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Abstract: Monitoring and maintenance of cracked structures are generally done using structural integrity
assessments. The plastic zone (PZ) crack path (CP) criteria state that a crack grows in the direction when the
radius of the plastic zone ahead of the crack tip reaches a minimum value. The PZ can be evaluated using Stress
intensity factors (SIF). The SIFs under mixed-mode loading were extracted from literature from three samples:
two SENT samples made from polycarbonate and one modified C(T) sample made from low-carbon steel. In
addition, the CP angle was evaluated for the W and R-criteria. It was found that both can predict the CP for
lateral cracks in both tested materials and monotonic and cyclic load when the mode-mixity does not change
considerably from one crack length to the next one or goes beyond 0.2. Moreover, the R-criterion exhibited an
error as high as 1.7%, whereas the W-criterion showed a 6% error on the last crack length for the low carbon
steel sample under cyclic load, which had a 100% increase in mode-mixity. Finally, the applicability of LEFM
is checked, while the CP is sought by finding the size of the PZ.

Keywords: LEFM; crack kinking; crack path; plastic zone

1. Introduction

In the maintenance of cracked components and structures, the rate at which the crack front
advances needs to be established and monitored [1-3] as well as the crack path (CP) in case there is
mixed-mode loading. However, CP prediction is not entirely understood [1,2,4-6]. Nevertheless, for
crack kinking and equivalent SIF, there are already several postulated criteria [1,7], mainly based on
linear elastic fracture mechanics (LEFM), being the maximum tangential stress criteria the most used
for mixed-mode loading [6]. However, the applicability of LEFM must be checked before a suitable
model can be applied. Using a model that checks the applicability and predicts CP simplifies those
two tasks.

Overall, it can be said that all CP prediction models state a hypothesis for a crack to change
direction by a small A9 from its original path. Such increment is generally created when an equivalent
SIF (Keq) exceeds material toughness (Kk) [6] in the LEFM approach. Wasiluk and Golos [4] proposed
a model based on a dimensionless plastic zone radius, Pz. Ren et al. [8] proposed a model based on
the plastic zone radius and evaluated it for plane stress and plane strain conditions. Both models
were devised for a central crack. Comprehensive reviews of CP models can be found in [1,7].

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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Although the CP models described here use SIF (monotonic load), in literature [7,9,10], a swap
between monotonic SIF (K) and fatigue SIF range (AK) for proportional load is found acceptable.
Consequently, such exchange implies that if a monotonic criterion assumes a crack increment when
the equivalent SIF (Ke) exceeds fracture toughness (Kc), then a crack under fatigue loading grows
when AKe;exceeds the fatigue threshold (AK#), as it has been postulated before [9].

Although both evaluated models were proposed for central cracks in infinite plates, this paper
evaluates them on lateral cracks. The first set of experimental data is for proportional fatigue load
[11], whereas the second is for proportional monotonic load [12], both under different mode-mixity
ratios (Ku/Ki). The first data set was obtained with the Digital Image Correlation (DIC) technique,
whereas the second set was obtained through finite element modeling (FEM) and validated with
photoelasticity. The performance of both CP models is shown along the crack length.

2. Criteria for crack path

The stress field in a cracked body under an applied force F is schematically represented in Figure
1, where o and 7 are the normal and shear stress respectively, ¥ and 6 are radial and tangential
directions respectively, and a is crack length.
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Figure 1. Schematics and notation of acting stress in a cracked body.

In 2000, Wasiluk and Golos proposed the W-criterion [4]. It states that a central crack under
mixed-mode loading grows in the direction where the radius from the crack tip to the boundary of
the plastic zone is the shortest [4]. They started from the radius of the plastic zone, rp:, proposed by
Pook [13] for mode I and II loading and compared the stress field with the Von Misses yield criteria
for a plate with a centrally inclined crack, as shown in Equation (1).

