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Abstract: Environmental responsibility and economic benefits have promoted the development of closed-loop 
supply chain (CLSC), and shortages and channels are considered to be two important issues in CLSC. This 
paper explores ordering and channel decisions in CLSC with new and differentiated remanufactured products, 
and considers the price and sales effort-dependent demands, as well as the proportion of emergency orders 
determined by emergency order costs and backorder losses, and establishes an integrated and decentralized 
CLSC game models. We introduce a stochastic sales effort, which affects two types of products. Numerical 
results show that sales effort and the order quantity of new and remanufactured products exhibit concave and 
convex functions, respectively. Wherein, the upper limit of sales effort has a greater impact on supply chain 
decisions. High sales efforts can serve as a means of coordinating dispersed supply chains. Moreover, in 
different cases, decisions of integrated channel are better than those of decentralized channel. Finally, whether 
the supply chain adopts an emergency order strategy depends on the relative cost of emergency orders and 
out of stock costs. According to the research in this article, some management insights are also provided. 

Keywords: closed-loop supply chain; channel power structures; sales effort; emergency order; game 
theory 

 

MSC: 
 

1. Introduction 

In recent years, the quantity of end-of-life products has increased sharply, resulting in 
environmental pressures and waste of resources, which leads to the development of closed-loop 
supply chain (CLSC). Through CLSC, recycling and remanufacturing not only help reduce 
environmental pollution, but also enable resource recycling and saving, and promote a circular 
economy [1]. Remanufacturing after recycling of waste tires, electronic products and automobile 
engines can effectively save more than 30% of raw materials and reduce energy consumption by more 
than 15%. Apple reduced carbon emissions per dollar of revenue by 15.4% through remanufacturing; 
Canon and Xerox saved millions of dollars by recycling and remanufacturing [2]. Both economic and 
non-economic factors promote the implementation of recycling and remanufacturing, while 
economic benefits may be the key factor that attracts enterprises [3].  

In a CLSC, besides producing new products, manufacturers also remanufacture using re-
manufacturable end-of-life products. Some consumers strongly agree that they tend to buy socially 
responsible and environmentally friendly products [4]. However, most consumers are skeptical and 
wait-and-see about remanufactured products. Sales efforts, such as advertising, commitment and 
promoting, can increase the demand for remanufactured products through changing consumers' 
cognition degree to remanufactured products, helping consumers identify environmental values of 
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remanufactured products [5]. Thus, sales efforts are crucial to increase the market share of 
remanufactured products.  

On the other hand, due to the demand uncertainty and information asymmetry, CLSC is more 
likely to experience shortages. In a CLSC, remanufacturing begins with the recovery of end-of-life 
products which are full of great uncertainty. Furthermore, consumers' preference for the two types 
of products and sales efforts for remanufactured products increase the uncertainty of demand. All 
mentioned above are reasons that emphasized on shortage issues in CLSC to avoid profit and non-
profit loss caused by shortage. In this paper, we will explore the ordering and channel decision of 
CLSC members under different supply chain structures, in which sales effort of the remanufactured 
products affects the market demand for the remanufactured and new product. Further, we consider 
models without and with emergency order to deal with the shortage problem. In the models without 
emergency order, backlogged demands are lost. While in the models with emergency order, 
backlogged demands could be met through emergency order, but in a certain proportion, which is 
related to the cost of emergency order and the cost of out-of-stock loss. 

This paper explores a two-echelon CLSC with one manufacturer and one retailer, where the 
market demand is related to retail price and sales efforts. Game theoretic models of integrated CLSC 
and decentralized CLSC without and with emergency order are established to answer the following 
questions: 

What are the optimal order quantities for the two types of products in different channel 
structures? 

What is the influence of sales effort and costs of emergency order and losses of out-of-stock on 
channel strategies and profits? 

Whether emergency order have a positive impact on order quantity and profit in a CLSC with 
sales effort? 

The remainder of this paper is organized as follows. Section 2 reviews the related literature. In 
Section 3, the model description is expanded. Section 4 presents and analyzed different CLSC models. 
Section 5 provides numerical examples to examine the propositions. Section 6 discusses optimal 
results with the impact of sales effort and emergency order strategy. Section 7 concludes the study 
and outlines the future research directions. Some implications are also discussed in this section.  

2. Literature Review 

This paper presents a literature review in four areas: competition between new products and 
remanufactured products, sales efforts for remanufactured products, emergency order, and 
centralized and decentralized CLSC structure. 

2.1. Competition between new products and remanufactured products 

In CLSC, a part of literature assumed that remanufactured and new products are not 
distinguishable [2, 6], while some others hold that remanufactured products are different from new 
products [7, 8]. In either case, especially the latter, according to the product cannibalization, 
remanufactured products will lead to a reduction in the sales volume, sales revenue, or market share 
of new products. Considering remanufactured products competing with new products, Jian et al. [9] 
studied how manufacturers and remanufacturers can benefit each other, taking into account patent 
protection and carbon emissions. Dai et al. [10] analyzed the impact of different CSR ratios on product 
pricing and profits from the perspective of product differential pricing. Souza [1] found that the 
remanufacturing decision of products would bring about two results: market expansion effect, that 
was, remanufactured products would help to expand market share; cannibalization effect, that was, 
remanufactured products entering the market would reduce the sales of new products of the same 
type or model. Based on the cannibalization effect of remanufactured products, we analyze the 
supply chain management of the impact of sales effort on the demand for remanufactured and new 
products. 
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2.2. Sales efforts for remanufactured products 

In practice, consumers may have different preferences for new products and remanufactured 
products. For example, some consumers are psychologically biased towards remanufactured 
products and will not buy them no matter how cheap they are [11]. Michaud and Llerena [12] found 
that when consumers were informed of the significance of remanufactured products for 
environmental protection, they would have a friendly attitude towards remanufactured products. 
Therefore, sales effort is necessary to promote consumers' perception of remanufactured products. 
Literature have confirmed the important role of sales efforts in improving consumers’ acceptance of 
remanufactured products [4]. In recent years, Mondal and Giri [3] constructed a two-cycle green 
closed-loop supply chain model in which market demand depends on selling price, greenization level 
and sales effort, and studied the effects of green innovation, sales effort and waste product recovery 
rate on closed-loop supply chain. Yang et al. [13] discussed whether and how the level of sales effort 
of retailers affects the economic performance and sustainability of remanufacturing. Sane Zerang et 
al. [14] studied the effects of sales effort and recovery rate on decision variables, and demonstrated 
the superiority of manufacturer-led closed-loop supply chain. Taleizadeh et al. [15] explored pricing 
and reverse channel selection decisions in CLSC. The demand depends on retail prices and 
advertising efforts. Khorshidvand et al. [16] developed a new demand function based on price 
elasticity, cross sensitivity, product green quality, and advertising level, providing a two-stage 
approach to model and solve a sustainable CLSC. Ma et al. [17] studied the combined effects of 
marketing efforts and recycling rates on the profitability of retailers, manufacturers and CLSCs. 
Zhang et al.[18] considered that manufacturers will pay attention to the fairness of profit distribution 
when making sales efforts. We studied a green closed-loop supply chain (CLSC) that considers 
manufacturer sales efforts and fairness concerns. 

Most of the above literature assume that sales effort is a definite variable. In this paper, 
considering the sales effort will change with industry and time, we assume that it is a random variable 
subject to uniform distribution. And it also affects the demands for two types of products, that is, the 
demand for remanufactured products will increase with the deepening of sales effort; on the contrary, 
the demand for new products will decrease due to the cannibalizing effect. 

