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Abstract: In this paper, we shall introduce the interval-valued spatial error model. Based on the idea of
least square method of single-valued case, we give the parameter estimator for interval-valued spatial
error model. The theoretical properties of the proposed estimator are proved. Finally, we give the
numerical analysis and a real example.
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1. Introduction

It is well known that classical linear regression model and time series models are most widely used in
statistical inference, including medical treatment, education, finance, science, technology and many other
fields. Most of the cases, these models are used for single-valued random variables. In the real world,
there are plenty of random phenomenas cannot be characterized by single-valued random variables.
Taking the price of a stock on a given day for example, it is clearly unreasonable to use a single-valued
data to decribe the stock price. If only single-valued data such as stock closing price or opening price are
used, the fluctuation information in the process of stock trading is ignored and the resulting analysis
results provided to decision-makers are also one-sided. Moreover, people will pay more attention to the
data in a certain range, such as the temperature for a given day, instead of knowing the temperature at a
certain time of one day, people care more about the maximum and minimum temperature of one day. In
economic forecasting, economists mostly give a prediction range of economic growth rate. In the process
of medical impact diagnosis, the impact result is usually a two-dimensional plan, and it is not a single
value. Therefor, the interval-valued data are more appropriate and valuable in these cases because they
provide more information. Thus it is necessary to consider the interval-valued statistical models and
statictical inference problems.

Interval-valued random variables are special set-valued random variables. In mid twentith century,
Aumann and Debreu first used set-valued mapping when studying economic phenomena. Aumann [1]
gave the integral of set-valued random variables in 1965. Hiai and Umegaki [6] gave the concept
of conditional expectation of set-valued random variables in 1978. Lyashenko [11,12] discussed the
properties of set-valued random variables in Euclidean space, introduced the definition of set-valued
Gaussian random variables, and gave the definition of variance for set-valued random variables.
Vitale [16] studied the properties of D, distance. In 2005, Xuhua Yang and Shoumei Li [17] gave
the definitions of variance and covariance for set-valued random variables under the D,, distance, and
obtained excellent properties. In 2008, Blanco et. al. defined the variance and studied the properties of
interval valued random variables under a new distance in [2]. Hess [5], Papageorgiou [14,15], Shoumei Li
et. al. [7-9] explored the convergence theory of set-valued random variables under different conditions.
Molchanov in [13], Shoumei Li et. al. in [10] systematically summarized the theory of set-valued random
variables. The above research promoted the development of set-valued random variable theory.

For interval-valued statistical models, Billard and Diday [3] established a linear regression model
by using the midpoint of interval-valued random variables in 2000. In 2002, Billard and Diday [4]
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established linear regression models by using the two endpoints of interval-valued random variables
respectively. In 2008, Lima Neto and de Carvalho [19] established linear regression models by using
the center and radius of interval-valued random variables. In 2010, Lima Neto and de Carvalho [20]
imposed non-negative constraints on the regression coefficients of radius on the basis of [19]. Wang [22]
in 2012 proposed the complete information method to deal with the interval-valued linear regression
model. Souza [23] introduced the parametrization method to linear regression model in 2017. In 2015,
Wang Xun et. al. in [24] used set-valued theory to study linear regression problems, and gave the least
square estimaor and the related properties. All the above research works are about the linear regression
models of interval-valued random variables. The research on interval-valued spatial regression models
and spatial error models are still blank.

As for the single-valued spatial error model, Anselin gave the maximum likelihood estimation method
in [26] in 1988. Prucha proposed the generalized moment estimation method in [27] in 1999. In 2020,
Yildirim [25] systematically summarized the methods of parameter estimation of spatial error model and
proposed a new parameter estimation method based on likelihood equation. Many scholars have studied
the classical linear regression and time series models of interval-valued random variables and achieved
wonderful research results. We are considering the interval-valued spatial error models.

This paper attempts to extend the classical spatial error model to interval-valued case. The orginazation
of this paper is as follows: in Section 2, we mainly introduce the notations and basic concepts of
interval-valued random theory. In Section 3, we mainly discuss the interval-valued spatial error model,
give the least square estimator of parameter obtain a series of digital characteristics and consistency of
parameter estimation; In Section 4, the effectiveness of the method is illustrated by numerical simulation;
In Section 5, gives an application of the model by studying the relationship between temperature and
latitude in major cities of China.

