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Abstract: In this paper, we review a new treatment of classical radiation damping, which resolves
a well-known contradiction in the Abraham-Lorentz equation that has long been a concern. This
radiation damping problem has already been solved in quantum mechanics by the method introduced
by Friedrichs. Based on Friedrichs’ treatment, we solved this long-standing problem by classicalizing
quantum mechanics by replacing the canonical commutation relation from quantum mechanics
with the Poisson bracket relation in classical mechanics. As an application of our method, we
analyze the anomalous damping experienced by electrons undergoing cyclotron motion inside a
waveguide near the cut-off frequency. This anomalous damping cannot be described using the
existing Abraham-Lorentz equation.
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1. Introduction

Analyzing light radiated from electrons in decaying motion, such as cyclotron motion, through
experiments and observations to characterize the system plays an important role in a wide range of
fields from astrophysics and plasma physics to accelerator light source technology. Cyclotron radiation
is essentially a classical phenomenon described by classical mechanics and the classical Maxwell
equations.

However, in the well-known Abraham-Lorentz equation proposed to handle such classical decay
processes, a term appears in the force equation for the charged particle that contains the third-order
derivative of the particle’s position with respect to time. Therefore, it conflicts with basic principle
in physics, and the theoretical underpinnings of this phenomenon have remained unresolved [1-5].
Specifically, we encounter runaway solutions caused by the third-order differential terms, and acausal
behavior resulting from Dirac’s initial conditions proposed to solve the first problem [2].

This problematic behavior in the Abraham-Lorentz equation can be traced back to the fact that
the Liénard-Wiechert potentials are used to derive the electromagnetic field emitted by the particle as
it accelerates. These potentials neglect back-reaction on the charged particle from the emitted field,
and hence ultimately cannot provide a solution that is fully consistent with basic physical principles.

Furthermore, as discussed below, the essence of this problem is related to one of the most
fundamental problems in physics, that is, how to derive a damping solution that breaks time symmetry
from the basic equation of motion that is symmetric in time. Therefore, we cannot expect a theoretical
solution to this problem unless we quantitatively clarify the exact mechanical basis for the breaking of
symmetry in the direction of time. One of the authors of this paper (TP) has worked on the problem of
symmetry breaking for many years together with Ilya Prigogine, and has clarified that the essence lies
in the following four points [6-8]. That is,
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1) A resonance singularity may appear in the dynamical solutions for which the frequency
denominator becomes zero. This is the so-called small denominator problem related to non-integrability
and instability that may lead to chaos of dynamical systems.

2) However, even if the denominator becomes zero, if the frequency has a continuous spectrum,
by analytically continuing the frequency in the denominator into the complex plane, the contribution
from the part divided by zero can be mathematically consistently treated as a  function. (Note that
because the ¢ function has even parity with respect to its variable, the appearance of this distribution
breaks the parity symmetry with respect to the sign reversal of the frequency denominator as an odd
function)

3) As a result of analytic continuation into the complex plane, the state function of a dynamical
system can be extended to include elements of a non-Hilbert space, which is an extension of the
conventional Hilbert space.

4) Furthermore, as a result, solutions that break time symmetry can be obtained in a manner that
is mathematically consistent with the fundamental laws of physics.

In reaching the above conclusion, what was decisive was Friedrichs” historical discovery regarding
the emission of photons in quantum mechanics [9]. Let us consider the problem of an atom decaying
into the vacuum of free space. Friedrichs’ surprising discovery was that if a resonance singularity
occurs because the discrete spectrum of energy in the unperturbed system overlaps with the continuous
spectrum, then when a perturbation is applied to that system, the discrete spectrum can disappear from
the spectrum of the total Hamiltonian with the interaction, and that a complete set of the spectrum
can be obtained that consists only of the continuous spectrum. As a result of the disappearance
of the discrete spectrum from the complete set, it has become clear that the excited state, which
was stable in the unperturbed system, decays exponentially and breaks time-symmetry without any
contradiction with the fundamental laws in quantum mechanics under the influence of the resonance
interaction. Therefore, the description of quantum radiation damping based on the fundamental
laws has been established in quantum mechanics, in contrast to the situation in classical mechanics.
Combining Friedrichs” discovery with the method for non-Hilbert space extension in 3) mentioned
above, many interesting phenomena have been explored related to quantum radiation damping
beyond the free-space case [10-15] Further background on the Friedrichs model and the description of
resonances in quantum systems can be found, for example, in Refs. [16,17].