2.3. Emergency order 

When the inventory is out of stock or under some special circumstances, emergency orders can 
be used as a supplement to the regular order, which can reduce the loss and cost [19]. Models with 
emergent order have been studied extensively [20, 21]. Zhang et al. [22] compared two different ways 
to deal with excess demand. One was excess demand loss and shortage penalty; the other was that 
excess demand can be met by emergency ordering. Which way is better depends on the comparison 
of emergency ordering cost and sales price plus the shortage penalty under the demand loss system. 
When the possibility of an emergency order exists, it is necessary to consider emergency ordering 
costs. Poormoaied and Demirci [23] studied an inventory strategy described by a continuous-time 
Markov chain model, in which emergency orders could be issued based on stock levels prior to the 
disruption. And the results showed that with high cost of sales losses, long break periods and a low 
percentage of supplier availability, providing emergency ordering opportunities in the event of 
disruption could lead to significant cost savings. Emergency orders affect the social and 
environmental sustainability goals of the supply chain, in addition to affecting profits. Because 
remanufactured products are made from recycled waste products, and the demand for 
remanufactured products is not independent of the demand for new products. There is little literature 
on this aspect. 

2.4. The centralized and decentralized CLSC structure 

Many researchers have examined integrated and decentralized game structure in CLSC from 
various perspectives: for example, recycling decisions [24]; pricing decisions [3] and ordering 
strategies [25]. Maiti and Giri [26] explored the effect of channel power structures on the pricing 
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strategy, the collection rate, the quality, and the profits, showing that the integrated policy is always 
better. In this paper, we focus on ordering decisions. He et al. [27] investigated three possible channel 
structures for manufacturer with government subsidy. Solaleh et al. [28] studied the behavior of a 
two-stage decentralized channel CLSC. Zhou et al. [29] studied the channel leadership and 
performance in a three-echelon CLSC. 

3. Problem Definition 

We consider a CLSC composed of one retailer and one hybrid manufacturer that provides 
remanufactured products using end-of-products and manufactures new products from raw 
materials. We assume that all the recycled products can be remanufactured. The manufacturer 
provides the two types of products with unit wholesale prices wn, wr (wn > wr) to the retailer. The 
retailer is responsible for selling both types of products at different prices pn, pr (pn>pr), basing that the 
remanufactured products are clearly different from the new product [1,2]. In order to enhance the 
perception of remanufactured products and positively influence the market demand, the retailer pay 
a certain amount of sales effort, such as advertising, promotion, service commitment. Let s denote the 
level of a composite index of sales effort input. The retailer's investment in the level of sales effort s 
is assumed as a convex function, defined as ଵଶ 𝑔𝑠ଶ [3]. The sales effort s can vary across industries, 
consumer groups and change over time. Therefore, we assume s to be a random variable following a 
uniform distribution in the range of [c, d] (0 =< c< d; c is the lowest limit and d is the upper limit. If the 
sales effort exceeds d, the cost paid may be greater than the benefit gained, thus there will be no 
economic benefit). The effect of the sales effort on demand is to change the marketing share of the 
two types of products. In addition, both demands are functions of individual prices. The demand 
function of each product type is expressed as: 𝐷௡ = 𝑎(1 − 𝑏൫1 − 𝑒ି௦ఏ൯ − 𝛼) − 𝜉𝑝௡ 𝐷௥ = 𝑎(𝑏(1 − 𝑒ି௦ఏ) + 𝛼) − 𝜉𝑝௥ 
where, index “n” stands for the new product, and index “r” refers to the remanufactured product. a 
represents the initial market potential. 𝜉  is the sensitivity of demand to price. 𝑏൫1 − 𝑒ି௦ఏ൯ 
symbolizes the increased demand share of remanufactured product from sales effort. 𝜃 𝑎𝑛𝑑 𝑏 (0 <𝑏 < 1) are influence coefficients of the sales effort on demand. 𝛼 is a positive parameter measuring 
the initial quota of the demand of the remanufactured product when the sales effort is 0. 

In manufacturing, the unit production cost of new product cn is more costly than the unit 
remanufacturing cost of used product cr, i.e., cn >cr. In retailing, the retailer decides how much to order 
for both types of products according to market demand, defined as Qn and Qr. If the quantity ordered 
exceeds the demand, the remainder is disposed of as a salvage value, recorded as Vn, Vr (Vn >Vr). On 
the other hand, if the order quantity is lower than the demand, the unmet demand is lost in the case 
that emergency orders are not allowed, and the out-of-stock is recorded as loss, denoted as Bn, Br, (Bn 

> Br) respectively. When an emergency order is allowed, a proportion of emergency order shall be 
determined according to the relative relationship between emergency order cost and shortage loss. 
Many literatures believe that the cost of emergency order is borne by retailers [3]. In fact, it is more 
possibly borne by manufacturers. Therefore, we analyze the impact of emergency order cost borne 
by manufacturers. Costs of emergency order are recorded as kn, kr (kn < kr) respectively. The reason for 
the high cost of emergency orders for the remanufactured product is the uncertainty of the recovery 
process. Table 1 summarizes the major notations in our following model development. 

Table 1. Model parameters and decision variables. 

Model parameters: 

a initial market potential 𝜉  price elasticity coefficient of demand 𝜃 𝑎𝑛𝑑 𝑏  influence coefficients of sales effort on demand 𝛼  initial quota of remanufactured product 
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s sales effort  level for remanufactured product 

c the low bound on sales effort 

d the up bound on sales effort 

g sales-effort investment coefficient 

pn, pr unit selling prices of new product and remanufactured product 

cn, cr unit costs of production or remanufacturing of new product and 

remanufactured product 

Bn, Br unit shortage costs of new product and remanufactured product 

Vn, Vr unit salvage values of new product and remanufactured product 

kn, kr unit extra costs of the emergency order 

Decision variables: 

wn, wr unit wholesale prices of new product and remanufactured product 

Qn, Qr order quantities of new product and remanufactured product 

4. Model Formulation and Solution 

In this section, the CLSC and channel members’ profit functions are formulated and optimal 
decisions on Qn, Qr, wn and wr in each scenario are derived. Concavity of profit functions is proved, 
and closed-form relations for decision variable Qn and Qr are extracted in both decentralized and 
integrated scenarios under the situation without and with emergency orders. 

4.1. Models under different channel power structures without emergency order 

4.1.1. Integrated scenario 

In the integrated scenario, in order to maximize the benefit of the CLSC, the members of the 
CLSC make decisions under the promotion of the central decision maker. The profit function of the 
integrated scenario model is: 

2

( , ) ( ) ( - ) - ( - ) - Q
1( ) ( - ) - ( - ) - Q g2

N
n r n n n n n n n n n n nI

r r r r r r r r r r r

Q Q p D Q V Q D B D Q c

p D Q V Q D B D Q c s

π + +

+ +

= ∧ +

+ ∧ + −
 

where x ^ y = min {x, y}, (x - y) + = max {x - y, 0} 
According to the properties of the demand function, the expected profit function is described as 

follows: 

( , )) ( ( ) ( ) ) ( ) ( ) ( ) ( ) -

1 2( ( ) ( ) ) ( ) ( ) ( )

(

( ) - c ( )8

z zd dn n
Q Q p D f s ds Q f s ds V Q D f s ds B D Q f s ds c Qn n n n nn r n n n nE n nz c z cn n

z zd dr r
p D f s ds Q f s ds V Q D f s ds B D Q f s ds Q g d cr r r r r rr r r r rc

