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Abstract: In this paper, we present a new parametric class of optimal fourth-order iterative methods
to estimate the solutions of nonlinear equations. After the convergence analysis, we study the stability
of this class by using the tools of complex discrete dynamics. This allows us to select those elements
of the class with lower dependence on initial estimations. We verify by means of numerical tests that
the stable members on quadratic polynomials perform better than the unstable ones, when applied to
other non-polynomial functions. We also compare the performance of the best elements of the family
with known methods, such as the schemes by Newton or Chun, among others, showing robust and
stable behaviour.
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1. Introduction and Preliminary Concepts

Numerical methods play a fundamental role in scientific and engineering disciplines due to their
ability to solve mathematical equations, enabling the analysis of physical phenomena and complex
systems. These algorithms provide approximate solutions when exact solutions are challenging to
obtain, while also offering computational efficiency in terms of time and computational resources by
effectively performing complex calculations.

In the field of numerical analysis, there is a current trend of designing families of numerical
methods that generalize existing approaches. Notable examples include King’s family [23] and that
developed by Hueso et al. in [20]. Some of these methods incorporate weight functions in their design
process (see, for example, [11,12,14]).

The efficiency index of an iterative method is defined by Ostrowski in [26] as EI = p!/¢, where p
is the order of convergence and d is the number of functional evaluations per iteration. This concept is
directly related with Kung-Traub’s Conjecture [24], that states the order of convergence of any iterative
scheme cannot be greater than 27~ (called optimal order).

Several authors have generalized iterative schemes optimally according to Kung-Traub’s
conjecture [24]. However, since there is no difference in the number of function evaluations and
the order of the members within a family of iterative methods, it is necessary to conduct a stability
study on some simple nonlinear functions, such as quadratic polynomials. This is because in practice,
it has been observed that iterative schemes that are stable for such functions tend to perform better
compared to other methods that exhibit some pathology when applied to more complicated functions.
To this end, complex discrete dynamics are employed to analyze stability in functions like quadratic
polynomials (see, for example, the work of Amat et al. in [1,2], Behl et al. in [3], Chicharro et al. in [9],
Cordero et al. in [15-17]), Khirallah et al. [22], Moccari et al. in [25], among others.

The detailed description of the following concepts in complex dynamics can be found in [4,19].
Let R : C — C be a rational function on the Riemann sphere C = CU {co}, then we denote by R(z) the
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operator R(z) = %, where P(z) and Q(z) are complex polynomials with no common factors. Usually,

R is obtained by applying an iterative scheme on a quadratic polynomial p(z) = (z — a)(z — b).

Given zg € C, we define the orbit of zp under R to be the sequence of points zp,z; = R (29) ,zp =
R%(z),...,zn = R"(2p),.... Point 2 is called the seed of the orbit. There are many different kind of
orbits in a typical dynamical system. Undoubtedly, the most important kind of orbit is a fixed point,
that is, a point z that satisfies R (zg) = zg. Another important element is the periodic orbit or cycle. A
point zg is n-periodic if R" (zp) = z( for some n > 0, being RV (z() # zo for any p < n. The least such n
is called the prime period of the orbit.

Let us suppose that zg is a fixed point of R. Then z is an attracting fixed point if |[R’ (z9)| < 1.
The point z is a repelling fixed point if |R’ (z9)| > 1 and, finally, if |R’ (zg)| = 1, the fixed point is
called neutral or indifferent.

Theorem 1. [19] Attracting Fixed Point Theorem. Suppose z is an attracting fixed point for R. Then there
exists a domain D contained within the Riemann sphere such that zy € D and in which the following condition
is satisfied: if z € D, then R"(z) € D for all n and, moreover, R" (z) — zg as n — oo.

Theorem 2. [19] Repelling Fixed Point Theorem. Suppose z is a repelling fixed point for R. Then there exists
a domain D contained within the Riemann sphere such that zog € D and in which the following condition is
satisfied: if z € D and z # z, then there is an integer n > 0 such that R"(z) ¢ D.

Now, let us suppose z is an attracting fixed point for R. The basin of attraction of z is the set
of all points whose orbits tend to zp. The immediate basin of attraction of zj is the largest convex
component containing zg that lies in the basin of attraction. The critical points of the operator are
those z© that meet R (z©) = 0. A critical point is called free if it does not match with the roots of the
polynomial. These two concepts are closely related with the next result.

