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Abstract: This paper presents a new method for parameterizing the Lorentz group based on coupled
parameters. From the Euler-Hamilton equations, an additional angular rapidity and perpendicular rapidity
are obtained, and the Hamiltonian and Lagrangian of a relativistic particle are expanded into rapidity spectra.
A so-called passage to the limit is introduced that makes it possible to decompose physical quantities into
spectra in terms of elementary functions when explicit decomposition is difficult. New rapidity-dependent
Lorentz-invariant coordinates are obtained, and the descriptions of particle motion using the old and new
Lorentz-invariant forms as applied to plane waves are compared. Based on a classical model of particle motion
in the field of a plane monochromatic electromagnetic wave and in that of a plane laser pulse, the rapidity-
dependent spectral decompositions into elementary functions are presented, and the Euler-Hamilton
equations are derived as rapidity functions in 3+1 dimensions.
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1. Introduction

Since the first work by Lorentz, Poincaré, and Einstein on the special theory of relativity
(hereinafter referred to as special relativity), many researchers have developed various of its aspects.
Most did so by shunning hyperbolic functions and instead adopting the orthogonal form of space—
time relations based on local coordinates and local time [1-5]. However, unlike in hyperbolic form,
the final formulas in orthogonal form are cumbersome, difficult to interpret, and hamper the
derivation of new results.

The first representations of hyperbolic functions in special relativity were due to Minkowski [6]
and Poincaré [7], who expressed the longitudinal velocity of a particle in terms of its rapidity 0, i.e.,

nB:%:tanhG. (1)
where V isthe speed of the particle, cis the speed of light, and n is the gyrovector in Lobachevsky
space, characterizing the direction of motion of the particle. In Refs. [6] and [7], the transition from
Lobachevsky geometry to Euclidean geometry was introduced via the transformation

0 —if’, ()
where 6° is the rapidity in Euclidean geometry. Robb and Borel [8,9] also understood this

fundamental connection, and Varicak [10] continued to develop the application of hyperbolic
functions in special relativity. Furthermore, Karapetoff made a significant contribution to special
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relativity with hyperbolic functions, showing their advantages for describing various physical
processes [11,12].

The main feature of Refs. [11] and [12] is that the Lorentz-invariant connection between
coordinates in different inertial systems was presented via the Lorentz boost, whose argument is 6.
However, the proper coordinates and proper time in inertial system K were considered as dynamic
quantities independent of 6, and only in a special case was the connection g/t =tanh6 introduced.

An attempt to introduce proper time via hyperbolic functions was made in Refs. [13], where the
author assumed that proper time and rapidity are approximately equal, but that work did not
introduce an invariant form to describe the dynamics of a particle. Rapidity itself is not invariant, and
its value depends on the position of the coordinate axes. Rapidity is an additive quantity, and the
sum (or difference) of two rapidities is also not invariant. The convenience of the hyperbolic
representation of special relativity is that the sums (or differences) of particle velocities, momentums,
and energies can be represented as those of arguments from the rapidities of hyperbolic functions.
Therefore, some physical experiments and phenomena can be interpreted quite simply via hyperbolic
functions [14,15]. As an example, because of the compactness of the notation, the hyperbolic approach
is taken in relativistic hydrodynamics in the Landau [16], Khalatnikov [17], and Bjorken [18] models
and in the Milekhin model [19], a relativistic hydrodynamic model with coupled parameters. In the
Milekhin model, all physical quantities depend on one physical parameter, i.e., temperature.

In Ref. [20], special relativity in 2+1 dimensions was considered with many specifics of its
reconciliation. However, the literature to date appears to lack any work in which (i) correct
coordinates were introduced for local coordinates with respect to the Lorentz transformation and (ii)
an invariant form was established when differentiating with respect to 6.

Herein, the method of coupled parameters is applied directly to special relativity, and all
physical quantities are considered to depend on 6 in different inertial frames of reference. The main
goal is to introduce a new method for parameterizing the Lorentz group based on coupled
parameters in 1+1 and 3+1 dimensions, showing the advantage of using hyperbolic functions for
coupled parameters expressed in terms of 6 in special relativity.

