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Abstract: Fractal analysis of time series aims to extract the hidden or complex structures issued from
the associated real data, such as scaling laws, non-stationary, dynamics, and so on. In the present
work, the air quality index and its components are considered as time series owing fractal structures.
To understand their underlying dynamics, wavelet multifractal approach is applied starting with a
wavelet multifractal spectrum test to confirm the multifractality of the underlying data. Next, a new
model is introduced improving the classical minmax one, provided with a statistical measure for the
adequacy of the new model. The theoretical findings are applied to the north west Tabuk region of
Saudi Arabia for environmental and climate data related to pollutants and factors involved in the
estimation of the air quality index.
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1. Introduction and motivation

The air pollution represents a common concern worldwide, and the air quality might change from
place to another based on the intensification of its sources that may be natural or anthropogenic. The
intensification of anthropogenic sources of air pollution and other natural sources have a great concern
on the air quality. Air pollution has negative effects not only on human health but also on animals,
plants, ecosystems, and global warming. The annual premature deaths due to outdoor and indoor air
pollution were found to be 3.7 and 4.3 million, respectively ([49]).

In the literature, the particulate matter (PM) was considered as the most important air pollutant,
especially the fine and ultrafine air particulates which are associated with respiratory diseases and
cardiovascular mortality ([13,16,17]). The size of particulate matter has attracted a remarkable
attention in bibliography since the fine particulates have an important impact on global climate
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due to their long life in the atmosphere and transport efficiencies ([28,35,36]). Moreover, recent
large scale epidemiological studies ([16,45]) have clearly demonstrated a correlation of the increased
concentration of fine particulates in the atmosphere with the appearance of harmful and adverse effects
on human population. Indeed, based on many epidemiological studies, the mass concentration of the
fine particulate matter in the atmosphere is proportional to the appearance of harmful and adverse
diseases. The fine particulate matter with an aerodynamic diameter equal or less than 2.5µm (PM2.5)
has gained a lot of attention in the literature because it can stay in the atmosphere a long time and
travel thousands of kilometers. The long-term exposure to the PM2.5 aerosols may drastically influence
lung function and cause chronic bronchitis, heart disease, and lung cancer especially for children and
elderly. Furthermore, the characterization of fractionated atmospheric aerosols is important because
the chemical composition and the quantities of trace elements may vary with the sources of particles
as well as with the size of atmospheric aerosols collected. The study of PM2.5 and PM10 fraction in
particular has taken a lot of attention in the literature ([25,37,38,46]).

In the Middle East, especially, (e.g. Greater Cairo - Egypt, Taif and Makkah - Saudi Arabia),
atmospheric aerosol samples have been studied extensively ([27,40–44]). Recall that, indeed, the
Middle East region is facing important changes in climate, and the need to desalinated water and
cooling are major interests nowadays due to their great impact on many activities such as the change
to green lands, agriculture, tourism, and so on. For example, greenhouse gas emission is known to
be very high in the Middle East region due to the region’s economic reliance on carbon-intensive
industries. United Arab Emirates and Saudi Arabia are considered as important contributors to these
regional emissions.

The knowledge of the chemical composition of air particulate matter is very important. It gives
important information on their origin and also reveals whether they were emitted as primary or
secondary particles. The smaller the particle, the more harm it may cause, as it penetrates deep into
the lungs. The bulk of these particles originates from anthropogenic emissions, both directly and as
secondary formation in the atmosphere from gases like SO2, NOx and volatile organic compounds.
The local emission of fine particles can become an issue of regional and even global concern, since these
particles are able to affect air quality in other countries through transnational and even transcontinental
transport. Black carbon represents also one of the main air pollution whereas it is produced by
incomplete combustion and always mixed with other atmospheric constituents. Generally, there are
two important aspects for knowing the elemental content in air particulate matters. First there are
heavy elements that are in themselves toxic to human health. It is of interest to follow the ecocycles
of these metals as environmental hazards, once they are released into the atmosphere, biosphere and
technosphere. The second aspect is that single elements or ratios between elements can be used as a
fingerprint of a special source emitting other hazardous species that are less stable and more difficult
to measure.