N

c

I

z zr r

= + + − − −   

+ + + − − − − +  

Π

  

where 𝑧௡ = ௟௡[ ೌ್షೌశೌ್శೌഀశ഍೛೙శೂ೙]ఏ ; 𝑧௥ = ௟௡[ ೌ್ೌ್శೌഀష഍೛ೝషೂೝ]ఏ  
Proposition 1. Under the integrated scenario without emergency order, the expected profit 

function 𝐸ூே(∏(𝑄௡, 𝑄௥))  is concave with respect to Qn and Qr; hence there is a unique optimal 
combination of decision variables (𝑄ேூ∗௡, 𝑄ேூ∗௥ ) that maximizes 𝐸ூே(∏(𝑄௡, 𝑄௥)) and the optimal 
production quantities of the two types of products are: 𝑄ேூ∗௡ = 𝑎 + 𝑎𝑏 ൬−1 + 𝑒ିഇ(೎ಳ೙శ(ష೎శ೏)೎೙శ೎೛೙ష೏ೇ೙)ಳ೙శ೛೙షೇ೙ ൰ − 𝑎𝛼 − 𝜉𝑝௡   (1) 

𝑄ேூ∗௥ = 𝑎(𝑏 − 𝑏𝑒ିഇ(೏ಳೝశ(೎ష೏)೎ೝశ೏೛ೝష೎ೇೝ)ಳೝశ೛ೝషೇೝ + 𝛼) − 𝜉𝑝௥    (2) 
Proof. To prove concavity, Hessian matrix of 𝐸ூே(∏(Q௡, Q௥))is calculated: 
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⎣⎢⎢
⎡ 𝐵௡ + 𝑝௡ − 𝑉௡(𝑐 − 𝑑)𝜃(𝑎(−1 + 𝑏 + 𝛼) + 𝜉𝑝௡ + 𝑄௡) 00 − 𝐵௥ + 𝑝௥ − 𝑉௥(𝑐 − 𝑑)𝜃(−𝑎(𝑏 + 𝛼) + 𝜉𝑝௥ + 𝑄௥)⎦⎥⎥

⎤
 

It's obvious that (𝑎(−1 + 𝑏 + 𝛼) + 𝜉𝑝௡ + 𝑄௡) = 𝑎𝑏𝑒 ି஘ ୱ > 0  and (−𝑎(𝑏 + 𝛼) + 𝜉𝑝௥ + 𝑄௥) =−𝑎𝑏𝑒 ି஘ ୱ < 0. Since all parameters are positive, the first principal minor ஻೙ା௣೙ି௏೙(௖ିௗ)஘൫௔(ିଵା௕)ାక௣೙ାொ(೙)൯ is 

negative and the second principal minor ஻೙ା௣೙ି௏೙(௖ିௗ)ఏ(௔(ିଵା௕ାఈ)ାక௣೙ାொ೙) ∗ ஻ೝା௣ೝି௏ೝ(௖ିௗ)ఏ(ି௔(௕ାఈ)ାక௣ೝାொೝ) is positive. 

Thus, the Hessian matrix is negative definite and 𝐸ூே(∏(𝑄௡, 𝑄௥)) is concave in all decision variables. 

Solvingபா಺ಿ (∏(୕೙,୕ೝ))பொ೙ = 0 𝑎𝑛𝑑 பா಺ಿ (∏(୕೙,୕ೝ))பொೝ = 0 , Equation (1) and (2) are obtained. 

Corollary 1. In the integrated model, the optimal order quantities 𝑄ேூ∗௡  is convex and 𝑄ேூ∗௥ is 
concave with respect to the lower and upper bound of sales effort c and d. 

Proof. Since பమொಿ಺∗೙ ப௖మ   = ௔௕ୣషഇ(೎(ಳ೙శ೛೙)ష೏ೇ೙శ(ష೎శ೏)೎೙)ಳ೙శ೛೙షೇ೙ ఏమ(஻೙ା௣೙ି௖೙)మ(஻೙ା௣೙ି௏೙)మ > 0;   பమொಿ಺∗೙ பௗమ   =
௔௕ୣషഇ(೎ಳ೙శ೎೛೙ష೏ೇ೙శ(ష೎శ೏)೎೙)ಳ೙శ೛೙షೇ೙ ఏమ(ି௏೙ା௖೙)మ(஻೙ା௣೙ି௏೙)మ > 0;   பమொಿ಺∗ೝ ப௖మ   = − ௔௕ୣషഇ(೏ಳೝశ೏೛ೝష೎ೇೝశ(೎ష೏)೎ೝ)ಳೝశ೛ೝషೇೝ ఏమ(௏ೝି௖ೝ)మ(஻ೝା௣ೝି௏ೝ)మ < 0 ;   பమொಿ಺∗ೝ பௗమ   = − ௔௕௘షಐ(೏ಳೝశ(೎ష೏)೎ೝశ೏೛ೝష೎ೇೝ)ಳೝశ೛ೝషೇೝ ஘మ(஻ೝି௖ೝା௣ೝ)మ(஻ೝା௣ೝି௏ೝ)మ < 0    then the optimal order quantity  𝑄ேூ∗௡   is convex and 𝑄ேூ∗௥ is concave in c and d. 

4.1.2. Decentralized scenario 

In the decentralized CLSC, each channel member makes decision independently to maximize 
their own profits. The manufacturer act as a Stackelberg leader and decides the wholesale price. The 
retailer, according to its own profit function, determines order quantities based on the manufacturer's 
decisions. Backward induction is adopted in pursuit of equilibrium decisions. 

The retailer’s profit in general form can be expressed as: 

2

( , ) ( ) ( - ) - ( - ) - Q
1( ) ( - ) Q - ( - )
2

N
R n r n n n n n n n n n n n

r r r r r r r r r r r

Q Q p D Q V Q D B D Q w

p D Q V Q D w B D Q gs

π + +

+ +

= ∧ +

+ ∧ + − −
 

Similarly, the expected profit function of the retailer is described as follows: 

2

( , )) ( ( ) ( ) ) ( ) ( ) ( ) ( ) - w

1( ( ) ( ) ) ( )) ( ) ( ) ( ) - ( )

(

8

n n

n n

r r

r r

R

z zd d

n r n n n n n n n n n n n
z c z c

z zd d

r r r r r r r r r r r
c z c

N

z

E Q Q p D f s ds Q f s ds V Q D f s ds B D Q f s ds Q

p D f s ds Q f s ds V Q D f s ds B D Q f s ds w Q g d c

= + + − − −

+ + + − − − − +

Π    

   
 

Proposition 2. Under the decentralized scenario without emergency order, the expected 
retailer’s profit function 𝐸ோே(∏(𝑄௡, 𝑄௥)) is concave with respect to Qn and Qr; hence there is a unique 
optimal combination of decision variables (𝑄ேோ∗௡, 𝑄ேோ∗௥) that maximizes 𝐸ோே(∏(Q௡, Q௥))  and the 
optimal production quantities of the two products are: 𝑄ேோ∗௡ = 𝑎 + 𝑎𝑏(−1 + 𝑒ିഇ(೎ಳ೙శ(ష೎శ೏)ೢ೙శ೎೛೙ష೏ೇ೙)ಳ೙శ೛೙షೇ೙ ) − 𝑎𝛼 − 𝜉𝑝௡ 

   (3) 𝑄ேோ∗௥ = 𝑎(𝑏 − 𝑏𝑒ିഇ(೏ಳೝశ(೎ష೏)ೢೝశ೏೛ೝష೎ೇೝ)ಳೝశ೛ೝషೇೝ + 𝛼) − 𝜉𝑝௥   

 (4) 
Proof. To prove concavity, Hessian matrix of 𝐸ோே(∏(𝑄௡, 𝑄௥))  is calculated as follows: 
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⎣⎢⎢
⎡ 𝐵௡ + 𝑝௡ − 𝑉௡(𝑐 − 𝑑)𝜃(𝑎(−1 + 𝑏 + 𝛼) + 𝜉𝑝௡ + 𝑄௡) 00 − 𝐵௥ + 𝑝௥ − 𝑉௥(𝑐 − 𝑑)𝜃(−𝑎(𝑏 + 𝛼) + 𝜉𝑝௥ + 𝑄௥)⎦⎥⎥

⎤
 

The proof process is the same as Proposition 1. 
Corollary 2. In the decentralized model, the optimal order quantities 𝑄ேோ∗௡   is convex and 𝑄ேோ∗௥ is concave with respect to the lower and upper bound of sales effort c and d. 

