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Abstract: The purpose of the research is to investigate the unique solvability of a nonlocal boundary
value problem for a loaded equation of parabolic-hyperbolic type in a special domain. Methods:
Using representations of a general regular solution, the existence and uniqueness of the problem
posed is proved. Results: A new method for proving the unique solvability of nonlocal boundary
value problems for one loaded equation of mixed type in a special domain has been formed and
developed. Conclusions: The obtained results make it possible to solve some problems of genetics,
immunology, transonic gas dynamics and thermal physics, which are associated with displacement.
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1. Introduction

Since the fifties of the last century, researchers have been intensively studying local and nonlocal
problems for partial differential equations in simply connected regions. Currently, the range of such
tasks is expanding in various directions. Among them, problems with displacement occupy a special
place. This is explained by the fact that such problems cover various correct local boundary value
problems, and many problems are reduced to them, for example, biological synergetics, genetics,
immunology, transonic gas dynamics and thermal physics.

One of the most important classes of unloaded partial differential equations are second-order
equations parabolo - hyperbolic and elliptic - hyperbolic types. An analogue of the Tricomi problem in
a doubly connected domain for an equation of mixed type with one line of degeneracy was first posed
and studied in A.V. Bitsadze [1, p.30], and for the Lavrentiev—Bitsadze equation - in the works of M. S.
Salakhitdinov and A. K. Urinov [2].

Boundary value problems in classical domains for a loaded equation of hyperbolic type were
studied in A.M.Nakhushev [3], V.M.Kaziev [4], A.Kh.Attaev [5], and the work of M.T.Dzhenaliev
[6], M.Kh.Shkhankova [7] studied the local and nonlocal problem for a loaded equation of parabolic
type. A.V. Borodin [8] studied the Dirichlet problem for a loaded equation of elliptic type. In the
works of K.U.Khubiev [9], B.Islomov and D.M.Kuryazov [10], M.I.LRamazanov [11], analogues of the
Tricomi and Gellerstedt problem for loaded hyperbolic-parabolic type equations were studied, and the
Dirichlet problem for loaded equation with the Lavrentiev-Bitsadze operator in a rectangular domain
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were studied in the works of K.B. Sabitova and E.P. Melisheva [12-13]. Boundary value problems for
an equation of hyperbolic type with a fractional derivative were also studied in works[30-33].

Local and non-local problems in simply connected domains for loaded equations of elliptic
-hyperbolic and parabolic - hyperbolic types, when the loaded part contains a trace or derivative of the
desired function, have been little studied. We note the works of B.I. Islomov and D.M. Kuryazov [14],
B.I. Islomov and U.L Boltaeva [15], [16], B.I. Islomov and Zh.A. Kholbekov [17], K.B. Sabitov [18], R.R.
Ashurova and S.Z. Zhamalova [19], Yu.K. Sabitova [20], V.A. Eleeva [21]. This is due, first of all, to the
lack of representation of a general solution for such equations; on the other hand, such problems are
reduced to little-studied integral equations with a shift.

Currently, the range of such tasks is expanding in various special areas. However, boundary value
problems for loaded equations of mixed type with an integral operator of fractional order in doubly
connected domains have still not been sufficiently studied. Note that local and nonlocal boundary
value problems for a loaded equation of elliptic -hyperbolic type in a doubly connected domain were
studied in [22-25], in which the loaded part contains a differential operator or a trace of the desired
function. The works [26-27] outline a technique for formulating correct boundary value problems with
displacement for loaded second-order linear hyperbolic equations in special domains. It is shown that
the correctness of such boundary value problems is significantly influenced by the loaded part of the
equation under consideration.

Based on this, the present work is devoted to the formulation and study of a nonlocal boundary
value problem for a loaded equation of parabolic - hyperbolic type in a special domain.