Theorem 3. [6,7] If R is a rational function, then the immediate basin of attraction of a periodic (or fixed)
attracting point contains at least one critical point.

Fatou and Julia studied the iteration of rational maps R : C — C under the assumption that
deg(R) > 2. They focused on a disjoint invariant decomposition of C into two sets. One of these sets
is often called the Julia set. The other set we shall refer to it as the Fatou set [4]. The Fatou set is the
union of all basins of attraction, and the Julia set is its boundary.

By Theorem 3, all the attracting behaviour of a rational function can be found by iterating the free
critical points and classifying them by their asymptotical performance in the Fatou set. This is done by
means of the parameter plane, in case the rational function R depends on a complex parameter 7. It is
the graphical representation that provides information about the choice of one or another value of a
parameter «y within a family of iterative methods. This graphical representation directly relates each
point in the complex plane to its corresponding parameter value that specifies each member of the
family. Given a free critical point of R used as initial estimation, the parameter plane indicates which
attracting periodic orbit or fixed point the orbit of the critical point converges to.

When all the free critical points are known, we calculate the parameter planes to determine which
values of <y relates the final state of all free critical points to any of the roots of p(z). According to
Theorem 3, this will ensure stability (on quadratic polynomials) of the associated elements of the class,
as the only basins of attraction correspond with these roots.

Given a free critical point cr(vy) as a seed of the rational function R, we define D, as the set of
values of v where the free critical point is in the basin of attraction of any of the roots of p(z).

We also define the characteristic function of the set D, as:

1 if yeDy
FDcr(r)/) _{ 0 lf ’Y%Dcr-
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Therefore, we consider the parameter plane by representing the characteristic function of D.,, where
the red color is assigned when Fp_, () = 1 and black when Fp_ (y) = 0.

Our interest is to determine the values of 7y in which the final state of the orbits of all free critical
points is one of the polynomial roots. Since we construct a parameter plane for each free critical point,
we proceed to construct the intersection of the parameter planes, that is called unified parameter plane
[10]. In this plane, we graph Fy» (7), where n is the number of free critical points of the rational
operator. Each red-colored point corresponds to values of  for which all members of the family of
iterative schemes are stable on quadratic polynomials.

One way to validate the information obtained through parameter planes is by using dynamical
planes, which graphically represent the basins of attraction of a set of initial values for a specific
member of the family, that is, for a value of <. In other words, given a parameter value for which the
associated method is stable, its dynamical plane is composed only of the basins of the polynomial roots.
This indicates that, regardless of the initial estimate of the method, it will always be able to converge to
one of the roots. On the other hand, if the parameter value is in the instability region on the parameter
plane, in addition to the basins of the roots, other basins corresponding to attracting periodic or strange
fixed points appear. Through the dynamical planes, we determine to which attracting fixed point the
orbit of any initial estimate zy converges for a specific value of 7.

The basin of attraction for the root z = a is represented in orange color, while the basin for z = b is
represented in blue. Additionally, we assign different colors such as green, red, etc., depending on the
number of attracting fixed points associated with 7, and we use black to represent basins of periodic
orbits. The decrease in brightness of each color is an indicator of the size of the orbit of each point,
meaning that brighter colors represent points that require fewer iterations to reach the fixed or periodic
point. The codes used to present the parameter and dynamical planes are defined by Chicharro et al.
in [8].

Let us remark that all the information obtained depends on the quadratic polynomial p(z) used
to define the rational function R, by applying the class of iterative methods on it. A key tool to extend
these results to any quadratic polynomial is the conjugation. Let f and g be two functions from the
Riemann sphere to itself. An analytic conjugation between f and g is a diffeomorphism / of the
Riemann sphere onto itself such that h o f = ¢ o h, where F is called the conjugation. In [5], Blanchard
introduced the conjugation map ¢(z) = 2=}, which is a M6bius transformation satisfying the following
properties: ¢p(o0) = 1, ¢p(a) = 0, and ¢(b) = oo being a and b the roots of the arbitrary quadratic
polynomial p(z) = (z —a)(z — b).

Theorem 4. Scaling Theorem [4,18] Let f(z) be an analytic function and let A(z) = nz + B, with # 0 an
affine application. If h(z) = A(f o A)(z) with A # 0, then the fixed point operator Ry is analytically conjugate
with Ry, through A, i.e. (Ao Ry o A7) (2) = R¢(z).

