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Abstract: To address the trajectory tracking issue for quadrotors working under the influence of external 

disturbances, a control scheme is designed for position and attitude trajectory tracking. Firstly, the quadrotor 

dynamic model is derived for control design. Secondly, adaptive integral backstepping control (AIBS) is 

employed in the position loop in which adaptive estimation is used to estimate the upper bounds of 

disturbances. Subsequently, a new adaptive backstepping fast nonsingular integral terminal sliding mode 

control (ABFNITSM) is proposed to follow desired Euler angles. The introduction of fast nonsingular terminal 

sliding mode and integral element is to realize fast convergence and accurate tracking. Dead zone technique is 

applied to minimize estimation errors. Besides, a saturation function is utilized to eliminate chattering 

phenomenon. Finally, simulation experiments are conducted under the Simulink environment. The proposed 

control is verified by comparing it with traditional integral terminal sliding mode control (ITSM) and integral 

backstepping control (IBS). 

Keywords: quadrotor UAV; trajectory tracking control; adaptive estimation; backstepping control; 

sliding mode control; dead zone technique; saturation function  

 

1. Introduction 

In recent years, quadrotors have been applied in various fields owing to their size, low costs, 

and capability of VTOL(vertical takeoff and landing) [1–3]. These considerable attributes and 

widespread applications propel significant focus on quadrotors [4–7]. In reality, external 

disturbances and measurement errors are inevitably present [8–12]. The key to complete tasks, e.g., 

power line inspection [13], logistics transportation [14], and pesticide spraying [15] depends on the 

performance of trajectory tracking. As a result, improving the effectiveness of trajectory tracking 

control under the influence of external disturbances holds important theoretical significance and 

practical value, which ensures that quadrotors can meet the flight requirements and avoid 

uncontrollable crashes. 

Nair et al. achieved high-performance tracking for a satellite launch rocket system with time-

varying uncertainties by designing an adaptive PID control in reference [16]. In [17], an online 

identification of aerodynamic parameters using the Kalman filter was utilized, followed by 

compensating the rotor speed using LQR strategy, resulting in improved control performance for 

heading and altitude. Such works generally linearize the nonlinear dynamics of quadrotors, which 

leads to approximation errors and performance limitations. In [18], a fuzzy logic system was used to 

assess the unmodeled dynamics of the quadrotor. A nonlinear disturbance observer was applied to 

compensate for external disturbances and assessment error. In reference [19], the authors proposed a 

radical basis function neural network (RBFNN) to fix the unknown dynamic problem. To increase 

the convergence speed and control precision, a fractional-order backstepping control was introduced. 

Sliding mode control is widely applied in practical systems, e.g., robot manipulation [20], linear 

motor positioning [21], and underwater robots [22], because of its strong robustness, fast response, 
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and low sensitivity to uncertainties and disturbances. Conventional sliding mode (CSM) cannot 

guarantee the fast convergence of control system [23–25]. Terminal sliding mode (TSM) was designed 

to deal with this situation [26]. Besides, CSM may cause chattering. In [27], a modified second-order 

sliding mode control was introduced to address the chatting phenomenon. Omid Mofid et al. planed 

a super-twisting terminal sliding mode control considering input-delay, model uncertainty and wind 

disturbance for fast response. In [28], the dynamic model was divided into inner loop and outer loop. 

Nonsingular terminal sliding mode control (NTSM) was utilized to converge to the desired position 

and attitude in finite time. In [29], Hamid Ghadiri et al. proposed a novel adaptive nonsingular 

terminal sliding mode control (ANTSM). The control signals’ chattering was eliminated. Adaptive 

estimation was applied to compensate for unknown disturbance. In [30], the implementation of 

neural network (NN) approximator was to estimate the model uncertainty. Adaptive algorithms 

were designed to make up for the approximation error and update the NN weight matrix. 

Nonsingular fast terminal sliding mode control (NFTSMC) was presented to guarantee the finite-

time convergence of the quadrotor to its desired trajectory. An NN-NFTSMC algorithm was 

formulated to provide the system with robustness in the presence of the model uncertainty and 

external disturbance. In [31], Mo H et al. took efforts to make comprehensive survey of control 

techniques for quadrotors. In this study, adaptive terminal sliding mode is the most appropriate 

method for quadrotor tracking control. 

To develop a control scheme for full trajectory tracking of 6 DOF quadrotor’s position and 

attitude, an adaptive backstepping fast nonsingular integral terminal sliding mode (ABFNITSM) 

control is proposed to track desired attitude. The position loop is based on adaptive integral 

backstepping control. The main contributions of this article can be summarized as follows: 

• A new control strategy is introduced for quadrotors under external disturbances. 

• The proposed ABFNITSM control is characterized by strong robustness against nonlinearities 

and external disturbances compared to traditional control. Furthermore, it is also in possession 

of capabilities of fast response and precise tracking. 

• The implementation of adaptive estimation enables update of controller parameters online, 

which simplifies the tuning process. Besides, dead zone technique is employed to compensate 

for disturbances. 

• A new saturation function, which is differentiable, is utilized to eliminate chattering. 

• Lyapunov theory guarantees the stability of the quadrotor trajectory tracking control system. 

This article is organized as follows: the derivation of the quadrotor dynamic model is introduced 

in section 2. The adaptive backstepping fast nonsingular integral terminal sliding mode for attitude 

control and the adaptive integral backstepping for position control are designated in section 3. 

