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bunyamin.sahin@selcuk.edu.tr

Abstract: Level index was introduced in 2017 for rooted trees which is a component of Gini index.
In the origin, Gini index is a tool for economical investigations but Balaji and Mahmoud defined the
graph theoretical applications of this index for statistical analysis of graphs. Level index is an
important component of Gini index. In this paper we define a new graph polynomial which is called
level polynomial and calculate the level polynomial of some classes of trees. We obtain some
interesting relations between the level polynomials and some integer sequences.
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1. Introduction

The Gini index was defined by Corrado Gini in 1912 [1]. It shows the income inequality of social
groups and is used by The World Bank for the economical investigations. The graph theoretical
application of Gini index introduced by Balaji and Mahmoud in 2017 [2] for rooted trees. They
introduced two distance based topological index Gini index and level index. Moreover, degree based
Gini index was defined by Domicolo and Mahmoud in 2019 [3].

The first distance based topological index was introduced by Wiener in 1947 [4]. Wiener showed
that there is a correlation between the physico chemical properties of molecules and distances
between the atoms. Haruo Hosoya defined a distance counting polynomial in 1988 [5] which is
called Hosoya polynomial in the literature. The first derivative of Hosoya polynomial gives Wiener
index and second derive gives the Wiener polarity index. Derivatives of Hosoya polynomial were
used as molecular descriptors by Konstantinova and Diudea [6], Estrada et al. [7]. Moreover vertex-
weighted Wiener polynomials were studied by Doslic [8].

The level concept was used in the papers [9] and [10] for rooted trees. In [9] Flajolet and
Prodinger obtained a number sequence and investigated properties of this sequence. Statistical
analysiss of level numbers were studied by Balaji and Mahmoud [2].

In this paper we define a new distance based graph plynomial which is called “Level
Polynomial”. The first derivative of level polynomial gives the level index of graphs. Moreover, we
compute the level polynomial and level index of triangular numbers, caterpillar graphs, subdivisons
of stars and regular dendrimer graphs. We obtain some interesting relations between the coefficients
of level polynomials of graphs and some integer sequences.

2. Preliminaries

We use only simple, connected and undirected graphs. The degree of a vertex u is denoted by
deg (u). A vertex with degree one is named a leaf. The notation d(u, v) is used to show the distance
between two any vertices u and v in a graph.

In a graph G, the number of vertices n is called order. The path and star graphs with n
vertices are denoted by B, and S, respectively.

Definition 2.1. The total distance from a vertex u € V(G) to other vertices is presented by the
following phrase

D(u) = z d(u,v).
VeV (G)

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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Definition 2.2. The Wiener index for a graph G is defined by the following equation [4]
1
W) =5 Z D(w).
uev(G)

Definition 2.3. The Hosoya (Wiener) polynomial of a graph G is denoted by H(G,x) and itis
computed by the following equation where d(G,k) denotes the vertex pairs having distance k [5]

H(G,x) = z d(G, k)x*.

k=1
Theorem 2.4. The Hosoya polynomials of paths, stars, cycles with even order and odd order are
presented as follows

DH(P,x)=x"1+2x"24+ ..+ (n—1)x
i) HSn) = ("5 ) a2 + (- Da
2
n
iii) H(Cyp,x) = n(x + x% 4+ -+ xV271) + Ex”/z (n is even)

iv) H(Cy, x) = n(x + x% + -+ x"V/2)(n is odd).

Theorem 2.5. The Wiener indices of paths, stars and cycles are presented in the following
equations

n+1):(n+1)n(n—1)

yweE) = ("] -

) W(S,) = (n—1)2

n3 ,
—, niseven
i) W(c,) =
ywiey=1 8"

,nisodd

Definition 2.6. The Wiener index of a graph G is also computed by the following equation [5]

W(G) = (H(G,%)) |x=1

3. Level Index and Dendrimer Graphs

In a rooted tree, a vertex determined as a root or central vertex. The distance i from the central
vertex is denoted by D;(T) [2]. This distance (measured with edges) is called by level. The distance
from the root to a vertex with the highest level is called height of the tree [2].

Balaji and Mahmoud introduced two distance based topological indices for rooted trees [2]. The
first one is called level index and level index of a tree is denoted by L(T). Level index of a tree T is
computed by the following equation

LM = ) |pm -0
1<i<jsn

such that D;(T) and D;(T) showing the vertices at distances i and j from the central vertex of the
tree T.
In order to exemplify the level index, we use the example given in the paper [2].
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Figure 1. The tree T which is used in the following example.