Proof. Since பమொಿ಺∗೙ ப௖మ   = ௔௕ୣషഇ(೎(ಳ೙శ೛೙)ష೏ೇ೙శ(ష೎శ೏)ೢ೙)ಳ೙శ೛೙షೇ೙ ఏమ(஻೙ା௣೙ି௪೙)మ(஻೙ା௣೙ି௏೙)మ > 0;   பమொಿ಺∗೙ பௗమ   =
௔௕ୣషഇ(೎ಳ೙శ೎೛೙ష೏ೇ೙శ(ష೎శ೏)ೢ೙)ಳ೙శ೛೙షೇ೙ ఏమ(ି௏೙ା௪೙)మ(஻೙ା௣೙ି௏೙)మ > 0；  பమொಿ಺∗ೝ ப௖మ   = − ௔௕ୣషഇ(೏ಳೝశ೏೛ೝష೎ೇೝశ(೎ష೏)ೢೝ)ಳೝశ೛ೝషೇೝ ఏమ(௏ೝି௪ೝ)మ(஻ೝା௣ೝି௏ೝ)మ <0 ;   பమொಿ಺∗ೝ பௗమ   = − ௔௕௘షಐ(೏ಳೝశ(೎ష೏)ೢೝశ೏೛ೝష೎ೇೝ)ಳೝశ೛ೝషೇೝ ஘మ(஻ೝି௪ೝା௣ೝ)మ(஻ೝା௣ೝି௏ೝ)మ < 0,   then the optimal order quantity  𝑄ேோ∗௡   is 

convex and 𝑄ேோ∗௥ is concave in c and d. 
The manufacturer’s profit function is formulated as: 

( , )) -( -n r n n n n r
N

rM r rw w w QE c Q p Q c Q=Π +  

Proposition 3. Under the decentralized scenario without emergency order, the expected 
manufacturer profit function 𝐸ெே(∏(𝑤௡, 𝑤௥)) is concave with respect to wn and wr if 2(𝐵௡ + 𝑝௡ − 𝑉௡) −(𝑑 − 𝑐)θ(−𝑐௡ + 𝑤௡) > 0. 

Proof. To prove concavity, Hessian matrix of 𝐸ெே(∏(𝑤௡, 𝑤௥)) is calculated as follows: 

⎣⎢⎢
⎢⎢⎡𝑎𝑏(𝑐 − 𝑑)𝑒ିఏ(௖(஻೙ା௣೙)ିௗ௏೙ା(ି௖ାௗ)௪೙)஻೙ା௣೙ି௏೙ 𝜃(𝑋௡ + (𝑐 − 𝑑)𝜃(−𝑐௡ + 𝑤௡))(𝐵௡ + 𝑝௡ − 𝑉௡)ଶ 0

0 𝑎𝑏(𝑐 − 𝑑)𝑒ିఏ(ௗ஻ೝାௗ௣ೝି௖௏ೝା(௖ିௗ)௪ೝ)஻ೝା௣ೝି௏ೝ 𝜃(𝑋௥ + (𝑐 − 𝑑)𝜃(𝑐௥ − 𝑤௥))(𝐵௥ + 𝑝௥ − 𝑉௥)ଶ ⎦⎥⎥
⎥⎥⎤ 

where 𝑋௜ = 2𝐵௜ + 2𝑝௜ − 2𝑉௜(𝑖 = 𝑛, 𝑟) 
The first principal minor is negative, and the second principal minor is positive if: 2(𝐵௡ + 𝑝௡ − 𝑉௡) − (𝑑 − 𝑐)𝜃(−𝑐௡ + 𝑤௡) > 0        (5) 
By holding Condition (5) the Hessian matrix is negative definite and 𝐸ெே(∏(𝑤௡, 𝑤௥)) is concave 

in both wn and wr. Hence there is a unique optimal combination of decision variables (𝑤ே∗௡, 𝑤ே∗௥) 

that maximizes 𝐸ெே(∏(𝑤௡, 𝑤௥)). To obtain the optimal values of the decision variables, பாಾಿ(∏(୵೙,୵ೝ))ப௪೙ =0 𝑎𝑛𝑑 பாಾಿ(∏(୵೙,୵ೝ))ப௪ೝ = 0 need to be solved. That is: 

𝑎 + 𝑎𝑏(−1 + 𝑒ିഇ(೎ಳ೙శ೎೛೙ష೏ೇ೙శ(ష೎శ೏)ೢ೙)ಳ೙శ೛೙షೇ೙ ) − 𝑎𝛼 − 𝜉𝑝௡ − ௔௕(ି௖ାௗ)௘షഇ(೎ಳ೙శ೎೛೙ష೏ೇ೙శ(ష೎శ೏)ೢ೙)ಳ೙శ೛೙షೇ೙ ఏ(ି௖೙ା௪೙)஻೙ା௣೙ି௏೙ = 0      (6) 

𝑎(𝑏 − 𝑏𝑒ିഇ(೏ಳೝశ೏೛ೝష೎ೇೝశ(೎ష೏)ೢೝ)ಳೝశ೛ೝషೇೝ + 𝛼) − 𝜉𝑝௥ + ௔௕(௖ିௗ)௘షഇ(೏ಳೝశ೏೛ೝష೎ೇೝశ(೎ష೏)ೢೝ)ಳೝశ೛ೝషೇೝ ఏ(ି௖ೝା௪ೝ)஻ೝା௣ೝି௏ೝ = 0    (7) 

Equation (6) and (7) are transcendental equation, numerical method needs to be used. We 
discuss the results using numerical examples in Section 5 and Section6. 

Corollary 3. The order quantity of the two products in the centralized channel is higher than 
that in the decentralized channel: 𝑄୒୍∗௡ > 𝑄୒ୖ∗௡; 𝑄୒୍∗௥ > 𝑄୒ୖ∗௥. 

Proof. 𝑄୒୍∗௡ − 𝑄୒ୖ∗௡ = 𝑎𝑏 ൬eିഇ(೎ಳ೙శ(ష೎శ೏)೎೙శ೎೛೙ష೏ೇ೙)ಳ೙శ೛೙షೇ೙ − eିഇ(೎(ಳ೙శ೛೙)ష೏ೇ೙శ(ష೎శ೏)ೢ೙)ಳ೙శ೛೙షೇ೙ ൰ > 0; 𝑄୒୍∗௥ −𝑄୒ୖ∗௥ = 𝑎𝑏 ൬−eିഇ(೏ಳೝశ(೎ష೏)೎ೝశ೏೛ೝష೎ೇೝ)ಳೝశ೛ೝషೇೝ + eିഇ(೏ಳೝశ೏೛ೝష೎ೇೝశ(೎ష೏)ೢೝ)ಳೝశ೛ೝషೇೝ ൰ > 0. 
4.2. Models under different channel power structures with emergency order 

In the case with emergency ordering, not all the unmet demands to be satisfied will be satisfied 
by emergency ordering. When the cost of emergency ordering is high, emergency ordering is actually 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 26 December 2023                   doi:10.20944/preprints202312.1916.v1



 8 

 

uneconomical. While if the loss of stock is high, the company will allow emergency ordering. 
Therefore, we consider the ratio of emergency order cost to backorder loss to determine the 
proportion of emergency order, denoted as 𝛽௜: β௜ = 1 − 𝑘௜𝐵௜   (𝑘௜ < 𝐵௜ 𝑖 = 𝑛, 𝑟) 

4.2.1. Integrated scenario 

When the emergency order is allowed, a part of the demand exceeding the regular order 
quantity is satisfied by the emergency order, the supply chain obtains additional revenue from the 
emergency order, and the backorder loss is reduced. The profit function of the integrated scenario 
model is: 