2. Generalization of existing results and problem statements

In Refs. [21] and [22], the trajectory of a relativistic particle in 1+1 dimensions was obtained in
the representation of Lobachevsky geometry along the normal gyrovector n, where for the Lorentz-
invariant coordinate £ and depending on 6, the following correct coordinates pertain:

E=t—fg, t=1-cothO, q=£=%ln(tanh29). (3)
c

The longitudinal momentum, energy, and longitudinal velocity of a particle in dimensionless
form in 1+1 dimensions are determined by the following expressions [22]:

nP:ﬂ:sinhQ, HEE:LchoshQ, np =tanho, 4)
mc mc
where m is the particle mass and H is the Hamiltonian of a free relativistic particle.
In 3+1 dimensions [23], curvilinear basis vectors were introduced into the Lobachevsky spaces
n, s,and k, where the connection between the gyrovectors is determined from geometric relations
via 0,ie., n=scoshf, k=ssinhf, and k=ntanh6 .Based on calculus of variations method, the
correct coordinates along the basis vectors s and k are obtained, in addition to the coordinates
from (3), i.e.,
sr 1 . 12 kr
59 :t_fqe' ‘51_ :t_qu_/ 9o :?:Eln(_snlh 9)' q. :TZQ : (5)
In Ref. [23], the components (of phase and perpendicular) momentum and particle velocity were

also obtained in addition to (4), where for real and positive particle momentum the following forms
hold:
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kB, = tanh?6, kP =sinhOtanh6, sp=sechOtanhf, sP=tanh6. (6)

To obtain a more general approach to describing the dynamics of a particle in terms of hyperbolic
functions with coupled parameters, it is necessary to solve the following four problems.

Problem 1. In 1+1 dimensions for local coordinates t* and 4" in inertial system K’,
parametrize the Lorentz group according to 6 using the proper coordinates ¢ and g from (3). The
main goal here is to generalize the available results from special relativity for coupled parameters
found in the inertial frame using 6.

Problem 2. As is known, from the Hamiltonian of a free relativistic particle as in (4), by taking
the derivatives with respect to the angular rapidity 6, and the perpendicular rapidity 0, , the

components of the particle’s momentum are determined as in (6). Knowing the Hamiltonian of a free
particle as in (4) and the angular and perpendicular projections of the particle’s momentum as in (6),
problem 2 involves determining 6, and 6. depending on 6 and then establishing a dynamic

relationship between them. From the projections of particle momenta as in (4) and (6), compose the
Euler-Hamilton equations on the world line, and determine the proper coordinates of a free
relativistic particle in 3+1 dimensions describing its dynamics on the world line.

Problem 3. Because the physical quantities under consideration are all related to 0, it seems
possible to decompose them into rapidity spectra in terms of elementary functions.

Problem 4. In inertial frame K in 3+1 dimensions, the dynamics of a particle are determined by
(3)—(6) via O .Because of the first postulate of special relativity (i.e., physical processes proceed in the
same way in all inertial systems), in inertial system K’ it is also possible to describe the dynamics of
a particle by (3)-(6) via only 6’. Problem 4 involves searching for a dynamic relationship for

6’=6'(0) in different inertial systems.

3. Action of Lorentz-invariant transformation with respect to rapidity 0 in 1+1 dimensions

For the proper coordinates and in 1+1 dimensions [21], the Lorentz transformation is applied
with respect to 6 [14], which yields the following representation in inertial system K’ for local
coordinates 4" and t':

t'=tcoshO—qsinh0, q"=gcosh6—tsinh6 . 7)

For the Lorentz-invariant space-time coordinate & in inertial frame K’, the representation

£ =t~ =(t=q)y", & =t+q=(t-q)y t)
holds, whereupon the action s has the classical invariant form of
=" =88 =t —¢* =inv. 9)

Differentiating (9) with respectto 0 gives

ds dt  dg
= o gL 10
30 a0 Tao (10)

and differentiating the local coordinates +* and ¢" from (7) with respect to 6 gives

dt _,+ds dq _

= —, = (11)
do e do
The derivative of s with respect to 6 has the form
ds 1 3 1
T T T T T, = 4 S == d 9 - 7 12
dO  coshOsinh’® 0 2 8 (©) sinh @ (12)
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where s is the action along the world line and gd(@) is the Gudermann function [24]. The
differential action ds for related parameters expresses a similar action from Ref. [25], ie.,
ds =dt\|1- B* . Substituting the derivative of the action from (12) into (10) gives that in this case, the

action is chosen along the direction of local time, i.e.,, s=t".
Eq. (12) for s in the direction of local time ¢t is also easy to obtain from the geometric relations
for O ininertial frame Kand 0’ ininertial frame K’ (e.g. see Ref. [11]), i.e.,

it dr’
cosh6® cosh6’’

(13)

taking the proper coordinate t from (3) and assuming that the observer in inertial frame K’ chose
0’ equal to zero.