Meanwhile, the stability of the control system is proven using Lyapunov theory. In section 4, the 

simulation result is presented, followed by the conclusion. 

2. Dynamic model of the quadrotor 

The quadrotor is an underactuated system. The vector P = (x, y, z)୘ represents the translational 

motion and the vector Θ = (ϕ, θ, ψ)୘ denotes the Euler angle. Figure 1 shows a schematic diagram 

of the quadrotor. 
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Figure 1. the quadrotor configuration. 

This paper adopts the right-hand rule to define body reference frame (BRF) 𝔹 = {O୆, xୠ, yୠ, zୠ} 

and inertial reference frame (IRF) 𝔼 = {O୉, xୣ, yୣ, zୣ} to describe the 6DOF rigid-body motion of the 

quadrotor. x, y, and z represent longitudinal, lateral, and vertical translational motion respectively. ϕ, θ, and ψ are roll, pitch, and yaw angle respectively. 

According to Newton-Euler principle, the system model can be written: ቊ mPሷ = F୅ + Fୋ + FୈIΩሶ = −Ω×IΩ + τ୅ + τୋ + τୈ, (1)F୅ is the aerodynamic force in the inertial frame. 

F୅ = R୆୉ ൥ 00F୘൩, (2)

F୧ is the thrust produced by the i-th motor. R୧ describes the rotational speed of the  motor. k୐ 

represents the lift coefficient of the motor. F୘ = ∑ F୧ସ୧ୀଵ = k୐ ∑ R୧ଶସ୧ୀଵ , (3)R୆୉  is the transformation matrix from the BRF to the IRF. 

𝑅஻ா = ൥cos 𝜃 cos 𝜓 sin 𝜃 sin 𝜙 cos 𝜓 − cos 𝜙 sin 𝜓 cos 𝜙 sin 𝜃 cos 𝜓 + sin 𝜙 sin 𝜓cos 𝜃 sin 𝜓 sin 𝜃 sin 𝜙 sin 𝜓 + cos 𝜙 cos 𝜓 cos 𝜙 sin 𝜃 sin 𝜓 − sin 𝜙 cos 𝜓− sin 𝜃 sin 𝜙 cos 𝜃 cos 𝜙 cos 𝜃 ൩, (4)

Fୋ is the gravitational force. Fୈ represents the force due to air resistance. 

Fୈ = k୊ ൥xሶyሶzሶ ൩, (5)

I is the inertia matrix of the quadrotor. Based on the assumptions in Appendix A, I is defined 

as follows:  I = diag൫I୶୶, I୷୷, I୸୸൯, (6)

The notation ሾ ሿ× means the cross-product operator. Based on the vector Ω, it defines a skew-

symmetric matrix. 

Ω× = ൥ 0 −r qr 0 −p−q p 0 ൩, (7)
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τ୅ denotes the aerodynamic torque produced by motors. d is the distance between the rotation 

axis of one motor and the center of gravity. k୑ is the torque coefficient of one motor during rotation. 

τ୅ = ቎ (Fସ − Fଶ)(Fଵ − Fଷ)k୑(Rଵଶ − Rଶଶ + Rଷଶ − Rସଶ)቏ = ቎UமU஘Uந቏, (8)

τୋ stands for the torque caused by the gyroscopic effect. τୈ reflects the torque owing to air 

friction.  

τୈ = k୘ ቎pଶqଶrଶ ቏, (9)

Actually, a quadrotor undergoes various problems such as inaccurate parametric (mass and 

inertia) measurement, control effectiveness and external disturbances. These throw obstacles in 

control design. In order to formulate the control problem, equation (2) is rewritten incorporating 

matched/unmatched uncertainties as ቊ (m + ∆m)Pሷ = F୅ + ∆F୅ + Fୋ + ∆Fୋ + Fୈ(I + ∆I)Ωሶ = −Ω×(I + ∆I)Ω + τ୅ + ∆τ୅ + τୋ + τୈ, (10)

where ∆m ∈ ℛ, ∆I ∈ ℛଷ×ଷ, ∆F୅ ∈ ℛଷ and ∆τ୅ ∈ ℛଷ represent uncertainty in mass, inertia and control 

effectiveness, respectively. According to lemma1, the above equation can be re-written as: ቊ mPሷ = F୅ + Fୋ + Fୈ + D୔Ωሶ = Iିଵ(−Ω×IΩ + τ୅) + τୈ + D୅, (11)

where D୔ and  D୅ are lumped uncertainties. 

Lemma 1:  

(A + BCD)ିଵ = Aିଵ − (E + AିଵBCD)ିଵAିଵBCDAିଵ, (12)

where A ∈ ℛ୫×୫, B ∈ ℛ୫×୬, C ∈ ℛ୬×୮, D ∈ ℛ୮×୫, and E is unit diagonal matrix. 

The relationships between the angular velocity of a quadrotor in BRF and the angular velocity 

in IRF are represented as follows: 

቎ϕሶθሶψሶ ቏ = ൥1 sin ϕ tan θ cos ϕ tan θ0 cos ϕ − sin ϕ0 sin ϕ sec θ cos ϕ sec θ൩ ቈpqr቉, (13)

According the small angle approximation principle, the transformation matrix can be 

approximated as the identity matrix. 