( , ) ( ) ( - ) + ( )( - ) - (1 )( - ) -c (Q ( - ) )n n n
1 2( ) ( - ) ) ( - ) - (1 )( - ) - (Q ( - ) )
2

Y Q Q p D Q V Q D p k D Q B D Q D QI n r n n n n n n n n n n n n n n n n n

p D Q V Q D p k D Q B D Q c D Q gsr r r r r r r r r r r r r r r r r r r r

π β β β

β β β

+ + + += ∧ + − − +

+ + + ++ ∧ + + − − + −（

 

The expected profit function is described as follows: 

( , )) ( ( ) ( ) ) ( ) ( ) ( ) ( ) ( ) (1 )( ) ( ) - ( ( ) ( ) )

( ( ) ( ) ) ( )

(

( ) (

n n n n

n

n n

r r

r

r

z z z zd d

n r n n n n n n n n n n n r n n n n n n n
z c z c c c

z zd

r r r r r r r
c z c

Y
I Q Q p D f s ds Q f s ds V Q D f s ds p k D Q f s ds B D Q f s ds c Q D QE f s ds

p D f s ds Q f s ds V Q D f s ds p k

β β β= + + − + − − − − − + −Π

+ + + − + −

     

   21) ( ) ( ) (1 )( ) ( ) - ( ( ) ( ) ) ( )
8

r r r

d d d

r r r r r r r r r r r r
z z z

D Q f s ds B D Q f s ds c Q D Q f s ds g d cβ β β− − − − + − − +  
 

Proposition 4. Under the integrated scenario with emergency order, the expected supply chain 
profit function 𝐸ூ௒(∏(𝑄௡, 𝑄௥)) is concave with respect to Qn and Qr if 𝑘௜(𝐵௜ + 𝑝௜) − 𝐵௜𝑉௜ > 0; hence 
there is a unique optimal combination of decision variables ( 𝑄௒ூ∗௡,  𝑄௒ூ∗௥ ) that maximizes 𝐸ூ௒(∏(𝑄௡, 𝑄௥))and the optimal production quantities of the two products are: 𝑄௒ூ∗௡ = 𝑎𝑏𝑒ିഇ(೎ೖ೙೛೙శಳ೙(೎ೖ೙శ(ష೎శ೏)೎೙ష೏ೇ೙))ೖ೙(ಳ೙శ೛೙)షಳ೙ೇ೙ − 𝑎(−1 + 𝑏 + 𝛼) − 𝜉𝑝௡    (8) 𝑄௒ூ∗௥ = 𝑎(𝑏 − 𝑏𝑒ିഇ(೏ೖೝ೛ೝశಳೝ(೏ೖೝశ(೎ష೏)೎ೝష೎ೇೝ))ೖೝ(ಳೝశ೛ೝ)షಳೝೇೝ + 𝛼) − 𝜉𝑝௥     (9) 

Proof. To prove concavity, hessian matrix of 𝐸ூ௒(∏(𝑄௡, 𝑄௥)) calculated as follows: 

⎣⎢⎢⎢
⎡ 𝑘௡(𝐵௡ + 𝑝௡) − 𝐵௡𝑉௡(𝑐 − 𝑑)𝜃𝐵௡(𝑎(−1 + 𝑏 + 𝛼) + 𝜉𝑝௡ + 𝑄௡) 00 − 𝑘௥(𝐵௥ + 𝑝௥) − 𝐵௥𝑉௥(𝑐 − 𝑑)𝜃𝑝௥(−𝑎(𝑏 + 𝛼) + 𝜉𝑝௥ + 𝑄௥)⎦⎥⎥⎥

⎤
 

By holding the condition 𝑘௜(𝐵௜ + 𝑝௜) − 𝐵௜𝑉௜ > 0 , the first principal minor ௞೙(஻೙ା௣೙)ି஻೙௏೙(௖ିௗ)ఏ஻೙(௔(ିଵା௕ାఈ)ାక௣೙ାொ೙)  is negative. The second principal minors ௞೙(஻೙ା௣೙)ି஻೙௏೙(௖ିௗ)ఏ஻೙(௔(ିଵା௕ାఈ)ାక௣೙ାொ೙) ∗ቀ− ௞ೝ(஻ೝା௣ೝ)ି஻ೝ௏ೝ(௖ିௗ)ఏ௣ೝ(ି௔(௕ାఈ)ାక௣ೝାொೝ)ቁ  is positive. Thus, the Hessian matrix is negative definite and 𝐸ூ௒(∏(𝑄௡, 𝑄௥)) is concave in all decision variables. பா಺ೊ(∏(୕೙,୕ೝ))பொ೙ = 0 𝑎𝑛𝑑 பா಺ೊ(∏(୕೙,୕ೝ))பொೝ = 0   result in 

Equation (8) and (9). 
Corollary 4. In the integrated model with emergency order, the optimal order quantities 𝑄௒ூ∗௡  

is convex and 𝑄௒ூ∗௥ is concave with respect to the lower and upper bound of sales effort c and d. 

Proof. Since பమொೊ಺∗೙ ப௖మ   =
௔௕ୣషഇ(೎ೖ೙೛೙శಳ೙(೎ೖ೙శ(ష೎శ೏)೎೙ష೏ೇ೙))ೖ೙(ಳ೙శ೛೙)షಳ೙ೇ೙ (ఏ௞೙(஻೙ା௣೙)ିఏ஻೙௖೙)మ(௞೙(஻೙ା௣೙)ି஻೙௏೙)మ > 0;    பమொೊ಺∗೙ பௗమ   =
௔௕ୣషഇ(೎ೖ೙೛೙శಳ೙(೎ೖ೙శ(ష೎శ೏)೎೙ష೏ೇ೙))ೖ೙(ಳ೙శ೛೙)షಳ೙ೇ೙ ఏమ஻೙మ(௖೙ି௏೙)మ(௞೙(஻೙ା௣೙)ି஻೙௏೙)మ > 0;    பమொೊ಺∗ೝ ப௖మ   =
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− ௔௕ୣషഇ(೏ೖೝ೛ೝశಳೝ(೏ೖೝశ(೎ష೏)೎ೝష೎ೇೝ))ೖೝ(ಳೝశ೛ೝ)షಳೝೇೝ ఏమ஻ೝమ(௖ೝି௏ೝ)మ(௞ೝ(஻ೝା௣ೝ)ି஻ೝ௏ೝ)మ < 0 ;    பమொೊ಺∗ೝ பௗమ   =
− ௔௕ୣషഇ(೏ೖೝ೛ೝశಳೝ(೏ೖೝశ(೎ష೏)೎ೝష೎ೇೝ))ೖೝ(ಳೝశ೛ೝ)షಳೝೇೝ (ఏ௞ೝ(஻ೝା௣ೝ)ିఏ஻ೝ௖ೝ)మ(௞ೝ(஻ೝା௣ೝ)ି஻ೝ௏ೝ)మ < 0    then the optimal order 

quantity 𝑄௒ூ∗௡  is convex and 𝑄௒ூ∗௥ is concave in c and d. 

4.2.2. Decentralized scenario 

In the decentralized scenario, the retailer issues an emergency order when it is out of stock, and 
the manufacturer makes supplies for the emergency order and pays the emergency order cost. 
Remanufacturing takes recycled products as materials, and the recycling process is usually more 
uncertain, so the reaction cost is higher than that of new products. 

The retailer’s profit in general form can be expressed as: 

2

( , ) ( ) ( - ) ( - ) - (1 )( - ) - w (Q ( - ) )
1( ) ( - ) + ( - ) (Q + ( - ) ) - (1 )( - )
2

Y
R n r n n n n n n n n n n n n n n n n n n n

r r r r r r r r r r r r r r r r r r r

Q Q p D Q V Q D p D Q B D Q D Q

p D Q V Q D p D Q w D Q B D Q g s

π β β β

β β β

+ + + +

+ + + +

= ∧ + + − +

+ ∧ + − −  

The expected profit function of the retailer is described as follows. 