Just as for the relation of s in local time t’, it is possible to introduce a perpendicular action s,
with respect to the relation in the coordinate 4", where in Ref. [11] the following formula was
obtained for the connection of coordinates g and g’ from geometric considerations, where

substituting the proper coordinate from (3) gives
/ , 0
dg=dq"/cosh0, s =q"= In[tanh(ED. (14)

The derivatives of the Lorentz-invariant coordinates from (8) with respect to s are given by

4" g d0 dET 0

1+ , —, 15
ds ¢ ds ds ds 15
and for & and & along the world line, the following relations hold:
d&* . d&” _
=yt = -0), —=y = 0), 16
=7 =ep(-0), — exp(6) (16)

where y" and )~ are the integrals of motion; see Ref. [22].
For 620, taking the double derivative with respect to s from (7) and assuming that the action
is s=t" gives
,d6
—=0. 17
1 s (17)

From (15)—(17), it is possible to represent the following local coordinates on the world line:

t'=Eexp(0)=&y =&", (18)

=& exp(—G) =&yt =¢-, (19)

i.e., the rotation operation is carried out and the Lorentz-invariant coordinate &’ becomes purely a
coordinate of local time t for the observer in inertial frame K’, while t* still contains components
of space q and time t for the observer in inertial frame K.

Adding (18) and (19) gives the local time coordinate t* from (7), and subtracting (18) from (19)
gives

% = tanh0 . (20)

A similar case can be imagined when the observer in inertial system K’ has one spatial coordinate
q", while the observer in inertial system K has coordinates f and g, i.e.,

q=& exp(-0)=&", (21)
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-7 =& exp(0)=&"y, (22)
where adding (21) and (22) gives the relation for the particle velocity (20). Subtracting (21) from (22)

gives the coordinate g’ via (7).

Differentiating (18) and (19) with respect to 0 gives

at’" ds _,. dt' ds _,_
= —+ , = —— ,
doe do doe do ¢ (23)

where on the world line s for 6 >0, the following hold:

,do
t'—=0, 24
s (24)
atr’ ,. 46 ,.do
=1+&" —=1-&" —=1.
ds ¢ ds ¢ ds (25)

In the present case, inertial frame K’ is chosen relative to the position of the particle in such a way

that d—qzd—q,=0 for 6=0.
ds dt

4. Relationship between perpendicular rapidity and angular rapidity of free relativistic particle

Having projected the motion of a relativistic particle along the direction of one of the gyrovectors
s or k, for the Hamiltonian H, the following equations of motion hold, which describe the
components of the particle momentum from (6):

a—H=sP=’canh(9, a—H=kP=sinh9tanh9. (26)
a0 a0

s 1

where the angular rapidity 6, and the perpendicular rapidity 6, have the forms
0,=gd(0), 6, =In(sinh0). 27)

The relationship between 6. and 6, is defined as

ae

1 4o, 0
== , tan(0,)=tanh| — |.
° 2coshO, an(6,)=ta [Zj 8)

5. Expansion into rapidity spectra for lagrangian, hamiltonian, and momentum of free relativistic
particle

The spectral-angular characteristics of a relativistic particle offer understanding of the indefinite

integrals of an arbitrary function g=g(60) withrespectto 6, 0,,and 6, i.e,

G=[g(6)}6, G, =[g(6M6,, G, =[g(6)0,, (29)

where the integrations allow g¢= g(G) to be decomposed into spectra in terms of elementary

functions. The integration constant is usually determined from the Cauchy problem.
For the Hamiltonian of a free relativistic particle, the expansions into rapidity spectra in terms
of elementary functions have the following forms:

[HAO=nP, [Hd6, =6, [Hd6, =E+s, . (30)
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For the Lagrangian L= L _ —sech@ of a free relativistic particle, expanding into rapidity spectra
mc

gives
[1d6=-0,, [146,=-nB, [1d0, =, . (31)

Decomposing the longitudinal impulse (4) into spectral components 6, and 6, gives

