Pre prints.org

Article Not peer-reviewed version

Femtoscopy With Lévy Sources From
SPS Through RHIC to LHC

Mété Csanad ~ and Daniel Kincses

Posted Date: 4 January 2024
doi: 10.20944/preprints202401.0358.v1

Keywords: femtoscopy; stable distributions; Lévy distributions; quantum statistics; QCD; phase transition;
critical point

Preprints.org is a free multidiscipline platform providing preprint service that
is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons
Attribution License which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.



https://sciprofiles.com/profile/204323
https://sciprofiles.com/profile/346789

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 January 2024 do0i:10.20944/preprints202401.0358.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
Femtoscopy with Lévy Sources from SPS through
RHIC to LHC

Mité Csanad'” and Déniel Kincses

Eo6tvos Lorand University, Institute of Physics, Pdzmany Péter s. 1/a, Budapest, H-1117, Hungary;
csanad@elte.hu
* Correspondence: csanad@elte.hu

Abstract: Femtoscopy is a unique tool to investigate the space-time geometry of the matter
created in ultra-relativistic collisions. If the probability density distribution of hadron emission
is parametrized, then the dependence of its parameters on particle momentum, collision energy, and
collision geometry can be given. In recent years, several measurements came to light that indicated
the adequacy of assuming a Lévy-stable shape for the mentioned distribution. In parallel, several
new phenomenological developments appeared, aiding the interpretation of the experimental results,
or providing tools for the measurements. In this paper we review and discuss some of these advances,
phenomenological and experimental.
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1. Introduction

In high-energy physics, femtoscopy [1,2] is the most important way to gain information about the
space-time geometry of the particle-emitting source (the probability density of particle creation in an
infinitesimal interval in phase-space). Historically, the phenomenon on which this technique is based
was discovered by R. Hanbury Brown and R. Q. Twiss in astronomy in two-photon correlations [3].
Hence measurements in this field are often labeled “HBT-correlations”. Independently, proton-proton
collisions were investigated by G. Goldhaber and collaborators, and correlations of identical pions were
observed [4]. Our current understanding suggests that both phenomena are based on the wave-like
nature of light and pions, or alternatively (starting from the quantum nature of particle detection)
on the Bose-Einstein symmetrization of pair wavefunctions. See, for example, the introduction of
Refs. [5,6] for details.

Two-particle momentum correlations (or Bose-Einstein correlations) are defined as

Ni2(p1, p2)

C2(P11P2) = Nl(pl)NZ(pZ)’ 1
where p; and p; are the momenta of the two particles, Nj; is the invariant pair-momentum distribution,
while Nj and N are the invariant momentum distributions of the particles 1 and 2 (for identical
particles, these distributions are of course also identical). In general, there are several reasons for
correlated particle production (i.e., C; # 1): for example collective flow, jets, resonance decay, and
conservation laws. In the case of high-multiplicity heavy-ion collisions, the main source of correlations
is the above-mentioned HBT effect, and they appear mostly at small relative momenta, where p; ~
p2, or if one introduces 4 = p; — p2 and K = (p1 — p2)/2, the criterion 4§ < K may be given.
It turns out that in the absence of final-state interactions and multiparticle-correlations, a simple
relation can be established [7-9] between the measured momentum correlation C;(g, K) and the spatial
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pair-distribution (or pair source) D(r, K) (indicating the probability density of creating a pair in an
infinitesimal interval around distance r and mean momentum K), given as

Ca(q,K) =1+ /dr exp(igr)D(r,K) = 1+ D(q,K), ()

where the D denotes the Fourier-transform of the pair source D(r,K) in its first variable (see a
comprehensive overview of this result in Ref. [8]. It is characteristic to sources in heavy ion collisions
that the dependence of D(g, K) and hence of C5(g,K) on K is smoother than on g, this property is
often called the “smoothness approximation” [2]. One may furthermore note that the strength of the
correlation functions may be decreased by several phenomena: decays of long-lived resonances [10],
coherence [11], quasi-random electromagnetic fields [12]. Taking these into account the above equation
is modified as

C2(9,K) =1+ A-D(q,K), 3)

where A is the correlation strength parameter, in the core-halo model [10] identified with the squared
fraction of primordial pions amongst all produced pions.

