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Fail‑Safe Topology Optimization Using Damage 
Scenaios Filtering 

Wuhe Sun 1, Yong Zhang 2, Yunfei Liu 2,*, Kai Cheng and Fei Cheng  

* Correspondence: 1846107028@qq.com 

Abstract: This paper presents an efficient topology optimization approach considering fail-safe requirements 

in the framework of the solid isotropic material with penalization method. Existing methods either are 

computationally extremely expensive or do not consider fail-safe requirements in the optimization. The current 

approach not only obtains the fail-safe optimization structure, but also significantly improves the 

computational efficiency of fail-safe topology optimization. In this method, the worst-case compliance is 

considered to minimize as the optimization objective, using the Kreisselmeier–Steinhauser function to 

approximate the non-differentiable max-operator. The sensitivity is derived by the adjoint method, and a 

general fail-safe optimality criteria method is developed to update design variables. The damage scenarios 

greatly reduces in the process of failsafe strategy optimization by employing the density-based filter method. 

Finally, the effectiveness and computational efficiency of this method for fail-safe optimization is verified by 

several numerical examples. 

Keywords: topology optimization; fail-safe design; damage scenarios filtering; sensitivity analysis  

 

1. Introduction 

Through the continuous development and improvement of optimization methods, structural 

optimization design has made significant progress in various engineering fields[1–6]. Structural 

topology optimization, as an effective method, is often used to obtain more novel design solutions 

and effectively improve structural performance. The importance of topology optimization methods 

is self-evident. However, in general, the optimal designs obtained by topology optimization method 

are often similar to the efficient design of statically structures. About these structures, the utilization 

rate of materials reaches the limit, the structures lack redundancy and are prone to the loss of 

structural stiffness caused by material damage. Especially in the face of structural stiffness loss caused 

by material defects, vibration impact and various environmental factors, its ability to resist risks is 

very limited [7–9].Even a small structural stiffness failure will lead to a sharp decline in the 

performance of the whole structure. In the engineering field, the demand for safety is usually far 

greater than the demand for cost reduction. Therefore, the research on reducing the sharp decline of 

structural performance caused by local damage in engineering structures is attracting more and more 

attention. 

Based on the traditional topology optimization design, the fail-safe optimization method 

improves the ability of the structure to resist local damage scenarios[10–14]. Considering the essence 

of fail-safe requirements, a simplified local damage model is introduced into the topology 

optimization process of fail-safe design to simulate the complex local damage phenomenon of the 

structure. In the process of structural optimization, all possible effects of structural local damage will 

be considered. On the premise of reducing the influence of local damage of the structure, the optimal 

design with strong redundancy is obtained. Compared with traditional topology design[15–17], fail-

safe optimization design has strong robustness in resisting risks, and can continue to operate until 

the location of local damage is repaired or the components are repositioned. 

However, many local damage scenarios need to be considered in the process of fail-safe 

optimization, because each local damage scenario requires separate finite element analysis and 

sensitivity calculation, so compared with the traditional structural topology optimization algorithm, 
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its calculation amount is very huge. For the determined optimization model, the calculation amount 

of the fail-safe optimization algorithm is usually many times that of the traditional topology 

optimization algorithm. In order to reduce the amount of computation required by the fail-safe 

optimization design, this paper filters the local failure scenarios when traversing the local damage 

scenarios, and improves the efficiency of the fail-safe structural optimization method by reducing the 

amount of computation caused by excessive local damage scenarios.  

Aiming at some problems existing in the above research, scholars established a strict framework 

for the fail-safe topology optimization of general three-dimensional structures, and developed a 

computationally feasible solution for industrial applications. Then, the effectiveness of the proposed 

method was proved by corresponding numerical examples. Based on the independent continuous 

mapping method, combined with the discrete conditions of topology variables and fundamental 

frequency constraints, the fail-safe topology optimization model was established and solved[18–20]. 

The numerical results show that, compared with the traditional frequency topology optimization 

design, the optimized fail-safe structure has more complex structure and more complete materials, 

obtaining higher redundancy and avoiding the sensitivity of structural frequency to local damage. 

Using the material characteristics of Von-Mises stress interpolation damage model, established an 

optimization model to obtain fail-safe structural design, and proposed an extended variable update 

scheme within the framework of optimality criterion method to suppress highly nonlinear stress 

behavior and optimize oscillation. Relevant benchmark tests show that the proposed strategy is 

effective in the process of obtaining the corresponding fail-safe design[21–24]. 