2. Preliminaries on interval-valued random variables

2.1dy distance and D), distance

Throughout this paper, we assume that (Q, A, ut) is a complete probability space. R? isa d-dimensional
Euclidean space, || - || and (-,-) are the norm and inner product in R? respectively, and the family of
compact convex subsets in R? is Kj.(R%). When d = 1, R! is abbreviated as R, then Ky (R) is a family
of nonempty bounded closed intervals in R, that is

Kic(R)={A=[g0a]: —0<a<a<o,qg a€cR}

Where, 2 and 7 are the left and right endpoints of interval A respectively. In addition, interval A is also
denoted as center radius form A = (c4;74), wherecy = (@+a)/2and r4 = (@ — a)/2 are the center
and radius of interval A respectively. For any set A, B, the addition and multiplication operations are

defined as:
A+B={a+b:ac ADbec B},
kA ={ka:a e A},Vk € R.
Interval is a special case of set, for A = [a,a] = (cy;r1), B = [b, b] = (co;72), the addition and

multiplication operations are defined as:

A+B=[a+ba+ (c1 4 coir1+12),

] p—

a >

ka = JRakal k=0,
k@, ka], k <0
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Note that if set A does not degenerate to a point, A— A = A + (—A) # {0}. Then K. (R%) is not a
linear space with respect to addition and multiplication.

For any set A, B in K;.(R“), the subtraction operation is defined as: A—B = {a—b:a € A,b € B}.
As a special case of set value, for interval A = [a,a] = (c1;71),B = [b, b] = (co;72), the definition of
subtraction operation is derived as follows:

A—B=[a—ba—bl=(c;—cyr +r).
The support function of set A € Ky (RY) is defined as

s(x, A) =sup (x,a), x € R
acA

The d), distance is defined as follows: for any 1 < p < oo, the d, distance between set A and B is
1
dy(A,B) = [/Sd_1 Is(x, A) — s(x, B)[Pdpu(x)]7, 1< p < oo,
where, $9~1 is the unit sphere of R?, j1 is a measure on $?~1, in particular, take y(1) = u(—1) = 1 on
SO. Further, from Yang and Li [17], (Ki.(R?),d,) is a complete separable space. Specially, for interval

A =[a,a] = (ca;ra) and B = [b,b] = (cp;rp), the d,, distance is

— 1
dp(A,B) = (|b—alP +|b—al’)?

=

=[((c —ca) = (r —ra))P + ((cp —ca) + (rp —74))F]".

In particular, if p = 2,

N—

dy(A,B) = [(b—a)* + (b —7)°]

=

= [((CB —cp)—(rg—14))*>+ ((cp —ca) + (r5 — rA))Z]
= [2(cp —ca)? + (r5 — ra)]2.

Call set-valued mapping F : Q — K. (R?) be a set-valued random variable, if for any closed sets
C € KkC (Rd>/

FUCO) ={weQ:Flw)NC #0} € A

Let U[Q, Ky (R?)] denote the family of set-valued random variables in K. (R?). The expression of D,,
distance between set-valued random variables F; and F, is

1
Dy(F, B) = [Edy(F, B)]7.

Similarly, for interval-valued random variables, the D, distance between interval value random variables
Fl = [il’fl] = (Cpl;i’pl) and Fz = [iz,fz] = (sz,' 7’1:2) is

Dy(F, ) = [E(f, ~ £,V + E(F, — )]

==

= [E((cr, —¢r) = (e, = 7)) + E((cp, —cr,) + (e, = 75) )Y
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Further, from Yang and Li [17], (K. (R?), D;) is a complete separable distance space. In particular, if
p=2

Nl—

D (R, B) = [B(f, — f,)* +E(f, — F1)?]

NI—

= {E((CFZ —c) = (rp, —1R))* + E((cp, — cp1) + (rp, — m))z} .