2. Statement of the problem C,

Let Qo is the area bounded by the segments A;B;, A;Kj, BjN;, K;N; direct y = 0, x = (—1)]'_1

x = (-1)7'q,y = Laty > 0. Q) is area limited by axis Ox segments A;B; (] =1,2)and aty < 0
characteristics A;Cy : x — (— 1)y ly = (=171, B iCox — (-1 1y = (—1) !4 equations

0:{ Uxx — Uy — Hjlly (x,0), C>0, 1)

Uxy — Uyy — Pjou (§,0), C <0,

emerging from points A; <( 1yt ) and B; ((—1)]‘_1 q; 0) , intersecting at points C; (0; —1) and
C2(0;—9), ¢ = x +y. In equation (1) 9, Wi, Hj+2(j =1,2) is given real numbers, and

0<g<1, (=1)p;>0, (=1))'uj2>0, (j=1,2). )

Let us introduce the following notation: I = {(x,y) :x=0,—-1<y < —q },
Ji={xy) :q<x<Ly=0},h={(vy):-1<x<-—q,y=0}, Dj,E; € A;jCy,

Dy x+ (=1 7y = (=1 "q, GE: x+ (-1 7y = (-1)q,

zg}:x—<n = (-1 (i=12)

Through ); and Q);,,, Q5 respectively, denote the characteristic triangle and A;B;D; and
quadrilaterals B; CzE] i, CEIC1Ey, (j=1,2).

Qs = Q5N {(—1)fx <0, y< 0}, Qo = Qo N {(—1)7x <0, y> 0}, 0Oy = Qg1 U Qg

O=0,U0UQ3U0,UQ5UB1DyUCyE1 UCyEr UByDoy, A]- = QjUQj+2UQ5]',
A=0yUQUIUJUJp, Ay = Qo]‘UA]‘B]'UK]‘N]‘, Af = Q]'UQ()]',

doi:10.20944/preprints202401.0843.v1
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x+1 x-1 x—1 x+1
91(x)_91( 7 ),92(x)—92< 7 T ), ©)
0;(x) characteristic intersection points A;D; with a characteristic coming from the point Z;(x,0) € J;,

(] =1,2).
Task C,,. Find a function u(x, y) that has the following properties:
Du(x,y) € C(A)nCl(A )
2u(x,y) € CZ Y (Boj) N ny( j) and satisfies equation (1) in the areas Aj; and A; (j =1,2) ;
3)u(x,y) satlsﬁes the boundary conditions:

w@ylax, =9 W), uloylpn=8iy), 0sy=l, @)
(8 (x)] +a; (x)u(x,0) = b (x), (x,0)€];, (5)
u(xy)lge, = 9i(x),  0< (1Y 'x) <q, (i=12), (6)

where are ¢;(y), gij(y), ¥;(x), aj(x), bj(x) (j=1,2) isthe given functions, and

$1(0) = 92(0),  gi(0) = ¢;((=1) 1), @;(0)(1+a;(—1)"") =b;((-1))7"), )
9 (v), & (y)eClo,1]nC'(0,1), ®)

aj(x), bj(x) € C*(J;))NC3(J;), 9)

pi(x) € C (0 < ((—1)1"1 x) < q) N2 (0 < ((—1)1'—1 x) < q) . (10)

3. Investigation of the problem C,

For the study of the problem, C; the following tasks play an important role .

Task Cj,. Find a function u(x, y) that has the following properties:

Du(xy) € CA)NCHAUNU);

2)u(x,y) € CZ 1(00,) N C%;(Q]) and satisfies equation (1) in the areas (); and ); (j =1,2) ;
3) u(x,y) satisfies boundary conditions (4) and (5).