In order to reduce the amount of computation required by the fail-safe optimization design, on 

the basis of the above research, this paper introduces an algorithm based on density filtering, which 

filters the local damage scenarios when traversing the local damage scenarios, so as to reduce the 

amount of computation caused by excessive local damage scenarios, thereby improving the efficiency 

of the fail-safe structure optimization method  Compared with the traditional structural topology 

optimization algorithm[25–29], the design obtained by the improved fail-safe optimization algorithm 

has better robustness. Besides, compared with the traditional fail-safe topology optimization 

algorithm, the calculation amount of the whole optimization process has also been significantly 

reduced on the premise that the effective fail-safe structural de-sign could be obtained. 

The remaining organization of this paper is as follows. In Section 2, we provide a detailed 

exposition of the theory of failure-safe topology optimization and the density-filter-based failure-safe 

optimization method. In Section 3, the algorithm based on density filtering is compared with 

standard failure-safe optimization algorithms to validate the effectiveness of the density-filter-based 

failure-safe optimization method. Furthermore, the impact of density thresholds on the failure-safe 

optimization method is investigated. Finally, in Section 4, an analysis and summary of the work 

presented in this paper are conducted, addressing potential issues and outlining avenues for future 

research. 

2. Theory of fail‑safe structural topology optimization 

In this section, the basic theory of fail-safe topology optimization is discussed. For topology 

optimization of linear elastic materials, Young's modulus Ee could be obtained by the modified the 

Solid Isotropic Material with Penalization (SIMP) [4,30,31]given, as shown in (1), where E0 is the 

elastic modulus of solid materials, p is the penalty coefficient of void phase materials, and is the 

design variable of the optimization problem, that is, the unit density, Emin is the elastic modulus of 

void materials, which is used to avoid the singularity and non-zero of the finite element stiffness 

matrix. 

       ( )e min 0 min
p

E E E E
e

ρ= + −  (1) 
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2.1. Theory of fail-safe topology optimization 

The design domain of a given continuum structure Ω is discretized by N finite elements, and 

each element is associated with a relative density eρ varying in the range of [0, 1]. The compliance 

minimization design formula of classical deterministic topology optimization is as follows: 

   

( )

( )

( )

1 2 1

max

Find , , , ,
min

s.t.
0

0 1

T

N N

e

f

V V

ρ ρ ρ ρ

ρ

−=

=

− ≤

< ≤

ρ

ρ
ρ

Ku F
ρ



  (2) 

whereρ is the vector of structural topology design variables, f is the compliance of the structure,K
is the stiffness matrix of the structure; U is the displacement vector generated by the load vector F 

acting on the structure; V and Vmax are respectively the material volume in the structural design 

domain and the material volume after the structural optimization design. 

In order to establish the mathematical model of fail-safe topology optimization, the element 

stiffness matrix of local damage model needs to be established. By setting the material stiffness of 

components in the damage area of predefined size as Emin, the corresponding element set is expressed 

as Nα , and the remaining element set without local damage is expressed as \eN Nα , where Ne is the set 

of all elements in the whole structure, and then the overall stiffness matrix of the structure is 

expressed as: 

   
\e

m j j

j N j N Nα α

α

∈ ∈

= + K K K   (3) 

The overall stiffness m

αK of the structure can be obtained by integrating the element stiffness 

matrix j

j Nα∈
 K of the damage area and the element stiffness matrix

\e
j

j N Nα∈
 K of the non-damage area, 

where m represents the local damage scenario of the m-th structure and j is the element number. 

Then, the finite equilibrium equation is established and the structural compliance ( )mf under the m-

th damage scenarios solved by： 

     ( ) ( ) ( )m m m

mf α=
T

ρ u K u   (4) 

When the design domain and local damage domain are determined, different local damage 

would cause different effects in different locations in the design domain. The fail-safe topology 

optimization method takes all the possible effects of local damage into account, and could obtain 

optimal structure that is not sensitive to local damage at the same time. It is defined here as the total 

number of local damage scenarios to be considered in an optimization iteration. For the structural 

design obtained in each optimization iteration, the most dangerous damage scenario is determined 

by comparing the structural strain energy under different damage scenarios, and the minimum 

structural strain energy under the most serious damage scenario is taken as the objective function. 