Example 3.1. The level index of T is computed by
LT)=1+14+242424+14+14+14+1+1+1=14

Now we can describe a level counting polynomial which is called level polynomial of the graphs.
Definition 3.2. The level polynomial of a rooted tree T is given by

LT, = ) 1T xt
k=1
where [(G,k) shows the number of vertex pairs having level difference k. It is understood that level
index of a graph G equals to

L(T) = (L(T, %)) |21

Lemma 3.3. For a given dendrimer graph T}, (depicted in Figure 2) with central vertex v, the
following properties are hold [11]

1)k
i) The order of Ty, is 1 +M

a-2 7
ii) Ty 4 contains d branches,

(a-1)k-

. 1 .
iii) Every branch of Ty ; contains vertices,

iv) Every branch of T4 contains (d —1)¥! leaves,
(a-1k-1-1
d-2
vi) There are d(d — 1)*~! vertices at distance k from v.

v) Every branch of T, 4 contains non-leaf vertices,

\

\V4 \Kﬁ
S 7/ V
=

/N

Tra

T34

Figure 2. Dendrimers T,, and T3,.

4. Main Results

In this section we obtain the main results of the paper. We obtain the level polynomial of some
classes of graphs. If a; denotes the number of vertices on level i (0 < i < n), we can show the level
polynomials of rooted trees as in the following theorem. Even though there exists one vertex at first
level (a, = 1) in a rooted tree, the definition of level polynomial can be extended to other graphs
and a, can take different values in the future.

Theorem 4.1. The level polynomial of a rooted tree T is obtained by the following equation
such that the number of vertices on level i is denoted by a;
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n n—j

L(T,x) = Z Z a;a;4jx7

j=11i=0

Proof. If the height of a rooted tree is showed by n, the exponents of x changes from 1 to

n. Since the level polynomial of a rooted tree can be presented as
L(T,x) = byx + byx? + -+ + by_1x™ 1 + bpa,x™.

The main problem is finding the coefficients of the level polynomial of T. Since a level has to be
greater than 1, there is no constant term in the level polynomial.

The coefficient of x™ is a,, because the vertex pairs which have level difference n are located
on level 0 and level n. Similarly The coefficient of x™ is, aga,_; + a,a, because the vertex pairs
which have level difference n — 1 are located on levels 0,(n — 1) and levels 1,n.

By this way we obtain the coefficient of x? as aya, + a;a; + -+ + a,_,a,, because we want to
obtain the number of vertices which have level difference 2.

Finally the coefficient of x is aga; + aya, + -+ + a,_;a,. Because the vertices which have level
difference 1 are located at consecutive levels. It means that the level polynomial of a rooted tree T is
presented as follows

L(T,x) = (aga; + a;a, + -+ ap_1a,)x + (agay + ajaz + - + ap_pa,)x? + -
+(agan_1 + a1a,)x™ 1 + aga,x™

n n-—j
L(T, .X') = z z al-aiﬂ-x].
j=1i=0
Remark 4.2. The level index of a rooted tree equals to following equation by Defnition 3.2
n n-—j
! .
L(T) = (L(T, %)) |x=1 = Z Z]aiaHj-
j=11i=0

We can find the level polynomials of trees which represent the triangular numbers as in the
following figure.

Let S be a tree which has i +1 vertices on the level i (depicted in Figure 3 for n = 4). It
means that there is a central vetrex, two vertices on first level, three vertices on the second level and
n vertices on (n — 1)-th level (triangular numbers). The sum of coefficient of level polynomial of §
gives a new application of the integer sequence A000914 from OEIS.

Figure 3. The tree S for n =4.