[nPd6, =In(cosh6)=gq,, [nPd6, =6. (32)
Also, decomposing the transverse momentum kP of the particle from (6) into spectral components
gives
IdeQ =nP-2 arctan(tanh (gn, IdeGS =0 —tanho, IdeGl =q,. (35)

Similarly, for the particle momentum sP from (6), the following hold:

[sPdo =g, [sPd6, =6, [sPd, =1-sech(6) (34)

6. Euler-Hamilton equations in 3+1 dimensions

For 0, 0, ,and 0, withrespectto theinvariant of action ds from (12), it is possible to introduce

the following Euler-Hamilton equations describing the motion of a relativistic particle along the
gyrovectors n, s,and k:

d(oH) oH d(oH )| oH d( oH | oH
55175779 =5 |m55=0, 2| |-===0. (35)
ds\ 00 ) oq ds{ 00, ) 00, ds{ 90, )] 0

where q°, 0 ,and § are the coordinates describing the movement of the particle in the direction

of the world line s:

( sinh O j
arctan

g’ =sechO+ ln[tanh(%n G=- csch6 J2

2 242

Regarding the “perpendicular” action s, from (14), the Euler-Hamilton equations for 6, 0,

(36)

and 0, have the forms

i(aH]_a_Hzo d[aHJ oH _, d[E)H] oH _,

P T s ol e e ol 37)
where
, 1 . , 1

0 = E(Q +sinh 6 cosh@) , 0 = E(arctan(cosh@) +s, ) . (38)

7. Decomposition of local coordinates into rapidity spectra

Some spectral decompositions have complex forms, such as
1

d6 == |In(tanh’> 0 )d0O,

Ja0=7 [In(tanh* )4 (39)

so then it is convenient to introduce a so-called passage to the limit by analogy with relativistic
hydrodynamics with related parameters [19].
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The simplest way to expand a coordinate q into a spectrum in terms of 6 without taking
integral (39) in explicit form is to multiply and divide by t in the integrand and then adopt the
following transition therein:

% —np=tanh0. (40)

The passage to the limit is introduced by the arrow, this being because the relation for the coordinates
g/t from (3) goes into (20) only for particle oscillations in a high-intensity field with 2>20 (see

Figure 1). As is known, the dimensionless field amplitude a is expressed in terms of the dimensionless
0 in the following way [22]:

a=P?=sinh’0, (41)
and adopting the passage to the limit for local coordinates (7) gives

t ,

t' = , =0.
cosh6 1 (42)

s o o
= O

e
S}

longitudial particle velocity

0 [ [ [ [ (]

0 4 8 12 16 20
a / dimensionless amplitude

Figure 1. This is a figure. Schemes follow the same formatting. How velocities g/t (labeled 1) and

nB (labeled 2) depend on dimensionless field amplitude a.
Expanding the local coordinate t* into rapidity spectra gives
[td6=6 -5, [td0, =nB-0, +q,, [£d6, =cschO+s, (43)

and here the integration constant is taken to be zero. Next, the obtained elementary functions 6, 6,

, 0,,and s, form the basis for composing the Euler-Lagrange equations in 3+1 dimensions.

8. Spectral characteristics of relativistic particle in field of circularly polarized electromagnetic
wave in 3+1 dimensions

Considered here is the movement of a relativistic charge in the field of a circularly polarized
monochromatic electromagnetic wave. It is assumed that the plane wave and the relativistic particle
are collinear to the direction of propagation of the normal gyrovector n. Then the four-vector
potential of the wave has the form [25]

[¢,A] ={0,%(:05(0)5)%,%sin(a)é)ey}, (44)
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where E (a constant) is the wave amplitude, w (also a constant) is the oscillation frequency, and e,
and e, are the orthogonal basis vectors relative to the normal gyrovector n.

The square of the vector potential A and the polarization gyrovector k are determined via
the dimensionless field amplitude as [22]

2 A? e*E?
m*c*  mPctw®

=a and kA:m—C\/;, (45)
e
where e is the electron charge and E/w =0.
The Lagrangian describing the dynamics of a relativistic particle in the field of a plane

monochromatic wave depending on the rapidity has the form [22]

L. =-sechO++/atanh (9), (46)

cir

and here the dimensionless field amplitude for a plane wave is a constant (a = const ).