The present work aims to develop a quantitative/mathematical model to air quality index
measuring based on time series analysis. A regression model will be tested for the impact of the time
scale behavior and the multifractality of both the AQI and its components. The main mathematical
tool to be applied is wavelet multiresolution analysis. Recall that wavelets are mathematical toolkits
that have shown since their appearance an efficiency and success in the time series analysis and the
exploration of their properties such as nonstationarity, fluctuations, dynamics, multifractality, and so
on.

The data to be applied will be based on samples collected from the cities of Tabuk region, Saudi
Arabia in order to evaluate the air quality in this region.

2. Wavelets for time series processing

Wavelet analysis is a refinement of Fourier analysis developed in the last decades and applied in
many scientific fields. It therefore proved its efficiency and performance as a mathematical quantitative
tool.
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The main principle in wavelet theory of time series is the breaking down or the decomposition of
time series into subseries

S = AJ(S) + DJ+1(S) + DJ+2(S) + ...., (1)

where J ∈ Z is known as the breaking level, and the components Aj(S) and Dj(S), j ∈ Z are projections
of the original series S on some special subspaces of the whole space L2(R) composed of all time series
with finite variance. More precisely, Aj(S) is expressed by means of an orthogonal basis (φj,k)k of a
special space Vj known as the approximation space at the level j as

Aj(S) = ∑
k

aj,k(S)φj,k, (2)

where the coefficients aj,k are the so-called approximation or scaling coefficients of S at the level j and
the position k, evaluated by means of the discrete convolution

aj,k(S) = ∑
n

S(n)φj,k(n). (3)

Similarly, Dj(S) is expressed by means of an orthogonal basis (ψj,k)k of a special space Wj known as
the detail space at the level j as

DJ(S) = ∑
k

dJ,k(S)ψJ,k, (4)

where the coefficients dj,k are the so-called wavelet or detail coefficients (or also the discrete wavelet
transform) of S at the level j and the position k, evaluated by means of the discrete convolution

dj,k(S) = ∑
n

S(n)ψj,k(n). (5)

In general, the orthogonal bases above are issued from one source couple of functions (φ, ψ) known as
the (father or scaling,mother) wavelet by setting

φj,k(t) = 2j/2 φ(2jt − k) and ψj,k(t) = 2j/2ψ(2jt − k). (6)

By noticing that Wj = spann(ψj,k ; k ∈ Z) and Vj =
⊥⊕

l≤j

Wl , we get an orthogonal decomposition

Vj = Vj−1

⊥⊕
Wj−1. The series S will be decomposed in a whole wavelet series decomposition

S = ∑
j≤J,k

dj,k(S)ψj,k + ∑
j>J,k

dj,k(S)ψj,k (7)

relative to a fixed integer J ∈ Z.
In practice, obviously, a restriction a maximal level is needed. For this we fix J > J0 ∈ Z and

consider the approximation
SJ = AJ0(S) + ∑

J0<j≤J
Dj(S). (8)

The lower index J0 is in fact more flexible, does not have an important effect on the total decomposition
and usually chosen to be 0. The choice of J is always critical, and is related to the eventual error
estimates relative to the error applied to get the closeness of SJ to the origin S.

To be familiar with wavelets, their properties, and the necessary assumptions for a function to be
a (father,mother) wavelet, the readers may refer to [7,8]).

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 28 December 2023                   doi:10.20944/preprints202312.2168.v1



4 of 15

Backward-forward wavelet time series completion

One of the major problems in data analysis is the missing data drawback. This is widely confronted
in many fields such as financial time series, climate time series, and so on. It may be also due to the
uncertainty of some parts of the data samples to be applied. Uncertain values are generally omitted
and thus lead to missing data in the sample. To overcome this problem, many mathematical tools
have been applied to complete the gaps in data samples such as neural networks, kernels, probabilistic
methods, and so on. Moreover, it is noticed that the construction of missing data in quasi all existing
studies is based on the usual method starting from a training sample, constructing an approximative
model, and then complete the future values of the sample with this model. However, in many cases, the
lack or the absence of data may be itself at the beginning of the target period of time to be investigated.
This needs therefore to adopt suitable ways to overcome this problem, and gives rise to what we called
here a backward-forward method, a black-box that may read the existing values and reconstruct the
missing parts in both the past and future of the training segments.