൥pሶqሶrሶ ൩ ≈ ቎ϕሷθሷψሷ ቏, (14)

The vector X = ൣϕ, ϕሶ , θ, θሶ , ψ, ψሶ , x, xሶ , y, yሶ , z, zሶ ൧ ∈ ℛଵଶ denotes the state variables. 

The virtual position control inputs are defined as follows: 

቎U୶U୷U୸቏ = ቎F୘mିଵ(cos xଵ sin xଷ cos xହ + sin xଵ sin xହ)F୘mିଵ(cos xଵ sin xଷ sin xହ − sin xଵ cos xହ)F୘mିଵ cos xଵ cos xଷ − g ቏, (15)

The equation (13) can be rewritten as follows: 
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⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎡ xሶ ଵxሶ ଶxሶ ଷxሶ ସxሶ ହxሶ ଺xሶ ଻xሶ ଼xሶ ଽxሶ ଵ଴xሶ ଵଵxሶ ଵଶ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎤

=
⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎡ xଶaଵxସx଺ + aଶxଶଶ + bଵUம + dமxସaଷxଶx଺ + aସxସଶ + bଶU஘ + d஘x଺aହxଶxସ + a଺x଺ଶ + bଷUந + dநx଼a଻x଼ + U୶ + d୶xଵ଴a଼xଵ଴ + U୷ + d୷xଵଶaଽxଵଶ + U୸ + d୸ ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎤
, (16)

where: 

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎡
aଵaଶaଷaସaହa଺a଻a଼aଽbଵbଶbଷ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎥⎥⎤

=

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎡I୶୶ିଵ(I୷୷ − I୸୸)I୶୶ିଵk୘I୷୷ିଵ(I୸୸ − I୶୶)I୷୷ିଵk୘I୸୸ିଵ(I୶୶ − I୷୷)I୸୸ିଵk୘mିଵk୊mିଵk୊mିଵk୊I୶୶ିଵdI୷୷ିଵdI୸୸ିଵ ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎤

, (17)

3. Control design 

This section is committed to the design of trajectory tracking control and stability analysis. 

Taking parametric uncertainties and external disturbances into consideration, a trajectory tracking 

control strategy is formulated to ensure quick and accurate tracking of reference commands. To 

achieve this goal, a new control is proposed integrating terminal sliding mode, integral element, 

backstepping technique and dead zone technique for attitude trajectory tracking. For the sake of 

chattering elimination, a new saturation function is designed. Additionally, an online adaptive 

estimation technique is introduced to compensate for parametric uncertainties and external 

disturbances. Adaptive integral backstepping control is introduced in position loop. Figure 2 

illustrates the entire control flow diagram. 

 

Figure 2. Control scheme for the quadrotor. 

3.1. Position tracking control design 

The adaptive integral backstepping (AIBS) control exhibits good robustness. It combines the 

characteristics of integral backstepping control and adaptive estimation to facilitate precise tracking 

and stable control. The basic idea of backstepping method is to gradually introduce virtual control 
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variables and recursively design control laws to guide the tracking errors from an initial state to zero. 

An adaptive law is used to compensate for modeling errors, external disturbances, and measurement 

noise. The design process of AIBS is depicted as follows: 

 

Figure 3. Block diagram of AIBS. 

AIBS control design step 1: 

The position tracking error is defined as follows: 

൥ e଻eଽeଵଵ൩ = ൥ x଻ − x଻ୢxଽ − xଽୢxଵଵ − xଵଵୢ൩, (18)

where x଻ୢ, xଽୢ, and xଵଵୢ are desired trajectory. The time derivative of equation (18) is: 

൥ eሶ ଻eሶ ଽeሶଵଵ൩ = ൥ xሶ ଻ − xሶ ଻ୢxሶ ଽ − xሶ ଽୢxሶ ଵଵ − xሶ ଵଵୢ൩ = ൥ x଼ − xሶ ଻ୢxଵ଴ − xሶ ଽୢxଵଶ − xሶ ଵଵୢ൩, (19)

The Lyapunov function is defined as follows for stable system: 

቎l୶ଵl୷ଵl୸ଵ቏ = ଵଶ ቎ e଻ଶ + k଻Γ଻ଶeଽଶ + kଽΓଽଶeଵଵଶ + kଵଵΓଵଵଶ ቏, (20)

where: Γ∗ = ׬ e∗ dτ  (∗∈ 7,9,11), (21)

The time derivative of equation (20) is: 

൦lሶ୶ଵlሶ୷ଵlሶ୸ଵ൪ = ቎ e଻eሶ ଻ + k଻Γ଻ Γሶ଻eଽeሶ ଽ + kଽΓଽ Γሶଽeଵଵeሶଵଵ + kଵଵΓଵଵ Γሶଵଵ቏ = ቎ e଻(x଼ − xሶ ଻ୢ) + k଻Γ଻ Γሶ଻eଽ(xଵ଴ − xሶ ଽୢ) + kଽΓଽ Γሶଽeଵଵ(xଵଶ − xሶ ଵଵୢ) + kଵଵΓଵଵ Γሶଵଵ቏, (22)

The system virtual control input is selected as follows: 

൥ x଼ୢxଵ଴ୢxଵଶୢ൩ = ቎ −ξ଻e଻ + xሶ ଻ୢ − k଻Γ଻ −ξଽeଽ + xሶ ଽୢ − kଽΓଽ −ξଵଵeଵଵ + xሶ ଵଵୢ − kଵଵΓଵଵ ቏, (23)

where ξ଻, ξଽ, and ξଵଵ are positive constants to be designed. 