The connection between the Lagrangian and the Hamiltonian is found from the relationship
between the integrals of motion that determine the longitudinal momentum of a particle, which is
valid for both a free relativistic particle and a relativistic particle in an external electromagnetic field.

The limited longitudinal component of the particle velocity in the interval nfe [O,‘l] leads to

the assumption that the rapidity of a free particle and that of a particle in an external electromagnetic
field are approximately equal, i.e., =6, [22], then the following equation is also valid for an

external electromagnetic field:
H_aL
0 aq (47)

where Q, is the integral of motion (see Ref. [22]).

Substituting the Lagrangian (46) into (47) gives the Hamiltonian of a particle in the external field
of a plane monochromatic circularly polarized electromagnetic wave, i.e.,

H_ =coshf+ 2\/;% , (48)

where if the particle has no velocity at the initial moment of time (i.e., 6=0), then the Hamiltonian
of (48) has the form H_, (0) =1.

Expanding the Lagrangian (46) into spectra in terms of 6, 60 ,and 0, gives

[L,,d0=-gd(0)+Va(6-tanh0), [L,d0, =-s, +aq,, (49)
[L.d6, = —nﬁ+g(65 ~tanhOsech0), (50)

where to the existing spectral components from (31) are added the components of oscillation of a
particle in a plane wave, which contain the dimensionless field amplitude a.
Adopting the passage to the limit g,/0 —tanh@ for the Hamiltonian of (48) and expanding

into spectra in terms of 0, 6 ,and 0, gives

IHmdQ = nP+\/;(9(9+21n(exp(—29))) -Li, (—exp(ZQ))) , (51)
[H,,d0, =6 +2Va(gd(6)-0secho), (52)

IHCirdQL =coshfO+s, +~/a6?, (53)


https://doi.org/10.20944/preprints202401.0818.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 January 2024 doi:10.20944/preprints202401.0818.v1

where Li, is a polylogarithmic function [26].

From the given solutions (49)—(53), the expansions of the Hamiltonian and Lagrangian of a
particle in the field of a plane wave are non-trivial solutions for the related parameters, which allow
estimation of the rapidity-dependent spectral components of the motion of a relativistic particle for
a constant field amplitude a. Shown next is that spectral decomposition of the motion of a relativistic
particle in the field of a plane wave with a constant field amplitude is more complex than that in the
case of a plane laser pulse with a rapidity-dependent dynamically varying amplitude.

9. Spectral characteristics of relativistic charge in field of plane laser pulse in 3+1 dimensions

To describe the dynamics of a relativistic particle in the field of a plane laser pulse, it is assumed
that the dimensionless field amplitude in the Lagrangian (46) is not constant and the value of the field
amplitude changes in accordance with (41). Then the Lagrangian describing the dynamics of a
charged particle in the field of a plane laser pulse with right-handed circular polarization, depending
on 0B, has the form

L;,, = cosh@—2sech6 . (54)

Substituting the Lagrangian (54) into (47) gives the Hamiltonian of a particle in the field of a right-
handed circularly polarized electromagnetic wave, i.e.,

H{, =%Cosh9(cosh29+6)—§. (55)

Expanding the Lagrangian (54) of a particle with right-handed circular polarization into spectra in
termsof 0, 6 ,and O gives the following spectral representations:

[ 14,40 =sinh6-20,, [L;,d6, =0—tanh6, [L},d6, =coshO—s, . (56)

Similarly, for the Hamiltonian of (55), expanding into rapidity spectra gives

[ H;,d0 = —486 +81sinh 6 +sinh (30)), (57)
[ H;,,d6, =—(~86, +130 +sinh 6 cosh ), (58)
jH* de, = 87 cosh 0+ cosh(30)-480, +84s, ) . (59)

For a particle in the field of a plane laser pulse with left-handed circular polarization, the
Lagrangian representation is

L, =-cosh@, (60)
and from (60) and (47), the Hamiltonian of the system in the field of a plane circularly polarized laser
pulse is
4 1
H;, =——-=cosh’6. 61
=373 (61)

Expanding (60) and (61) into rapidity spectra gives
[ L5440 =—sinh0, [L;,d6, =-0, [L,d6, =-coshO-s,, (62)

[ H\d0=— 486—9sinh6—sinh(39)), (63)
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10
[ Hg,,d6, :%(895 ~6-sinhOcosh6), (64)

[Hg,d6, = %(—15 cosh@ - cosh (36)+486, —12s, ), (65)

where adding the spectral characteristics of the radiation of a relativistic charge in the field of a plane
laser pulse with right and left circular polarizations and considering the normalization factor gives
the spectral characteristics of the radiation for a free relativistic particle as in (30) and (31). As can be
seen from the presented solutions, the spectral components of a relativistic particle in the field of a
plane wave and a laser pulse using transformation (2) in the Euclidean phase plane are described
well by the expansion by rapidity 6, in the direction of the polarization gyrovector k, because in

all cases it has a real oscillatory part.