Theorem 4.3. Assume that S is defined above. Then its level polynomial is defined as follows
n—1n-j
L(S,x) = Z Z i(i +j)x’
j=11i=1
Proof. For a given sequence i = 1,2,...,n, the level partitions are defined as in the following
phrases,
1xn (Level n—1)
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1x(n—1)+2xn (Level n—2)
I1x(n—2)+2xMm—1)+3xn (Level n—3)

1xX34+2%xX4+--+n-3)xn—-1)+(Mn—-2)xn (Level 2)
1xX24+42%x3++n-2)x(n—1)+(n—-1)xn (Level 1).
By these phrases for a given level i = 1,2, ...,n — 1, the coefficients are ordered. Then the level
polynomial of S is presented as in the following equation

n-1n—j

L(S,x) = Z Z i(i +j)x’.

j=1i=
Let S be as in the previous theorem. Now it is denoted the sum of coefficients of level
polynomials by £L(n) such that

n—1n—j
Ln) = ZZ i(i+j)
j=1i=
Theorem 4.4. For a positive integer n, the number of L(n) is computed as in the following
equation
Nby (=D ti+1)
i(nm—ymn-rli
=3 Y= 00
j=11i=

Proof. In order to find the level number of a positive integer n, we use Therorem 4.3 in
obtaining the sum of coefficients of Level polynomials of the tree §.

n—-1n—j
L) =) ) ili+))
=1 =1
n—-1n—j n-1n—j
i?+ ZZU
j=11i=1 j=11i=

n-1 n-1 . .
DYETERCL

_’ii(n—i)(n+i+1)
_ & ,

i=1
Now we obtain the initial terms of the sequence of L(n). For a positive integer n, there is a tree
S whichhas n —1 levels and there are i + 1 vertices onlevel i (1 <i <n — 1). By this way initial
terms are obtained as
L(1) =0,L(2) =2,L£(3) =11,L(4) = 35,L(5) = 85,L(6) = 175, L(7) = 322.
Theorem 4.5. The level index of the tree S is defined in the following equation

n-1n—j

L(S)_zzll(l+1)—zz SUSDIUESILES

j=1i=

Proof. In order to find the level index of a positive integer n, we use Remark 4.2 in obtaining
the sum of coefficients of Level polynomials of the tree S.

L(S) = (L(5,%)) |x=1
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Since the level polynomial of S is given in the Theorem 4.2

n—-1n-j
L(S,x) = ZZ i(i +j)xt.
j=1i=1
n-1n-j n—-1n—j
L) = (LS 0) e = D). D 2+ ) i
j=1i=1 j=1i=1

n-1
3 Pn—Dn-i+1)
B ZZ 2 '

If we obtain the initial terms of the sequence which is obtained in the Theorem 4.5
L(1) =0,L(2) =2,L(3) = 14,L(4) = 54,L(5) = 154,L(6) = 364.
This sequence is appeared in the OEIS with reference number A067056 for level index of greater
than 1.
Theorem 4.6. Let T be a tree with level £. Assume that T’ is a tree which is obtained from T
by attaching a new vertex u to k-th level of T. Then the difference between the level polynomials
of T"and T is

k-1
L(T',x) — L(T,x) —Zax" Lt Z a;x‘~
i=k+1
Proof. Assume that a vertex u is attached the k-th level of T. Then difference between the
level polynomials of T’ and T is
L(T',x) — L(T,x) = agx® + a;x* 1 + -4+ a1 X + Qpp1X + apypx? + -+ apxt=*
with the open form. We can write this equaion by
k-1
L(T',x) — L(T,x) = Za xk=t 4+ Z a;x'7k,
i=k+1
By the last equation, we can compute the d1fference of level indices of T’ and T.

L(T") — L(T) = (L(T", x) = L(T, %)) |x=1

k-1
;a (k- l)+lzlal(l—k)

Theorem 4.7. Let T be a rooted tree. Then the level polynomial of T equals to Hosoya
polynomial T if and only if T = P,.

Proof. Since a path P,;:v;v, .., has one vertex at each level, there exists one vertex for each
distance from v;. Then the level polynomais of P, equals to Hosoya polynomial of P, as in the
following equation

L(By,x) =H(Py,x) =x"1+2x" 2+ -+ (n— Dx.

Since the polynomials equal, we obtain that

L(R) =W(,) = (n -g 1) _(n+ 1)761(,1 - 1)_

Now we assume that T # P,. It means that £ < n — 2 and there are at least two vertices at a
level. Let such a level be k-th level and two vertices u and v be two vertices at this level.
Therefore, u and v are at the same level and the difference of level equals to zero but the distance

between u and v is two. For the vertices which are located at the levels greater than k, distances
from v equal to level difference plus two. Then the Hosoya polynomial of T is greater than Level
polynomial of T as in the following equation.
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H(T,x) = L(T,x) = x2+x3 + -+ xt7K¥2 — x — x2 — ... — xt7k
— lk+2 4 R+ _
If the number of vertices which are the same level increases, then the difference H(T,x) — L(T, x)
also increases.
Theorem 4.8. The level polynomial of a star S,, of order n equals to following equation

L(S,,x) = (n—1)x.