If a family of iterative methods satisfies the Scaling Theorem, then the Mdbius transformation can
be applied. As demonstrated by Blanchard in [4], the asymptotic behavior of the system is qualitatively
equivalent under conjugation. This allows us to perform dynamical analysis on an associated operator
that does not depend on the roots 2 and b. Instead, the dynamical study is conducted based on their
corresponding values in the new operator, which are ¢(a) = 0 and ¢(b) = co. Additionally, the strange
fixed point z = 1 corresponds to the divergence of the original method. This makes the analysis of its
stability particularly important.

In this investigation, using the weight function technique in Section 2, a parametric family of
iterative methods of order four is designed. In Section 3, the rational function resulting from the fixed
point operator applied on a quadratic polynomial p(z) is analyzed. More specifically, we study the
dynamics of the fixed points of this rational operator R, which allows us to determine its stability. Also,
in Section 4, the numerical behavior of some of the most stable members on other non-polynomial
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functions is analyzed and compared with other known methods in the literature. Finally, in Section 5,
some conclusions are presented, highlighting the most significant findings of the research.

2. Construction of a New Parametric Family of Iterative Methods

If f(x) = 0 is a nonlinear equation, then an iterative method, under certain conditions, generates
a sequence of real numbers that converges to a solution ¥. However, the guarantee of convergence to
a solution, the convergence rate, and the solution to which an iterative scheme converges all have a
direct dependence on the initial estimate. The creation of a new class of iterative methods makes sense
as long as there are members of the family that are competitive compared to existing schemes with
good behavior. In our study, we present a new family of iterative methods using the weight function
procedure, characterized by:

f (xx)
f(x)’

Xpi1=xr—H y)}(/((i’;)),kzo,l,...,

Ye=2xx—P

)

where B is an arbitrary parameter and H is a real function depending on y(x) = ?E;i . Now, we present

the convergence result of this family, describing the conditions that function H(y(x)) must satisfy in
order to achieve fourth-order convergence of (1).

Theorem 5. Let X € I a simple zero of a sufficiently differentiable function f : I C R — Rand p(x) =
{“E;; Let us assume an initial estimation xg close enough to a zero % of f. If a weight function H (u(xy)),
w(xg) = ﬁg;’;g, is chosen satisfying H(1) = 1, H'(1) = 3, H"(1) = 3 and |H"'(1)| < +o0, then class (1)

has fourth-order of convergence if and only if B = %, being the error equation is given by

1
eﬂlzgiQn7—mHmu»£—8uyT+%Qeﬁ+o@@,

wherecj = -l!f;f)(%),forj =2,3,...,and e, = x; — X.

]

Proof. By applying the Taylor expansion of f(x;) on ¥, we have:

f@ﬂZf@ﬂq+Q%+%ﬁ+qé+O@@y @)

and
f(xx) = f'(%) {1 + 2coe + 3033,% + 4C4€i +0 (e%)} , 3)

dividing directly (2) by (3) we get

f/(xk) = — cze% +2 (c% — C3> e,?(’ + (—46% + 7cpc3 — 3C4> e;(l +0 (e,f) .
f!(xk)
If in the first step of (1) we subtract X on both sides, then we have its error expression

wot e b

= (1— B)ex + Beaet + 28 (C3 - c%) e+ B (4cg —7cacc + 304> et +0 (ei) .
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Then,
f'(y) = 1= 2(B — Deze + Bie + Bae} + O (ef ), @
being
By =3(B — 1)%c3 + 2Bc3,
By = —4(B —1)3cy — 4Bc3 +2(5 — 3B)Bcacs.
Dividing (3) by (4),
u(xg) = ;’8]13 =1+ 2Bcoex + Dief + Dye + O (e%) ,
where
Dy = ((45 ~6)c3 —3(B — 2)0163) 2
D, = (2 (ﬁ2 — 3B+ 2) 3+ (—3/32 +98— 7) cacs + (ﬁz — 3B+ 3) c4) 4.
We expand H (j(xy)) around one because as k tends to infinity, variable u approaches unity,
H (p(x) =H) + B 1y + T2 W a0 (1)
=H(1) +2BH'(1)coex + Fref + %(Fz +F)el +0 (e;(l) ,
where
v = plxe) =1,
F = (2 ((28—3)H'(1)+ pH" (1)) c3 — 3(B — Z)H’(l)) Bes,
=6 (,82 — 3B+ 3) o, H'(1) — 3 (2 (3/32 — 9B+ 7) H'(1)+3(8— 2),8H"(1)) a3,
Fy=2(6(p*—36+2) H'(1)+ B ((68—9)H"(1) + BH"(1)) ) &
Subtracting X on both sides of the second step of (1),
oo g ()N ()
v = =)= () 0
= (1 H(1))ex + (H(1) —2BH'(1)) cae + (2H(1) +3(B — 2)BH'(1))c3 ®)