Substituting (23) into (22) yields:  

൦lሶ୶ଵlሶ୷ଵlሶ୸ଵ൪ = ቎ −ξ଻e଻ଶ−ξଽeଽଶ−ξଵଵeଵଵଶ ቏ ≤ 0, (24)
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AIBS control design step 2: 

The second tracking error is given by: 

൥ e଼eଵ଴eଵଶ൩ = ൥ x଼ − x଼ୢxଵ଴ − xଵ଴ୢxଵଶ − xଵଶୢ൩, (25)

The Lyapunov function can be defined as follows: 

቎l୶ଶl୷ଶl୸ଶ቏ = ଵଶ ቎ e଻ଶ + k଻Γ଻ଶ + eଶ଼eଽଶ + kଽΓଽଶ + eଶ଼eଵଵଶ + kଵଵΓଵଵଶ + eଵଶଶ ቏, (26)

The time derivative of equation (26) is: 

൦lሶ୶ଶlሶ୷ଶlሶ୸ଶ൪ = ቎ e଻eሶ ଻ + k଻Γ଻ Γሶ଻ + e଼eሶ ଼eଽeሶ ଽ + kଽΓଽ Γሶଽ + eଵ଴eሶଵ଴eଵଵeሶଵଵ + kଵଵΓଵଵ Γሶଵଵ + eଵଶeሶଵଶ቏, (27)

Substituting (19), (23), and (25) into (27) generates:  

൦lሶ୶ଶlሶ୷ଶlሶ୸ଶ൪ = ቎ −ξ଻e଻ଶ + e଼(e଻ + eሶ ଼)−ξଽeଽଶ + eଵ଴(eଽ + eሶଵ଴)−ξଵଵeଵଵଶ + eଵଶ(eଵଵ + eሶଵଶ)቏, (28)

To ensure the stability of the position tracking control system, we need to satisfy the following 

condition: 

൥ e଻ + eሶ ଼eଽ + eሶଵ଴eଵଵ + eሶଵଶ൩ = ቎ −ξመ଼e଼−ξመଵ଴eଵ଴−ξመଵଶeଵଶ቏, (29)

where ξመ଼, ξመଵ଴, and ξመଵଶ are the estimation of ξ଼, ξଵ଴, and ξଵଶ respectively. 

From (29), the corresponding position control law can be derived as follows: 

቎U୶U୷U୸቏ = ൦xሷ ଻ୢ + (ξ଻ଶ − 1 − k଻)e଻ − ൫ξ଻ + ξመ଼൯e଼ − a଻x଼ + ξ଻k଻Γ଻ − d୶                  xሷ ଽୢ + (ξଽଶ − 1 − kଽ)eଽ − ൫ξଽ + ξመଵ଴൯eଵ଴ − a଼xଵ଴ + ξଽkଽΓଽ − d୷              xሷ ଵଵୢ + (ξଵଵଶ − 1 − kଵଵ)eଵଵ − ൫ξଵଵ + ξመଵଶ൯eଵଶ − aଽxଵଶ + ξଵଵkଵଵΓଵଵ − d୸൪, (30)

Proof of stability of position tracking control: 

To prove the stability of the system and determine the parametric values of ξመ଼, ξመଵ଴, and ξመଵଶ, ξመ଼ 

is taken as an illustration. The Lyapunov function is formulated as follows: L୔୶ = ଵଶ (e଻ଶ + k଻Γ଻ଶ + eଶ଼ + ଵ஑ఴ e෤ஞఴଶ ), (31) 

where 𝛼଼ is positive constant, e෤ஞఴ  is the estimation error. 

The time derivative of equation (31) is: Lሶ ୔୶ = −ξ଻e଻ଶ − ξ଼eଶ଼ + e෤ஞఴ ቀeଶ଼ − ଵ஑ఴ ξመሶ଼ቁ, (32)

If the third term on the right-hand side of (32) is set to 0, it can be deduced that: ξመሶ଼ = α଼eଶ଼, (33)

Then, Lሶ ୔୶ = −ξ଻e଻ଶ − ξ଼eଶ଼ ≤ 0, (34)

Therefore, the subsystem is stable. 

For the purpose of establishing a complete proof, the Lyapunov function is defined as follows: 
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L୔ = ଵଶ (e଻ଶ + k଻Γ଻ଶ + eଶ଼ + ଵ஑ఴ e෤ஞఴଶ + eଽଶ + kଽΓଽଶ + eଵ଴ଶ + ଵ஑భబ e෤ஞభబଶ + eଵଵଶ + kଵଵΓଵଵଶ + eଵଶଶ +ଵ஑భమ e෤ஞభమଶ ), 
(35)

The time derivative of the (36) is: Lሶ ୔ = −ξ଻e଻ଶ − ξ଼eଶ଼ − ξଽeଽଶ − ξଵ଴eଵ଴ଶ − ξଵଵeଵଵଶ − ξଵଶeଵଶଶ ≤ 0, (36)

where ξ଻, ξ଼, ξଽ, ξଵ଴, ξଵଵ, and ξଵଶ are positive constants. 