In this paper, we will show that by replacing the canonical commutation relation from the second
quantized formalism of quantum mechanics with the Poisson bracket relation from classical mechanics,
we can describe classical radiation damping without any contradiction with the fundamental laws of
classical mechanics. This replacement procedure is, so to speak, a classicalization of the corresponding
quantum system.

As an application of our treatment of classical radiation damping, we will analyze the anomalous
damping that occurs when electrons inside a waveguide rotate with a cyclotron frequency near the
lower bound on the waveguide mode (the cut-off frequency), which is unique to a given waveguide. This
anomalous damping is a result of a singularity at the the cut-off in frequency space, and it corresponds
to the Van Hove singularity in the density of states [10,18], which is well known in quantum systems
[19,20]. This anomalous damping cannot be described using the existing Abraham-Lorentz equation.

However, since this paper is primarily an overview of our classicalization method, the reader is
referred to Refs.[21,22] for detailed calculations.

2. Problems with the Abraham-Lorentz equation

The Abraham-Lorentz equation is given by

d%x d3x
m—s = Fext(t) + mTﬁ.

o 1)
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Here T = 2¢?/(3mc®), which can be thought of as the time required for light to pass the classical
electron radius. This equation has the following formal solution for the acceleration a(t) = d?x/dt?

a(t) = {a(O) - % /Ot At Foe(H)e /7| et/ )

Therefore, even in the case of Fex(t) = 0, there is a runaway solution that immediately diverges with
time when a(0) # 0.
Dirac showed that this runaway solution can be removed by choosing the initial condition

1 o /
a(0) = —— /0 At Fat () !/, 3)

However, because future information about the external force determines this initial condition, it
violates causality.

3. Classic Friedrichs’ model

In order to address these problems, let us consider the following Hamiltonian [21],

H = wiqiq1 + /W dk wrqiqr + A/m dk (g1 — q1) (Viax — Vi'ag) (4)

where w; = eB/m, is the frequency of the electron experiencing cyclotron motion under the influence
of a static, uniform magnetic field with magnitude B > 0. The evolution of the electron is described
by the normal mode g7, while the normal mode of the electromagnetic field is given by g with wave
number k. The coupling between the particle and the field is determined by the dimensionless coupling
constant A = y/e?wy / (2m.epc?) and the interaction form factor Vj. The coupling constant is of order
10~ for typical cyclotron frequency. While the details of the form factor Vj are not so essential for
the presentation in this work, they can be found for the case of a rectangular waveguide in Ref. [21].
Finally, the constants c, e, m,, and ¢y represent the speed of light, the elementary charge, the mass of
the electron, and the vacuum permittivity, respectively.

This Hamiltonian is obtained by approximating Maxwell’s equations for the Lorentz force on the
particle when an electron in cyclotron motion interacts with its own radiated field (self-interaction)
[21]. The approximation mainly consists of two approximations, one of which is ignoring field-field
interactions, and the other is the dipole approximation.

In addition to these approximations, when considering cyclotron motion in an infinitely long
waveguide which is parallel to the external magnetic field, we have performed an approximation
that ignores all other modes, including transverse magnetic (TM) modes, leaving only the lowest
transverse electric (TE) modes. We emphasize that the so-called virtual terms g4, and g7q; have
not been neglected, which is to say that we do not impose the rotating wave approximation. This
ensures the field description includes relativistic effects and that causality is maintained in the emission
process.

For the system in which the electron is confined in a rectangular waveguide, the light disperses

according to
wi = 1/ c2k? + w?. (5)

for the lowest TE mode [2]. Here, w is the cut-off frequency corresponding to that TE mode, and the
light in that mode behaves as if it had a mass determined by the cut-off frequency. The case w, = 0
corresponds to the electron in free space.