—2(H() + (B~ 2)H (1) + BH"(1))3 ) &} + O (¢} .

Forcing the coefficients of ey, ¢ and €} to be zero, we get H(1) =1, H'(1) = 3, H"(1) = 3 and p = 2.
By replacing them in (5), we have

1
et = g7 ((117 — 32H"(1))c3 — 81cacs + 9c4) o e) (e;f) )

and the optimal fourth-order of convergence is proven. [J
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2.1. Parametric Family

The proposed parametric family generalizes some existing classes of iterative methods. Let us
recall the one-parameter families of fourth-order optimal iterative methods developed by Hueso et al.
in [20],

o 2f ()
R VI CA T

cey

- (6)
. |5-8 f' (xx) a (%) ' 98 f (%) 2 f (xx)
Tt = [ 5 +“<f'<yk>>+3(f'<yk>) Rz <f’<yk>)]f’<xk>'
and the parametric family defined by Cordero et al. in [12],
2 )
Yk X *gf/(xk)/k 01,..., (7)

3w L9 () N e ()] f )
Tt = [1 4(f'<xk> 1)+s(f'(xk> 1) +6<f'<xk> 1)]f’<xk>'

Both families have the structure of the iterative function defined in equation (1) for g = %, and
their weight functions satisfy Theorem 5. It is evident that the weight functions of these families share
similar structures, suggesting the possibility of constructing a generalized family that encompasses
both.

The following result shows that under certain conditions, the parametric weight function

K(p(x)) = aop® (x) + a1 " (x) + agp® (x) + asp (x), ®)
where g; € Rand k; € N fori = 1,2, 3, satisfies the conditions of Theorem 5.

Theorem 6. The parametric weight function K(u(x)) = aouo(x) + agpkr(x) + ayp2(x) + azp’s(x)
satisfies the conditions imposed to the weight function H of Theorem 5 if and only if

k; # k], withi # j,
(k1 — kp) (—3ka + k1 (4k2 —3) +6) — 1¢o

ap =

4¢3

o (B (k2 —2) +ko (3~ 4ka)) (ko — k2) + ¢

1= 7
4¢3

i — (k() — kl) (—3k1 +k() (4k1 — 3) +6) — ’)/4)2

2 = 7
4¢3

a =1,

where

e H (k; — k]-), withi,jand nin {0,1,2,3}.

i<j
i,j#n
Proof. Considering that
K(u(x)) = agu(x)+ayp’t(x) + agp(x) + azp® (x),
K (u(x)) = aokoyko_l(x) + alklykl_l(x) + azkzykz_l(x) + a3k3yk3_1(x),
K" (u(x)) = ag(ko—1) ko™ 2(x) +ay (ky — 1) kyp"172(x) + ap (ko — 1) ko272 (x)

+as (ks — 1) ksp** 2 (x),
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Then,

K(1) = ag+ay +az +as,
K’ (1) = apko + a1k1 + axky + azks,
K" (1) =ag (ko — 1) ko +a; (kl — 1) ki +ap (kz — 1)k2 +as (kg — 1) ks.