The stability proof of the position tracking system is now completed. 

Adaptive laws: 

൦ ξመሶ଼ξመሶଵ଴ξመሶଵଶ
൪ = ቎ α଼eଶ଼αଵ଴eଵ଴ଶαଵଶeଵଶଶ ቏, (37)

where 𝛼଼, 𝛼ଵ଴, and 𝛼ଵଶ are positive constants under design. 

Based on (15), thrust and the desired attitude angle can be calculated as follows: 

⎩⎪⎨
⎪⎧F୘ = mටU୶ଶ + U୷ଶ + (U୸ + g)ଶ                       θୢ = tanିଵ ቀୡ୭ୱ நౚ୙౮ାୱ୧୬ நౚ୙౯୙౰ା୥ ቁ            ψୢ = tanିଵ ቀcos θୢ ୱ୧୬ நౚ୙౮ିୡ୭ୱ நౚ୙౯୙౰ା୥ ቁ , (38)

3.2. Attitude tracking control design 

The previously proposed AIBS control has been effective in position tracking, ensuring the 

stability of the position subsystem. In this section, a robust adaptive backstepping fast nonsingular 

integral terminal sliding mode control (ABFNITSM) is proposed for attitude tracking. A new 

saturation is designed to eliminate chattering. The main objective of this control is to ensure system 

stability and achieve fast convergence of the Euler angle to the desired trajectory. 

 

Figure 4. Block diagram of ABFNITSM. 

The saturation function is designed as follows: sat(x) = ୣ౮ିଵୣ౮ାଵ, (39)
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ABFNITSM control design step 1: 

The attitude tracking error is defined as follows: 

൥eଵeଷeହ൩ = ൥xଵ − xଵୢxଷ − xଷୢxହ − xହୢ൩, (40)

where xଵୢ, xଷୢ, and xହୢ are desired trajectory. The time derivative of equation (40) is: 

൥eሶଵeሶ ଷeሶ ହ൩ = ൥xሶ ଵ − xሶ ଵୢxሶ ଷ − xሶ ଷୢxሶ ହ − xሶ ହୢ൩ = ൥xଶ − xሶ ଵୢxସ − xሶ ଷୢx଺ − xሶ ହୢ൩, (41)

The Lyapunov function is defined as follows: 

቎lமଵl஘ଵlநଵ቏ = ଵଶ ቎eଵଶeଷଶeହଶ቏, (42)

The time derivative of the (42) is: 

൦lሶமଵlሶ஘ଵlሶநଵ൪ = ൥eଵeሶଵeଷeሶ ଷeହeሶ ହ൩ = ቎eଵ(xଶ − xሶ ଵୢ)eଷ(xସ − xሶ ଷୢ)eହ(x଺ − xሶ ହୢ)቏, (43)

The system virtual control input is selected as follows: 

൥xଶୢxସୢx଺ୢ൩ = ൥sଵ + xሶ ଵୢ − ξଵeଵsଷ + xሶ ଷୢ − ξଷeଷsହ + xሶ ହୢ − ξହeହ൩, (44)

ABFNITSM control design step 2: 

The sliding mode function is chosen as follows: 

൥sଵsଷsହ൩ = ⎣⎢⎢⎢
⎡ eሶଵ + ׬ ൣδமଵ|eଵ|஗ದభsat(eଵ) + δமଶ|eሶଵ|஗ದమsat(eሶଵ)൧dτ୲଴eሶ ଷ + ׬ ሾδ஘ଵ|eଷ|஗ಐభsat(eଷ) + δ஘ଶ|eሶ ଷ|஗ಐమsat(eሶ ଷ)ሿdτ୲଴eሶ ହ + ׬ ൣδநଵ|eହ|஗ಠభsat(eହ) + δநଶ|eሶ ହ|஗ಠమsat(eሶ ହ)൧dτ୲଴ ⎦⎥⎥⎥

⎤
, (45)

where δ∗୧(∗= ϕ, θ, ψ; i = 1,2) are positive constants to be designed. 

With the sliding function s୩ to be differentiable and the system to exhibit Hurwitz stability for s୩ = 0(k = 1,3,5), the controller parameters aforementioned must satisfy the following condition: 

⎣⎢⎢
⎢⎢⎡
ηமଵηமଶη஘ଵη஘ଶηநଵηநଶ⎦⎥⎥

⎥⎥⎤ =
⎣⎢⎢
⎢⎢⎢
⎡expሾ−(|eଵ| + 0.25)ଵ.ସ − (|eଵ| + 0.2)଴.଻ሿ + 0.52ηமଵ(1 + ηமଵ)ିଵexpሾ−(|eଷ| + 0.25)ଵ.ସ − (|eଷ| + 0.2)଴.଻ሿ + 0.52η஘ଵ(1 + η஘ଵ)ିଵexpሾ−(|eହ| + 0.25)ଵ.ସ − (|eହ| + 0.2)଴.଻ሿ + 0.52ηநଵ(1 + ηநଵ)ିଵ ⎦⎥⎥

⎥⎥⎥
⎤
, (46)

The time derivative of equation (45) is: 