If we were to perform second quantization on the normal modes of this Hamiltonian, we would
obtain the well-known quantum Friedrichs model, in which the phenomenon of harmonic oscillator
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damping by photon emission is solved as an exact solution to the Schrédinger equation [8,9]. That
solution presented by Friedrichs makes this model historically important in that the phenomenological
quantum jump proposed by Bohr was first strictly derived from the Schrodinger equation which is
based on fundamental laws of physics (However, in Friedrichs’ paper, this system is discussed in the
form of the ordinary Schrédinger equation, which is not in second quantized form, as a coupled system
of point spectra and continuous spectra.) As explained below, Friedrichs” model gives a non-trivial
solution due to the resonance singularity. By focusing on this, we can understand that from an equation
that is symmetrical in the direction of time, broken time symmetric solutions can be obtained without
contradicting mathematics.

Let us emphasize, however, that instead of performing second quantization the normal modes
are treated below as classical quantities. Hence, instead of commutation relations, these modes obey
the Poisson bracket in the form

o of dg  df dg
U8 = _Z; (aq,xaq;; N 66122%) ’ (©)

Here, the subscript a corresponds to the normal mode of the particle 1 or the field mode k. Notice we
use the conventional discrete notation as short-hand; for the continuous variable « = k, the summation
must be replaced with integration over k. The system normal modes can be shown to obey the specific
relations

{qu,91} = —i,
{a a5} = —id(k = K'), 7)
{qa, 98} =0,

in which B is also 1 or k but @ # B. The above three relations are precisely analogous to those we
would obtain from the commutators if we had imposed second quantization. Since the algebra in the
two cases exactly the same, the results obtained for the present case are precisely analogous to those
we would find in the quantum case. Because our present classical theory can be treated precisely in
parallel with the quantum case, we refer to the present model as the classical Friedrichs model.

Since the Hamiltonian (4) appears in bilinear form, it is strictly diagonalizable with respect to
new normal modes by the so-called Bogoliubov transformation [8]. The idea that we propose here in
solving the classical radiation damping problem is to replace the quantum mechanical commutation
relation with the Poisson bracket relation and, so to speak, classicalize the quantum system, since
the Poisson bracket relation and the commutation relation are algebraically isomorphic. This means
that an exact solution in quantum mechanics can be directly rewritten as an exact solution in classical
mechanics.

Before considering the problem of irreversibility by damping of the accelerated motion of the
electron in the waveguide, first consider the case that there is no waveguide wall, that is, w. = 0 (the
free-space case). Moreover, let us first consider a hypothetical situation where no damping occurs, that
is, a fictitious case where w; < 0 (we emphasize that this is physically meaningful in the quantum case,
but is not actually possible for a classical system). We will see that for this fictitious case in classical
mechanics the charged particle cannot decay by emitting light, even though it is moving with circular
acceleration. If there were no waveguide walls, this would not be possible under classical mechanics,
and the motion of charged particles that undergo acceleration would always emit light and be decayed.
But, in quantum mechanics, the electron with negative energy corresponds to a bound state, so it
is possible to continue the motion and remain in a stable state. In fact, as we will show later, even
in classical mechanics, if cyclotron motion occurs inside a waveguide made of a perfect conductor,
there is indeed a situation that the accelerated motion will continue without light emission, just as
in quantum mechanics. It seems instructive to explain this hypothetical situation in preparation for
understanding the mechanism of classical radiation damping.
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In this fictitious case, the frequency denominator w; — wy cannot be zero, so the system has no
resonance singularity because wy > 0. In this case, the Hamiltonian (4) can be diagonalized as

—+o00
H=aQiQi+ [  dkaQiQu ®

where the renormalized normal modes Q; and Qj are given by the linear classical Bogoliubov
transformation,

w1 + @1 w] — w1 /°° Vi Vk* "
=N A dk 9
Q ! [ 2w it 2w, nt oo (wk—wlqk+wk+@1qk ’ ©
2Awr Vk* Wk + wq W — Wy
Qk =k (:+ (a)k) { 2(4]1 1 2(4]1 n
® Vi v
+ /700 (wk’_wk_ieqk+wk’+wqu ’ (10

with the infinitesimal ¢ > 0. For brevity, we leave the limit e — 0 implicit from this point forward.
The renormalized normal modes are fixed by the Green function boundary values G(¢) = 1/¢(0),
in which w, &* (w) = &(w £ i0). The function &({) is given by

wie| Vie]?
72— w?