K cos (gj[1+3sin2 (ﬁj}r K,K,sin6(3cos0-1)+K,’ [3+sin2 [Qj[l—%in2 (QDH (1)
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where oy is yield stress, Ki and Ki are SIF in modes I and 1I, respectively. Then, naming W the factor
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of dividing - over half the crack length and using Ki=osin20\ma and Ki=asinOcosONma, they obtained

Equation (2).
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Thus, taking the first and second derivative of W, Equation (2) with respect to 0, as seen in
Equation (3), it gives a Wiin at which the direction of crack growth, Ow, will happen.
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Then, if the applied load is cyclic, SIF, K, becomes SIF range, AK, and the fracture toughness, Kc,
becomes fatigue threshold, AKu, as proposed and tested in [10], so Equation (1) can be rewritten as
Equation (4).

AK,’ cos’ (gj[l+ 3sin’ [gD+ AK,AK, sin@(3cos 0 —1)+
1
=57 (4)

rpz—W 2
2ro,
7o, +AK,’ (3+sin2 [g)[l—%inz (gj)]

On the other hand, in 2014, Ren [8] proposed a model based on the PZ radius and evaluated it
for plane stress and plane strain conditions for a centrally inclined crack. The radius of the plastic
zone is shown in Equation (5).
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where v is Poisson's modulus. Moreover, assuming the interchangeability of K, and AK and Kc with
AKmEquation (5) for monotonic loading can be rewritten as Equation (6) for fatigue loading.
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where AK is the FIT range, and AKu is the fatigue threshold. It is noted how the PZ can give an insight
or crack initiation at the shortest radius. Furthermore, an analysis of Equation (4) and Equation (6)
gives the angles at which the minimum radius occurs. That is 0° for mode I and 82.5° for pure mode
Il in the R — R-criterion and 77° in the W-criterion. Furthermore, Figure 2 shows how the PZ changes
for different mode-mixity (Ku/Ki) ratios for both the W and R criteria, the latest plotted for plain stress.
The PZ is plotted for different mode-mixity ratios, from pure mode I, Ku/K=0 until pure mode II, Ki/K:
= o, but keeping Keq constant, V(Ke+Kr2) = 1. Both Kr and Ki were always kept positive. A negative
K1 does not make physical sense as it requires the crack lips to overlap, whereas a negative Ku implies
the relative displacements of two opposite-to-crack points. It is seen how the PZ changes the applied
load's direction.
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Figure 2. Dimmensionless PZ for different mode-mixity ratios (Ku/Ki). a) W — criterion; a) R —
criterion.

One can see in Figure 2 that the crack orientation of the PZ changes from perpendicular-to-the-
tensile stress, mode I to parallel-to-shear stress, mode II. Therefore, a parameter M [5,14], is used to
tell whether the crack growth is dominated by tensile or shear mode, as shown in Equation (7).

1 1
M——2 an” Ky
tan ( ] )

7 I

3. Materials and methods

Data used to evaluate the two CP models was obtained from two samples subjected to
proportional loading tests. The first was an 8.7 mm thick modified compact test C(T) specimen made
out of low carbon steel with a drilled hole in front of the CP to modify the stress field [11], as seen in
Figure 3a, where the testing set up shown in Figure 3b. Miranda tested a similar sample [15], whose
results were computationally verified later on [16]. The experimentally observed CP for this sample
and the six measured points are shown in Figure 3a. The hole modified the stress field, which curved
the crack and induced opening mode II over the applied mode I load. Moreover, because the load
inversion ratio was 0.1, the SIF range (AK) was calculated as Kmax-Kmin from DIC displacement
measurements and verified through FEM. A general reference for DIC, capabilities, limitations, and
implementation can be found in [17,18]. Table 1 shows this sample's retrieved crack length, CP angle,
SIF ranges, and mode-mixity for the six measured points.

FFFFFFSFS,

Figure 3. Schematics of tests. (a) Measured points for the holed CT specimen; (b) Testing set up for
holed CT sample; c). SENT with inclined crack. a) and b) From [11].