The mathematical model of topology optimization of fail-safe structure is obtained. 

      
( ) ( ) ( )( )

1
log exp

m

m

m
i

r

i

f f

α

γ γ
=

=

 
=  

 


K u F

ρ ρ
  (5) 

Where, ( )rf ρ  represents the modified objective function, and F and mu represent the node 

displacement vector and node load vector of the structure in the global coordinate system 

respectively. ( )V ρ and maxV represent the total volume of the structure and the maximum volume 

constraint in the optimization problem respectively. K is the integral stiffness matrix of the structure 

integrated by the element stiffness matrix in order to establish the equilibrium equation and then 

obtain the displacement field. In the formula, it represents the strain energy of the structure under 

the m-th damage scenarios. γ is a regularization parameter, which determines the size of the envelope 

space composed of variable eρ , the value suggested in the relevant literature can vary from 1 to 100: 
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2.2. Sensitivity analysis 

There exist many design variables in the fail-safe topology optimization problem, and the finite 

element method is usually used to solve the problem, in this process, each analysis needs to 

reassemble the stiffness matrix and solve the multi-element equilibrium equation, so the optimization 

criterion method is an ideal choice. In this section, based on the SIMP material interpolation theory, 

the optimization criterion algorithm in the fail-safe optimization problem is studied in detail. The 

optimization criterion method formula described by Lagrange function for updating design variables 

is derived from the objective function and constraint conditions. The Lagrange function 

corresponding to the optimization problem in the previous section is constructed as follows: 

( ) ( ) ( ) ( ) ( ) ( )max 1 2 3
1 1 1

= f 0 1
Tm n n

i i i e e

r e e e

i e e

L f V V K uρ λ λ ρ λ ρ
= = =

+ − + − + − + −  λ           (7) 

In the Eq.(7), 1 2λ λ λ、 、 are the Lagrange multipliers, and for the topology optimization problem of 

fail-safe structure, ρ is the matrix composed of eρ . When ρ takes the extreme value, the above 

Lagrange function would meet the Kuhn-Tucker condition as follows: 
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 (8) 

After establishing the mathematical model for topology optimization of fail-safe structures, 

similar to standard topology optimization, it is necessary to solve the sensitivity information required 

when updating the design variables, that is, the sensitivity calculation of the objective function 

obtained by KS function with respect to the cell density. According to the chain derivation rule, the 

partial derivative of the objective function with respect to the unit density is expressed as: 
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In Eq.(9), For the convenience of description, let
( ) ( )i
fih e

γ= ρ ,
( ) ( )

1
=

i
m

f

i

H e
γ

=
 ρ

, the constraint condition is 

the calculation of the sensitivity information of the volume fraction to the design variable： 
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In the formula(10), after merging, the above formula can be reduced to: 
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In Eq.(11), make the left side of the equation equal to 0 and the following results could be obtained 

by: 

( )
1
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im
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e e
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e
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p q
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v

ρ

λ

−

= =


  (12) 

It represents the deformation energy of the structure under local damage, and the proportion of the 

second local failure scenario in all failure scenarios. Next, we can construct a density iteration scheme 

for topology optimization of fail-safe structures, as follows: 

( )
1

1

im
p

k

e e
k i

e

e

h
p q

H
B

v

ρ

λ

−

==


  (13) 

Compared with the traditional topology optimization method, k

eB is added to the density 

iteration scheme. The existence of k

eB makes the fail-safe topology optimization method give priority 

to those local damage scenarios that cause a sharp increase in structural strain energy, and reduce the 

adverse effects caused by these damage scenarios by adjusting the optimization direction. 

2.3. Damage scenaios filtering 

Generally speaking, there are two main factors that lead to the large amount of calculation in the 

topology optimization method of fail-safe structure. The first is to solve the structural finite element 

equation and calculate the sensitivity information in every case of local damage. The second is the 

number of local damage scenarios to be considered in the optimization process, because each local 

damage scenario needs to obtain the optimization information. Figure 1 shows the optimization 

process in the n-th iteration, nm represent the number of damage scenarios to be considered, n
decreasem is 

the reduced number of damage scenarios and n
improvedm represent the number of damage scenarios to 

be considered after the improved algorithm are adopted. 