EQ) = — o — 412w /_ 0; dk (11)

We use the analytic continuation indicated in Eq.(10) for ¢ > 0. For the case without the waveguide
wall and the no resonance singularity (w; < 0), we have the the renormalized real frequency @
associated with the mode Q1, which is the solution of the dispersion equation on the first Riemann
sheet,

(@) =0. (12)
The quantity Nj is the normalization factor for mode Q; and is given by
-}
1 dZ(0) ‘
Ni=|— . 13
1 lzwl 2 e (13)

Corresponding to Eq.(7), we have the relations,

{Ql/ QT} = _i/
{ri Q;} = _Zé(k - kl)/ (14)
{th/ Q/S} =0.

The inverse transformation is given by

2w 2wq
—A /f Z dk [(ngL(Z:)) Yy + (w’é:(zgv’: Qz} : (15)
% = Qe = ANV (Calglwk " @1%&%)
e /—O:o K [C - (wk/)(w‘:fd— Wy — ig) Qr +‘§+(wk/)‘(/£;k’ + wy) Qir] - te)

doi:10.20944/preprints202312.1381.v1
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We next define the action of the Liouvillian operator Ly on a given function f, which is written as
the Poisson bracket of f with the Hamiltonian H in the form

Luyf = —i{H,f}, (17)

where the imaginary factor 7 has been introduced to guarantee that the Liouvillian acts as a Hermitian
operator within the Hilbert space. The Liouvillian is an operator which generates the time evolution in
classical dynamics as

A(t) = ettt A(L) (18)
for physical variable A, and
p(t) = e~ i'p(t) (19)

for state function p in the phase space. Equation (18) corresponds to the Heisenberg representation
and Eq.(19) corresponds to the Shorodinger representation, respectively. In the representation that
diagonalizes the Hamiltonian (8), it is given by

.0 3
b= 20 (@i 50; - Qe ) @

where ()1 = @ and Q) = wy with the same rule of the summation sign presented at Eq.(6).
Using Eq.(8), the equation of motion for the renormalized electron mode Q) is given by

.d
-0 =~ @
This equation shows that Q; is an eigenfunction of the Liouvillian with the eigenvalue —(); = —@;.

We have the solution of this equation as

Qi (t) = e 1104 (0). (22)

Similarly, we obtain,

Qi(t) = e ¥ Qy(0). (23)

Then, using the Bogoliubov transformation (Egs.(9) and (10)) and inverse transformation (Eqgs.(15) and
(16)), we can obtain the solution for the original variables g1 (t) and g (t) for arbitrary initial conditions.
As one can see there are no exponentially decaying terms in time. Hence, the charged particle would
maintain its trajectory without exponential damping for this fictitious situation with w; < 0 in classical
mechanics. We have obtained this hypothetical result for the classical case. Meanwhile, for the
corresponding quantum case, the bound state solution really does exist that corresponds to the above
classical solution. In this state, the electron can indeed continue its motion perpetually without emitting
photons.

Now that we have described this hypothetical situation, we can now discuss the main subject of
this paper, the problem of classical radiative damping. First, as before, we will discuss the case where
there is no waveguide, that is, the case w, = 0. In classical systems, a resonant singularity always
exists because w; > 0 such that the propagator denominator w; — wy can be zero. As a condition on
Vi we assume that

wie| Vi
2 —w?

w? + 472w, / dk > 0. (24)
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This implies G({) is analytic with no singularities on the first Riemann sheet of the complex 2 plane
with the cut [w?, ) (this applies for the case w. = 0 without the waveguide as well).

In that case, it can be shown that Q1 in Eq.(9) diverges and the given Bogoliubov transformation
becomes meaningless. Furthermore, in that case, the dispersion relation ¢({) = 0 no longer has a
real solution, and through a cut starting from the branch point of = 0 on the complex {-plane, this
dispersion relation has instead complex-valued solutions at { = @ £ iy with v > 0 in the second
Riemann sheet. The solution of &({) =0,

gzzlza“)l—i'y (25)

leads to the decay process in the future ¢t > 0. Therefore, there is a possibility that this solution is the
correct solution when describing the decay process of classical cyclotron motion.