Table 1. Experimental parameters for the modified C(T); from [11].

point a [mm)] 0% AKi AKu AKn/AKi
0 2.1 0 13.12 0.46 0.04
a 4.1 0 17.78 0.47 0.03
b 6.3 -5 18.14 0.59 0.03
C 8.2 -5 19.67 1.17 0.06
d 10.2 -7 22.00 1.55 0.07
e 11.9 -24 26.85 3.55 0.13

Because the applied load on this sample was cyclic, Equation (4) and Equation (6) were used to
establish the sample's PZ radius and shape. Extensive details about this test and specifics on how the
SIFs were calculated are found in [11].
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The second type of samples was two 3 mm thick polycarbonate SENT samples [12], see
schematics in Figure 3¢, subjected to simple remote tension with a 22.5° and another with 45° inclined
preexisting crack produced mixed-mode (I and II) loading conditions. The retrieved data included
SIF modes I and II, obtained through numerical simulation and validated with photoelasticity, shown
in Table 2. Because the applied loading on these samples was monotonic, Equation (1) and Equation
(5) were used to establish the PZ radius and shape.

Table 2. Experimental parameters for the thin strips; from [12].

a/W Ki/(oVra) Ku /(oVrta) Ku/Ks
45°
0.3 0.83 0.48 0.58
0.4 0.96 0.50 0.52
0.5 1.22 0.57 0.47
0.6 1.42 0.65 0.46
22.5°
0.3 1.48 0.35 0.24
0.4 1.80 0.41 0.23
0.5 2.28 0.54 0.24
0.6 2.99 0.68 0.23

Finally, the performance of the CP models was evaluated with the expression proposed in
Equation (8), as recently proposed [19].
g,,—0*

exp

err=—"2—— (8)
T

where Oexp is the experimental CP angle and 0% is the angle predicted by either model.
4. Results and Discussion

4.1. CP prediction for modified C(T)

Figure 4 compares the experimentally observed CP for the W and R criteria predicted angle for
the six measured points in the modified C(T) sample. One can see the prediction is very close for
short cracks as the mode mixity-ratio, AKu/AKj, is low. However, at the last measurement before
unstable crack growth, the AKu/AK: rises to 0.13, and the predicted angle gives a 6% error for the W-
criterion. In contrast, the R-criterion shows a 1.7% error.
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Figure 4. Evaluation of crack kinking models for modified C(T) sample.

The W-criteria makes a close prediction for most of the crack lengths. Figure 5 shows the
comparative size and shape of the PZ, Equation (4) W-criterion, and Equation (5) R-criterion, for six
different crack lengths in this specimen. It is seen how the PZ orientation turns as the crack length
increases and the mode-mixity changes. This turning is attributed to the increase of AKi, which makes
the crack deviate from the applied more I load. Moreover, it is observed that the size of the largest
PZ, about 2.54 mm for the W-criterion and about 2.9 mm for the R-criterion, in their largest axis, is
below the thickness of the specimen 8.7mm. Thus, LEFM adequately describes the stress field. For
this sample, the W criterion showed larger PZ for the first five crack sizes, whereas the R criterion
retrieved a more extensive zone for the last one, where Ki reaches a 3.55 MPaVm and the mode-mixity,
Ku/Kj, is 0.13.
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Figure 5. Size and shape or plastic zone for modified C(T) specimen; a) from W-criterion, b) from R-

criterion.

4.2. CP prediction for SENT samples

On the other hand, the performance of the CP models for both SENT specimens for
dimensionless crack length is shown in Figure 6. The models were evaluated with the retrieved Ki
and Ku. Unlike the C(T) sample, the applied load is monotonic, so there is no need to assume that K
is AK and K. is AKw. The SENT with a 45° crack showed a Ku/Ki ratio from 0.46 at the longest to 0.58
for the shortest a/W. Polycarbonate is a material prone to shear-dominated failure and the 45 crack
induces a high Ku/Ki ratio. Therefore, the W criterion is not expected to perform well under these
conditions, so it predicts a quasi-constant 292, whereas the R criterion predicts a closer CP between
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Figure 6. Evaluation of crack kinking models for SENT samples.