If one aims at characterizing the geometry of the (pair) source, one often assumes a parametrization
of it, in such a way that the source shape is a parametric distribution as a function of r, and its
parameters depend on the pair momentum K. A usual assumption (see e.g. [13]) is that of a Gaussian
source, in which case

2

D(r,K) xe RKZ, (4)

where R(K) is the momentum-dependent width of the source (here a factor of 2 would appear in the
denominator for the single-particle source, which then cancels from the pair source), which can also be
called the HBT or femtoscopic size. This would lead to a correlation function of

C(q,K) =1+ A(K) - e TRE)?, )

This HBT radius is of high relevance in terms of the physics of the quark-gluon plasma, as (especially
if measured in multiple dimensions) it sheds light on transverse expansion or details of the phase
diagram, as indicated, e.g., in Refs. [14-18]. We note here that usually instead of pair momentum

K, pair transverse mass mr = 4/ K% + m? is defined (in ¢ = 1 units), where Kr is the transverse
component of K, and m is the mass of the particle being investigated.

Note finally that the above is true for non-interacting particles. However, even pions undergo
electromagnetic final-state interactions. The effect of these is usually handled via the so-called
Coulomb-correction [8]; while the strong interaction of pions is usually negligible [19], but is much
more important for baryons and in case of non-identical correlations [20,21].

2. Basics of femtoscopy with Lévy sources

As mentioned above, a usual assumption for the shape of the (pair or single-particle) source
is the Gaussian distribution. However, the observation of a long tail on the reconstructed source
shape suggested [22,23] that for an adequate description, one can and should go beyond the Gaussian
approximation. A plausible generalization is to utilize Lévy-stable distributions, as introduced in
Ref. [24] and utilized, for example, in Ref. [6]. These appear when the conditions of the Central Limit
Theorem are not met, in particular when the independent and identically distributed random variables
(the sum of which we investigate) do not have a finite mean or variance. In this case, the Generalized
Central Limit Theorem applies [25], and the limiting distributions are the so-called Lévy-stable
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distributions [26]. The spherically symmetric Lévy-stable distributions (or Lévy distributions for
short) are defined as

L(a,R,x) = (271'[)3 /d?’qe"lre*%hm“, (6)
where r is the spatial vector, the variable of the distribution, and « is the Lévy exponent, characterizing
the shape of the distribution; the stability criterion (i.e., the limiting nature of the distribution) is met
if 0 < a < 2. Furthermore, R is the spatial scale of the distribution, characterizing its size (even if
the variance or root-mean-square is infinity), and corresponding to the HBT or femtoscopic radius
in our case. Let us note here that if « < 2, then the distribution exhibits a power-law tail in r = |r|,
with £(a, R, 1) & (r/R)~G3+%) Its angle-averaged version behaves as r2£ (&, R, t) o r~1~%; underlining
the fact that these distributions have no finite variance for &« < 2, and r has no finite mean for o« < 1
(clearly the mean of r is zero, due to spherical symmetry).

The appearance of Lévy distributions in high-energy physics may be caused by several
(competing) physical phenomena:

¢ Anomalous diffusion [27,28], or Lévy-flight, probably due to hadronic rescattering; if this
happens in the hadronic stage then an ordering of the Lévy exponent is expected as «(kaons) <
a(pions) < a(protons), due to the cross-section and hence mean free path of the given particle
species. [28]

¢ Jet fragmentation [29], where the fractal nature of the process creates the Lévy distribution; this
may be a dominant effect in ete™ collisions [30].

¢ Second-order phase transitions [31], where the correlation length diverges near the critical point,
and at the critical point the spatial correlations exhibit a power-law tail with exponent #; this
is one of the critical exponents, and its value is suggested to be 0,03631(3) [32] for the 3D Ising
model, or 0,50 = 0,05 for the random external field 3D Ising model [33] - QCD is expected to be
in the same universality class as one of them [34,35].