൥sሶଵsሶଷsሶହ൩ = ቎ eሷଵ + δமଵ|eଵ|஗ದభsat(eଵ) + δமଶ|eሶଵ|஗ದమsat(eሶଵ)eሷ ଷ + δ஘ଵ|eଷ|஗ಐభsat(eଷ) + δ஘ଶ|eሶ ଷ|஗ಐమsat(eሶ ଷ)eሷ ହ + δநଵ|eହ|஗ಠభsat(eହ) + δநଶ|eሶ ହ|஗ಠమsat(eሶ ହ)቏, (47)

To ensure system stability, the following Lyapunov function is defined as follows: 

቎lமଶl஘ଶlநଶ቏ = ଵଶ ቎eଵଶ + sଵଶeଷଶ + sଷଶeହଶ + sହଶ቏, (48)

The time derivative of equation (48) is: 
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൦lሶமଶlሶ஘ଶlሶநଶ൪ = ൥eଵeሶଵ + sଵsሶଵeଷeሶ ଷ + sଷsሶଷeହeሶ ହ + sହsሶହ൩, (49)

Substituting (44) into (49) derives: 

൦lሶமଶlሶ஘ଶlሶநଶ൪ = ቎−ξଵeଵଶ + sଵ(sሶଵ + eଵ)−ξଷeଷଶ + sଷ(sሶଷ + eଷ)−ξହeହଶ + sହ(sሶହ + eହ)቏, (50)

With the intention of system stability, the second term on the right-hand side of equation (50) is 

expected to be equal to zero. 

൥sሶଵ + eଵsሶଷ + eଷsሶହ + eହ൩ = 0, (51)

Neglecting the uncertainty term (i.e., D୅ = 0) and substituting (47) into (51), the equivalent 

control input is calculated as follows: 

቎Uம଴U஘଴Uந଴቏ = ቎ bଵି ଵ(xሷ ଵୢ − aଵxସx଺ − aଶxଶଶ − δமଵ|eଵ|஗ದభsat(eଵ) − δமଶ|eሶଵ|஗ದమsat(eሶଵ) − eଵ)bଶି ଵ(xሷ ଷୢ − aଶxଶx଺ − aସxସଶ − δ஘ଵ|eଷ|஗ಐభsat(eଷ) − δ஘ଶ|eሶ ଷ|஗ಐమsat(eሶ ଷ) − eଷ)bଷି ଵ(xሷ ହୢ − aଷxଶxସ − a଺x଺ଶ − δநଵ|eହ|஗ಠభsat(eହ) − δநଶ|eሶ ହ|஗ಠమsat(eሶ ହ) − eହ)቏, (52)

Then, the reaching law is selected as follows: 

቎UமଵU஘ଵUநଵ቏ = − ൦ bଵି ଵ(ρமଵsଵ + ρமଶ|sଵ|஢ದsat(sଵ) + ൫Q෡மଵ + Q෡மଶ|xଵ| + Q෡மଷ|xଶ|൯sat(sଵ))bଶି ଵ(ρ஘ଵsଷ + ρ஘ଶ|sଷ|஢ಐsat(sଷ) + ൫Q෡஘ଵ + Q෡஘ଶ|xଷ| + Q෡஘ଷ|xସ|൯sat(sଷ))bଷି ଵ(ρநଵsହ + ρநଶ|sହ|஢ಠsat(sହ) + ൫Q෡நଵ + Q෡நଶ|xହ| + Q෡நଷ|x଺|൯sat(sହ))൪, (53)

where ρ∗୧ and σ∗ are controller parameters that need to be designed and are greater than zero. Q෡∗୨ 
is the estimation of the parameters related to uncertainties, which is updated by the following 

adaptive estimation algorithm (∗∈ {ϕ, θ, ψ}, i ∈ {1,2}, j ∈ {1,2,3}): 

Adaptive estimation algorithm: 

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎡Q෡ሶ மଵQ෡ሶ மଶQ෡ሶ மଷQ෡ሶ ஘ଵQ෡ሶ ஘ଶQ෡ሶ ஘ଷQ෡ሶ நଵQ෡ሶ நଶQ෡ሶ நଷ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎤

=
⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎡ Δமଵ|sଵ|Δமଶ|sଵ||xଵ|Δமଷ|sଵ||xଶ|Δ஘ଵ|sଷ|Δ஘ଶ|sଷ||xଷ|Δ஘ଷ|sଷ||xସ|Δநଵ|sହ|Δநଶ|sହ||xହ|Δநଷ|sହ||x଺|⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎥⎤
, (54)

where Δ∗୧(∗∈ {ϕ, θ, ψ}, i ∈ {1,2,3}) are positive constants that need to be confirmed. 

Dead zone technique: 

In practical applications, the sliding variables sଵ, sଷ, and 𝑠ହ often encounter chattering due to 

measurement noise, leading to overestimation of Q. To alleviate this issue, dead-zone technique is 