In the present work, we are consequently concerned in a backward-forward wavelet approach to
fill the missing data segments, and thus get a complete eventual sample to be applied by the next in
the analysis.

Let Xi = X(ti), i = 0, 1, . . . , N, be a time series (due to some AQI factors) decomposed in a wavelet
series decomposition at a level J, relative to a wavelet system (φ, ψ), (as in 8, with J0 = 0 chosen for
the sake of simplicity),

XJ = ∑
k

a0,k φ0,k +
J

∑
j=1

∑
k

dj,kψj,k. (9)

The missing values are classified into two classes. We call a backward missing value any value Xk,
k = 1, 2, . . . , N for which there is a known segment after it, but an unknown one before it. Similarly, a
foreword missing value will be preceded by a segment of known values, and proceeded by a segment
of unknown values. A missing value that is isolated will be called just a middle missing value.

• To reconstruct a backward missing value Xk, denote Lk the length of the segment Ik =

{ik
1, ik

2, ..., ik
Lk
} of known values that follow it. We construct the so-called backward approximation

and detail coefficients as

âj,ikLk
+1 =

Lk

∑
m=1

aj,mKj(m, ik
Lk
+ 1), and d̂j,ikLk

+1 =
Lk

∑
m=1

dj,mKj(m, ik
Lk
+ 1). (10)

• Similarly, for a forward missing value Xk, the forward approximation and detail coefficients are
built as

âj,ik1−1 =
Lk

∑
m=1

aj,mKj(m, ik
1 − 1), and d̂j,ik1−1 =

Lk

∑
m=1

dj,mKj(m, ik
1 − 1). (11)

• Whenever Xk is a middle missing value, the higher length backward/forward interval Ik is
chosen, and the previous steps are applied. In the case of the equality of lengths, a mean value is
computed.

• Each predicted value is added to the series, and the new series is re-considered for the next steps.

Here, Kj is the wavelet kernel associated to the couple (φ, ψ). We thus, contrarily to the majority of
existing works, we act a forecasting process on the wavelet/scaling coefficients of the series instead
to the series itself. The forecasted value of the series X will be obtained by adding the components
relative to the forecasted coefficients above. A similar idea is already developed in [6,9,10].

3. Exploring the multifractality in time series

Time series hide many characters such as tails or stylized facts due to hidden characters of the
data itself, such as the uncertainty, the randomness, the stochasticity, scaling laws, leptokurticity, and
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so on. These characteristics may be described via the series itself or its variance by means of the
so-called volatility.

To understand the behavior of time series and thus the data behind them, suitable tools have to
be acted. The ’last’ tool applied in this context is the fractal analysis and its last version known as the
wavelet multifractal analysis. Such an analysis aims to describe or to confirm the fractal/multifractal
structure of the data by evaluating the so-called multifractal spectrum of the time series associated
starting with the evaluation of the time series means of the q-increments as

Z(q) =
Nν

∑
i=0

|∆Xi|q =
Nν

∑
i=0

|X(ti+1)− X(ti)|q.

This gives the she scaling law function η(q) obtained by regressing log Z(q) against the log time step
log ν to obtain

Z(q) ≈ νη(q).

The multifractal spectrum is evaluated as the Legendre transform of the function η as

d(α) = inf
q
(αq − η(q)).

Whenever η is linear, we say that the time series is fractal (or mono-fractal), while for a nonlinear
scaling law function η, we get a multifractal time series, with a multifractal spectrum being concave or
equivalently with a concave scaling law function η.

Recently, wavelets have been involved in the evaluation of the multifractal structures of time
series benefiting from the functional framework by replacing the partition function above with a
wavelet-based variant (depending on the level of decomposition j) as

Zj(q) = 2−j ∑
k
|dj,k(Xt)|p, (12)

where the dj,k are the wavelet coefficients (detail) or sometimes the wavelet leaders of the time series
Xt. This leads to the analogue scaling law function η(q) as

Zj(q) ∼ 2−jτ(q).

Backgrounds and details on multifractal analysis of time series, and extensions may be found in
[7,11,12].