2.2 Moment of set-valued random variables

The expectation of set-valued random variable F € U[Q), K. (R%)] is given by Aumann in [1],

E[F] :/QFd‘: {/Qfd‘: fesrh,
where Sr is the integrable selection set of F, that is,
Sr={f € LP[O,RY] : f(w) € F(w) a.e.(u)}.
Yang and Li in [17] introduced the variance and covariance of set-valued random variables based on
Dy, distance. For set-valued random variable F € U[Q), K. (R%)], the variance is defined as follows:
Var(F) = D3(F,E[F))
— E[#(F,E[F))]

2
=E[ [, (s(0B) = s(x,EIF]) *du(x).
For two set-valued random variables F;, F, € U[Q), Ki.(R?)], the covariance is defined as follows

Cov(Fy, F) = E{/

i (s(x, F1) —s(x, E[R]))(s(x, F2) — S(XIE[Fz]))dﬂ(X)]

If F = (cp;rp) is an interval-valued random variable, then
Var(F) =E[f — E[f]}* + E[f — E[f])?
—E(c¢ — Elce]) — (re — Elre])] +E[(cr — Eleg]) + (re — Elre])]

The covariance of interval-valued random variables Fj, F, € U[Q), Ky (R)] is

Cov(Fy, ) = E|(f, — Elf ))(f, — ELf,)] + EI(F, — E[f,)) (F; — E[f3))]
= E[(Ca —E[cr| = (r, — E[rr]))(cr, — Elep] — (rp, — E[rl:z]))}
+E|(cr, — Eleq] + (rr1 — Elrg])) (cr, — Elen] + (rr, —Elri])) .
Through calculation, we can easily have

Var(F) = 2E[c — E[cg])? + 2E[rr — E[rg]]2
= 2Var(cp) + 2Var(rg),
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Cov(Fi, Fy) =2E|(cr, — Elcg])(cr, — Eler])| +2E|(rs, — Elrg])(re, — Elrg])]
=2Cov(cr,, cr,) +2Cov(rg, r,)-

The variance and covariance of interval-valued random variables will be used in Section 3. For more
information about the variance and covariance of set-valued random variables, readers can refer to [17].

3. Interval-valued spatial error model

Y=XB+u u=A>Awu+e, Al < 1. (3.1)

Consider the classical spatial error model with the following form, where X is the explanatory variable,
Y is the explained variable, § is the unknown parameter, error term u, and ¢ are single point values, and
W is a known n x n space weight matrix, A is a spatial autoregressive coefficient parameter,

the error item ¢ ~ N(0,021I,), I, is an identity matrix. By transforming, model (3.1) becomes,

(In = AW)Y = (I, —AW) XB +¢, (3.2)
denoted by

Y, = (I, — AW) Y,
X, = (I, — AW) X,

Model (3.2) can be expressed as
Y)=X)\B+e

E(Y)) = X)B. (3.3)

Now we extend the above classical single-valued model to interval-valued case.

Definition 3.11f Yy = (Y31, Yo, -+, Ya,)T is the n-dimensional vector of interval-valued observations,
Xy = (x2ij)nxp is the n x p single point valued design matrix, 8 = (81, B2, -, Bp) is a p-dimensional
interval-valued parameter vector, then model (3.3), is called interval-valued space error model.

Next, we give the algorithm for multiplication of the matrix and interval values.
Definition 3.2 Let A; = [a;,a;] = (c;;7;),i = 1,---, p be the interval in Ky (R), the interval value

vector A = (Ay, Ay, -+, Ap)T is multiplied by any n x p dimensional matrix (11j)uxp,i = 1,2, ,1;j =
1,2,---,p, the algorithm is defined as follows:

my Ay + -+ mppAp

(Mij)nxpA = :

mnlAl +---+ mnpAp

myi(c1;r1) + -+ myp(cpirp)

myi(c;r) + -+ mnp(cp} rp)

mx[ay, ax] + - - -+ mplap, ap]

My [ﬂ/ﬂ] ++ mnp[al/@]

For the general single-valued linear model, the idea of the least squares estimation method is to
minimize the sum of the squares of the residuals. We shall use the same mathematical idea here. For
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interval-valued spatial error model, the least square estimation of interval-valued unknown parameter 8
is to minimize d5(Yy, X, 8) under the definition of d, distance

d3(Yy, x\B) = Zi &3 (Yai, xann 1+ xai2Ba + - - + XaipBp)

n

:i; KCY“ — Xpi1Cpy T x/\ipC,Bp>
- (fym- = xanl gy = = Jxaip] ’ﬁp)r
—i—g [(CYM —XAiCp T T x/\ipcﬁp>
+ (VYM —|xaalrg, = = |xaip| rﬁp)r