Conversely, the SENT with a 22.5° crack showed a quasi-constant Ku/Ki ratio of 0.23. Because of
this constant Ku/Ki ratio, the predicted CP angle is also quasi-constant, about 21° degrees for the W
criterion, very close to the experimentally observed angle of 22.5°. Conversely, the R criterion predicts
a quasi-constant angle of 172

The shape and size of the plastic zone are shown in Figure 7 for the SENT with an initial crack
of 45° for the four different reported crack lengths. It is seen how the orientation of the plastic zone
stays pretty much constant as the crack length increases for the W and R criteria. This situation is
attributed to the steady Ku/Kiratio, as seen in Table 2, making the crack grow straight from its original
path, even though only the mode I applied. Moreover, it is observed that the size of the largest plastic
zone on its largest axis is about 0.7 mm for the W criterion and 0.58 mm for the R criterion. In both
cases, this size is below the thickness of the specimen, 3.0 mm, so LEFM can be used to describe the
stress field satisfactorily. Finally, it is noted that the W criterion predicts a slightly larger PZ than the
R criterion.

W-r, [mm], SENT 45° R-tp [mm], SENT 45°

/// ,’1”‘ \l/| /
. g o —03 —0.3
VNS
=7/ ) |- 2 | G ) pu 0.4
- =-05 -~ =05

Figure 7. Size and shape of the plastic zone for SENT sample 45°% a) from W-criterion, b) from R-
criterion.

Figure 8 shows the PZ size for the SENT with an initial crack of 22.5° for the four different
reported crack lengths. It is seen how the orientation of the plastic zone stays pretty much constant
as the crack length increases. This situation is attributed to the steady Ku/Kiratio, making the crack
grow straight from its original inclined path, even though there is an applied load in mode I
Moreover, it is observed that the size of the largest PZ, about 1.8 mm for the W criterion and about
1.54 mm for the R criterion in its largest axis, is below the thickness of the specimen, 3.0 mm, so LEFM
can be used to describe properly the stress field. In this sample, it is also observed that the W criterion
predicts a slightly larger PZ than the R criterion.
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Figure 8. Size and shape of the plastic zone for SENT sample 22.5% a) from W-criterion, b) from R-
criterion.

4.3. Discussion

Highsmith [6] stated that a crack under mixed-mode will grow when the equivalent SIF exceeds
the material toughness, Kc, or the equivalent SIF range exceeds the material fatigue threshold, K. In
both cases, the crack grew under either monotonic or fatigue loading. So, the Keq was larger than the
Kc for the monotonic load, and the AKeg was larger than the Ki: for the cycling load. However, because
more than one loading mode was present, the CP must be established to describe crack growth
completely[19].

On the other hand, Vormwald et al. [5] argued that the mode-mixity ratio [14] might be the
parameter that could tell when a crack growth scenario can change from tensile to shear-dominating
load. It could make a crack turn when it reaches 0.5. Figure 9 shows the variation of CP angle with
mode-mixity for both samples. For the SENT samples, neither the load nor the mode-mixity changed
much with crack length. For the 22.5¢ SENT, the Ku/Kiratio kept a 0.24 constant value, whereas, for
the 45° sample, the Ku/Kiratio went from 0.56 to 0.46, as seen in Figure 6. Vormwald et al. [5] argued
that when transitioning from tensile to entirely dominated shear crack growth, such mode-mixity
parameter might not be able to tell the CP. Therefore, the CP for the SENT samples was not expected
to deviate from its initial angle. This is seen in Figure 9a for the three samples and Figure 9b for a
close-up of the SENT 22.5°.

50 0%° 0% vs K/KI 1= = oo - - - -~ ;

[ a9 25 0* SENT 22.5° vs Ki/K1 |
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Figure 9. CP angle variation with mode-mixity; a) modified C(T), SENT samples; b) close up of SENT
22.5°.
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On the other hand, for the modified C(T) sample, the mode-mixity changes constantly, starting
at 0.04 and reaching 0.13. As a result, the CP for the modified C(T) sample changes as well, as seen in
Figure 9 in the black. Thus, the mode-mixity indeed influences the CP angle. This analysis shows that
a change in the Ku/Kiratio involves a change in the CP angle.