® Resonance decays [9,28,36], where the power-law tail is generated by the set of resonances
decaying into pions (or the given investigated particle species); this phenomenon is similar to the
decay heat of used fuel rods in power plants, see Fig. 1. of Ref. [37]. Note that the simulations of
Refs [9,36] indicate Lévy distributions in EPOS even before resonance decays, hence (at least in
EPOS) these cannot be the only reason for the appearance of Lévy distributions.

Further ideas have been promoted recently, for example, event averaging and angular averaging,
see Ref. [38,39]. Note that in Refs. [9,36] source shapes from the EPOS model have been analyzed
on an event-by-event basis, and Lévy distributions appeared in individual events as well. Note
furthermore that while a non-spherical Gaussian source is clearly exhibiting a non-Gaussian shape
when measured in an angle-averaged fashion, a spherically symmetric Lévy distribution leads to quite
different correlation functions, as illustrated in Figure 1. This shows that a 3D angle-averaged Gaussian
(with radii Rout = 6 fm, Rgjge = 4 fm, and Rjong = 8 fm in the Bertsch-Pratt frame [40,41]) source leads
to a non-Gaussian 1D correlation function, however, this apparent “non-Gaussianity” is distinctly
different from a 1D (or spherically symmetric) correlation function based on a Lévy distribution. With
respect to this, it shall also be noted that 3D HBT measurements in the longitudinally comoving system
(LCMS) have been performed in PHENIX [42] and the resulting « exponent appeared to be the same as
the one from the 1D analysis at [6], indicating that it is not non-sphericality that causes the appearance
of Lévy distributions. Note that a further difference between 1D and 3D analyses is, that in 1D, one
cannot easily make the transformation from the LCMS to the pair rest frame, where the Coulomb
correction is calculated (the two-particle Schrodinger equation is a good approximation to the given
problem only in this frame, where the nonrelativistic formulas may be utilized). It was, however,
found in Ref. [7] that simple but adequate approximation formulas can be found, in particular for the
source radius to be used in the Coulomb correction calculation.
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Figure 1. The left plot shows correlation functions C(Q) (equivalent to C;(g) as denoted in the text)
based on various source geometries: a 3D angle averaged Gaussian with Royt = 6 fm, Rgqe = 4 fm,
and Rjong = 8 fm, a spherically symmetric ("1D’) Gaussian with R = 6 fm, and an also spherically
symmetric (‘1D") Lévy with « = 1.4 and R = 6 fm. The right plot shows the ratio of the correlation
functions based on a 3D Gaussian source and the spherically symmetric Lévy source, divided by the
spherically symmetric Gaussian source.

3. Measures of the source extent

The source, as discussed above, may exhibit various shapes, and even in the absence of a finite
variance, one is interested in finding an “assumption-independent” measure of the source extent. One
of these may be the half with at half maximum (HWHM)), the distance (from the origin or center) where
the probability density decreases to half of the maximal value (admitted at the origin or center usually).
Another such measure may be the half width at half-integral, i.e., the radius of the region from where
half of the particles are emitted. In the case of a Gaussian, the HWHM of the single-particle source can
be readily calculated as

HWHM = 4/2log(2) - R ~ 1.177 - R, )

which is valid for both 1D and 3D Gaussian distributions with width R. The HWHI value for a 1D
Gaussian is

1
HWHIp Gauss = V2 - erf ! (2> "R~ 0.664-R, (8)

while for the 3D Gaussian, it can be given implicitly in terms of solving

2‘: 2 1 HWE H?)D Gauss
f + —= — = -, h = 9
erf (&) \Fexp( 5) 5, Where ¢ 7 9)
and the numerical value of the solution is
HWHIsp Gauss =~ 1.538 - R. (10)

The above results can be understood for a Lévy distribution with « = 2. However, these values
strongly depend on «, as illustrated by Figure 2. This means that either HWHI or HWHM can change

* due to a change in size (i.e., the Rp¢yy scale), or
¢ due to a change in shape.