The crucial part of the contribution that Friedrichs showed with quantum systems is that Q;
is not necessary for diagonalization, as the modes corresponding to Q in the above Eq.(10) alone
form a complete set for describing the system [9]. The result applies to our classical system by simply
replacing the commutation relation between canonical variables with a Poisson bracket relation. As
a result, the Hamiltonian of the system is not the form of the expression in Eq.(8), but instead is
diagonalized, as in

—+o0
H= /_oo dk weQ} Oy (26)

This is what we call the Friedrichs solution to the classical radiation problem. In this case, Qi (t) =
Qx(0) exp[—iwyt] is obtained exactly as the solution for each mode of the continuous wave number.
We can substitute that solution into the inverse Bogoliubov transformation (15) with Q; set to zero and
perform the contour integral with respect to the continuous variable k to obtain the original mode gy.
In doing so, further calculating the contribution from the pole at { = z; of this fraction coming from
the factor 1/¢* (), we find that the original normal mode g; of the electron has a factor exp[—iz;t]
that decays and oscillates according to the complex frequency z;. In this way one can describe the
process of radiation damping without contradiction with the fundamental principles of mechanics
such as the runaway solution in the Abraham-Lorentz equation. The above means that, as far as the
motion of the original modes interacting with each other is concerned, the phenomenon of radiation
damping can technically be described without contradicting the dynamical principles based on the
fundamental laws of physics.

4. Complex normal modes and broken time-symmetry

However, in Friedrichs’ solution above, the charged particle modes have disappeared from
the renormalized modes that move independently of each other as a result of diagonalizing the
Hamiltonian. This raises a new question. That is, can there really be an independent mode, i.e., an
eigenstate of the Liouvillian, of a renormalized charged particle with decaying oscillation with the
above complex frequency z;. On this question we have an affirmative solution. In that case, however,
the function space describing the motion must necessarily be extended to a non-Hilbert space in order
to allow the Liouvillian, which can only act as a Hermitian operator in the original Hilbert space, to
have complex eigenvalues z;. Below is a brief sketch of the complex normal modes and their derivation
in that extended function space. For more details, see reference [22].

Let us illustrate it only for the case w, = 0. As discussed below, the case in a waveguide,
i.e.,we # 0, is more complicated than the example given here, so we will leave that for future works.
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With complex eigenvalues, renormalized modes for the unstable particle are given by a pair of dual
forms as follows

. w1 +w; , w;—w /°° Vk* * Vi
Ql o Nl |: 26(]1 ql * 2601 ql +A —00 dk ([a)k — d)l]Jr qk + Wi + (IJl qk ! (27)
<~ w1 + @y w) — W1, 0 Vi Vi «
Q=N { 2 7+ 2w, N —H\/_oodk([wk—cbl]+qk+wk+cblqk . (28)

Here, the + sign attached to the parentheses of the frequency denominator of 1/[{ — w1 ] is a function
analytically continued from above the branch cut into the lower half of the complex {-plane. Note
that the direction of the analytic continuation in Eq.(27) is the same as in Eq.(28). In this case, the
normalizing factor Nj is essentially complex, even without the phase factor, unlike in the Hilbert space
case.

Furthermore, renormalized modes for the field are given by a pair of dual forms as follows

Q* _q*_Z/\(Ule |:wk+w1 *_wk_wl
k k (;‘,’; (a)k) 2601 1 2&)1
0o \% Vi
+A/ dk’( K gt )] 29
— Wy — Wy + zsqk Wy + Wy A @9)
Q o 2/\C(J1Vk* Wy + wq W Wy
EEIRT T w) |20 T T2 M
o0 Vi v
A / dK’ ¥ K ge) . 30
+ —o0 <wk/—wk—zeqk+wk/+a)qu ( )
Here,
1 1 Z1 — Wy

E(wi) ST (wp) [z1 — ]t 31)

is the so-called delayed analytically-continued function, which is a function defined such that the effect
of the pole of 1/&* (wy) at wy = z1 on the lower-half plane is canceled [6].
These dual complex normal modes satisfy relations such as

{er QT} = _ir
{Qr Q} = —id(k—K'),
{00 s} =0, (32)

and so on, corresponding to Eq.(14).