Theorem 1. If conditions (2), (7)-(10) and
(-1 (1+24j(x)) 20, ai(x) >0, vxe], (j=1,2), (11)
then Q) there is a unique regular solution to the problem in the region Cjy,.
Proof of Theorem 1 Solution of the Cauchy problem with conditions
u(x,—0)=1(x), (x0 €], uy(x,-0)=v(x), (x0)€];, (j=12) (12)

for equation (1) in the region (); has the form:

1 1 pxtv
wley) = 5 [5Gy +—yl+ [y @+
2 [y o @ (=12, (13)

Substituting (13) at j = 1 in (5) taking into account

6y (x)] =

e R CEE IO By RAOL S RCEDLYOL
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we have

1
S +70 2/ n(t)d - 2 (1—1‘)1’1 () dt + a1 (x)71 (x) = by (x). (14)

Differentiating (14) with respect to x, we obtain a functional relationship between 7; (x) and v, (x)
brought from the area ()5 to Ji:

1+ 20 (0] 7 () + |21 = 2) + 20 (0)| 7 (x) + w1 (x) =28 (x), (x,0) € 1. (15)

Similarly, j = 2 using the solution to the Cauchy problem (13) with initial data (12) for equation
(1) in the domain ), taking into account (3) and (5), we obtain the functional relationship between
T (x) and v, (x)brought from the area 0, to J:

X
(14 2a5(x)] 5 (x) 4 2a5(x) 12 (x) — % / . T (t)dt —vp(x) = 2b5(x), (x,0) € Jo. (16)
Consequently, as in [28 , pp. 40-47], due to conditions 1) - 2) of the problem C;;,, passing to the
limit at y — +0 in equation (1) taking into account (12), we obtain a functional relationship between

’l']-/ (x) and v;(x) brought from the region Qy; to J;:

ORI R ACT (G B ANRTICE? (17)

where T]-’ ((=1)/71) (j = 1,2) unknown is a constant to be determined.
Having excluded v; (x) from relations (15), (16) and (17), after some calculations we obtain an
integral equation for T (x) (j=1,2):

70— [ M O = ()T R, w0 (18)
where ,

Mix,t) = = (1 2m() = [ [aai)+ 2072 s (19)
My(x,t) = pp + 14 2a5(x) + /tx [Zaé(z) — ?‘4(22_1})} dz, (20)
Fi(x) = — (0)/ <"3<1_t>+2a >dt—2/ b, (t 1)

1X) = —¢1 ; 2

X l X ’
— (0 L {Zaz(t) . ?‘4(2“)} dt—zL B (). 22)
By virtue of (2) and (9) from (19) - (22) it follows that

IMi(x,t)] <cjpforany <x <1, g<t<]I, (23)
IMa(x,t)] <cp forany —1<x<—g, —-1<t<—g, (24)

F(x)yeC(J))nC>(J;), (j=12). (25)
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Thus, by virtue of (23), (24) and (25), equation (18) is a Volterra integral equation of the second
kind. According to Volterra’s theory of integral equations [29, pp. 36-51], we conclude that the integral
equation (18) is uniquely solvable in the class C (J;) N C? (J;) and its solution is given by the formula

@ =D+ FE [ [+ EO] Mo 6)

where is M (x,t) (j = 1,2)— the resolvent of the kernel M;(x,t).
Integrating (26) from x to 1 at j = 1(from —1 to x at j = 2) taking into account 7(1) =

¢1(0) (12(—1) = ¢2(0)), we have

7 (x) = ¢1(0) — [1 —x— /xl dt /tl Mi‘(t,z)dz] (1) — /xl Fy(t)dt+

+ /xl dt /tl M (t,z)F(z)dz, (x,0) €]y, (27)
T (x) = ¢2(0) + [1 +x—|—/jl dt /jl M;(t,z)dz} 7(—1) + /jl Ey(t)dt—

~[a U Mi(t2)B(2)dz  (1,0) € o, (28)
-1 Ja

Now putting in (27) and (28) respectively x = g and x = —q taking into account 7;((—1)/"!g) =
;i (0) (j = 1,2) we find the unknown constant T]»’((—l)j’l):

T = {(—1)”(1— —/ dt/ M (—1)72 (- )flz)dz]_ x
X [%‘(0> 8i(0) - /q j(=1)7Mhdt+

+/ dt/ M (—1)7 18 (- 1)j_1z)lfj((—1)j_1z)dz}, (j=1,2). 29)

By virtue of (2), (11), from (19) and (20) it follows that (—1)]"1Mj(x, t) <0, Vx,te],(j=1,2).
Consequently, the resolvent of the kernel M]* (x,t) is also negative, i.e. (—l)j _1Mf (x,1) <0, Vx,te
f]', (j = 1,2). This means that the denominator of formula (29) for any q < (-1)~1x < 1, g <
(—1)f’1t < 1 does not vanish, i.e.