 

Figure 1. Flow charts of traditional fail-safe topology optimization method and proposed method. 
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For the first case, the combined approximate reanalysis method can be used to improve the 

efficiency of obtaining optimization information. The second case is also the main research content 

of this paper. By extending the activation set method, this method can be considered as reducing the 

calculation amount of fail-safe structure optimization by simplifying the number of local damage 

scenarios. 

Aiming at the problems existing in the standard fail-safe topology optimization, this paper 

calculates the element density in the dimensioned local damage area using a density-based filter, and 

then judges the impact of local damage on the structure, so as to eliminate the situation that there are 

no elements or few elements in the local damage area, because in the above case. Even if the stiffness 

of some materials in the design domain is lost, it will not have a significant impact on the structure. 

In the above case, the sensitivity calculation in the local damage scenario is no longer required, 

and the corresponding sensitivity information in the damage scenario only needs to be used as the 

sensitivity information when the structure has no local damage. Referring to Figure 2, it could be 

understood that the differences between the traditional topology optimization method, the fail-safe 

topology optimization method and the improved fail-safe optimization method adopted in this 

paper, especially in the number of finite element analysis and sensitivity calculation in the 

optimization process. A is defined as the sum of unit densities in the damage area, x
i

i

N

A dρ
∈Ω

= Ω （ ） . 

The effectiveness of damage scenarios is judged according to whether the sum of unit densities in the 

damage area exceeds the set threshold. The number of damage scenarios is reasonably adjusted by 

adjusting the threshold to improve the calculation efficiency of the fail-safe optimization method. 

 

Figure 2. Flow chart of improved fail-safe optimization method. 
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3. Numerical benchmarks 

This section would show the performance of the proposed fail-safe improvement method by 

comparing with the traditional fail-safe topology optimization. From now on, the traditional fail-safe 

topology optimization is called as general fail-safe optimization method. It should be noted that 

although no overlapping patch distribution is sufficient to achieve a suitable solution, its 

disadvantages are also obvious. Therefore, in order to obtain a standard fail-safe optimization design, 

the Jansen's fail-safe framework is used in most examples. In all subsequent chapters, if there is no 

special description, it is uniformly assumed that the young's modulus of solid material E = 1 MPa and 

Poisson's ratio u = 0.3. In the following example, referring to the suggestions of Zhou and combined 

with the actual situation of fail-safe topology optimization, the maximum number of iterations 

defined in the relevant examples of cantilever beam is 250, and the maximum number of iterations 

defined in the relevant examples of L-shaped beam is 100. 

3.1. Cantilever beam 

Taking the cantilever beam often discussed in many references as an example, as shown in Figure 

3, the design domain of the cantilever beam is discretized, which is composed of 120 * 40 elements, 

and the whole design domain contains a total of 4800 elements. Support the left edge of the cantilever 

beam and apply a vertical load f = 1 N in the lower right corner. The volume fraction of solid material 

to be preserved is limited to 0.4. 

It represents the deformation energy of the structure under local damage, and the proportion of 

the second local failure scenario in all failure scenarios. Next, we can construct a density iteration 

 

Figure 3. Local damage model of cantilever beam. 

Firstly, the cantilever beam is optimized so that the patch size is 5 * 5 mm2. In addition, the local 

damage near the loading position, that is, at the red arrow, is not considered in the optimization 

process. The loading conditions are kept unchanged and the influence of stress concentration at the 

loading point is avoided. 

Figure 4 shows the cantilever structure obtained by the fail-safe optimization algorithm when the 

size of damage model L = 5, including the traditional fail-safe optimization design and the fail-safe 

optimization design obtained by the improved algorithm, in which nominal represents the 

optimization design obtained by the traditional optimization algorithm, and the rest are the fail-safe 

optimization design obtained by the improved algorithm. In the optimized design obtained by the 

improved algorithm, the corresponding fail-safe optimal design can be achieved when the threshold 

value of the density filter is adjusted to be 0.01, 1, 2, 4 and 5.56 respectively. By comparing the fail-

safe optimization design obtained by the improved algorithm with the structure obtained by the 

standard fail-safe optimization algorithm, it can be found that the improved fail-safe optimization 

algorithm can not only obtain the required fail-safe optimization design, but also greatly reduce the 

amount of calculation required for optimization. The larger the threshold of the filter, the smaller the 

amount of calculation required in the optimization process, as is shown in Figure 5 and Figure 6. 
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Figure 4. Comparison of optimization results when L = 5. 
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Figure 5. The change of time in the optimization process of optimization methods. 
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Figure 6. The comparison of average iteration time of each method. 