( , )) ( ( ) ( ) ) ( ) ( ) ( ) ( ) (1 )( ) ( ) - ( ( ) ( ) )

( ( ) ( ) ) ( )

(

) ( ) (

n n n n

n n

r r

r r

z z z zd d

n r n n n n n n n n n n n n n n n n n n n
z c z c c c

z zd d

r r r r r r r r r
c z c z

Y
RE Q Q p D f s ds Q f s ds V Q D f s ds p D Q f s ds B D Q f s ds w Q D Q f s ds

p D f s ds Q f s ds V Q D f s ds p D

β β β

β

= + + − + − − − − + −

+ + −

Π

+ +

     

   21) ( ) (1 )( ) ( ) - ( ( ) ( ) ) ( )
8

r r

d d

r r r r r r r r r r
z z

Q f s ds B D Q f s ds w Q D Q f s ds g d cβ β− − − − − − +  

 

Proposition 5. Under the decentralized scenario with emergency order, the expected retailer’s 
profit function 𝐸ோ௒(∏(𝑄௡, 𝑄௥)) is concave with respect to Qn and Qr if 𝑘௜(𝐵௜ + 𝑝௜) − 𝐵௜𝑉௜ > 0; hence 
there is a unique optimal combination of decision variables ( 𝑄௒ோ∗௡,  𝑄௒ோ∗௥ ) that maximizes 𝐸ோ௒(∏(𝑄௡, 𝑄௥))   and the optimal production quantities of the two products are: 𝑄௒ோ∗௡ = 𝑎𝑏𝑒ିഇ(೎ೖ೙೛೙శಳ೙(೎ೖ೙శ(ష೎శ೏)ೢ೙ష೏ೇ೙))ೖ೙(ಳ೙శ೛೙)షಳ೙ೇ೙ − 𝑎(−1 + 𝑏 + 𝛼) − 𝜉𝑝௡   (10) 𝑄௒ோ∗௥ = 𝑎(𝑏 − 𝑏𝑒ିഇ(೏ೖೝ೛ೝశಳೝ(೏ೖೝశ(೎ష೏)ೢೝష೎ೇೝ))ೖೝ(ಳೝశ೛ೝ)షಳೝೇೝ + 𝛼) − 𝜉𝑝௥      (11) 

Proof. To prove concavity, hessian matrix of 𝐸ோ௒(∏(Q௡, Q௥))  calculated as follows: 

⎣⎢⎢⎢
⎡ 𝑘௡(𝐵௡ + 𝑝௡) − 𝐵௡𝑉௡(𝑐 − 𝑑)𝜃𝐵௡(𝑎(−1 + 𝑏 + 𝛼) + 𝜉𝑝௡ + 𝑄௡) 00 − 𝑘௥(𝐵௥ + 𝑝௥) − 𝐵௥𝑉௥(𝑐 − 𝑑)𝜃𝑝௥(−𝑎(𝑏 + 𝛼) + 𝜉𝑝௥ + 𝑄௥)⎦⎥⎥⎥

⎤
 

The proof process is the same as Proposition 4. 
Corollary 5. In the integrated model with emergency order, the optimal order quantities 𝑄௒ோ∗௡  

is convex and 𝑄௒ோ∗௥ is concave with respect to the lower and upper bound of sales effort c and d. 

Proof. Since பమொೊ಺∗೙ ப௖మ   = ௔௕ୣషഇ(೎ೖ೙೛೙శಳ೙(೎ೖ೙శ(ష೎శ೏)ೢ೙ష೏ೇ೙))ೖ೙(ಳ೙శ೛೙)షಳ೙ೇ೙ (ఏ௞೙(஻೙ା௣೙)ିఏ஻೙௪೙)మ(௞೙(஻೙ା௣೙)ି஻೙௏೙)మ > 0;    பమொೊ಺∗೙ பௗమ   =
௔௕ୣషഇ(೎ೖ೙೛೙శಳ೙(೎ೖ೙శ(ష೎శ೏)ೢ೙ష೏ೇ೙))ೖ೙(ಳ೙శ೛೙)షಳ೙ೇ೙ ఏమ஻೙మ(௪೙ି௏೙)మ(௞೙(஻೙ା௣೙)ି஻೙௏೙)మ > 0;    பమொೊ಺∗ೝ ப௖మ   =− ௔௕ୣషഇ(೏ೖೝ೛ೝశಳೝ(೏ೖೝశ(೎ష೏)ೢೝష೎ೇೝ))ೖೝ(ಳೝశ೛ೝ)షಳೝೇೝ ఏమ஻ೝమ(௪ೝି௏ೝ)మ(௞ೝ(஻ೝା௣ೝ)ି஻ೝ௏ೝ)మ < 0 ;    பమொೊ಺∗ೝ பௗమ   =− ௔௕ୣషഇ(೏ೖೝ೛ೝశಳೝ(೏ೖೝశ(೎ష೏)ೢೝష೎ೇೝ))ೖೝ(ಳೝశ೛ೝ)షಳೝೇೝ (ఏ௞ೝ(஻ೝା௣ೝ)ିఏ஻ೝ௪ೝ)మ(௞ೝ(஻ೝା௣ೝ)ି஻ೝ௏ೝ)మ < 0   then the optimal order quantity 𝑄௒ூ∗௡  is convex 

and 𝑄௒ூ∗௥ is concave in c and d. 
The manufacturer’s profit function is formulated as: 

( , )) ( - ) ( - ) ( ) ( )

( - ) ( - ) ( )

(

( )

n

r

z
n r n n n n n n n n nc

d
r r r r r r r r r
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z

Y w w w c Q w c k D Q f s ds

w c Q w c k D Q f s ds
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β





= + − −

+ + −
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Proposition 6. Under the decentralized scenario without emergency order, the expected 
manufacturer profit function 𝐸ெ௒ (∏(𝑤௡, 𝑤௥)) is concave with respect to wn and wr if: 2𝑘௡𝑝௡ + 2𝐵௡𝑘௡ − 2𝐵௡𝑉௡ + 𝐵௡(𝑐 − 𝑑)𝜃(−𝑐௡ + 𝑤௡) > 0   (12) 

Proof. To prove concavity, hessian matrix of 𝐸ெ௒ (∏(w௡, w௥))  calculated as follows: 

⎣⎢⎢
⎢⎢⎡𝑎𝑏(𝑐 − 𝑑)𝑒ିఏ(௖௞೙௣೙ା஻೙(௖௞೙ିௗ௏೙ା(ି௖ାௗ)௪೙))௞೙(஻೙ା௣೙)ି஻೙௏೙ 𝜃𝐵௡(𝑌௡ + 𝐵௡(𝑐 − 𝑑)𝜃(−𝑐௡ + 𝑤௡))(𝑘௡(𝐵௡ + 𝑝௡) − 𝐵௡𝑉௡)ଶ 0

0 𝑎𝑏(𝑐 − 𝑑)𝑒ିఏ(ௗ௞ೝ௣ೝା஻ೝ(ௗ௞ೝି௖௏ೝା(௖ିௗ)௪ೝ))௞ೝ(஻ೝା௣ೝ)ି஻ೝ௏ೝ 𝜃𝐵௥(𝑌௜ + 𝐵௥(𝑐 − 𝑑)𝜃(𝑐௥ − 𝑤௥))(𝑘௥(𝐵௥ + 𝑝௥) − 𝐵௥𝑉௥)ଶ ⎦⎥⎥
⎥⎥⎤ 

where 𝑌௜ = 2𝑘௜𝑝௜ + 2𝐵௜𝑘௜ − 2𝐵௜𝑉௜(𝑖 = 𝑛, 𝑟) 
By holding Condition (12), the first principal minor is negative and the second principal minor. 