These dual modes were obtained by analytically continuing the integral path to the complex
wg-plane in the integral of the Hamiltonian (26) written using Friedrichs’ solution, separating the
wy = z1 pole from its contour integral, and letting it be given to the renormalized complex mode
corresponding to the charged particle.Then, by this dual mode, the Hamiltonian is diagonalized into a
dual form as

~ oo ~
H=20{01+ [ dkwrQi0y (33)

Using these complex renormalized modes, the Liouvillian is given by (as zx = wy)

0 ~ 0
L=z (QZan - QaaQa) , (34)

where the summation sign follows the same rules as Eq.(6).

doi:10.20944/preprints202312.1381.v1
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From this expression, we obtain

A,

i = LyQr = —z21( (35)

corresponding to Eq.(21). Thus, we obtain a damped oscillating solution Q () = exp[—iz1t]Q1(0) of
the Liouvillian with complex eigenvalue —z;.

The above reveals that in the presence of a resonance singularity, the Liouvillian can have complex
eigenvalues when the function space in which it acts is extended to the non-Hilbert dual space, which
can include renormalized complex normal modes that break time-symmetry without contradicting the
fundamental laws of physics. By using this representation, it is possible to discuss in detail not only the
phenomena of damping of the motion of charged particles in classical mechanics, but also the nature
of the light emitted in the process, based on the principles of dynamics. Thus, it provides a theoretical
basis for discussing the various properties of light emitted from cyclotron motion of charged particles
in a self-consistent way.

5. Classical radiation of the cyclotron motion in a waveguide

So far we have considered the emission of light in the free-space case w, = 0. In this section
we will consider the case w; > 0, i.e., the emission from cyclotron motion of a charged particle in a
waveguide. There are several interesting emission phenomena here that could not occur in the case
we = 0. In the following, we will only present the main results with a brief discussion. The detailed
calculations are presented in Ref.[21].

One of the interesting results is that w, > 0 allows for the situation 0 < w; < w, in which the
resonance singularity does not appear, without having to assume the fictitious situation w; < 0 that
we considered previously for the free-space case w, = 0. In this case, as in the bound state in quantum
mechanics, the classical charged particle can reside in a stable mode without emitting light, even
though it experiences accelerated motion. And in this case, the Bogoliubov transformation (9) and (10)
allow for an analytical description of cyclotron motion.

In addition, the density of states contains a singularity in the 1-D case that is revealed by
integrating with respect to frequency wy instead of wavenumber k, as can be seen from

“+o00 —+oo
[kl = [ de D) f k(). (36)
Here the density of states D(wy) is given by
dk w
D(wg) = — = ——k (37)

dw 2_ 2
kooyJwp — w?

This gives a branch point in complex wy-space with a divergence occurring at wy = w, (see Figure 1).
This is equivalent to the Van Hove singularity from solid state physics [19,20], and leads to interesting
new physics in the present context.
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D(wi/w) (1/c)
£

0 1 2 3 4 5

wi/w,
Figure 1. Density of states from Eq.(37) plotted in units of 1/c¢. The vertical line indicates the cut-off
frequency at which the classical Van Hove singularity occurs.

One of the significant results of this classical Van Hove singularity is that it can be shown that the
stationary mode Q; with real eigenfrequency (); always exists regardless of the value of wy. This is in
contrast to the case w, = 0 discussed above. To see this fact, we plot the solution of the dispersion
equation ¢({) = 0 for a waveguide of rectangular cross section in Figure 2 (see [21] for details). For
this case, the dispersion equation is the cubic equation for 2.

In this figure, all frequency variables are measured in units of wc, such as the dimensionless
frequency w1 = wy/w.. We plot here only the solutions with Re[{] > 0. There are also solutions
with Re[¢] < 0 corresponding to the negative of the solutions for Re[{] > 0. For Re[{] > 0 there are
three solutions that we call {;; with n = 0,1, 2. In this figure we plot the solutions {, near the cut-off
frequency (which in turn coincides with the Van Hove singularity). The lines in Figure 2(a) are for
Re[Z], and the lines in Figure 2(b) are for Im[{]. The unbroken line in these plots represents the bound
state with real eigenvalue {p; meanwhile the complex solutions {; and {, are given by the dashed lines.
The resonance state eigenvalue is given by that with negative imaginary part, while the anti-resonance
corresponds to the eigenvalue with positive imaginary part.