Figure 7 show the cantilever structure obtained by the nominal fail-safe optimization algorithm 

when adjusting the size L = 14 of the local damage model. As the area of local damage area increases, 

the threshold of damage scenario filter also needs to increase, which are 10, 21, 32, 43 and 54 

respectively. Through the comparative analysis of the optimization results, it can be found that the 

improved fail-safe optimization algorithm can obtain the ideal structural design and reduce the 

amount of calculation required in the optimization process. However, with the increase of filter 

threshold, the difference between the junction obtained by the improved algorithm and the standard 

structure becomes larger and larger. Obviously, the optimization process deviates from the correct 

direction, which is not the expected result. The reasonable and efficient selection of filter threshold is 

worthy of further research, which will not be introduced in detail here. 
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Figure 7. Comparison of optimization results when L = 14. 
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Figure 8. The change of iteration time in the optimization process. 
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Figure 8. The comparison of average iteration time of each method. 

In Table 1, the threshold of the filter is adjusted for filtering the local damage scenario, and 

reduce the rate of iteration step in the optimization process of the improved fail-safe optimization 

method. It can be seen that the average iteration time in the fail-safe optimization process decreases 

continuously with the increase of the threshold. Obviously, by judging the effectiveness of local 

damage scenarios, the calculation of topology optimization of fail-safe structures can be reduced. In 

addition, this text also organically combines the preconditioned conjugate gradient method with the 

fail-safe topology optimization algorithm to improve the computational efficiency of the fail-safe 

topology optimization algorithm. For details about the optimization results and calculation efficiency 

of the traditional fail-safe optimization algorithm, PCG-fail-safety optimization algorithm and the 

fail-safe optimization algorithm based on density filtering, please refer to Appendix A. 
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Table 1. Reduction ratio of average iteration time in optimization process. 

L=5 
A 0.01 0.1 1 2 4 

Rate 13.7% 13.9% 22.2% 26.7% 35.8% 

L=14 
A 10 21 32 43 54 

Rate 0 0 1.6% 16.1% 35.6% 

3.2. L-bracket 

The well-known L-beam is shown in Figure 9. The structure is discretized using a four-node finite 

element with a size of 1 * 1 mm2, in which the number of elements is 10000. In the final topology, 

only 35% of the materials are available. The top of the L-shaped support is clamped, and the external 

load f = 1 N is applied to the top of the lower right corner Figure 9. Materials close to point loads (gray 

areas) are assumed to be inactive areas. The width of the inactive area is equal to the side length of 

the local damage model. 

 

Figure 9. Model of L-shaped beam. 

 

Figure 10. Comparison of optimization results of L-shaped beam when L = 4. 

The dimensions of the local damage model are l = 4 * 4 respectively to optimize the L-shaped 

support. Figure 9 shows the L support structure obtained through the standard fail safe optimization 

method, and then adjusts the threshold of the density filter a to be 0.01, 0.1, 1, 2 and 4, respectively, 

through the improved structure design of the fail-safe topology optimization algorithm. It is almost 

difficult to judge the difference between them from the final results. When the side length of the 

damage model is L = 4, the optimization results obtained by the traditional fail-safe optimization 

method and the improved fail-safe optimization algorithm with different thresholds are almost the 

same. 
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Figure 11. The change of iteration time in the optimization process of the optimization method. 

In Figure 12, the abscissa is the threshold of the filter, the ordinate is the reduction of the average 

iterative steps in the optimization process, and the reduction of the average iterative steps in fail safe 

topology optimization (with different thresholds). Figure 13 shows the average iteration time before 

and after the improvement of the fail-safe structure optimization method. 
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Figure 12. Comparison of the average iteration time for each method. 

 

Figure 13. Comparison of optimization results of L-shaped beam when L = 6. 

Figure 14 is the fail-safe optimization design of L-shaped support obtained by fail-safe 

optimization method when the size of local damage model is L = 6 * 6, the threshold of the filter is set 

to 0.01, 0.1, 1, 2 and 4, respectively. After analyzing the optimization results of the standard fail-safe 

optimization method and the improved fail-safe optimization method, it could be found in Figure 14 

and Figure 15 that the greater the threshold value of the density filter, the greater the difference 

between the final optimization results of each algorithm. 
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Figure 14. The change of iteration time in the optimization process of each optimization method. 
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Figure 15. Comparison of the average iteration time for each method. 