:zg |:(CYM — X\ — x/\ipcﬂp)z
+ <TYM = |xanlrg, = = [xaip] rﬁp)z] ‘

where c;; and r,,; represent the center and radius of interval value m respectively. The above formula is
the quadratic function of cg, and r4,, and d3(Yy, X)B) > 0, so there is a minimum value.
Next, calculate the partial derivatives of cg; and rg; respectively

odZ (VA XaB) _ 0

oo =12
A3V, X\B) 0 J=L4p.
Brﬁ] -
that is,
Yiq (CY/\i XAl T T xMP%:) (_x/\if) =0
it (WM — [xainlrg, = — |x/\ip|r/3p> (_|xAij|) =0.

The regular equation is:

XKCYA = X}T\'X)LC,B

1 XaTry, = [XalT[Xalrg,
where |X,| = (|xi]- |)nxp. The parameter estimation of the interval-valued spatial error model can be
obtained by solving the regular equation. The following is the result about the rank of Xj.

Lemma 3.3 If rk(X) = p, then rk(X,) = p.

Proof Since
rk(Xy) = rk((In — Aw)X)

< min(rk(I, — Aw), rk(X))
< rk(X)
=p
and
rk((In — Aw)X) > rk(I, — Aw) +rk(X) —n =p,
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it has
rk((I, — Aw)X) = rk(X,)) = rk(X) = p.

The result is proved. [

Based on Lemma 3.3, suppose rk(| X, |) = p, then the estimator of interval-valued spatial error model
can be obtained by solving the regular equation, which is shown in the following theorem.

Theorem 3.3 Under the condition of Lemma 3.3, the least squares estimation of interval-valued spatial
error model is unique, which is denoted as

Brs(A) = ((XT X)) XTey,; (1Xa|T1Xa ) X Try,)
- ((XT(In AW T (L — AW)X) " EXT (L — AW)T (I — AW)ey;

(X1 = AW (L = AW X)) X T|Ly = AW Ty = AWy ).

After obtaining the estimation form of unknown parameter 8, we then discuss the properties. First,
consider the unbiasedness of B;g(A) .

Theorem 3.4 The least squares estimate E Ls(A) is an unbiased estimate of B.

Proof By Theorem 3.3,

E(Bs(A) = (X} X)) ' XTEley,; (IXa|T1XA1) " XAl TElry, )
= E((X"(In = AW) T (I, = AW) X) 7' XT (I, = AW) T (I, — AW)cy;
(X110 = AWIT Ly = AW XD XTIy = AW[T L — AW |ry)
(X (L, = AW (L, — AW)X)IXT (1, — AW)T (I, — AW)E(cy);
(IXIT 1Ly = AW|T I = AW[IX]) XTI = AW|T| Ly — AW|E(ry))
(X7 (L = AW) (L, — AW)X) 1 XT (I — AW) T (I — AW) Xcg;
(
= (

x| |1, — AW| Lo — AW X)) 1 X| T L — AW|T|L, — AW |X]rp)
Cﬁ,l"ﬁ)

The result is proved. [

For the interval-valued spatial error model, when rk(X, ) = rk(|X,|) = p, the covariance of Bs(A) can
be obtained, as shown in the following result.

Theorem 3.5 If rk(X,) = rk(|Xa|) = p,E(Ya) = XaB, Cov(cy,) = c,2In, Cov(ry,)= 1,21y, then the
covariance matrix of B s(A) is

Di#j,
Coo(BL(A), BIA(N) = ZCUZ((XKXA)AXD@)<XA(XIXA)_1)<J'>
2 (G171 G IT) | (1Bl
2i=j,

Cov (gg;w,gg;w) = 2, (XT(In —AW)T(L, — /\W)X) o

-1
+2 (IX[T |1y = AW[T1, = AW[[X])
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where E(Ll% (A), A(L]g (A) represent the ith and jth element of By 5(A) respectively, and Ay, Aj) represent
the ith, jth rows of matrix A respectively.
Proof For the ith and jth element of E Ls(A),if i # j, ithas