(1)1 - q) - /dt/ M; ((—1)7E (~1)1'2)dz > 0

By virtue of (23) - (25) from (27) and (28) taking into account (29) we conclude that
Ti(x) € CH(J)NC(T;), (j=1,2). (30)

Putting (30) into (15) and (16) taking into account (9), (30), we define the function v; (x) from class
v (x) € C() NCA(J)).

Thus, the solution to the problem Cj, can be restored in the domain ()y; as a solution to the first
boundary value problem for equation (1) [28, p. 99], and in the domains (), (j =1,2) as a solution to
the Cauchy problem for equation (1) (see (13)).

Therefore, the taskC;, is uniquely solvable.

Theorem 1 is proven.
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Now to restore the solution to the problem C, in the regions ;5 and Q)5 solve Goursat problems
for equation (1).

Task I'; (j = 1,2). Find function u(x, y) with the following properties:

Du(x,y) € C(Qj12) NCH(Qy12);

2) u(x,y) is twice continuously differentiable solution of equation (1) in region Q;,, (j = 1,2);

3) u(x,y) satisfies boundary conditions (6) and

u(x,y)lgp, =wi(x), q< (-1 r<—-, (31)

where w;(x) (j = 1,2) are determined from

_ i—1 ‘ B - (71)]’—1
“ (H(zl)]q) %[ ()+T((—1)J‘1q)}+( i / qvj(t)dt—l—

W2y g s ROECEY D b g e, g < (-,
(=

)

4 8

here v;(x) are 7;(x)

1,2) are known functions and they are determined respectively from (15),
(16), and (27)-(29). w;(x) (j =

= 1,2) belongs to the class
wj(x) € C <q (-1)"x < +0]> nc? (q < (-1 x< 2> , (32)

and w((~1)i"1g) = g;((~1) 1q).

Task I';. Find a function u(x, y) with the following properties:

1) u(x,y) € C(Qs5) N C'(Qs5), and the function uy(0,y) can go to infinity of order less than one at
the ends of the interval I;

2) u(x,y) is twice continuously differentiable solution of equation (1) in region Qs; (j = 1,2);

3) u(x,y) satisfies the boundary conditions

w(oPleyr, =hiy), <y < g 33)
where /1;(y) (j = 1,2) are determined from
inly) = w1 () = U [0t (0) = 1 0,
taly) = w2 )+ 50 [ i)t 42 0) = 2 (),
and belongs to the class
hi(y) € C {—1;‘7,—11] N2 (—T,—q) , (34)

and hy(—q) = ha(—q) =91(0) = 12(0). Here ¢;(x), w;(x), 7j(x) is known functions and they are
determined from (6), (12), (27), (28) and (29) respectively.

Theorem 2. Theorem 2. If conditions (2), (10), (30), (32) are met, then Q)5 the solution to the problem T';
exists and is unique in the domain.
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Proof of Theorem 2 The general solution to the equation (1) in the domain ()5 has the form [30,
p- 77]:

: —y— (=1 j—1 X
W (xy) = @) (x+7)+ G (x—y) + Mia(x 3/4 (=1)""9) / +y;1 T(hd, (j=12), (35)
(=1~q

where ®;(x), Gj(x) —are arbitrary twice continuously differentiable functions, and the function
7 (x) (j = 1,2) is determined from (27), (28) and (39).
Substituting (35) into (6) and (31) , we find

_1)i-1 oyt (—1) .
u(x,y)=4’j<x+y+§ i q>+wj<x y+§ i q)le((l)]_1LI)+

ﬂj+z(xy(1)f‘1q)/x+y . .
4 (cayrg 10U

+ =1,2). (36)

Taking into account the properties of the functions w;(x), ;(x) and 7j(x) from (36) it follows
that the solution to the problem I; (j = 1,2) exists, is unique and belongs to the class u(x,y) €
C(Qj12) NC*(Qyy2).