This means that if one is interested in a size change, then one may not be able to access this by
investigating any of the “assumption-independent” measures (note furthermore that in order to
experimentally access either HWHI or HWHM, one may need to extrapolate to large sizes, a region
not accessible even via the so-called imaging technique [22,43]), but one needs to investigate the shape
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as well. This statement, of course, depends on what one regards as “size”, but the above details
underline the fact that any size measure may be entangled with the shape measure, and to extract size
information, one may need to be able to quantify the shape of the source as well.
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Figure 2. Two “model-independent” source measures, scaled by the Lévy radius (Rpgyy): half width at
half maximum (HWHM, red lines) and half width at half integral (HWHI, green lines) are shown, for
1D and 3D sources (dashed and solid lines, respectively), as a function of the Lévy-exponent .

4. Signs of the critical point in femtoscopy

As noted above, the Lévy exponent « was identified in Ref. [31] with the critical exponent of
spatial correlations, usually denoted by 7. It was furthermore suggested that while far from the critical
point, « may be of a value close to 2, closer to the critical point, it may decrease to the above-mentioned
values, close to or below 0.5. This behavior may be blurred by finite size effects; however, Refs. [44,45]
found that the correlation exponent 7 is largely unchanged by finite size effects in the 3D Ising model
and also in the random field 3D Ising model. This suggests that it is not a priori impossible to search
for the critical point via the measurement of . Furthermore, discussed, e.g., in Ref. [14], femtoscopic
radii may be interpreted as signaling the vicinity of the critical point. Finally, one may note that the
HBT radii are also connected to the lifetime of the quark medium [46], which is also influenced by the
equation of state of the medium. Hence, the collision energy dependence of HBT radii serves as an
imporant tool to investigate the QCD phase diagram.

Let us now suppose a scenario where the Lévy scale Ry ¢y exhibits a maximum near /5, = 20
GeV, while the Lévy exponent « has a minimum at the same location, as shown in Figure 3. Let us then
generate correlation functions with a toy model where the supposed Lévy parameters are generated
with realistic statistical uncertainties (following those from experimental data, such as the one in
Ref. [6]). We investigate three different size measures (besides Rp¢vy, which is an input, but it was
confirmed that from a Lévy fit it can be retained):

® RGauss fit: This is obtained via fitting a correlation function to the data (generated via the simple
toy model), with the assumption of &« = 2.

e HWHI: half width at half-integral, as discussed in Section 3.

o HWHM: half width at half maximum, as discussed in Section 3.

Figure 2 shows the results, and the observation is that Rgayss fit, contrary to the input Rpsyy, shows an
approximately monotonic increase with , /5. On the other hand, there is a minimum in HWHM, and
HWHI exhibits a trend change.


https://doi.org/10.20944/preprints202401.0358.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 January 2024 do0i:10.20944/preprints202401.0358.v1

60f 11

9 -
-2.00
8 -
-+ £1.75
7
| -1.50
—_ 6 * .
Es. T Al F1.25 &
x . “‘ -
4 _
Rus 1.00
3 —&— Rywhm
-u- RGaussfit _075
2 e
-0.50
1- ——— - E— —
101 102 103

Vswn [GeV]

Figure 3. Varouios source geometry characteristics versus collision energy (,/5y,) in a hypothetical
scenario where « (red crosses, right vertical axis) has a minimum and Rpeyy @ maximum near /s, = 20
GeV. The following calculated source measures were calculated and are shown: half width at half
integral (Rywmr, orange downward-facing triangles), half width at half maximum (Rygwnv, green
upward-facing triangles), and a radius from a forced Gaussian fit (Rg,yssfit, purple squares).

These findings again underline the importance of quantifying the shape and the scale (size) of the
source at the same time, as these two are entangled in source size measures such as HWHI, HWHM,
or Gaussian radius.

5. Experimental results from SPS through RHIC to LHC

After the above phenomenological considerations, let us discuss recent experimental results as
well. These can be compared to the first thorough two-pion Lévy HBT analysis in heavy-ion collisions,
the one detailed in Ref. [6]. In this paper /s, = 200 GeV Au+Au collisions with 0-30% centrality
were analyzed, and « values around 1.2 were found, with a close to negligible dependence on mr.
These were later confirmed in a preliminary 3D analysis [42]. In both analyses [6,42] a decreasing
trend of the Lévy HBT scale R was found with mr, a feature usually attributed to the expansion of
the fireball, as this leads to smaller sources for particles with larger momenta [46—48]. This, however,
was calculated and predicted for Gaussian HBT radii. Hence, it is an open question why this feature
of R < 1/,/mr holds for Lévy HBT radii as well. In the mentioned analysis of Ref. [6] an interesting
behavior of the correlation strength parameter A was found: it exhibits a “hole” (i.e., a strong decrease)
in the small-m region, attributed to an in-medium mass decrease of the 7' meson (see Ref. [6] for
details). These are the features of the Lévy HBT parameters («, R, A) that shall be investigated in recent
results as well.

