zero, then the
proposed tensor has the same properties as the Riemann tensor, so that we can write down a
component-by-component equation

Ryver = Myver

On the left is the tensor describing space, on the right is the tensor describing energy and
momentum, just as Einstein wanted. This equation can be contracted in various ways, yielding, for
example, the Ricci tensor or scalar curvature on the left-hand side. At the same time, there is room
for physical interpretation of the simultaneously contracted right-hand side. We know that the left-
hand side of Einstein’s equation consists of a combination of Riemann’s tensor, Ricci’s tensor, and
scalar curvature.

If we perform the same tensor contraction on the right-hand side, we obtain a second-rank tensor
with the same properties as the Ricci tensor. It has spin two and can be interpreted as an energy-
momentum tensor and equated to the Ricci tensor, yielding the gravitational field equation

3 3

= Z Z Toaupv 8ap

a=0 =0
However, since some information is lost when contracting the Riemann tensor, it may be
possible to find a way to solve the original uncontracted equation for some fairly simple cases. As in
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the case of electromagnetic interaction, the original uncontracted equation is valuable for its universal
orientation. With a rigidly fixed momentum tensor, this equation uniquely determines the field; with
arigidly specified field, it uniquely determines the nature of motion. In reality, neither is rigidly fixed;
the equation takes into account mutual influence in dynamics, and no deviations from equality are
possible, except for the influence of external forces of a non-gravitational nature, if they are
introduced into the equation in the format of the same tensor with four indices.

Direct calculation shows that the contraction, analogous to scalar curvature, is nonzero only for
nonzero mass of the initial spinor. If the spinor mass has a real value, the curvature is positive; if it is
imaginary, the curvature is negative. Real mass creates positive curvature and attracts other masses.
What would happen if imaginary mass existed and created negative curvature?

3 3 3 3
R=D) D ) D Tasys Baytps = £2m°

a=0 f=0y=086=0
We can write Einstein’s equation in our notation

3 3
1
R, — EguvR = Z Z Toaupv 8ap — guvmz
a=0 =0

The advantage of this formulation is that the divergence of the left-hand side is zero due to
Bianchi’s differential identity. This means that the divergence of the right-hand side is also zero,
which implies conservation of energy-momentum, one of the most important requirements for a
gravitational field equation. Now that this requirement is satisfied, we can reduce the second terms
in both parts at any moment due to their equality, especially since g_pv is the metric tensor of the
local Minkowski space at the point for which the equation is written.

We assumed the proportionality coefficient for the right-hand sides in all of the above equations
to be equal to one. Its correct value can be determined by analyzing Newton’s approximation for slow
motion in a week stationary field (G - Newton’s constant)

3 3
1
Ry — Egm/R = (=87G) Z Z Taupy Bap ~ Buy™

a=0 =0

In conclusion, we note that direct calculation shows that the above tensors of current and

gravitational field source are related by a simple relationship for any values of the indices.
Tapys = TapTys
however, this equality follows from the definition of these tensors.
Taking into account the above interpretation of Maxwell’s equations and Einstein’s equation
el =Ty
Ryver = (_SHG)T;WTEI
el —T,=0
Ryyer — (—81G)T, Ty, = 0

we can make an assumption about how they are combined. At the location of a charged particle
(or, in the interpretation of field theory, at the point where there is a field with a charge), there must
be a relationship connecting three types of components: gravity, electromagnetic field, and matter.
Gravity and matter are described by a fourth-rank tensor, and the electromagnetic field by a second-
rank tensor, from which a fourth-rank tensor can also be constructed. The logic is that gravity is an
external force for Maxwell’s equation, so its force acts against electromagnetic forces, and matter is
the object of application of these opposing forces, so that gravity and the electromagnetic field enter
with opposite signs. If, on the contrary, we consider the interaction of gravity and matter to be
primary and electromagnetic forces to be external, then again it is logical that they act against the
force of gravity

Ryyer + (—8mG)eF,, Fyy — (—81G)T,, Ter = 0
Ryyer = (—8mG) Ty, Tey — (—8nG)ek,, Fe,

Incidentally, we note that Bianchi’s identities hold for the tensors FugF,s and PuzPys

At any point in space, all three fields — gravitational, electromagnetic and matter — are rigidly
linked by this relationship. An external addition to one of the fields accelerates a particle of matter
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and changes another field, while the mechanical acceleration of a particle changes both fields. Under
certain conditions, waves arise in the fields and propagate in space where there is no matter; the fields
in these waves are linked by a relationship from which matter has been removed.

Ryyer = 8GeF,, Fg;

This relationship indicates that gravitational and electromagnetic fields cannot exist
independently of each other. It also solves the problem that the zero equality of the Riemann tensor
or the electromagnetic field tensor means the absence of the corresponding fields. This relationship
indicates that the Riemann tensor is never zero because there is always an electromagnetic field tensor
and vice versa.