If we equate These expressions to the conditions imposed in Theorem 5, then we have the following

system
ap+ay+ax+az = 1,
agko + a1k1 + arky + azks = %,
ao(ko—l)k0+a1(k1—1)k1+a2(k2—1)k2+a3(k3—1)k3 = %,

whose solution set for a; = vy, and k; # k; if i # jis

a _ 4’yk§ —4yky ks —4ykoks+4vky ko 43k —4k1ky+3ky—6 _ 3(ky—2)+ky (3—4ky) + y(ky—ks)(ks—ky)
0 = 4(ko—k1)(ko—k2) 4(ko—k1) (ko—k2) (ko—k1)(ko—ka2) *

o= 4yk3 —4vkoks —47koks +4vkoko +3ko—4koka +3k2—6 __ 3(kp—2)+ko(3—4ky) 7 (ko—ks)(ky—k3)
L= 4(ky—ko) (k1 —k2) 4(ko—ky)(k1—k2) (ko—k1)(k1—ka) *

a o _ 74'yk§+4’yk0k3+4'yk1k374'yk0k1 73k0+4k0k1 73k1+6 o 3(k1—2)+k0(3—4k1) + ’)‘(ko—k3)(k1—k3)
2 = 4(ky —ka) (ka—ko) T A(ko—k2)(ka—kK1) (k1 —ka) (ka—ko) *

a = 7.

By defining

¢n = H (ki — k;j), with i, jand nin {0,...,3},
i<j

i,j#n

and multiplying and dividing by ¢3, we have

an = k) (=Bkatki (4ky=3)+6) —y (ks —ka) (ki —ks) (ka—ks) _ (ki—ka)(=3ka+ki(4ka—3)+6)—7¢o
0 = 43 4¢3 ¢
4 = Bka=2)tko(3—4ks))(ko—ka)+v(ko—ko)(ko—ks)(ka—ks) _ (3(k2=2)+ko(3—4ka))(ko—k2)+7¢1
L= 4¢3 4¢3 ’

(ko—ky) (=3k1+ko(4k1 —3)+6)—y(ko—k1) (ko—ks) (k1 —ks) __ (ko—ki)(—3k1+ko(4k1—3)+6)—7¢>
o2 4¢3 B 4¢3 ’
a = v,

and the proof is finished. [J

In Theorem 6, we observe that the parametric weight function K(y(x)) depends on the parameters
ko, k1,k2, k3, and a3, so we denote it as Ky, i, k, ks,a5) (#(¥)). It is easy to see that the families of iterative
methods from the iterative expressions (6) and (7) are subfamilies of the family formed by the iterative
scheme (1) when H(u) = K(—l,o,l,z,%)(ﬂ) and H(u) = K(73,72,71,0%a)(y), respectively.
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3. Complex Stability Analysis

In Section 2, we have set the conditions for the following iterative scheme to be a fourth-order
optimal class of iterative methods.

2 f (x) k=01,

Ye = Xkp— gf, (x0) .., )
Xep1 = X [ﬂoﬂ(xk)ko +anp(x0)" + axp () + agy(xk)’%} ]/:/((’;’;)),
where p(x;) = }(i E;’;;

If we assign integer values to ko, k1, k», and k3, all distinct from each other, and define a; for i in
{0, 1,2, 3} as in Theorem 6, then the following result demonstrates that the resulting one-parametric
subfamily satisfies the scaling theorem. As a result, the Mobius transformation can be used as an
analytical conjugation to analyze the stability of its members on quadratic polynomials by means of its
associated rational operator.

Theorem 7. Let f(z) be an analytic function, let R be the rational operator associated with the iterative scheme
(9), and let A(z) = y1z + 1, with 1 # 0 an affine transformation. Let h(z) = A(f o A)(z), then the fixed
point operators Ry and Ry, are analytically conjugated by A(z).

Proof. Let N¢(z) =z — z Jf,((zz)) and considering that

Alx—y)=mx—y)+m=(mx+m) - —1ly+mn)+mn=Ax) - Aly) +n,

and also h(z) = A(fo A)(z) = Af(A(z)) , then I (z) = A/(z)Af' (A(z)) = mA(f' o A)(z). Therefore,

-1
Asmieat = (a0~ S

_ - 2 f(z)

= A(0-50)
2 f(z) _

z— 3F0) N¢(z).