The detailed centrality and average transverse mass dependence of these two-pion Lévy HBT
parameters has been measured in STAR at /s = 200 GeV, and reported recently by D. Kincses
at the 52nd International Symposium on Multiparticle Dynamics and the XVI. Workshop of Particle
Correlations and Femtoscopy. These results are summarized in the same special issue as this paper. We
just note here that a similar & value was found as in Ref. [6], as shown in the summary plot of Figure 4,
and similar features for the mr-dependence of R and A parameters were found as in Ref. [6].

A similar analysis in the CMS experiment in /s, = 5.02 TeV Pb+Pb collisions was also
performed (albeit without particle identification, under the assumption that most detected particles
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are pions), as reported in Ref. [49]. Here, it was found that the Lévy scale R follows a similar trend
versus mr as present in the RHIC results discussed above. It was also found that the exponent « is
closer to the Gaussian case but clearly not equal to it. Furthermore, « values were found to be larger
(closer to 2) for central collisions, this behavior is distinctly different from what was found in STAR.
Figure 4 also shows a central and a peripheral « measurement for both STAR and CMS, where the
opposite trend is apparent.

A two-pion HBT measurement was reported by the NA61/SHINE experiment in Refs. [50,51]
in 1504 GeV (/s = 16.82 GeV) Be+Be and Ar+Sc collisions. For the Lévy index a a significant
difference between the two systems was found, a result yet to be understood. Average « values for both
systems are shown in Figure 4. For the Lévy scale R the difference between the two systems is close to
the initial size ratio of roughly 1.6 (based on nuclear sizes), and it decreases with mr, similarly to the
case of RHIC and LHC. Interestingly however, the A parameter does not show the “hole” mentioned
above for the RHIC case, which may be a signal of the in-medium mass modification effect being
turned off at SPS energies.

As mentioned, Figure 4 compares the mean « values at several collision energies from SPS through
RHIC to LHC. Interestingly, the 5.02 TeV Pb+Pb results and the 16.82 GeV Ar+Sc results yield the
largest « values, while those for 200 GeV Au+Au and 16.82 GeV Be+Be collisions are significantly
smaller. It is important to note however that the kinematic range of these experiments is also quite
different: while there is essentially no low-momentum cut in NA61/SHINE (as in the fixed-target
setup, small momentum particles can also be detected), there is one of about 0.2 GeV (in transverse
momentum) in the RHIC experiments, while in case of CMS, particles with transverse momenta
smaller than 0.5 GeV are discarded. This may also strongly influence the results of Figure 4.

o n

o e R

[ G S SN
= o=

0-8 - % STAR preliminary 0-10% Au+Au, T¢T¢ * 30-40%
067 4 CMS 0-5% Pb+Pb, h'h', arXiv:2306.11574 ¢ 30-40%

- 7 NA61/SHINE preliminary 0-10% Ar+Sc, ¢
047 + NAG61/SHINE 0-20% Be+Be, m1tt, EPJ.C 83 (2023)10,919
02_ @ PHENIX 0-‘30% Au+Au, TF‘TF, PRC 97 (201‘8)6,064911

1 10 102 10°
Vsun [GeV]

Figure 4. Experimental results on the mean (mr-averaged) « value (denoted here as &g, as a function

of collision energy (,/5yy). The STAR preliminary results are from the presentations of D. Kincses
at the 52nd International Symposium on Multiparticle Dynamics and the XVI. Workshop of Particle
Correlations and Femtoscopy. The CMS /s = 5.02 TeV Pb+Pb results are from Ref. [49]. The
PHENIX /s,y = 200 GeV 0-30% Au+Au result is from Ref. [6]. The 1504 GeV (/5 = 16.82) Ar+5c
results from Ref. [51], while the 150A GeV Be+Be results from Ref. [50].