used to adjust the adaptive law. 
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⎩⎪⎪
⎪⎪⎪
⎪⎪⎪
⎪⎨
⎪⎪⎪
⎪⎪⎪
⎪⎪⎪
⎧ Q෡ሶ மଵ = ൜Δமଵ|sଵ|, |sଵ| ≤ δ0, |sଵ| > δQ෡ሶ மଶ = ൜Δமଶ|sଵ||xଵ|, |sଵ| ≤ δ0, |sଵ| > δQ෡ሶ மଷ = ൜Δமଷ|sଵ||xଶ|, |sଵ| ≤ δ0, |sଵ| > δQ෡ሶ ஘ଵ = ൜Δ஘ଵ|sଷ|, |sଷ| ≤ δ0, |sଷ| > δQ෡ሶ ஘ଶ = ൜Δ஘ଶ|sଷ||xଷ|, |sଷ| ≤ δx, |sଷ| > δQ෡ሶ ஘ଷ = ൜Δ஘ଷ|sଷ||xସ|, |sଷ| ≤ δ0, |sଷ| > δQ෡ሶ நଵ = ൜Δநଵ|sହ|, |sହ| ≤ δ0, |sହ| > δQ෡ሶ நଶ = ൜Δநଶ|sହ||xହ|, |sହ| ≤ δ0, |sହ| > δQ෡ሶ நଷ = ൜Δநଷ|sହ||x଺|, |sହ| ≤ δ0, |sହ| > δ

, (55)

where δ >  0 represents the threshold for the deviation caused by influencing factors (such as sensor 

noise, uncertainty in estimation and inertia delay of the motor). In this article, δ is set to 0.3. 

Adding the equivalent input and the convergence control input together yields the total control 

input: 

቎UமU஘Uந቏ = ቎Uம଴ + UமଵU஘଴ + U஘ଵUந଴ + Uநଵ቏, (56)

Proof of stability of attitude tracking control: 

The Lyapunov function is defined as follows: 

቎lமl஘lந቏ = ଵଶ ⎣⎢⎢
⎢⎡ eଵଶ + sଵଶ + ∑ ଵ∆ದౢ Q෩ம୪ଶଷ୪ୀଵeଷଶ + sଷଶ + ∑ ଵ∆ಐౣ Q෩஘୫ଶଷ୫ୀଵeହଶ + sହଶ + ∑ ଵ∆ಠ౤ Q෩ந୬ଶଷ୬ୀଵ ⎦⎥⎥

⎥⎤
, (57)

Q෩ represents the estimation error. The time derivative of equation (57) is given as follows: 

൦lሶமlሶ஘lሶந൪ = ⎣⎢⎢⎢
⎢⎡ eଵeሶଵ + sଵsሶଵ + ∑ ଵ∆ದౢ Q෩ம୪ Q෩ሶ ம୪ଷ୪ୀଵeଷeሶ ଷ + sଷsሶଷ + ∑ ଵ∆ಐౣ Q෩஘୫ Q෩ሶ ஘୫ଷ୫ୀଵeହeሶ ହ + sହsሶହ + ∑ ଵ∆ಠ౤ Q෩ந୬ Q෩ሶ ந୬ଷ୬ୀଵ ⎦⎥⎥⎥

⎥⎤
, (58)

Substituting (44), (47), and (56) into (58) produces: 

൦lሶமlሶ஘lሶந൪ = ቎ −ξଵeଵଶ − ρமଵsଵଶ − ρமଶ|sଵ|஢ದାଵ − Φம|sଵ|−ξଷeଷଶ − ρ஘ଵsଷଶ − ρ஘ଶ|sଷ|஢ಐାଵ − Φ஘|sଷ|−ξହeହଶ − ρநଵsହଶ − ρநଶ|sହ|஢ಠାଵ − Φந|sହ|቏ ≤ 0, (59)

where: 

቎ΦமΦ஘Φந቏ = ቎Qமଵ + Qமଶ|xଵ| + Qமଷ|xଶ|Q஘ଵ + Q஘ଶ|xଷ| + Q஘ଷ|xସ|Qநଵ + Qநଶ|xହ| + Qநଷ|x଺|቏, (60)

Based on the provided information and equations, the stability of system is proven. 
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4. Results 

This section presents simulation results to validate the performance of the proposed control. 

During simulation tests, the initial position and attitude are set to ሾ0,0, 0ሿ்  m and ሾ0,0, 0ሿ୘  rad, 

respectively. The static parameters and control system parameters are listed in Table 1 and Table 2 

respectively. 

Table 1. Static Parameters of the quadrotor. 

Parameter Value Meaning 

m 0.56kg the mass of the quadrotor 

g 9.8m/s2 gravitational acceleration 

d 0.3m 
distance between the center of gravity and rotation axis of 

one motor 

Ixx 3.5 × 10ି3 kg ∙ m2 moment of inertia about x-axis 

Iyy 3.5 × 10ି3 kg ∙ m2 moment of inertia about x-axis 

Izz 7.0 × 10ି3 kg ∙ m2 moment of inertia about x-axis 

kL 4.2 × 10ି3 force coefficient during one motor rotation 

kM 3.8 × 10ି2 torque coefficient during one motor rotation 

kF 5.6 × 10ି4 drag coefficient due to air resistance 

kT 5.6 × 10ି4 drag torque coefficient due to air resistance 

Table 2. Control system parameters 

Parameter Value 

k7, k9, k11 0.01 

ξ7,ξ9,ξ11 4.25 

α8,α10,α12 2.5 
δϕ1, δθ1, δψ1 28.5, 50, 28.5 
δϕ2, δθ2, δψ2 6, 6, 12 
ρϕ1

,ρθ1
,ρψ1

 3 

ρϕ2
,ρθ2

,ρψ2
 2.5 

σϕ,σθ,σψ 1.7 

The proposed control is compared with the integral backstepping control and integral terminal 

sliding mode. The simulations are performed with external disturbances caused by wind gusts or 

other factors. 