Therefore, Hessian matrix is negative definite. To obtain the optimal values of the decision variables, பாಾೊ (∏(୵೙,୵ೝ))ப௪೙ = 0 𝑎𝑛𝑑 பாಾೊ (∏(୵೙,୵ೝ))ப௪ೝ = 0 need to be solved. That is: 

𝑎𝑏𝑒ିഇ(೎ೖ೙೛೙శಳ೙(೎ೖ೙ష೏ೇ೙శ(ష೎శ೏)ೢ೙))ೖ೙(ಳ೙శ೛೙)షಳ೙ೇ೙ − 𝑎(−1 + 𝑏 + 𝛼) − 𝜉𝑝௡ − ௔௕(ି௖ାௗ)௘షഇ(೎ೖ೙೛೙శಳ೙(೎ೖ೙ష೏ೇ೙శ(ష೎శ೏)ೢ೙))ೖ೙(ಳ೙శ೛೙)షಳ೙ೇ೙ ఏ஻೙(ି௞೙ି௖೙ା௪೙)௞೙(஻೙ା௣೙)ି஻೙௏೙ = 0 (13

) 

𝑎(𝑏 − 𝑏𝑒ିഇ(೏ೖೝ೛ೝశಳೝ(೏ೖೝష೎ೇೝశ(೎ష೏)ೢೝ))ೖೝ(ಳೝశ೛ೝ)షಳೝೇೝ + 𝛼) − 𝜉𝑝௥ + ௔௕(௖ିௗ)௘షഇ(೏ೖೝ೛ೝశಳೝ(೏ೖೝష೎ೇೝశ(೎ష೏)ೢೝ))ೖೝ(ಳೝశ೛ೝ)షಳೝೇೝ ఏ஻ೝ(ି௞ೝି௖ೝା௪ೝ)௞ೝ(஻ೝା௣ೝ)ି஻ೝ௏ೝ = 0     (14) 

Equation (13) and (14) are transcendental equation, numerical method needs to be used. We 
discuss the results using numerical examples in Section 5. 

Corollary 6. The order quantity of the two products in the centralized channel is higher than 
that in the decentralized channel with emergency order: 𝑄ଢ଼୍∗௡ > 𝑄ଢ଼ୖ∗௡; 𝑄ଢ଼୍∗௥ > 𝑄ଢ଼ୖ∗௥. 

Proof. 𝑄ଢ଼୍∗௡ − 𝑄ଢ଼ୖ∗௡ = 𝑎𝑏(eିഇ(೎ೖ೙೛೙శಳ೙((ష೎శ೏)೎೙శ೎ೖ೙ష೏ೇ೙))ೖ೙(ಳ೙శ೛೙)షಳ೙ೇ೙ − eିഇ(೎ೖ೙೛೙శಳ೙(೎ೖ೙ష೏ೇ೙శ(ష೎శ೏)ೢ೙))ೖ೙(ಳ೙శ೛೙)షಳ೙ೇ೙ ) >0; 𝑄୒୍∗௥ − 𝑄୒ୖ∗௥ = 𝑎𝑏(−eିഇ(೏ೖೝ೛ೝశಳೝ((೎ష೏)೎ೝశ೏ೖೝష೎ೇೝ))ೖೝ(ಳೝశ೛ೝ)షಳೝೇೝ + eିഇ(೏ೖೝ೛ೝశಳೝ(೏ೖೝష೎ೇೝశ(೎ష೏)ೢೝ))ೖೝ(ಳೝశ೛ೝ)షಳೝೇೝ ) > 0. 
Corollary 7. Under the two channel structures, the difference of product order quantity of the 

two products with or without urgent order depends on the difference of their respective out-of-stock 
losses and the cost of emergency orders. 

Proof. 𝑄୒ୖ௡ − 𝑄ଢ଼ୖ௡ = 𝑎𝑏 ቆeିഇ(೎(ಳ೙శ೛೙)ష೏ೇ೙శ(ష೎శ೏)ೢ೙)ಳ೙శ೛೙షೇ೙ − eିഇ൫೎ೖ೙೛೙శಳ೙(೎ೖ೙ష೏ೇ೙శ(ష೎శ೏)ೢ೙)൯ೖ೙(ಳ೙శ೛೙)షಳ೙ೇ೙ ቇ ; 𝑄୒ୖ௥ −𝑄ଢ଼ୖ௥ = 𝑎𝑏(−eିഇ(೏ಳೝశ೏೛ೝష೎ೇೝశ(೎ష೏)ೢೝ)ಳೝశ೛ೝషೇೝ + eିഇ(೏ೖೝ೛ೝశಳೝ(೏ೖೝష೎ೇೝశ(೎ష೏)ೢೝ))ೖೝ(ಳೝశ೛ೝ)షಳೝೇೝ ) . It is similar under the integrated 
structures. 

5. Analysis of equilibrium results 

5.1. Numerical examples datasets 

In this section, numerical examples are taken to analyze the decision results in different models. 
The datasets are consistent with the data in the study [5] and satisfies all assumptions. Datasets are 
shown in Table 2. Mathematica 12 is used to solve the models. 

Table 2. Numerical examples datasets. 

pn pr Bn Br Vn Vr cn cr kn 

8 6 3 2 1.5 1 4 1.5 1.75 
a α θ c d b g ξ kr 

50 0.015 1.7 0 5 0.25 0.005 2 1.85 
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5.2. Results of order quantities and profits 

For the given datasets, the corresponding decision variables, and members’ profits under 
integrated and decentralized models under different cases are shown in Table 3. 

Table 3. Decision variables and profits in different scenarios. 

 
Integrated CLSC Decentralized CLSC 

Q*n Q*r E(πI)* Q*n Q*r E(πR)* E(πM)* 
Without emergency order 22.0849 1.2453 78.338 20.9307 0.999 26.7704 50.0612 
With emergency order 20.9159 1.2451 84.7575 20.8106 0.996 32.1299 49.4988 

According to Table 3, the order quantity of both product types in the decentralized scenario is 
lower than that in the integrated scenario. Moreover, under the emergency ordering strategy, the 
order quantity of both integrated and decentralized scenarios decreases, while the total profit of the 
CLSC increases. As expected, the total channel profit in the integrated scenario is higher than that in 
the decentralized scenario. And that proves that the performance of CLSC in integrated scenario is 
better [4]. This conclusion is independent of the presence or absence of an emergency order strategy. 
Under the emergency order case, emergency ordering does not increase profits for both manufacturer 
and retailer. Instead, it makes the retailer more profitable and the manufacturer less profitable[5]. 
And the profit gap between the manufacturer and the retailer decreases. The manufacturer's revenue 
decreases for that it bears the emergency ordering cost. 

5.3. Impact of sales effort 

In this part, the influence of sales efforts under different channel structures on the decision 
variables and profits will be presented and analyzed. Sales effort s has been defined as a random 
variable subject to uniform distribution, where c and d are the lower and the upper bound. Profits 
and order quantities vary with different combinations of c and d as shown in Figures 1-11. 

 
Figure 1. Order quantity of new product in integrated and decentralized scenarios without emergency 
order. 
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Figure 2. Order quantity of remanufactured product in integrated and decentralized scenarios 
without emergency order. 

 
Figure 3. Order quantity of new product without and with emergency order in the integrated 
scenario. 

 

Figure 4. Order quantity of remanufactured product without and with emergency order in the 
integrated scenario. 

 
Figure 5. Order quantity of new product without and with emergency order in the decentralized 
scenario. 
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Figure 6. Order quantity of remanufactured product without and with emergency order in the 
decentralized scenario. 