4. The air quality index modeling

In this part, we will examine the AQI index as a time series to emphasize the dependence on the
time scale in such an index. In the literature, the AQI depends essentially on the following factors,

• PM2.5 designating particulate matter with 2.5 microns or less in diameter.
• PM10 representing particulate matter with 10 microns or less in diameter.
• SO2, the sulfur dioxide,
• NO2, the nitrogen dioxide,
• CO, the carbon monoxide,
• O3, the ground level ozone.

Besides, in the literature, all existing works considered the mathematical model

AQI = max(AQIPM2.5, AQIPM10, AQISO2, AQICO, AQINO2, AQIO3), (13)

to compute the overall AQI. This model, even-though it is widely applied, it presents many drawbacks.
Indeed, it means (at least locally) that one factor is involved for the computation of the air quality, the
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one having the larger value. However, this fact does not describe the real climate phenomenon. In the
nature, there are many factors hidden which are not clearly involved in the quantitative models, and
which moreover may be stochastic or even chaotic. These behaviors impact severely the maximum
value which may be itself chaotic or presents extreme values. In addition, the max model has a
drawback related to the time-scale behavior (fractal, multifractal structure) of its associated time series.
Indeed, we know that for a set of many time series, the Hurst-Hölder exponent of the pointwise
maximum series is evaluated as the lower bound of the exponents of the different series in the set. This
fact may not allow to discover the pointwise behaviour of each component. Moreover, in many cases,
it may hide the real structure hidden in the data when resulting in a regular min/max regardless of
the multifractality of the components.

To overcome these limitations or disadvantages, we proposed instead of the max model (13) a
modified version of the AQI index already explained by means of the same exogenous factors above,
in the form of a weighted combination (superposition) as

AQI = w1PM2.5 + w2PM10 + w3SO2 + w4CO + w5NO2 + w6O3 + ε, (14)

where wi, 1 ≤ i ≤ 6 are for the moment constant weights, and ε = εt is an error term.
The idea consists in projecting equation (14) on the detail and approximation spaces according to

the level j to get a j-level time scale model as

AQI j = wj
1PM2.5j + wj

2PM10j + wj
3SO2j + wj

4COj + wj
5NO2j + wj

6O3j. (15)

The evaluation of such a model will inform us about the hidden dependence of the AQI and
components on the time scale, by evaluating for each level the coefficients wj

i , 1 ≤ i ≤ 6. We expect
that the findings will result in a non uniform dependence on the time scale, and thus the dynamics of
the factors behind the AQI level are strongly related to the time scale.

5. Empirical results and discussions

In this part, we will examine the AQI index relative to the Saudi Arabia case in the special north
west region of Tabuk. The dependence on the time scale always hidden, and not explained explicitly in
the mathematical model will be investigated. Therefore, empirical investigations remain necessary to
check such a dependence and influence. We aim to test the presence or not of a multifractal structure
of such index and/or its components.

5.1. The data sample

The data to be applied will be composed of the principal components of the AQI as recalled
previously in (13) and (14). Tabuk region contains in fact many stations designated to measure the
AQI, such as the stations in Tabuk city itself, Haql city, Umluj city, Alwajh city, and Tayma city. In front
of a nonavailability of a main authority providing the needed data, the data is gathered manually from
many websites such as [50–52]. Our collection of data resulted in samples traded on the period from
July 2019 to December 2021, based on the two stations of Tabuk/Alwajh and Tabuk/Tayma according
to the availability of data. However, the samples lacks for many missing values, which lead us to apply
the wavelet reconstruction of missing data introduced in section 2 via the forecasting model (10)-(11)
in order to get reasonable time series able for a reasonable analysis. Table 1 below presents some
AQI values and their interpretation for an AQ degree or description. These values are just examples
which are not necessarily included in the samples applied, but provided for an overview to the reader
for the way of interpreting numerical values of AQI factors in terms of the real state of the climate
phenomenon.
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Table 1. A sample data of some air quality factors.