Cov(B3(1), B (A)) =Cov{(<<x£xu1xf><i)cyA;<<|xA|T|xA|>1|XA|T>M),

(((X X)X evs (XAl TIXa D X ) VYA)}

= 2COU(((X§XA)71X§)(1')CYA/ ((X)TXA)AX)T)(]')CYA)
+2Co0 (((X]X0) " XT) vy, (XTX0) XDy, )

— T 15T T —1~T

=2((x}x) XA)(i)Cov(cYA)((XAX/\) XA)(j)
T

20T M IT) | Covten) (XTI TIXT)

_ T -1 -1

= 2c,2 (X[ X)) X/\>(i)(XA(XAX,\) )(j)

T 13, |T T -
+2ra (A TXD ) (AKX

When i = j, it has

Cov(BLA(A), BIA(N) ) = 26,2 (X]Xa) ™ + 22 (1Xa|T|X2]) )

= 2c, (XT(In — AW)T(I, — AW)X)
T T -1
+ 212 (1X|7 1 = AW[T| 1, — AW]|X] )
The result is proved. [

Next we discuss the estimation of error £ and error variance. We mainly consider the expectation and
covariance of interval-valued error estimation.

Theorem 3.6 The error estimator € can be obtained from Y, — X, E s, and its expectation and variance
are as follows:

(DE(E) =0,

(Z)CO’U(:‘Z\) = 2C(72(In — Px/\) + 21’02(171 + P|X)L\)l

where Px, = X\ (X1 X)) 'X], Py, = [Xal(IXaT1Xa )Xo T

Proof
(1) Since
€=Y) — X)Brs(A)
(YAJ’Y) ( XA)%X{CYA}(|XA\T|XA|)71|XA|TVYA>
= (evimy) = (X XIX0) X v X (Xl T1Xa ) X T, )
(CYA' A) (CYArrYA)
(0 ZTYA)


https://doi.org/10.20944/preprints202312.1715.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 December 2023 doi:10.20944/preprints202312.1715.v1

9 of 18
it has ~
E(€) = E(Y) — X3Brs(A))
= ((Xaeg 1Xalrg) = (Xa(XEX0) ™ XF Xacs [Xal (1 Xa | 130 ) 72X | X )
= (Xacg; | Xalrg) — (Xacp; | Xalrp)
= (0:2|Xx|rp)-
(2) On the other hand,
&= Yy — XaBrs(A)
= (evyirry) = X ((XTX0) 7 X ey (10 T1X0) X0l Ty, )
= (= X (XTX0) X )ev, (I + X (X071 Xa ) XA )1, )
= ((In — PXA)CYA; (In + P\XA\)rY/\) .
Then the ith element of € is
((In — Px, )i evys (In + P|XA\)(1')VYA)-
Thus when i # j,
Cov(g, &) = COU{ ((In = Px, )iy, (In + P\Xﬂ)(i)m),
(1 = P )y evas (I + P, )y, ) }
= ZCOU((In — PXA)(i)CYA/ (I, — PX,\)(]')CYA) +
ZCO’O((In + P|XA\)(1')”YA/ (I, + P\X)J)(]')ryx\)
= Z(In — PX/\)(i)COU(CYAﬂIﬂ — PXA)(])+
2(In = Py, )iy Cov(ry, ) (In + Pix, ) )
where A;), A(;) respectively represent the ith and jth rows of matrix A. Wheni = j,
Cov(€) = 2(I, — Px, )Cov(cy, ) (In — Px, )+
Z(In — P|X/\‘)COU(7YA>(IH + P‘XA|)
= 2C02 (In — PX;\) + 21’0_2 (In + P|X,\|)
The result is proved. [
Next, we consider the estimation of c,. = Cov(cy,) and r,» = Cov(ry,). Denote ¢; = (I, —
PX,\)CYA/?E = (In + PX/\)VYA-
Theorem 3.7 C» = % and 7,2 = fff; are unbiased estimators of c,> and 7,2 respectively.