 
Figure 7. Order quantity of new product in integrated and decentralized scenarios with emergency 
order. 

 
Figure 8. Order quantity of remanufactured product in integrated and decentralized scenarios with 
emergency order. 

According to the Figures1-8, In general, the order quantity of new products has a convex 
function relationship with both c and d, and the order quantity of remanufactured products is concave 
function with sales effort c and d. This result is consistent with Corollary 1, 2 and Corollary 4, 5. 
Moreover, when d approaches to 0, meaning that retailers do not make sales efforts for the sale of 
remanufactured products, the order quantity for remanufactured products is significantly lower. 
However, when sales efforts begin to take effect, the impact is greater in the early stages. And when 
d is large enough, the gap in channel order quantity gradually decreases. 

From the channel structure aspect, consistent with Corollary 3 and Corollary 6, it is illustrated 
that the order quantities are generally higher in the integrated scenario than in the decentralized 
scenario both with and without emergency order. Moreover, the order quantity of remanufactured 
product is not sensitive to the channel structure under different sales efforts. The possible reason is 
that the market share of remanufactured products is relatively small. In addition, high sales efforts 
will reduce channel differences in order quantity. 

Comparing the order quantities of two types of products with and without emergency orders, it 
was found that the order quantities with emergency orders were lower than those without emergency 
orders. This conclusion is in line with the actual situation. 

5.4. Impact of emergency order costs and loss of out-of-stock 

As it can be seen in Figure 9, the integrated CLSC profit with emergency order is higher than 
without emergency order upon most occasions, which is consistent with Table 3. And in some cases, 
the opposite is true. As shown in Figure 10, except in a few cases, emergency orders will also bring 
more profits to the manufacturer. While Figure 11. illustrates that the retailer will always benefit from 
emergency ordering. Comparing Figure 10 with Figure11, it is found that the manufacturer obtains a 
larger part of the profit of the CLSC. It indicates that the manufacturer has more power in the CLSC. 
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Figure 9. Profit of the CLSC without and with emergency order in the integrated scenario. 

 
Figure 10. Profit of the manufacturer without and with emergency order in the decentralized 
scenario. 

 

Figure 11. Profit of the retailer without and with emergency order in the decentralized scenario. 

Figure 12 shows that as kn increases, Qn also increases, while Qn decreases with the increase of 
Bn. Furthermore, from the perspective of the proportion of emergency order, when kn is pretty small 
and Bn is relatively large, that is, the proportion of emergency order is higher, the impact of the ratio 
(kn /Bn) on Qn is almost not obvious. Moreover, the order quantity of new products in the high ratio 
case is higher than that of the low ratio case. What causes this phenomenon is that the retailer will 
increase the order quantity at the time of the original order when emergency order is costly. 

 

Figure 12. Order quantity of new product in the integrated and decentralized scenario with 
emergency order. 
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According to Figure 13, the results of the impact of emergency order on the order quantity of the 
remanufactured product are a bit different from those of new product. Specifically, an increase in 
both kr and Br will result in an increase in Qr. And compared to integrated structures, in a 
decentralized supply chain structure, the variation in the order quantity of remanufactured products 
is greater. In addition, it can be inferred that when kr /Br decreases, that is, the proportion of 
emergency order increases, and the order quantity for remanufactured products decreases. 

 
Figure 13. Order quantity of remanufactured product in the integrated and decentralized scenario 
with emergency order. 

  
(a) (b) 

Figure 14. Profit of the CLSC in the integrated scenario with emergency order. 

 
 

(a) (b) 

Figure 15. Profit of the manufacturer in the decentralized scenario with emergency order. 

According to Figures 14-16, the emergency ordering costs and out of stock costs of new and 
remanufactured products both affect the profits of the manufacturer, the retailer, and the CLSC. 
When ki is rather small, the profits of the CLSC and members are not sensitive to the ratio (ki/Bi). And 
in the case of the implementation of emergency ordering, the emergency ordering of the new product 
makes the manufacturer's profit lower with kn increasing (see Figure 15a). When Bn is relatively 
small, the impact of the ratio kn on the profit of the CLSC depends on kn, causing the lowest profit. 
In addition, the profit of the CLSC decreases with the kn increasing (see Figure 14a). For the retailer, 
if the loss of stock shortage Bn is small, emergency ordering is not necessary, because it will cause a 
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large reduction in profits, as shown in Figure 16a. As kr increases, the profit of the CLSC and the 
retailer decreases (see Figures 14b and 16b). 

  
(a) (b) 

Figure 16. Profit of the retailer in the decentralized scenario with emergency order. 

6. Conclusions 

Environmental awareness, resource conservation and economic benefits have promoted the 
development of closed-loop supply chains, and remanufactured products are gradually appearing in 
the market with new products. Relative to new products, the acceptance of remanufactured products 
in consumers’ perception is more influenced by sales effort, especially in the initial stage. On the other 
hand, sales effort also makes the market share of new products vary. There have been some studies 
on sales effort in closed supply chains, and most of them are based on the assumption of linear 
relationship between sales effort and demand. In this study, a CLSC with one manufacturer and one 
retailer, in which sales effort, as a random variable, affects market share of two types of products, the 
optimal ordering decision and wholesale price are explored by establishing game theoretic models 
of centralized CLSC and decentralized CLSC without and with emergency order. All models are 
evaluated using numerical experiments. Managerial insights from the proposed model can be 
summarized as: 

(1) In general, the order quantity of new products usually has a convex function with sales effort, 
while the order quantity of remanufactured products has a concave function with sales effort. 
And the sales effort has a higher impact on the order quantity of new product than 
remanufactured product. Wherein, the upper bound of sales effort has a greater impact on the 
order quantity of the two types of products, rather than the lower bound. 

(2) In most cases, the emergency order will increase the profit of the CLSC and its members. In 
addition, the order quantity and profit in the CLSC are both affected by the relative ratio 
between the cost of emergency ordering and the cost of out-of-stock, rather than solely one of 
them. 

(3) The profits and order quantities of the integrated closed-loop supply chain is higher than that 
of the decentralized scenario, which indicates that the integrated supply chain performs better 
than the decentralized one whether there is an emergency ordering strategy. 

(4) A certain degree of sales effort will narrow the difference in product order quantity between 
decentralized and integrated channels. 

The management recommendations that can be derived from the research results are: 

(1) Retailers need to establish appropriate sales effort limits to avoid excessive resource 
investment leading to diminishing marginal returns, and to focus on the overall revenue. 
Additionally, it is necessary for managers to take measures to ensure effective response to the 
sales challenges of new and remanufactured products, and to ensure that sales efforts are 
maximally translated into an increase in order volume. 
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(2) For the impact of emergency orders on the supply chain, a cost-benefit analysis can be 
conducted for each product or product category to determine the economic benefits of using 
emergency orders in different situations. Moreover, retailers and manufacturers can establish 
close cooperative relationships to better respond to emergency situations. This may include 
sharing information, collaborating to solve problems, and ensuring the reliability and stability 
of the supply chain. 

(3) A closed-loop supply chain can take the sales effort strategy for remanufactured products as a 
means to coordinate a decentralized supply chain, ensuring that sales efforts generate more 
consistent order volumes across various channels, thereby improving overall sales 
performance and customer satisfaction. For example, integrate sales strategies and train sales 
teams to better achieve synergies between channels. 

In this paper, it is assumed that the manufacturer directly remanufactures the recycled products; 
this assumption can be relaxed and the behavior of CLSC including the recycling process can be 
explored in the future. Moreover, multi-echelons CLSC points to an interesting future research. The 
proportion of emergency orders related to the out-of-stock quantity is also a direction that can be 
studied. Or the CLSC management with other forms of backorder compensation strategies. There are 
many aspects of closed-loop supply chain management that need to be explored. 
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