10. Dynamics of relativistic particle in field of plane laser pulse with left-handed circular
polarization in 3+1 dimensions

To describe the dynamics of a relativistic particle in the field of a plane circularly polarized laser
pulse along the world line s, it is convenient to use

d (L, | OL,,
—_— ——— —_———— T O ’
ds ( 00 J 0s (66)

and replacing the Lagrangian of a particle in the field of a left-handed circularly polarized laser pulse
with that for a right-handed one gives the following oscillating parameter:

d (oL, | oL,
—| =M |- —M = 4tanh’ 6.
ds( 00 s 67)
Because the action s from (12) contains the Gudermann function 6, and the derivative of the
action s, withrespectto 0, itis further of interest to introduce the Euler-Lagrange equation, which
depends on only the Gudermann function 6, or the functional action s, .
Regarding the angular rapidity O, it is also convenient to introduce the following Euler—

Lagrange equation for a left-handed circularly polarized wave:

d L, | JL,
4 _ Mg,
a0, [ 20 J oL (68)

where L is the Lagrangian of a free relativistic particle. Similarly, substituting L, — L,, in (68)

gives the following oscillatory parameter:

d [ 9Ly, | OL :
s | T ggech? (6).
d@s{ 2 J oL~ sk (0) (9)

Regarding the perpendicular rapidity O, , for a particle in the field of a plane left-handed

circularly polarized laser pulse, the following equation holds:

d (oL, | dL,,
— | SM M,
)%

where substituting L, — L;,, gives the following oscillatory parameter:
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Lt L’
4 (s | 9Ly =—4sechOtanh’ 0. (71)
6, | 96 ) o8

Regarding the action s, and the rapidities 6, 6

17

and O, the following Euler-Lagrange
equations of motion hold in the field of a plane laser pulse with left-handed circular polarization:

i _aESM _aLﬂ=0 i aLﬂ _aEEM =0 i aESM _aLﬂ=0 (72)
s, 90 | 00, " ds (00 | a6, ds |\ 90, ) 06,

where és = arctan(tanh@) and éL = (sl +arctan(cosh9))/2.

Thus, in 3+1 dimensions, the dynamics of a relativistic particle are described well by the Euler—
Lagrange equations using 0, 6 ,and 6, both in the direction of motion 6, and s, in the field of
a circularly polarized laser pulse. As can be seen, from the actions 6,, 6 ,and s, givenhereinstead

of the “global” action s, the resulting solutions are compact, and for a particle in the field of a left-
handed circularly polarized wave, they allow coordinates to be obtained that describe the dynamics
of the particle in 3+1 dimensions. The introduced coordinates relative to the dynamics of a particle in
the field of a left-handed circularly polarized laser pulse are also valid for a right-handed circularly
polarized pulse, but the equations have a dissipative oscillation parameter depending on the selected
speeds and actions.

11. New Lorentz-invariant transformations in 1+1 and 3+1 dimensions

The coordinates q, g,, and g, from (3) and (5) form a Lorentz-invariant form in 3+1

dimensions relative to 6, i.e.,

L _dq, (dg, dq)_ __dq,  dg, dq _
Q ———(——— —1—tanh9, Q{ —%+%—E—l+tanh9. (73)

Spectral decomposition of the longitudinal component of the particle’s momentum nP in terms of
0. and 0, gives the coordinate g, and rapidity 6 [see (32)] along the normal gyrovector n.