So, N¢ and N, are analytically conjugated by A(z). Then,

N A O RN R 1)
=z [Z”f(h'wh)) ]WZ)-

=0
As
h(z) = AMf o A)(z) = Af(A(2)),
I (z) = mA(f o A)(z),
and
W (Ny) = mA(f' o Ao Ny)(z),
then,

B 3 floA N\l 1 foA
nes L (plao) | fh

i=0
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Using that Ao Njo A = N,

and therefore,

AoR,0 Al =A

as, A(x —y) = A(x) — A(y) + 172, then,

3 / ki
AoR OA_1:Z— a; f(Z) f(Z):R,
h ;3 1 (f/ o Nf f/(z> f
so Ry and Ry, are analytically conjugate by A(z). O

3.1. Asymptotical Analysis of the Fixed Points of the Rational Operator

As a consequence of Theorem 7, we know that under the conditions established for the parameters
ki and a; for i € {0,1,2,3} in class (9), the dynamical behavior of the associated rational operator
remains invariant under the Mobius transformation through conjugation over quadratic polynomials.

Applying the family of iterative methods (9) on p(z) = (z — a)(z — b), where a,b € C we obtain

the associated rational operator R = ¢ o R, o ¢~ 1, after the conjugation with the M6bius map
z—a
o)==
Now, for our dynamical analysis, we assign distinct integer values to kg, k1, k», and k3, and we
study the dynamics of the rational operator Rx of the parametric family associated with these values.

For the selection of the class, we use the following criteria:

1. Since we aim to construct a parameter plane for each independent free critical point, we want the
polynomial whose roots are critical points depending on <y to have a degree no higher than 4.
This is because it becomes extremely laborious to construct parameter planes when the critical
points that depend on v are the roots of a high-degree polynomial.

2. We want to find a radius disk where |R (1, ko, k1, k2, k3,7)| > 1 as big as possible. By making z = 1
Alko,ki,ksk3)
B(ko,ky,kak3)+C(ko,kykak3)y”

in Ry (z, ko, k1,ko, k3,v) it is easy to see that Ry (1,ko, k1, ko, k3,7) =
where A(ko,kl,kz,kg) = S(ko — k])(ko — kz)(kl — kz),

B(ko, k1, ko, k3) = — koZky 2% K23k2 1 k202 k1zkig, — k22 kizkitl 4 gk 2k,
+ ko22 K23kt _ gk 2k, + kokq 222 K23k — 22 kogkok, 2k, — 8koky>
42 kogko+1g 2 _ goo2-kigkig,2 4 92—kogko, k.2
+ k021_k13k1+121_k03k0+1k1 + 8k0k22 . 2—k03ko+1k22 o kozl—k23k2+1
+2lkogkot g, 20 —kegketl 4 gk 2, 4 2R3kt )2 g k)
+ k1217k23k2+1 . 21*k13k1+1k2,
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and
Clko, k1, ko, k3) =ko2k122 7R3k — k202 k13kif, — kg2 227 %e38 4 ko222 R 3k ks +-
ko%kp22 K3k _ k202 kazkofey  kok 202 kegke 4 92— Kogko 2k, 4
k0k1222_k33k3 — 22_k03k0k12k3 + kozz_kl?)kl k22 — 22_k03k0k1k22—
ko227 k13K js? 4 227 Ko3Rofe a? — koky 222 K33ks 4 22 kogkog, 2 ks -
k22 ke3kejy2 — 92kogkof, ka2 — ki 2k,22 K33ks 4k 202 ke gke ey 4
kyky222 ks3ks _ p2=kigkig, 2hs — jq 22 kazke 2 4 92 K3k, ka2,
Al(kg,kq,ko,k B(ko,k1,k2,k .
Then, |C§k§,k:,k:,k3| > |Cgkg,ki,k§,k3 + | when |R'(1, ko, k1,ko,k3,7)| > 1 and now we define

G(ko, k1, k2, k3) = % such that we can choose values of kg, ki,k; and k3 where

|G(ko, k1,k2,k3)| can be made as large as desired.
3. The coefficients of the rational operator must be simple in the sense that they do not exceed three

digits.

In Table 1, the degrees of the polynomials whose zeros are free critical points of the rational
operator associated with 330 one-parameter families constructed with values of ko, k1, k2, and k3 taken
from the set of all unique permutations of integers from -5 to 5 are presented. Within this set, 9 families
are identified that meet the criteria established in the first point. Of these, 8 families have an associated
polynomial of degree 4, while one family has a polynomial of degree 2.

Table 1. Degree of the polynomials whose zeros are free critical points of Rg.