So the task T'; (j = 1,2) is uniquely solvable.

Theorem 2 is proven.

Theorem 3. Theorem 3. If conditions (2), (34) are satisfied, then in the domain Qs the solution to the problem
I's exists and is unique.

Proof of Theorem 3 To prove Theorem 3, the following problems play an important role :
Task I's; (j = 1,2). Find in the region (s; a solution u(x,y) € C(Qs;) NC'(Qs;UI) N C*(OQs5)) to
equation (1) satisfying conditions (33) and

uiOy)=wy), Oy el (37)

where 73 () is a given function, and

73 (y) € C(H)NCA(I), 73 (—q) = h1 (—q) = h2 (—9). (38)

Let’s explore the problem T'3; (j = 1,2). The general solution to the equation (1) in the region Os;
has the form [15], [30, pp. 135-137]:

u(x,y) =@ 2(x+y)+Gia(x—y)+

pipa(x —y— (-1)"g)

- 4

o d =12
Sy, w0 (=12, (39)

where ®;,5(x), Gjy2(x) are arbitrary twice continuously differentiable functions, and the function
7i (x) (j = 1,2) is determined from (27), (28) and (29).

Then, substituting (39) into (33) and (37), we find a solution to the problem I's; for I's; equation
(1) in the areas Q)57 and Qsp:

— —x — x+y
u(x,y) =1 (x+y)—h (W) +hy (W) + %/ 7 (t) dt (40)
—-q

and
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4_Eé££;;y;tﬂ)l/y’x12(t>dt+_Eé&{;;z;;ﬂll/“+y72(t)dt (41)
4 g 4 g
respectively.

By virtue of (30), (34), (38) from (40) and (41), we conclude that the solution to the problem
I3 (j = 1,2)exists, is unique, and belongs to the class u(x,y) € C(Qs;) N C(Qs;UT) N C2(Qs;).

Now let’s move on to exploring the problem I';. Differentiating (40) and (41) with respect to x,
then tending x to zero, we obtain the functional relationship between v3(y) and 75(y), brought from
the region ()51 and Qs to I:

v3(y) + (-1)Th(y) = Fua (y), —1<y<-—gq, (j=12), (42)

where
v3(y) = ux(=0,y) = ux(+0,y), (0,y) €1, (43)

B = (Y50) + B [ nioaera) = - (Y1) - Bl + 5 [ no. @

Eliminating the function from (42) v3(y) taking (43) into account, we obtain

7(y) = Fa(y) — F3(y), (45)

Integrating (45) from —g up y to taking into account 73(—¢) = h1(—q) , we have

wly) = [ (R0~ B(0)] dt+in(—). (46)

By virtue of (30), (34) from (46) it follows that 3 (y) € C (I) N C? (I). Consequently, after defining
the function, 13(y) the problem I’z is reduced to the study of problems I'3; and I'sp, where 3(y) is
determined by formula (46).

Hence we conclude that the task I's is uniquely solvable.

Theorem 3 has been proven.

This completes the study of the problem C, for equation (1).

4. Conclusions

This work is devoted to the formulation and study of a nonlocal boundary value problem for
a loaded equation of parabolic-hyperbolic type in a special domain, as well as related results on the
existence and behavior of solutions to the problem with integral gluing conditions. Thus, we can study
various boundary value problems for loaded equations of generalized parabolic and hyperbolic types
with fractional operators.
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