Proof Since (I, — Px, ) is an idempotent matrix, it has

cle = (1 - PXA)cyA)T((In — Px,)ev, )

= C;A(In — PXA)CY,\'
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So
E[le]) =E [clT/A(In - PX,\)CY;\}
= (Xacp)T (I — P, ) (Xacg) + (I — Py, )Coo(cy,)
= cpotr(ly — Px,)
= cp2(n—p).

Then the estimator of c,» is gived as

o, GG
o2 = n_p'
So .
~ Cz Ce 1
E = = — =
(C(TZ) (1’1 — p) n— ngz(Tl P) ¢

Since (I, + Pix A‘) is an idempotent matrix, so

T
L7, = <(1n + Ppg\)”n) ((In + PIXA\)rYA)
= rgA(I” + P|XA\)rYA'

Furthermore
E[FI%] = E[r], (In + Pix, )y |

— (X )T (U + P, ) (X rg) + (L + Py, )Con(ry, )
Tazti’(ln + P|X/\\)
=T (n + P)

The estimator of 7,2 is given as

TR
o2 = n"‘}?'
So ,
E(?ﬁ) = nipraz(n_p) =Ty

The result is proved. O

In the following, we discuss the independence of BLs = = (cp;7p) and 2 = (C,2;7,2)-
Theorem 3.8 ¢,> and ¢y are independent, 7> and 74 are independent.
Proof Since

7 )

( cr2
( PXA Cy/\ T A(In + PXA|)7YA)
I n _ p 7

BLs(A) = (Gp;7p)
= ((XTX0) X v (Xl T1X0 ) X0 Ty, ),

it can be seen that c» is the quadratic form of cy,, Elg is the linear form of ¢y, , and ¢y, ~ N (0,cp21y).

According to the independence theorem of quadratic form and linear form of normal variables, it is
necessary to prove that they are independent of each other, that is, the product of linear part, variance
part and quadratic part of normal variables is 0. Then

(XIX)\) ' XFcpaln(In — Px,) = e Ln (X1 X2) 71XT — (X1 X)) ' X1 Px,) =0.
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Similarly, 7, is the quadratic form of ry,, ?ﬁ is the linear form of ry , and ry, ~ N (0,7,21,), then

(X1 1XA D X e In(ln = Py ) = ro2ln (IXa "X D) 71 XA =
(X IXAD) X T Py )
= 0.
Thus ¢,» and cg are independent, 7> and 7 are independent. [J
Theorem 3.9 In the sense of D, distance, the sufficient condition for the strong consistentancy of BLS (A)

for estimating S is:
- -1 -1y _
nlgrolo(Sn +|Su|77) =0
where, S, = XIX), [Su| = | Xa|T|Xal-

Proof According to Theorem 3.4, B;s(A) is an unbiased estimate of B, namely,

E(Brs(A)) = B.
Moreover,
Var(Brs(A)) = 2c,2(XT (I, — AW)T (I, — AW)X) ™'+
2,2 (1X| "I = AW|T|L, — AW([X])7T),

From nlgrc}o(S;l +1Sy|71) =0, it has
lim Var(Brs(A)) = lim (22 (X7 (In — AW)T (I — AW)X) "'+
22 (IX[T Ly — AW|T| L = AW X]) )
= lim (26,25, ! +2r,2[Su| ")
=0.

Thus R N —~
lim Var(Bus(A)) = lim D3(Bus(1), E(Bis(1)) =0.

Therefore, in the sense of D, metric, BLS (A) is a strong consistent estimate of 5. [

4. Numerical simulation

In this part, the parameter estimation process of interval-valued spatial error model is further explored
by numerical simulation. Based on the d, distance of the interval value, mean square error of the estimator
is calculated to measure the goodness of the estimation.