Degree Number of Families

18 36
16 56
14 63
12 60
10 50
8 30
6 26
4 8

2 1

Table 2 presents the values of k; for j = 1,2, 3,4, radius |G(ko, k1, kz, k3)| and rational function of
those classes of iterative schemes such that the polynomials generating the free critical points have
degree lower or equal to four. It is observed that the families by Hueso et al. (6) and Cordero et al.
(7) meet our selection criteria. In the case of the first family, the radius of the disk where divergence
is repelling, as a function of 7, is 24, and the polynomial that meets the first criterion is of degree 4.
On the other hand, the second class has a radius as a function of y of 54, and it possesses the only
second-degree polynomial that satisfies the first criterion among all possible formed families. In both
families, the coefficients of the rational operators do not exceed three digits.

The family associated with K(_4 3 5 1 .) has a divergence radius greater than that of the two
families mentioned earlier, and the polynomial degree is 4. However, the coefficients of the rational
operator are not simple. On the other hand, the family associated with K(_, ;) has simple
coefficients and a radius of 36, which is greater than the radius of the family studied by Hueso et al.
(6). Therefore, we will focus our analysis on this family. It is worth mentioning that it would also be
interesting to study the dynamical behavior of the family associated with K(g 123 1) 0r K(1234), as
well as other families if we do not consider the simple coefficient criterion.
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Table 2. Values of k; related to parametric families where the degree (D) of the polynomial whose zeros

are free critical points of the associated rational operator does not exceed 4 and their radius (r).

(k01k11k2/k3) T D RK(Z/r)/)
1234 2y 21 (—1927+812°+1352*+3242°+20422— 19272 +1872—3)
(1,2,3,4) 3 "~ 3(64y+1)25+ (1927 —187)z% —2042% —32422 135z 81
24 (—649+272* +5423+902% +62z+39
(0,1,2,3) 16 4 (67 +2724+ 5421+ 90: )
(647—39)z*—6223—-9022—54z—27
4.3 20 18 4 24 (=256 +2720+2162°+729z* +12962° + (1813—25677) 22 —8(32y—157)2+679)
(—4,-3,-2,0) (2567—679)2°+8(327—157)25+ (256 —1813) 2% — 129623 — 72922216227
24 (—647+272* +90z3 +1382%+114z+63
(-1,0,1,2) 24 4 _ Z(cedy 7 90e 4136 )
(647—63)z%—11423—13822—90z—27
4.3 .10 162 4 z*(—3847+812°+6482°+21872" +38882°+ (4839384 )2 —8(647—421)z+1437)
(—4,-3,-1,0) 5 3(1287—479)26+8 (647 —421)2z5 (384~ —4839)zF —38882° 218722 —6482—81
24 (—64y+2724+1262° 423422 +1982+135
(—2,-1,0,1) 36 4 _ (b )
(647 —135)z4—19823 23422 126227
(—4,—2,1,0) 86 4 2 (7687424320 +19442° +-65612* +116642° + (13629~ 7687)2% + (9512 —12807)2z+3423)
7 e T 11 (768~ —3423)26+8(160y —1189)z5+3(256y —4543) 23 — 1166423 —656122 — 1944z —243
z* (=647 +27244+1622°+37822+3782+319
(-3,-2,-1,0) 54 2 (~oty )
(647—319)2% 3782337822 —162z—27
4.3 -2 1 81 4 24 (19248128 +6482°42187z*+38882%+ (54391927 )22 —8(16y—471)z+2037 )
(=4, -3,-2,-1) T 3(647—679)z6+8(167—471)25+3 (647 —1813)z4 —388823 — 218722 — 648z —81

doi:10.20944/preprints202312.0872.v1

From Table 2, we denote the rational operator of the family associated with K(_, _1 9 ) by

z* (272* +1262% + 23422 + 198z + 135 — 647)
(135 — 647) z* + 19825 + 23422 + 1262 + 27

R(z,7) =
Let us now analyze some properties of the rational operator R.