Date PM2.5 PM10 SO2 NO2 CO O3 Quality Degree
2020/06/08 38 88 10 55 0.9 218 Moderate Pollution
2020/08/10 40 68 7 44 1 223 Moderate Pollution
2020/05/06 56 94 9 53 1 168 Light Pollution
2022/03/09 98 138 12 67 1.3 36 Light Pollution
2021/04/12 26 55 8 44 0.8 277 Heavy Pollution
2021/12/24 24 31 6 30 0.7 23 Excellent
2023/03/05 26 37 7 28 0.7 50 Excellent
2023/04/07 37 64 8 54 1 87 Good
2022/06/08 41 51 6 23 0.8 34 Good

The choice of Tabuk region as case of study is motivated by the fact that Tabuk region has great
importance in the Kingdom, as geographically it occupies a location overlooking the Red Sea and close
to the Egyptian Suez Canal, the main corridor for navigation and maritime trade between East and
West continents. Tabuk region also represents the cornerstone of the global NEOM project, which
combines trade, tourism and climate studies, and aims to make the Saudia Arabai Kingdom a global
destination for investment, tourism and residence, achieving thus some major goals of the Kingdom’s
2030-Vision.

Now, the starting step consists in acting wavelets to reconstruct the missing data. On the total
basis, we recorded a number of missing values, some of them are illustrated in Table 2. A complete
and adjusted basis on the period of study is thus obtained and applied by the next.

Table 2. Some missing data.

Index Number of missing values
Alwajh station

AQI 21
PM10 23

O3 10
Tayma station

AQI 32
PM10 15

O3 17

A second step concerns now the statistical investigation of the data. Therefore, Table 3 below
shows the descriptive statistics of the whole data.

Table 3. Some descriptive statistics.

Index Mean Max Min Std. Skewness Kurtosis JB
Al Wajh station

AQI 50.40 94 13 13.70 0.03 3.65 1
PM10 19.50 94 2 14.40 2.40 9.75 1
O3 49.40 92 10 13.40 -0.20 3.55 1

Tayma station
AQI 35.08 69 8 13.40 1.72 10.01 1
PM10 17.42 69 1 11.57 4.66 45.02 1
O3 37.07 43 7 15.89 0.92 3.45 1

Notice easily from Table 3 that the skewness is non-vanishing for all the indexes, which rejects the
asymmetry hypothesis. More precisely, the AQI and PM10 indicate a longer tail on the right, while O3
indicates a left-side longer tail for Alwajh station in front of right-side longer tail for Tayma station. In
addition, Alwajh AQI and O3 are nearly symmetrical. The rest of indexes cases are extremely skewed.
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For the kurtosis measure, all the indexes intersect a non-normal value and/or behavior (the kurtosis
being different from 3). All the indexes indicate heavier tails. We may further notice that the standard
deviation measure is high, which reflects the high deviation of the indexes around their mean value,
and thus reinforce and motivate the use of wavelet multifractal models. Again, the JB test statistics
returns a value of JB = 1 meaning that the data does not fit a normal distribution.

5.2. The wavelet multifractal processing

To show how clearly the high volatile aspect of the AQI indexes, a wavelet analysis is conducted
in order to appear eventual fluctuations. Such analysis yielded the following Figures relative to the
wavelet decomposition at the level 6 by means of a Daubechies DB8 multiresolution analysis.

A first test to confirm the multifractal nature of the indexes consists in plotting their wavelet
multifractal spectrum introduced in Section 3. Figure 1 illustrates the wavelet multifractal spectrum
due to the case of Alwajh station, while Figure 2 illustrates the wavelet multifractal spectrum due to
the case of Tayma station.

Figure 1. The multifractal spectrum of the AQI for Alwajh station.

Figure 2. The multifractal spectra of the AQI for Tayma station.
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Notice easily from Figures 1 and 2 that concave (nonlinear) spectra are obtained for all the indexes,
which confirm effectively the multifractal nature of the data, and motivates the investigation of wavelet
analysis to show more precisely the volatile behavior of the indexes.

Figure 3 concerns the multiresolution analysis result due to the PM10 index for Alwajh station
conducted at the wavelet decomposition level J = 6. Figure 4 concerns the wavelet decomposition
of the O3 index for Alwajh station conducted also at the wavelet decomposition level J = 6. Besides,
Figure 5 illustrates the wavelet decomposition at the level J = 6 for the AQI index estimated by Alwajh
station.

Figure 3. Wavelet decomposition of PM10 index at level 6 for Alwajh station.