Besides the pion parameters, kaon analyses have been performed both with PHENIX [52] and
with STAR [53] in central | /5 = 200 GeV Au+Au collisions. Contrary to the anomalous diffusion
expectation of a(kaons) < a(pions), as detailed in Section 2, it was found that the « parameter for
kaons is close to or slightly above to the one for pions. It was also found that the Lévy radii (R) for
kaons and pions are compatible at the same mt. These results indicate that it is not just hadronic
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anomalous diffusion that is responsible for the apparent Lévy source distributions, and that further
modeling is required to understand the processes shaping the source.

6. Discussion and conclusions

We have detailed several phenomenological and experimental results related to femtoscopy
with Lévy sources. In light of these, the natural question arises: is it advantageous to utilize Lévy
distributed sources in describing momentum correlations? We have shown above that the appearing
extra parameter, the Lévy-exponent « has a physical meaning for each of the possible physical reasons
for its appearance (jet fragmentation, critical phenomena, anomalous diffusion, resonance decays). In
order to interpret it, one needs to disentangle the above effects. Equally importantly, when measuring
source size (R) or strength (A) parameters with a Gaussian assumption, the actual size and shape
information are entangled, and the more general Lévy assumption leads to refined results. One shall
also note that the source, of course, does not necessarily exhibit an exact Lévy shape — deviations from
it can be investigated via the method of Lévy expansion [54], and in Ref. [6] all expansion terms turned
out to be zero, i.e., no deviation from the Lévy shape was found. This is not necessarily true, however,
for all other experiments, and a similar expansion analysis can be performed in those cases as well.

One may also note that there are a few complications when fitting correlation functions based on
Lévy sources. First of all, the extra parameter () is significantly correlated with the other physical
parameters (R and A). Hence, fit range stability and statistical uncertainties need a careful approach.
Furthermore, the Coulomb correction is more complicated to determine in this case; but as noted above,
a novel method exits [8] with which this can be treated in a self-consistent and accurate calculation.

It is furthermore an important question whether utilizing the imaging technique mentioned above
and detailed in Ref. [43] or the related technique of spherical decomposition [55] makes the Lévy source
assumption superfluous. Indeed these methods help us map out the particle emitting source. In order
to quantify the collision energy or centrality evolution of the source (for example, its size), one then
would proceed to determine source measures such as HWHI, HWHM (or even a root-mean-square) —
or fit the imaged sources with a suitable shape, such as a Gaussian or a Lévy distribution. If this shape
is indeed describing the data, then it is equivalent to fit the source or the correlation function. However,
in the case of the correlation function, the uncertainties are more clear; hence, even in that case, it is
advantageous to fit this experimental object. Hence the utilization of the Lévy sources (possibly with
the Lévy expansion technique) has no real disadvantage compared to imaging as well.

In summary, Lévy sources have been observed from SPS through RHIC to LHC. The possible
reasons for the appearance of Lévy sources in high-energy physics include, depending on system
size and collision energy, jet fragmentation, critical phenomena, resonance decays, and anomalous
diffusion, which need to be disentangled. In measurements Lévy exponent values between 1 and 2
were found, with a nontrivial collision energy and system size dependence, suggesting that multiple
phenomena contribute to the observed a. The particle type dependence was also found to be nontrivial,
not following the simplest predictions based on anomalous diffusion in the hadronic stage. The Lévy
scale (or HBT radius) R was found to exhibit an m-dependence that was predicted for Gaussian radii:
a feature yet to be understood via model calculations. Finally, femtoscopy with Lévy sources provides
a method to accurately measure the correlation strength A, and differences were found in the low-mr
behavior between RHIC and SPS, possibly hinting at an effect being absent at SPS energies. These
results underline the importance of considering Lévy shapes when describing momentum correlation
functions in high-energy physics and the need for more detailed phenomenological studies to explore
all factors contributing to the shape of the particle emitting source.
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