(a) 15 (b) 20
15|

— 10t J'I

o ;

10

————
-
"~
'~
~.
~.,
—

5¢ \/ :

o

—
X0
NF
N—

-5+ ! 4

E 1o} T
-15 e |
-15 ‘ ‘ ‘ -20 ‘ ‘

10 -5 0 5 10 =10 -5 0 5 10
wy -1 (x1079) wy -1 (x1079)

Re(Z,-1) (x1079)

Figure 2. (a) Eigenvalue real parts and (b) imaginary parts near the classical Van Hove singularity. The
bound state ¢ is shown with the unbroken line, while {; and (; are plotted with dashed lines. The
damping rate (decay rate) is given by the imaginary part of {; in (b). The maximum decay rate at the
cut-off (w; — 1 = 0) is enhanced by a factor 10* over the Fermi region (w; — 1 > 0), which occurs on
the rightmost part of the graph. Figures borrowed from Ref.[21].

Further, notice that the imaginary part of the eigenvalue for {; and {, spontaneously appears
at the point w; = wp on the w; — 1 axis in Figure 2(a). Immediately before the appearance of the
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imaginary part of the eigenvalues, the solutions {; and (, coalesce into a single state at a so-called
exceptional point [23-28]. The usual diagonalization scheme and other mathematical properties of
the model break down at this point [23,26], while dynamical and spectral properties of the physical
system can be significantly modified [18,28]. For present purposes we keep our focus on the Van Hove
singularity itself but the interested reader is encouraged to see the related presentation in Ref. [18].

An interesting consequence of the classical Van Hove singularity is that when w; is tuned near
the cut-off w, (equivalently, w; is close to the value 1), the decay rate of the cyclotron motion (absolute
value of the non-zero imaginary part of {;) is intensely magnified, assuming we have a small coupling
constant A < 1. Indeed, the exact solution for the resonance from the cubic equation above reveals
that the decay rate acquires a A*/3 dependence on the coupling A near the Van Hove singularity. If
we then gradually increase the value of w; so that it takes a value significantly above the Van Hove
singularity, the decay rate gradually decreases and eventually takes on the usual A? dependence, which
is often obtained through the so-called Fermi golden rule in the corresponding quantum problem
[10,21]. Indeed, near the cut-off we have the amplification ratio A3 /A2 = \=2/3 ~ 10% > 1 for the
electron cyclotron motion with A ~ 1076, Note that this A*/3 behavior can be understood as resulting
from an exceptional point that coincides with the cut-off frequency in the limit A — 0 [18].

In this case, as discussed above, it is possible to introduce a representation in non-Hilbert space
that incorporates a decay mode corresponding to the complex solution. However, we will not show
the specific form of such a representation here, but leave it for future work.

When the cyclotron frequency is tuned near the cut-off, there is another significant effect that
is completely ignored in the derivation of the Abraham-Lorentz equation.That is the branch point
contribution coming from the lower bound of integration over the frequency wy (see Eq.(36)) [29,30].
The solution to the dispersion equation obtained above gives the contribution from the poles in the
integration over wy. And if the imaginary part of the pole is non-zero, it gives an exponential decay
contribution in time to the cyclotron motion as a Markovian process. In contrast, the contribution
from the branch point gives a non-exponential contribution to the cyclotron motion as a non-Markov
process [18,29,30].

We plot the electric field associated with the particle as time evolves in Figure 3 for three different
values of the dimensionless frequency w;. In each panel the field is resolved into the absolute value
of the contribution coming from the pole (unbroken line) and that coming from the branch point
effect (dotted line). In Figure 3(a) we show the case in which w; is far above the cut-off frequency
at w1 = 1, while in (b) we show the case in which w; near but slightly above the cut-off frequency,
and (c) that in which w; is exactly at the cut-off (see [21]). The case (a) corresponds to that where the
Fermi golden rule holds (hence, the Abraham-Lorentz equation is a good approximation). In this case,
the branch point effect is negligible on the timescale of the relaxation time of order A2. Hence the
evolution is described as a Markov process to a good approximation. The cases (b) and (c) correspond
to those where the Abraham-Lorentz equation is not applicable. In the case (b) there is a moderately
long timescale where the exponential decay is dominant with a much larger decay rate compared to
A2. Further, we see that the timescale of the non-Markov process becomes much longer on the short
timescale and much shorter on the long timescale compared to the case (a). In the case (c) we see that
the non-Markov process cannot be neglected on any time scale.
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Figure 3. Pole contribution (unbroken line) and branch point contribution (dotted line) to the electric
field as time evolves for three values of wy: (a) in the Fermi region, (b) slightly above the cut-off
frequency, and (c) exactly at the cut-off (so that w; coincides with the Van Hove singularity). The
horizontal axis shows the dimensionless time T = w,t presented in units 1/w,. The vertical axis shows

the dimensionless electric fields presented in units of |E1| = |E »(0,1)|, which is the initial value of

the electric field for the pole effect in the Fermi region. Figures borrowed from Ref.[21].