Figure 4. Wavelet decomposition of O3 index at level 6 for Alwajh station.
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Figure 5. Wavelet decomposition of the AQI at level 6 for Alwajh station.

It is noticeable from the figures above the effective fitting of the wavelet approximation component
A6 of all the indexes, where the general shape is clearly followed by the 6-level tendency. Besides,
the wavelet detail components D1, . . . , D6 show the fluctuations hidden in the data. Notice that such
fluctuations get clearer as the level of decomposition gets larger.

Next, similarly to the previous wavelet multiresolution analysis, Figure 6 concerns the
multiresolution analysis result due to the PM10 index for Tayma station conducted at the wavelet
decomposition level J = 6. Figure 7 concerns the wavelet decomposition of the O3 index for Tayma
station conducted also at the wavelet decomposition level J = 6. Besides, Figure 8 illustrates the
wavelet decomposition at the level J = 6 for the AQI index estimated by Tayma station.

Here-also, we notice the effective fitting of the wavelet approximation component A6 of all
the indexes, where the approximation component shows the general tendency of each associated
index. Moreover, the wavelet detail components D1, . . . , D6 show the volatile behavior of the data. As
previously, the volatile structure gets clearer as the level of decomposition gets larger.

Figure 6. Wavelet decomposition of PM10 index at level 6 for Tayma station.
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Figure 7. Wavelet decomposition of O3 index at level 6 for Tayma station.

Figure 8. Wavelet decomposition of the AQI at level 6 for Tayma station.

Thew volatile behavior of the index is clearly shown, which confirms and enforces the existence of
a fractal/multifractal scaling law in the time series associated, and/or its components. We thus proceed
as mentioned previously by plotting its Hurst–Hölder exponent or its spectrum of singularities. This is
illustrated by Figures 1 and 2 below.

Notice from these illustrations that although the wavelet applied is not necessarily non uniform,
the indexes show a concave nonlinear scaling functions, or equivalently a nonlinear concave
multifractal spectra. This means that the data is multifractally volatile and it represents a point-wise
scaling behavior with a point-wise changing Hurst–Hölder exponent. This motivated the application
of wavelet tools to explore its structure as well as its behavior.
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In the following step, we estimate the coefficients of the model (14) as well as its wavelet version
(15) for the approximation levels j = 1, 2, . . . , 6. The coefficients are provided with their confidence
intervals at the level 95%.

Notice from the Table 4 that the model (14) actually results in positive coefficients, which expresses
the significant effect of all variables on the air quality index. This confirms our idea and reveals a first
difference with the classic model, which indicates that only the maximum index variable is significant.
However, the logic of nature itself (climate) is naturally based on a mixture of phenomena and factors
that react together instantly. Let us also always note from Table 4 that the estimates of the model
coefficients ((14)) present variations (even if slight in some cases), which expresses that indeed the
model strongly depends of the scaling factor, and therefore, a hidden multifractal structure takes place
in the air quality index as well as its components. This structure appears clearly with the increase in
the level of wavelet approximation, where details or hidden fluctuations appear more and more. Some
coefficients have become negative, with confidence intervals varying from positive to negative.

Table 4. Models’ coefficients evaluation with confidence intervals at 95%.

Model – w1 w2 w3 w4 w5 w6
Al Wajh station

(14) 2.65 4.20 1.87 0.22 0.18 0.23
[2.13,3.18] [2.92,5.50] [0.96,2.78] [0.09,0.35] [0.08,0.29] [0.10,0.34]

(15)

j = 1 2.95 4.84 2.07 0.25 0.09 0.26
[2.44,3.47] [3.58,6.11] [1.16,2.98] [0.13,0.37] [-0.01,0.20] [0.18,0.33]

j = 2 3.11 5.95 2.43 0.35 -0.03 0.33
[2.62,3.60] [4.68,7.23] [1.50,3.38] [0.22,0.48] [-0.14,0.07] [0.20,0.44]

j = 3 3.32 8.11 2.81 0.30 -0.17 0.29
[2.89,3.77] [6.90,9.32] [1.88,3.74] [0.19,0.42] [-0.27,-0.08] [0.17,0.40]

j = 4 5.50 8.15 3.06 0.42 -0.20 0.40
[4.24,6.77] [7.06,9.25] [2.63,3.49] [0.30,0.54] [-0.29,-0.10] [0.27,0.52]

j = 5 4.99 8.24 3.50 0.34 -0.24 0.38
[3.53,6.46] [7.22,9.26] [3.05,3.96] [0.24,0.46] [-0.33,-0.15] [0.29,0.48]

j = 6 15 24.14 5.00 0.11 -0.75 0.21
[13.26,16.74] [21.95,26.35] [4.84,5.18] [0.03,0.19] [-0.87,-0.64] [0.13,0.28]