Proof. The star graph S, is consisted of a root and n — 1 leaves at distance one from the root.
Then we obtain the level polynomial and level index of S,, as follows

L(S,x)=m—-1)x
L(S,) = (n—1).

Let C,(1+ X3,1+X,,...,1 +X;) be a caterpillar graph which is defined in [2]. C,(1+ X3,1+
X5, ...,1 + X)) is obtained from a path P, vyv; ..v,_; by attaching leaves to vertices of paths as the
leaves located at consecutive level. It means that v, is root, atlevel i for 1 <i<h—1 there are
1+ X; vertices, and at the level h there are X, leaves. To easify the notation we can write Cy
instead of C,(1+ X;,1+X,,...,1+ X,).

Theorem 4.9. The level polynomial of a caterpillar graph €, equals to

h—-1 h—i-1
L(Cpx) = Z X;+1)+ Z (X; + D) (X4 + 1) + Ky + DXy, | x5+ X"
i=1 j=1

Proof. The distance h can be obtained between the root v, and

L(Cpx) = Xpx" + (Xp_g + 1+ Xy + DX)x" 1
+ Xy 1+ X+ DKoy + D+ X, + DX 2 4+
X +1+ X+ D+ D+ X+ DX+ 1)+ + Koy + DKoy + 1)
+ (X1 + DXplx

Then we can write the level polynomial of C,, caterpillar graph

h-1 h—-i-1
L(Cpx) = Z X, +1)+ z (X, + D) (X4 + 1) + Ky + DXy, | x5+ X"
i=1 j=1

We compute the level index of caterpillar C;, as in the following equation

(L(Ch %)) 1=

h-1 h—-1h-i-1 h-1
= z i(X; +1) + z z (X +1)(X4 + 1) +Z i(Xp_i + DX,
i=1 i=1 j=1 i=1

+hX,

The last equation equals to level index of caterpillar which is obtained by direct calculation in
the paper [2].

Corollary 4.10. If it is taken X; = X, = --- = X}, = X, the level polynomial and level index of a
caterpillar graph C,(1+X,1+X,..,1+X) aregiven inthe following equations
h-1

LIC,A+X,1+X,...1+X),x)=Xx"+ (X +1)? Z ixt,

i=1
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h-1
LG+ X, 1+X, .. 14X))=hX + (X + 1)221'(}1 — 0
i=1
h+1
=hX+(X+1)2( 3 )
Corollary 4.11. If it is taken as X = 1, the following equations are obtained
h-1
L(C,(12,2,...,2),x) = x" + 42 ixht
=1
h-1
L(Ch(22,..2))=h+ 42 i(h—1i)
=1
Corollary 4.12. Ifitis taken X; = X, = - = X, = 0, the level polynomial and level index of a
caterpillar graph C,(1,1,..,1) = P, are given inthe following equations
h-1
L(C,(1,1,..,1),x) = Z ixht
i=1
< (h+ Dh(h—1) (h+1
L(C,(11,..,1) = Z i(h—1i) = - = ( 3 )
i=1

Theorem 4.13. The level polynomial of tree H of order n is computed by the following equation
a-1
L(H %) = ) (id® + d) x°
i=0

Proof. The tree H is consisted a central vertex v and d paths P, which are attached to v
(see Figure 4). It means that n = da + 1.

L(H,x) =dx*+ (d?+ d)x* 1+ 2d?> + A)x* 2+ -+ ((a—1)d? + d)x

a—1
L(H, x) = Z(idz +d) xo
i=0

31
' i N
-0 1
0 2
e o 0 ¢ & @
—O d

Figure 4. The tree H (Subdivisions of star graph).
The level index of H can be computed from the first derivative of L(H,x).