In addition, with the increase of filter threshold, the time required for each iteration in the 

optimization process gradually decreases. However, when L = 6, although the whole optimization 

solution can converge to the optimal structure, the stability problem has begun to appear in the 

optimization process. This is because the size of local damage model will directly affect the change 

of sensitivity information in the optimization process. With the increase of the size of local damage 

model, the problems of stability and convergence in the optimization process will become more 

obvious. 

Table 2. Reduction ratio of average iteration time in optimization process. 

L=4 
A 0.01 0.1 1 2 4 

Rate 34.7% 37.2% 42.4% 45.2% 49.2% 

L=6 
A 0.01 0.1 1 2 4 

Rate 26.1% 27.0% 29.5% 31.3% 33.8% 

It can be found that by adjusting the threshold of the filter, the amount of calculation required 

for topology optimization of fail-safe structure can be effectively reduced. When L = 4, the average 

iteration step of fail-safe structure optimization can be reduced by more than 35%, and the average 

iteration time of fail-safe structure optimization can also be reduced by 25% when L = 6, This method 

is obviously feasible for the whole fail-safe optimization process. However, it is worth noting that 

there is an upper limit to the threshold. Excessive threshold will make the optimization deviate from 

the correct direction and cause the cells with intermediate density that cannot be eliminated, which 

is particularly obvious in the case of large local damage area. 
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4. Discussion 

To enhance the computational efficiency of the fail-safe topology optimization method, a 

density-based filter is introduced to determine whether additional finite element analyses and 

sensitivity calculations are necessary when traversing local damage scenarios. Through a 

comparative analysis of optimization results, it is observed that the introduced approach can reduce 

the computational burden arising from numerous damage scenarios. The locally simplified damage 

scenario method based on density filtering ensures optimization accuracy and improves the 

computational efficiency of the failure-safe structural topology optimization algorithm. Additionally, 

considering some a priori knowledge of the optimization model, such as the symmetry of the 

structure or loads during the optimization process, further enhances the computational efficiency of 

the failure-safe topology optimization algorithm. 

However, this study is limited to the elastic phase in the research of structural failure-safe 

topology optimization algorithms and does not account for failure-safe optimization design after 

structural plastic deformation. The determination of regularization parameters poses a challenging 

problem. In failure-safe topology design, unreasonable regularization parameters often lead to more 

unnecessary details or the presence of numerous intermediate density elements in the optimization 

results. Therefore, for failure-safe topology optimization algorithms in the plastic phase and the 

efficient and rational selection of regularization parameters, further in-depth research and discussion 

are required. 
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Appendix A 

The following contents compare the results of standard topology optimization algorithm, PCG 

method and fail-safe optimization based on density filtering. And analyze the difference between 

them in calculation efficiency and accuracy. 

Well, h1 is the result of nominal fail-safe topology optimization. h2 and h3 are optimal designs 

obtained by combining the PCG method with the fail-safe optimization algorithm. The difference lies 

in the maximum number of iterations allowed when solving the node displacement vector. In 

addition, h4, h5 and h6 are topology designs obtained by the density filter-based fail-safe 

optimization algorithm when using different density filter thresholds. In addition, it also includes the 

change of the objective function in the optimization process and the average time required for each 

iteration of each algorithm in the optimization process. 
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Figure A1. Comparison of final optimization results when L=3. 
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Figure A2. Tendency of objective function when L=3. 
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Figure A3. Change of iteration step size during optimization when L=3. 

When the side length of the local damage model is L = 14, the fail-safe optimization design 

obtained when each optimization algorithm is adopted, the change of the objective function in the 
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optimization process, and the average time required for each iteration of each algorithm in the 

optimization process. 

 

Figure A4. Comparison of final optimization results when L=14. 

0 25 50 75 100 125 150 175 200
0

200

400

600

800

1000

1200

1400

C
om

pl
ia

nc
e/

J

Step

 Nominal
 PCG5
 PCG10
 A=21.8
 A=43.6
 A=54.4

 

Figure A5. Tendency of objective function when L=14. 
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Figure A6. Change of iteration step size during optimization when L=14. 
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