Egs. (32) and (73) lead easily to a new representation of the Lorentz-invariant coordinate &, as

& =0-1q, :Q—fln(coshé)), (74)

where f =21 (see Ref. [22]). Differentiating (74) with respect to 0 gives a connection between the

Lorentz-invariant coordinates &., & and the integral of motion Q, from Ref. [22], i.e.,

dé,
do

o %
_Qf_dt' (75)

As can be seen from (75), when describing the dynamics of a particle using the new Lorentz-

invariant coordinate ¢, , when passing from & to &, it is necessary to make the following

E 7/

replacement of coordinates and operators:

t—0 - iei i—)i
T 3 T a0 4 dg, (76)

For example, from (76), the classical equation of particle motion in an electromagnetic field can be
represented in the form

dp,,
0 Zﬁ(EJ{B/HJ)r (77)
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where P, is the momentum of the particle in the electromagnetic field, f is the speed of
movement of the particle in the electromagnetic field, and E=E(EE) and H=H(£E) are the

intensities of the electric and magnetic fields, respectively, depending on the new Lorentz-invariant
coordinate.

The advantage of using the new Lorentz-invariant form with coupled parameters &, for plane
electromagnetic waves with constant field amplitude as in (44) is that the representation &, =60+¢,

describes the periodic motion of a charge in the field of a plane monochromatic electromagnetic wave
for real and positive 6 [see Fig. 2(a)]. It is also advantageous to use the new Lorentz-invariant form
&, to describe the dynamics of a particle in a constant uniform field when the oscillation frequency

of the particle does not change and T =271/w=const . If the oscillation frequency of a particle
changes according to a harmonic law wza)(cSE) (see Ref. [27]), then with an increase in 0,
frequency modulation is observed in the field of a plane wave [see Fig. 2(b)]. Thus, the Lorentz-
invariant form & is the simplest representation for describing the dynamics of a relativistic particle

with coupled parameters.
Using the Lorentz-invariant form £=t- fg to describe the dynamics of a particle in the field of

a plane laser pulse, Fig. 2(c) shows that & describes a modulated pulse over the interval
Oe [—0.2;0.2] where the oscillation frequency is considered constant (a) = const) .
If it is also imagined that the oscillation frequency of a particle changes according to a harmonic

law w = a)(é ) (see Ref. [27]), then in this case the wave oscillation profile does not change and has

the same values as for a constant frequency [see Figure 2(c-1) and (c-2)]. Here we see that & describes
the dynamics of a particle in a wave with spatial modulation.

1 ¢
L) L)
AN
= 05 =
S | =
: :
= 0 =
R R
£-05 £0.
S S
= =
1 .
0 n 2n 3n 4n 5n 6™ 0 /2 T 37m/2 27
(a) 0 / repidity (b) 0 / repidity
1 p 1
= =
S =
= 05 F = 0.5
: :
< 0 F < O
S-05 f S-05
3 S
S S
-1 1 ] -1 1 1 1 J
-n/5  -m/10 0 /10  m/5 0 T 27 37 47t
(c-1) 0 / rapidity (c-2) 0 / rapidity

Figure 2. Dependences of particle oscillations in field of plane wave for Lorentz-invariant space-time
coordinates, provided that the amplitude of the wave field is normalized to unity: (a) particle

dynamics using &, for plane monochromatic wave with w=const ; (b) particle dynamics in
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frequency-modulated wave for the oscillation phase a)(ég)ég ; (¢) particle dynamics using & for a

wave with both constant frequency ( w =const ) and spatial modulation for the oscillation phase

w(&)E.

Applying the Lorentz transformations for &, from (74) gives the coordinates

0'=6coshO—q,sinh6 ¢, =g, coshO—0sinh6

(78)
and differentiating (78) with respect to 6 gives
a6’ , 46, dq, ,
= — + s —_—= —6
a6~ " "ap ao (79)

4

Egs. (3), (5), (7), and (78) give a connection between coordinates in inertial systems K and K’ in 3+1
dimensions via 0, i.e., the general system of equations can be written in the following form:

t'=tcoshO—gsinh60, g’ =gcosh@—tsinhO, g, =0"=0coshO—q,sinh6, g, ~q,, (80)

where the connection between the angular coordinates g, and g, in inertial systems K and K’ is

also determined via the angular rapidity from (78), i.e.,

q, =%lr1(—sinh2 6') B =%h’1(—sir1h2 6) (81)

7

To the existing Lorentz-invariant coordinate &, from (74), it is possible to introduce another

additional coordinate of the form

&, =0, -10

EL i f (82)

and applying the Lorentz transformations for &, from (82) gives

0 =0, cosh6—-6Osinh® g’ =0"=0cosh6—-06, sinhO
(83)
Differentiating (83) with respect to 6 gives
4o, _ds, 40’ _ -

ae  do ae (84)

and it can be seen that the projection of the motion of a relativistic particle is relative to 6] and 6’
chosen along the world line s, .