(L(H,%)) = dax®* + (d2 + d)(a — Dx*% + -+ ((a — 1)d* + d)

doi:10.20944/preprints202312.0902.v1
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(L(H,%)) |x=1 = da + (d2 + d)(a — 1) + (2d2 + d)(a — 2) ...+ ((a — 1)d? + d)

By this equation we obtain the level index of H as in the following equation.

a—1

L(H) = Z(idz +d)(a—1)

i=0

a—1 a—-1
= (ad? =) Y i—d? ) i +da?
i=0 i=0

_da(a+1)(da—d+3)

6
Theorem 4.14. The level polynomial of dendrimer (depicted in Figure 2) graph T 4 of order n
is computed by the following equation

k-1 k—i-1
L(Tk'd,X) =d(d - ]_)k—lxk + Z d(d — 1)i—1 + d? Z (d — 1)i+2j Xt
i=1 j=0

Proof. We use Theorem 4.1 for the level polynomial of dendrimer graph Ty 4
=d(d—-1D*x*+d(d—-1)*?[1+d({d - D]x*1 +
dd—1)*3[1+d(d—-1) +d(d—1)3]xk2 +
did—1D**[1+d(d—-1) +d(d—1)? +d(d — 1)*]x*3 +
did—DF*[1+dd-1D)+dd—-1?*+dd—-1)3+d(d—- 1]« + -+
d[1+d(d—-1)+d(d—-1)3+-+d(d—-1)%,*]x

If the previous equation is written in a closed form, we obtain that
k—i-1

k-1
L(Tyq,x) = d(d — 1) 1xk + Z d(d — 1)i-1 + Z (d — 1)+ | %t
i=1 j:O

To compute the level index of dendrimer graph T, ;, we can take the first derivative of level
polynom of Ty 4.

L(Tia) = (L(Tk,d'x)), =1

k-1 k—1k-i-1
= dk(@d-1DFTHd Y i@d- DT A ) Y id = DY
i=1 i=1 j=0

This equation can be restated as follows.
The first term and second term of L(T}4) are showed by the following equation.

d[1+2(d—-1)+3(d—1)?+ -+ k(d—1D*1] (%)
The third term of the L(Ty4) is restated by the following equations
d2[(d — 1) + (d = 1)3 + -+ (d — 1)?*73] (for i = 1)
2d2[(d — 1)2 + (d — D)* + -+ (d — 1)?*74] (for i = 2)
3d%[(d - 1)+ (d—1)5+ -+ (d — 1)2)7>] (for i = 3)

(k—2)d?[(d —1D* 2+ (d—-1*] (for i=k—2)
(k—1)d?>(d — Dk Y(for i =k —1)
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We can take x = d — 1 for easy writing of the equations. By this way we obtain the equation ()
as in the short equation

d[1+2(d—-1)+3(d—-1)%>+ -+ k(d — 1) 1]
= (x+ (1 +2x + 3x2+ -+ kxk1)
kx®+ — (k+ Dx* + 1
(x —1)?
The third term of the L(Ty4) can be written as follows
(c+1D?*[x+2x2+ (1 +3)x3+Q+Dx*+ (1 +3+5)x° + -+ (1 + 3)x2k>
+ 2x2k—4 + x2k—3]
= (x + 1)?P(x)

=((x+1)x

such that
2k-3 k-1 k-2
n+1)>? n+1)>?
P(x) = Z apx™ = Z G 2 ) Jx"+z li( 7 ) ]xz"‘z‘"
n=1 n=1 n=1

It follows from the fact that the coefficients of P(x) are symmetric around a_,
an = Qzp—z-n and from the fact that the coefficients of odd powers sum to
squares and of even powers to twice the triangular numbers.
The first ten coefficients of P(x) arel, 2,4, 6,9, 12, 16, 20, 25, 30 which are the first terms of an
interesting integer sequence which is appeared in OEIS by reference number A002620.
Finally the level index of the dendrimer graph T, ; equals to
kex*+1 — (kK + Dx* +1

(x —1)?

k-1 ) k=2 X
+ (x +1)2 Z [@| x™ + Z l%| x2k=2-n

L(Tyq) = (x + 1) X

Conclusion

In this paper, we define a new graph polynomial which is based on the level index of rooted
trees. The level index was defined by Balaji and Mahmoud for statistical analysis of graphs. It is used
to measure balancing of rooted trees.

We show that level index can be calculated by level polynomials of graphs. We obtain the level
polynomial and level index of trees which represent the triangular numbers. The sum of coefficients
of level polynomials and level index of triangular numbers correspond some integer sequences
appeared in OEIS [12]. Moreover, we compute the level polynomial and level index of caterpillar
graphs, subdivision of star graphs and dendrimer graphs.

It is clear that level polynomial concept can be applied to rooted trees which represent the square
numbers, pentagonal numbers, hexagonal numbers and others. We know that Pascal triangle can be
represented by a perfect binay tree. Then, level polynomials can be applied to many integer objects.
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