These results show that, if we adjust the external magnetic field B in such a way that the cyclotron
frequency wj is close to the cut-off frequency, the cyclotron motion emits a huge intensity of light per
unit time as compared with the case the cyclotron frequency is deeply embedded in the electromagnetic
continuum (Fermi region). At the same time, we can observe in Figure 3(b) and (c) the non-Markovian
effect near the cut-off frequency, which is difficult in experiment in the usual situation.

6. Summary and concluding remarks

We have presented our approach to the problem of classical radiation damping that sidesteps the
problems associated with the Abraham-Lorentz equation, which is derived from the Liénard-Wiechert
potentials that fail to account for the back-reaction on the particle from the field it emits during the
damping process. Essentially, we have taken advantage that the decay process can already be described
in a self-consistent manner in the second-quantized Friedrich model by replacing the commutation
relation from the quantum formalism with the Poisson bracket relation that is applicable in the classical
context. Hence, we termed our method classicalization of quantum mechanics.

Using this approach, we obtained an internally consistent description of classical radiation
damping for the case of electrons undergoing cyclotron motion. Essentially, we have accounted for
the influence of the emitted field on the particle itself when we exactly evaluated the integral term in
Eq.(11), which is equivalent to the self-energy function from the quantum theory. Since our method
does not rely on phenomenological approximations such as time-averaging that are used to obtain
the Abraham-Lorentz equation, we have avoided the well-known problems in describing radiation
damping in classical electrodynamics. Instead, we have relied on only two rather mild approximations:
the dipole approximation and the neglection of field-field interactions. These approximations do not
introduce any of the conceptual problems like the runaway solution discussed in Sec. 2.

However, our treatment by no means leads to all the same results as quantum mechanics. In
fact, the behavior of the vacuum in the quantum theory is decisively different from that in classical
mechanics. We will leave the discussion of this difference for another time.

Furthermore, in this paper, we have discussed the radiation damping process in situations that
are beyond the scope of the Abraham-Lorentz theory. When the electron undergoing cyclotron motion
in the waveguide is rotating with a frequency near the cut-off frequency, the usual perturbation
theory based on the series expansion of the coupling constant used to derive the Abraham-Lorentz
equation cannot be applied because the Van Hove singularity strongly modifies the system properties,
introducing non-analytic dependence on the coupling constant.

Using our approach, we have found that near the cut-off frequency, the decay rate of cyclotron
motion is much larger than in other frequency regions, resulting in the emission of a huge amount of
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light per unit time. Furthermore, we have pointed out that the phenomena of non-Markov processes,
which are difficult to observe in the usual frequency region, become non-negligible near the cut-off
frequency region of the cyclotron motion. This result indicates a possibility that non-Markov processes
can be observed near this region.

In closing this paper, we would like to make two more remarks. The first remark is the fact that
optical vortices with angular momentum have been observed in cyclotron radiation, a phenomenon
that has been in the spotlight in recent years [31,32]. As mentioned in the introduction, cyclotron
motion is ubiquitous in nature. Therefore, radiation that produces optical vortices should also occur in
many places in nature. By applying our analysis to a cylindrical waveguide, we have already shown
that by tuning the cyclotron frequency near the cut-off corresponding to any TE mode or TM mode in
the waveguide, we can selectively emit optical vortices with the desired angular momentum. This is a
consequence of the existence of the Van Hove singularity. We will present the details of this analysis
elsewhere.

Another remark we would like to mention is that from the perspective of the irreversibility
problem caused by the resonance singularity, research to theoretically elucidate the generation of
optical vortices based on the basic principles of classical mechanics has only just begun. This problem
of irreversibility, which covers a wide range of fields in physics, is likely to be an attractive subject that
will lead to more and more interesting discoveries in the future.
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