Based on Equation 3.3, the interval-valued spatial error model in matrix form is expanded as follows:

YA 1 x1 €1

Yor 1 x9 &
Sl=1 . Py | 2|,
: Do B2 :

Ynr 1 XA En

where
Y/\ = (yl/\/yZ/\/' o /ynA) == (Ii’l — )\W) Y
X)l = (xl)u x2/\/ e /xn/\) - (In — )\W) X
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I, is the unit matrix of dimension 7, A is the spatial autocorrelation coefficient. and W as the spatial
weight matrix. Using the first-order adjacency method, assuming that # samples are arranged in one font,
the spatial weight matrix can be written as follows:

01 00
1 1 00
01 00
W= :
000 -+ 01
000 10

The true values of the given interval value parameters are f1 = [1,2] = (1.5;0.5), B2 = [1.5,2.5] =
(2;0.5) respectively. Then,
Yir = P1+xixfa + &
= (1.5 4+ 2xj) +¢¢;;0.54+0.5x;, +7¢,),

where, the error term follows the normal distribution, thatis c,, 7, ~ N (O, 0.32) .

First, take n = 100, the explanatory variable X is generated according to the rules of x; = 0.5+ 0.17,i =
1,2,---,100, and a set of values will be obtained in each simulation experiment.

The scatter point in Figure 1 is the ;) data generated by a simulation experiment, and the two fitting
lines are the corresponding interval value spatial error model function:

Y, = [1.0653,2.0171] 4 [1.4955,2.5009] X

Repeat the above process for 500 times to obtain the average value of E = (El, Ez) as follows:

=

B = ([1.0004,2.0019], [1.4999,2.4999)).

Next, the mean square error MSE of the parameter estimation obtained by the model is calculated as
one of the criteria to measure the goodness of the estimation. The calculation method is based on interval
value d,, distance:

MSE = iiéd% (ﬁ,ﬁ)

1 500

= %Z;dé (ﬁrﬁ)

By calculation, the MSE of samples El, ,32 are 0.0165 and 0.0006 respectively.
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Figure 1. numerical simulation of interval valued spatial error model

Similarly, set n = 200, n = 300, repeat the above simulation process for 500 times respectively, and
obtain the average value of B = (B, B2) and the sample mean square error MSE respectively. The specific
simulation results are summarized in Table 1 and Table 2.

Table 1. Average of B = (B1, B2)

A =0.0727 n=100 n=200 n=300
B1 [1.0004,2.0019] [1.0023,1.9991] [0.9988,2.0032]
B2 [1.4999,2.4999] [1.4998,2.5002] [1.5001,2.4999]

Table 2. Sample mean square error MSE

A =0.0727 n=100 n=200 n=300
MSE(B1) 0.01651 0.00723  0.00462
MSE(B,)  0.00060 0.00007 0.00002

It can be seen from the simulation results that when n = 100, the obtained parameter estimation is very
close to the real value. With the increase of sample size, the obtained estimation is closer to the real value,
and the sample mean square error MSE is smaller and smaller.

5. Empirical analysis

5.1 Data preparation

In this paper, we select the index data of 31 cities from 31 provinces and autonomous regions in China
(not considered temporarily due to geographical factors, Hong Kong, Macao and Taiwan) to illustrate the
application of interval-valued spatial error model in practice. This section mainly studies factors such as
latitude, maximum and minimum temperatures and temperature difference. Due to the vast territory of
China, the temperature and latitude of different cities in a region are different. Therefore, the provincial
capital cities in various regions are selected as the research object. The temperature data is the minimum
and maximum temperature on July 8, 2021. The temperature data comes from Baidu weather forecast,
and the latitude data comes from convenient query website( https:/ /jingweidu.bmcx.com/ ), the data
indicators are summarized in Table 3.
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Table 3. Data and indicators

Region Minimum temperature Maximum temperature Latitude
Hefei 24 29 31.79
Beijing 22 33 40.22
Chongqing 25 34 29.4
Fuzhou 27 38 26.05
Lanzhou 20 36 36.1
Guangzhou 27 34 23.16
Nanning 25 33 22.78
Guiyang 21 29 26.68
Haikou 26 33 20.02
Shijiazhuang 24 37 38.04
Haerbin 20 25 45.55
Zhengzhou 26 37 34.72
Wuhan 27 33 30.58
Changsha 25 33 28.26
Nanjing 26 29 31.33
Nanchang 28 35 28.55
Changchun 20 27 43.83
Shenyang 20 27 41.81
Huhehaote 19 31 40.81
Yinchuan 20 35 38.47
Xining 14 29 36.65
Xian 25 36 34.23
Jinan 25 33 36.55
Shanghai 26 32 31.41
Taiyuan 19 32 37.94
Chengdu 23 29 30.66
Tianjin 24 34 39.72
Wulumugqi 25 33 43.36
Lasa 12 23 29.65
Kunming 18 27 24.89
Hangzhou 27 35 30.21