The obtained correct coordinates 6, and s, also give another angular Lorentz-invariant form

éE(~) zes _fsl

7

(85)

where having applied the Lorentz transformation to coordinate (85) yields the following local
coordinates in inertial system K’:

0/ =6, cosh(@)—sL sinh(é)) s, =s, cosh6—-6_sinh6 (56)

7

Differentiating (86) with respect to 6 gives
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do’ , ds 0+ dg

ot 4o ¢ de (87)

4

The local rapidities 0", 6., 6, and s, form a Lorentz-invariant form in 3+1 dimensions,

where the generalized system of equations for 0 has the form
0 =6coshf—q,sinh6, 6 =6, coshO-s, sinhf, O, =6 cosh6—-6Osinh6,

88
s, =s, cosh6—6_sinh6. (88)

Here, the Lorentz-invariant coordinates &., &,,, and &, are obtained with respect to the

Lorentz transformation, and differentiating them gives the derivatives of actions (79), (84), and (87).
This result can also be obtained by the method of calculus of variations, similar to Ref. [23], only that
here it is necessary to apply the replacements given in (76), where the following correspondences
hold:

é - EEI ég - éggf (SL - SEL' (89)

From (79), (84), and (87), it is clear that the actions are described by the functions 6 , s , and g,
which are hyperbolic functions that depend on only 0.

12. Conclusion

In this work, the form of local coordinates and local rapidities in 3+1 dimensions was obtained
via parametrization with coupled parameters. New Lorentz-invariant coordinates were presented
that make it possible to describe the dynamics of a particle in 3+1 dimensions with coupled
parameters in terms of hyperbolic functions depending on the rapidity 6. This new Lorentz-
invariant form is an addition to the Lorentz-invariant form in 1+1 dimensions, which together allow
description of the dynamics of a particle in 3+1 dimensions.

From Hamilton’s formalism, a perpendicular rapidity and an angular rapidity were derived;
these are not invariants, but in combination with other rapidities they form new Lorentz-invariant
coordinates with respect to Lorentz transformations.

Because all parameters are coupled, it was shown that an arbitrary function can be decomposed
via rapidity into elementary functions. For those cases when it is not possible to decompose an
arbitrary function into elementary ones, a so-called passage to the limit was introduced, which also
allows a complex function to be decomposed into elementary functions.

The spectral expansions into elementary functions resulted in the coordinates &., &, and &,

, which are invariant under Lorentz transformation, and a comparison and connection between the

EO7

Lorentz-invariant coordinates &£ and &, was presented. It was shown that for plane waves
oscillating according to a harmonic law using the Lorentz-invariant coordinate &, the coordinate

describes the oscillation of a particle over an interval Oe [—0.2;0.2] similar to the oscillation of a

particle in the field of a short laser pulse. Applying the new Lorentz-invariant form ¢, to plane
waves oscillating according to the harmonic law, it is clear that the oscillation of a particle in a wave
is described by periodic motion on the interval Oe [O; +oo) .

Assuming that the presented plane waves have frequency modulation, the frequency of which
varies according to the harmonic law w = a)(é) and w= a)(é : ) , then for a plane wave described by
the Lorentz-invariant form &, the presence of frequency modulation does not affect the oscillation
frequency of the particle, because & describes the dynamics of the particle with spatial modulation.
When applying the frequency modulation w=w(&,) to the new Lorentz-invariant form, the wave
form clearly has a classical frequency-modulated profile. From the given Lorentz-invariant forms &

and &, in relation to plane waves, the main conclusion that can be drawn is that (i) the use of &
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describes well the dynamics of a particle in short pulses and (ii) the use of the new Lorentz-invariant
form &, describes classical harmonic processes.

In general, it has been shown that the Euler-Hamilton equation describes well the dynamics of
a relativistic particle in the field of a plane wave and in the field of a plane laser pulse in 3+1
dimensions, and to describe the motion of a particle in the field of a circularly polarized pulse with
left-hand polarization, it is advantageous to use the Euler-Lagrange equations because the resulting
equations are compact.

The results of this work will be used in the future to construct a relativistic hydrodynamic model
with coupled parameters in 3+1 dimensions.
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