Tayma station

(14) 0.92 2.62 0.50 0.26 0.30 0.55
[0.33,1.51] [2.00,3.24] [0.12,0.89] [0.14,0.36] [0.22,0.37] [0.47,0.62]

(15)

j = 1 1.30 3.20 0.59 0.23 0.21 0.32
[0.71,1.89] [2.59,3.80] [0.22,0.96] [0.12,0.34] [0.14,0.28] [0.19,0.44]

j = 2 1.64 3.61 0.57 0.24 0.15 0.25
[1.05,2.24] [3.00,4.21] [0.20,0.93] [0.12,0.35] [0.08,0.22] [0.03,0.38]

j = 3 1.55 4.29 0.29 0.30 0.11 0.21
[0.97,2.13] [3.69,4.89] [-0.05,0.65] [0.18,0.42] [0.04,0.17] [0.07,0.38]

j = 4 1.39 4.65 0.18 0.40 0.06 0.51
[0.81,1.97] [4.07,5.23] [-0.15,0.51] [0.27,0.53] [0.01,0.13] [0.30,0.71]

j = 5 3.05 5.47 0.12 0.10 -0.01 0.12
[2.48,3.63] [4.93,6.01] [-0.20,0.46] [-0.03,0.23] [-0.06,0.05] [-0,01,0.25]

j = 6 2.83 3.93 0.49 0.21 0.07 0.31
[2.29,3.38] [3.45,4.41] [0.12,0.87] [0.06,0.36] [0.01,0.12] [0.19,0.42]

From the point of view of the link between the AQI and the factors, we notice that the PM2.5,
PM10, and SO2 are the most significant factors compared with others, especially for Alwajh case, where
the coefficients are very significant. Next, the O3 factor follows at the fourth order in significance.
These effects do not negate the main role of the other indicators, which also have positive coefficients
in the majority of levels. Besides, we notice some negative but small coefficients meaning effectively
the presence of a nonstationary structure in the data, leading to fluctuations.
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6. Conclusion

In this paper, we proposed a wavelet multifractal procedure to estimate the AQI as a time series
by introducing a regression model instead of the minmax classical model. The idea is issued from the
fact that, instantaneously, there are many factors affecting the quality of air, not only the factor having
a maximal index. Indeed, the classical model did not answer the real impact when for example many
factors have the same index value. The significance of these factors may not be really differentiated.
In the new model, each factor is present instantaneously in the evaluation of the air quality, and the
significance is interpreted according to an appropriate coefficient.

The theoretical methodology is applied on the case of the Tabuk city situated in the west north
of Saudi Arabia as a representative case of study. The study is conducted during a critical period
chosen deliberately to contain sub-periods before, during and after the pandemic COVID19. The study
shows that contrarily to the existing studies, the involvement of the time scales in the model and the
estimations is adequate to understand the situation of the AQI according to the time scale.

During the investigation, wavelets are applied as a suitable mathematical tool to discover the
time scale behavior such as the multifractality of the AQI as well as its components. The wavelet
multifractal spectrum estimation confirmed effectively the presence of a multifractal structure in the
data. Besides, the coefficients of the model are estimated with corresponding confidence intervals with
the original model as well as its wavelet versions. The variation of the wavelet level of approximation
confirms effectively the adequacy of the model, and the presence of a fluctuated/multifractal structure
in the data.

As future direction, we propose to apply fractal functions to improve or to construct more efficient
models to describe the AQI time series, and for the aim of forecasting. Future models may include
multifractal detrended fluctuation analysis, self-similar models, and/or their extended versions with
wavelets.
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