It should be noted that there is another interpretation of Einstein’s equation with the Riemann
tensor instead of the Ricci tensor. It consists in the fact that such an equation is applicable only when
the right-hand side is nonzero, when there is a field with mass at the point of space under
consideration. If the point is in a vacuum, then the equation means that the gravitational field strength
is zero. But a field can also exist in a vacuum, so for a vacuum it is necessary to use the contraction of
the left-hand side, i.e., the Einstein tensor, whose equality to zero does not mean that the Riemann
tensor is equal to zero. Here we see an analogy with the equations of the electromagnetic field for a
vacuum. But there is a radical difference: Maxwell’s equations are obtained not simply by contraction,
but by contraction with derivatives, while Einstein’s equation performs contraction without taking
derivatives.

It must be acknowledged that Maxwell’'s and Einstein’s equations are not universal; a
homogeneous equation cannot be obtained simply by setting the right-hand side of a inhomogeneous
equation to zero; the left-hand side must also be changed.

The most general approach to describing electromagnetic and gravitational phenomena is as
follows. The coincidence of the left-hand sides of Einstein’s homogeneous and inhomogeneous
equations is a random coincidence. The homogeneous equation is an identity reflecting the properties
of the Riemann curvature tensor. One of Bianchi’s identities can equally well serve as the
homogeneous equation. The inhomogeneous equation is a contraction of the original complete
equation, which includes the Riemann tensor, and its subsequent contractions lead to the loss of some
information about the interaction between matter and the field. This situation is even more evident
in Maxwell’s equations for the electromagnetic field. Here, the left-hand side of the homogeneous
and inhomogeneous equations is completely different. Maxwell’'s homogeneous equations are
identities describing the properties of the electromagnetic field tensor, while the inhomogeneous
equations are contractions that hide some of the information from the original equation with the full
electromagnetic field tensor. The wave equation with second-order derivatives for the
electromagnetic potential is a separate equation, which is the Klein-Gordon equation for a zero-mass
field. The inhomogeneous Maxwell equation in this hierarchy is Newton’s law, which ensures that
the Klein-Gordon equation is satisfied for a particle in the presence of a field. Similarly, Einstein’s
homogeneous equation is an identity that reflects the properties of the Riemann tensor and describes
the behavior of a free field. Einstein’s inhomogeneous equation is a contraction of the complete
equation for the Riemann tensor, and it plays the role of Newton’s law for gravity. And for some
reason, the Klein-Gordon equation for gravity is not used at all.

For comparison with canonical Einstein’s equation, we will combine all terms so that Riemann’s
tensor becomes Ricci’s tensor and scalar curvature.

a=
3 3 3 3
Tap T = Z Z Z z TapTys 8ay8ps

a=0=0y=06=0
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3 3 3 3
FupF = Z Z Z Z FapFy5 8ay8ps

1 1 1
<Ruv - Egm,R) + 8nG <(TauTav - Eg#VTaBTaB) —e (FauFav - zgquaBFaﬁ>) =0
For vacuum, we obtain

1 1
Ry, — EguvR = 8nGe (FauFaV - Eg“VF“BFaB)

The electromagnetic part of this equation can be compared with the conventional expression for

the energy-momentum tensor of an electromagnetic field, it differs by a coefficient of V4.
TH = i (F”“FV — lgqu Faﬂ)
aM A a 4 af

As noted above, without prejudice to the conservation of energy-momentum, all scalar terms
can be removed from the general equation and the equation can be solved using only the Ricci tensor.
However, in the absence of scalar terms, there is no point in switching from the Riemann tensor to
the Ricci tensor with a loss of information during contraction; it is logical to solve the equation

Ryyer = —8nGT,Te, + 8nGek,, Fy;
Ryyer = —8nGP,, Py + 8nGeF,, F;

Terms describing strong and weak interactions can be added to this equation by representing
them as fourth-rank tensors with spatial indices. The tensors describing the Yang-Mills field strengths
will enter the equation as terms where a refers to the symmetry group of the corresponding field,
and g is its coupling constant.

8nGgF L Fé,

The matter field does not necessarily participate in interactions with each of the fields included
in the sum. For example, at the point under consideration, there may be a quark field and an electron
field. The quark participates in strong interactions, while the electron does not, but both interact with
the electromagnetic field. Ultimately, it must be remembered that the equation consists of mixed
partial derivatives of different fields with respect to vector or spinor coordinates. In turn, any
derivative is a commutator of the coordinate function with the component of the momentum vector
or spinor.