Furthermore, in Figure 8, one can see the size of the largest plastic zone is about 1.5 mm, so it
does not exceed the holed C(T) sample thickness, 8.7 mm. On the other hand, the largest plastic zone
size for the SENT sample is seen in Figure 7 for the 22.5° and Figure 8 for the 45° sample, where the
plastic zone does not exceed the 3 mm sample thickness. Therefore, the applicability of LEFM is
checked at once.

On the other hand, the CP prediction error is shown in Table 3. Both criteria are close in
prediction with errors as low as 0.28% and as high as 1.67% for the modified C(T). For the largest
mode-mixity on the modified C(T), the W criterion shows a 5.56, whereas the R criterion shows a
2.78% error. The same case for the SENT 45° sample is 8.33 versus 1.11% error, respectively. In both
cases, the mode-mixity (AKu/AKi) had a wide range of about 0.1, in both cases. For the SENT 22.5
sample, both are really close to each other; the largest difference being 0.56%. In this case, it could be
explained by the quasi-constant AKu/AK.

Table 3. Error percentage in crack kinking angle prediction.

C(T) SENT 45° SENT 22.5°
AKu/AK1 W, C(T) R CT) AKy/AKi W45° R45° AKu/AKi  R225° R225°

0.04 -1.11 -1.11 0.58 8.33 1.11 0.24 0.83 0.83
0.03 -1.11 -1.67 0.52 8.89 0.00 0.23 0.28 0.28
0.03 0.56 0.28 0.47 9.44 -1.11 0.24 1.39 0.83
0.06 -1.11 0.56 0.46 8.89 -1.11 0.23 0.83 0.28
0.07 -0.56 0.00

0.13 5.56 2.78

On a final note, it has to be said that the computational cost of these two criteria is high compared
to other criteria, as recently evaluated [19]. For that reason, the computational cost, in terms of
floating-point operations (FLOPS), is compared in Table 4. The R criterion is slightly less costly than
the W criterion.

Table 4. Computational cost for the evaluated criteria.

Operator +, %/ v Sin, Cos, Atan Acos Tan ABS,SGN A~ Total cost
Operator cost 2 2 5 4 6 2
Cost in W model 23 0 10 0 0 0 10 176
Cost in R model 33 0 5 0 0 0 8 155

5. Conclusion

The crack path was calculated for specimens under fatigue and monotonic load using the LEFM-
based plastic zone radius criteria. The LEFM parameters for the fatigued sample were characterized
experimentally with DIC, whereas the monotonic samples were characterized numerically with FEM
and validated with photoelasticity, both obtained from the literature. An advantage of plastic zone-
based criteria is that the applicability of LEFM is checked in the same Equation. Furthermore, using
prediction models rather than FEM modeling makes a faster prediction by avoiding time-consuming
modeling and simulation. Finally, the selected models worked for numerical and experimentally
obtained SIF. The literature has discussed how the experimentally acquired SIFs include nonlinear
effects such as rugosity, plasticity-induced closure, and crack flank interlocking.

The W and R criteria were devised for monotonic load, and here, they were tested for monotonic
and fatigue load. The swap of K with AK was checked, which was found applicable in these cases.
The error analysis showed that the W and R criteria predicted angles very close for short cracks as
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the mode mixity-ratio, AKu/AKi, is below 0.25, with the R criterion exhibiting lower error values.
However, at the last measurement for the modified C(T) low carbon steel sample before unstable
crack growth, the AKi/AKr doubles its value and makes an unstable W-criterion prediction. The R
criterion has about 88% of the W's computational cost, which could impact performance for recurrent
calculations. Furthermore, the models were devised for central cracks, and here, they were tested in
lateral cracks. The predicted versus experimental CP comparison showed that the models could be
used for fatigue and monotonic loads.

Acknowledgment: The authors acknowledge the financial support from Pontificia Universidade Catdlica do Rio
de Janeiro - PUC-RJ.
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