Before modeling and analysis, spatial autocorrelation test is carried out for the data. First, the spatial
autocorrelation test is based on the spatial weight matrix. In this paper, the distance based representation
is selected for the selection of the spatial weight matrix. The spatial weight matrix is obtained by the
open source software geoda. After obtaining the spatial weight matrix, the matrix is standardized. Of
course, there are many representation methods of spatial weight matrix, and distance representation
can also be selected, which will not be repeated here. Spatial autocorrelation is based on the explained
variable. The explained variable in this paper consists of the interval value of the lowest temperature and
the highest temperature. Therefore, in the spatial autocorrelation test, the general linear model can be
used to model the upper and lower endpoints of interval values respectively, and the center values of the
highest and lowest temperatures can be used for spatial autocorrelation test.

One of the main methods of spatial autocorrelation test is to conduct global or local Moran’s I test. As
can be seen from the table below, the global Moran’s I indexes are 0.4193 and 0.3013 respectively, and the
tested p values are less than the significant level of 0.05. Therefore, the original hypothesis is rejected and
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it is considered that the maximum and minimum temperatures of 31 provinces, cities and autonomous
regions in China have a certain spatial autocorrelation.

Table 4. Global Moran’s I test results

Statistic = Minimum temperature Maximum temperature
Moran’s I 0.4193 0.3013
p-value 0.000014 0.000985

Figure 2 and Figure 3 are the scatter diagrams of global Moran's I coefficient. It can be seen that the
highest and lowest temperatures of 31 regions in China have positive autocorrelation, that is, the trend of
high high and low low.

100 150

50

| I |
15 20 25

Figure 2. Scatter plot of global Moran’s I coefficient of minimum temperature

150 e

50

| | I
25 30 35

Figure 3. Scatter plot of global Moran’s I coefficient of maximum temperature

5.2 Parameter estimation of interval-valued spatial error model

After data preparation and spatial autocorrelation test, the interval-value spatial error model is
established. Among them, the dependent variable is air temperature, the interval value data is composed
of the lowest and highest air temperatures, and the explanatory variable is latitude. The parameter
estimation is carried out by the parameter estimation method of interval-value spatial error model in
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Section 3. It is assumed that the air temperature and latitude conform to the interval-valued linear model,
that is:

E(yir) = B1+ xiaB2

As the method mentioned in Section 4, by the minimum temperature and the maximum temperature
we can obtained A(A; = 0.1187, A, = 0.1429) respectively. Then take the average value as the A(A =
# = 0.1308) of the interval-valued spatial error model. GeoDa software is used to obtain the spatial
weight matrix of 31 regions. Take the inverse square of the matrix elements, and then standardize to
obtain the final spatial weight matrix..

The parameter estimation results are shown in Table 5, which shows that:

B = (B1,B2) = ([24.7501,29.5478], [—0.1681, —0.0619])

Table 5. Interval valued parameter estimation results

B1 B2
[24.7501,29.5478] [-0.1681,-0.0619]

The final interval-valued spatial error model is:
Y, = [24.7501,29.5478] + [—0.1681, —0.0619] X .

In Figure 4, the abscissa and ordinate are latitude and temperature (maximum temperature and
minimum temperature) respectively, it can be seen that the temperature and latitude of the 31 cities in
China are negatively correlated. With the increasing of latitude, the temperature has a certain downward
trend. At the same time, it can also be seen that the temperature difference (the difference between the
maximum temperature and the minimum temperature) tends to expand with the increase of latitude,
which is also consistent with the large diurnal temperature difference in northwest and northeast of
China. And small temperature difference between day and night in central region of China, southeast
and southwest of China.

o
=1
o] Ie] o
o a0
o o l“?o%u o] OOO 4
o
o 99 g = o
o~ o
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O =
I [ I I [
10 20 30 40 50

Figure 4. Interval value spatial error model of temperature and latitude
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