The external disturbances are assumed to follow Gaussian distribution. The "Random Number" 

block in Simulink is utilized to generate random numbers with a mean of 0 and a standard deviation 

of 10 as disturbances. The sampling time is set to 2s. To ensure that the disturbances in the position 

loop stay within the range of -1.5 to 1.5 rad/sଶ and that the disturbances in the attitude loop stay 

within the range of -2 to 2 rad/sଶ , the generated random numbers should be multiplied by 

appropriate scaling factors. 

4.1. Case1 

In this case, the quadrotor is demanded to track a simple rectangle trajectory. External 

disturbances are taken into account. A 3D trajectory plot provides a visual representation of the 

tracking performance of a control (Figure 5). It allows for a comprehensive view of how well the 

control is able to follow the desired trajectory in 3D space. The simulation results are presented in 

Figures 6–11. To provide a more intuitive representation of the control performance, error curves for 

the x, y, z directions and Euler angles are plotted. 

The desired trajectory are defined as follows: 
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Figure 5. 3D position trajectory tracking. 

 

Figure 6. longitudinal translational motion tracking. 

 

Figure 7. lateral translational motion tracking. 
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Figure 8. vertical translational motion tracking. 

xହୢ = ቊ ஠ଷ , 0 ≤ x < 400, 40 ≤ x < 80, (61)

x଻ୢ = ൞ 5 + 0.5t 0 ≤ t < 2015 20 ≤ t < 4015 − 0.5(t − 40) 40 ≤ t < 605 60 ≤ t < 80 , (62)

xଽୢ = ൞ 5 0 ≤ t < 205 + 0.5(t − 20) 20 ≤ t < 4015 40 ≤ t < 6015 − 0.5(t − 60) 60 ≤ t < 80, (63)

xଵଵୢ = 11, (64)

Due to that the initial position and attitude are set to 0, the quadrotor attempts to approach the 

desired trajectory quickly, which results in excessively large desired roll and pitch angles during the 

initial stages of the simulation, leading to significant tracking errors. 

The results demonstrate that both controllers track the desired position and attitude in the 

presence of disturbances in Figure 5 and Figures 9–11, while the proposed controller behaves 

excellently. Even when there is a sudden change in the yaw angle, the proposed controller still rapidly 

reacts and tracks the new trajectory in Figure 11. Through comparison, it is evident that the proposed 

controller exhibits better performance. 
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Figure 9. roll angle tracking. 

 

Figure 10. pitch angle tracking. 

 

Figure 11. yaw angle tracking. 

Finally, by comparing with IBS-ITSM, the proposed controller possesses better performance. The 

square trajectory used in this case is relatively simple. In the next case, a more complex trajectory will 

be employed to further demonstrate the supremacy of the proposed controller.  

4.2. Case2 

In this scenario, the quadrotor is required to track a sophisticated trajectory under the influence 

of external disturbances. The simulation results are presented in Figure 12-18.  

The desired trajectories are defined as follows: xହୢ = ቊ ஠ଷ , 0 ≤ t < 400, 40 ≤ t < 80, (65)

x଻ୢ = 10 cos(0.5t), (66)xଽୢ = 10 sin(0.5t), (67)
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xଵଵୢ = 10 + 0.5t, (68)

From Figures 13–18, it can be observed that the tracking performance of the IBS-ITSM control is 

not ideal, exhibiting relatively large fluctuations in the presence of disturbances. In contrast, the 

proposed controller successfully tracked the desired trajectory and attitude faster and more 

accurately, demonstrating the robustness and superiority of the proposed controller.  

 

Figure 12. 3D position trajectory tracking. 

 

Figure 13. longitudinal translational motion tracking. 
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Figure 14. lateral translational motion tracking. 

 

Figure 15. vertical translational motion tracking. 

 

Figure 16. roll angle tracking. 
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Figure 17. pitch angle tracking. 

 

Figure 18. yaw angle tracking. 

5. Conclusion 

In this paper, the quadrotor dynamic model considering parameter uncertainty and external 

disturbances is derived with the Newton-Euler equation. An AIBS control is proposed in position 

loop. The desired attitude is derived by decoupling equations based on the desired position. 

Furthermore, a new ABFNITSM control is proposed for the attitude tracking, utilizing integral 

element, backstepping, adaptive estimation technique and dead-zone technique based on terminal 

sliding mode control. A saturation function is introduced to eliminate chattering. The Lyapunov 

theory is employed to verify the stability of the control system. Finally, the proposed AIBS-

ABFNITSM control has better performance and good robustness against external random 

disturbances through comparing it with IBS-ITSM. 

6. Future work 

Future work includes validating the performance of the AIBS-ABFNITSM control scheme in 

trajectory tracking tasks on an actual quadrotor. Considering the limitations of Euler angles, 

exploring the application of quaternions in quadrotor’s attitude trajectory tracking control is worth 

investigating. 
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Appendix A 

Appendix A.1. Assumptions 

• The quadrotor structure is symmetric. 

• The geometric center of the quadrotor coincides with its center of gravity. 

• The forces and torques caused by air friction are proportional to the quadrotor’s velocity and the 

square of the quadrotor’s angular velocity, respectively. 

• External disturbances enter the system in the form of acceleration. 

• The forces and moments generated by the motors are proportional to the square of the motor 

speeds. 
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