The logic behind deriving Maxwell’s and Einstein’s non-homogeneous equations using the
principle of mass invariance is as follows. The initial equation for a free particle, invariant to Lorentz
transformations (n*¥ is the metric tensor of Minkowski space)

N (SuB) (S R) = m?
taking into account the anticommutativity of matrices composed of Pauli matrices
SuSy + 8,8, = 25,
leads to the Klein-Gordon equation
n*P,P, = m?
under the condition of commutativity of momentum components
P,P,—PBF, =0
With the same success, instead of S,, one can use matrices vy VJ/ ).
When adding a vector field
S, (B, +A4,)S,(B, + A,) =m?

we again obtain the Klein-Gordon equation for a particle in a field (at zero mass, we obtain the

Klein—-Gordon wave equation for an electromagnetic field in a vacuum)
n" (B, +4,)(B, +4,) =m?

only if the commutativity condition is satisfied, which in the quantum interpretation

corresponds to the commutativity of the covariant derivative. This condition leads to the equation
By =RP —BB =BA, —-PA,=F,

which, if the particle has a charge, can be reduced to the inhomogeneous Maxwell equation,
taking derivatives along the way.

Let us write down the generalized equation for a free particle, which is also invariant to Lorentz
transformations:
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n“nsrS,S,SeS. PP, PP, = m*
Let us add the vector field
N“n8TS,S,SeSc (B, + Ay) (P, + A (Ps + Ag) (P + A) = m*
(08,8, (B + 4,) (B + 4,)) (NS S (P + Ag) (P + Ar)) = m?
This equation yields the Klein-Gordon equation for a particle in a gravitational field (at zero
mass, we obtain the Klein-Gordon wave equation for a gravitational field in a vacuum)
(e (B + 4,) (B, + 4,)) (¥ (P + A7) (B + 4)) = m*
NS (B, + A,) (B + A)(Pe + Ag) (P, + A,) = m*
under the following commutativity condition
P, =HhP —PP =PA,—-PA,=F,
Pgy = PgP, — P,Pg = PsA, — P,As = Fg,
Puvee = BurPee = (BuP, — B)(PeP, — PP =
= (Bulty = ALY Pefe — PoAS) = e = R
which is Newton’s law and at the same time is a non-homogeneous gravitational field equation,
from which, using contraction and replacing the momentum components with derivatives with
respect to the coordinates, we obtain Einstein’s non-homogeneous equation.
PA,P:A; - (9,4,)(0:A;) + A,(0,0:A;)

We propose to identify the tensor R with the Riemann curvature tensor, defined in the

uvét
standard way through the second derivatives of the space metric. At least, these tensors, as shown
above, have the same symmetry properties. It is also necessary to take into account the previously
derived relations

Puvf‘r = P/,WP& = T/,WT{T = Myver

In order to find the commutativity condition for the general case of mass to the fourth power,
we used the fact that the corresponding invariant equation can be represented as a product of
invariant equations for the square of mass. And we had already found the commutativity condition
for them. Thus, we avoided the need to use a tensor field of gravity with two indices in the derivation.
But we can return to this field by finding the solution to Einstein’s equation with the Riemann tensor,
which we arrived at by our indirect method.

Although for simplicity we used the same notation for vector fields when deriving the equations
for electrodynamics and gravity, we do not claim that in both cases it is the same field. In the case of
gravity, this field can be considered auxiliary and we can work exclusively with the space curvature
tensor. However, in the special case where only gravitational and electromagnetic fields are present
in a vacuum, these vector fields are equated with a certain coefficient in Einstein’s equation, although
they may have different physical natures. The electromagnetic field forms the energy-momentum
tensor on the right-hand side of the equation.

Conclusions

An alternative approach to analyze relativistic and quantum effects inherent in charged particles
in the presence of an electromagnetic field is proposed. Two ways of describing the electron behavior
in the electromagnetic field are considered: by means of the vector equation, which is based on the
plane wave model for a free electron, and the spinor equation, which is based on the representation
of the electron as a plane wave in spinor space. For both equations, which are valid for a free particle,
their applicability to an arbitrary physical situation is postulated, in particular to describe the
behavior of a particle in the presence of an electromagnetic field. The presented equations are
intended to fulfill the same role as the Schrodinger equation and the Dirac equation. At the same
time, in our opinion, the spinor equations more accurately describe the details of the interaction
between fields and particles.

According to the results of consideration the following picture emerges. Physical processes occur
in the spinor coordinate space, which is perceived by us as a vector Minkowski coordinate space, the
coordinates of which are equal to bilinear combinations of spinor coordinates. In the spinor space
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propagate plane waves whose phase is equal to the scalar product of the momentum and coordinate
spinors. As amplitudes of plane waves in fermions are linear combinations of 16 pseudospinors,
whose components are components of the momentum spinor with changing signs of some of them.
The sign of the charge of a fermion is determined by the sign of its mass, which is calculated from its
momentum and invariant to Lorentz transformations. Scalar, vector and tensor fields also propagate
as plane waves in spinor space, but the coefficients of these waves are scalars, vectors and tensors
formed by simple combinations on the basis of Pauli matrices of 16 fermionic pseudospinors. In this
case only four pseudovectors (corresponding to four polarizations) of the photon and only two
pseudotensors (corresponding to two polarizations) of the graviton are different. The spinor field has
spin equal to 1/2, the spin of scalar fields is automatically zero, that of vector fields is unitary, and
that of tensor fields is double.
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