Theorem 8. Fixed points of the rational function R(z,y) are z = 0, z = oo and also the following strange fixed
points:

e ex1(y) = 1 which corresponds to divergence from the original method,

2
500~/ (<3500 + 5 + B) —a- - %),

N[

e exp(y) =210 =

2
$5(7)+\/(—35(7)+95}(77)+g7) —4- = -¥),

N|—=

e ex3(y) = 212 =

N[
\
\Ol—
g
9]
—~
=
\

\
N
+
/N
Ol
g
V)
=

o exy(y) =21 =

e exs(y) = 222 =

N[
\
\Ol—
S
9]
—~
<2
~—
\

o exg(y) =231 =

N|—
|
\Ol—
S
e
2
+
N
+

N|—=
|
\O|—
S
x
=2
+

* exy(y) = 232 =

Proof. By fixed point definition, we have R(z,y) = z. Then,

24 (272% + 12623 + 2342% + 198z + 135 — 647)
(135 — 647) z* + 19823 + 23422 + 126z + 27

» 2[27 (77— 1) +1262 (£~ 1) +2342% (£~ 1) + (63 + 649) 2 (2 - 1)| =0,
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and
z(z—1) (27z6 +1532° + 387z* 4 23(450 + 64) 4 3872% + 153z + 27) =0.

Let J(z,) denote the last factor of this equation. If we substitute u = z + %, then u? — 2 = 22 + le
and u3 —3u = 2> + % Thus, ] (z,7) = 2% [27u® + 153u? + 3061 + (144 4 647)]. Therefore, the factor
27u® 4 153u? + 306u + (144 + 647) must be zero. Consequently, we have

ur(y) = 35(7) - 951(77) - g
17 (1+iV3
uz(y) = —% (1 —i\/§) S(7)+ (185('y)) - g/
17 (1 —iV3
u3(’y) = —1% (1+i\/§) S(’)/) + (185(’1)/)> - :[91/

where

S(y) = i’/ 3V3 \/ 276482 — 60544y + 33327 — 8647 + 946.

jt+k .

Therefore, ex;. k() = (V) +(=1) — ”’(7)274, fori =1,2,3,j=1,3,5and k = 1,2. Let us notice

that the strange fixed points ex;1(y) = zi» = % - ex-l('y)’ since z2 — u;(7)z +1 = 0is a symmetric
polynomial. ’
111 1 17 172 17 17
e exp(y) =z1 =75 | 35(7) - (_§S(7)+W+7> 4-dls -4,
111 1 17 17\? 17 17
s e =z2= 3§+ (~8SN iy +F) - - ¥ )

N|—=
|
\O|—
S
wn
—~
=
N—
|

o exy(y) = 221 =

N =
\
\O|—=
g
9)
—~
=
+

° exs(y) =2 =

N|—=
|
\O|—
S
wn
—~
=
N—
|

e exg(y) = 231 =

o exz(y) =z30 =3 | —$@S(7) +

where w = % (1 — 1\@) .
In a similar way, it can be easily checked that z = 0 is a fixed point of ﬁ, and thus, z = c0isa
fixed point of R. O )

It is clear that the stability of fixed points is influenced by the parameter of the family. This
dependence can result in the presence of attracting strange fixed points, leading the corresponding
iterative method to attracting elements that are not solutions to the problem being solved.

In order to perform the stability analysis of the fixed points, we evaluate the derivative operator
in them,

36z3(z +1)*N(z,7)
(64yz* — 13524 — 19823 — 23422 — 126z — 27)*
where N(z,7) = (1927 — 405)z* — (96 + 540)z3 + (647 — 990)z% — (967 + 540)z + (1927 — 405).

Fixed points z = 0 and z = oo are always superattracting since |R'(z,y)| = 0 for those values.

However, the stability of the other fixed points, such as z = 1, provides important numerical

R/(Z, ’7) =
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information, as it corresponds to the divergence of the original scheme. Hence, we will determine the
stability of these fixed points in the forthcoming results.

Theorem 9. The strange fixed point ex1(y) = 1, if v # %, has the following characteristics:

(i) It can not be superattracting.
(ii) When ’% - 'y‘ < 36, ex1(7y) = 1is a repelling fixed point.
(iii) If ‘ 5 'y) = 36, ex1(7y) = 11is a neutral or indifferent fixed point.

(iv) When ’% - 'y‘ > 36, then ex1(y) = 1 is an attracting fixed point.
Proof. (i) The derivative R} (1,7) = % is always different from zero, so ex1(y) = 1 cannot be

a superattracting. Moreover, it is not defined for ¢ = %, and z = 1 is not a fixed point for this
value of 7.
. . o ees a4 . . o | 144
1. (ii) According to the definition, ex; (y) = 1 is a repelling fixed point if |R},(1,7))| = ‘m’ > 1.

144
Bay

Therefore, ‘ > 1is equivalent to |9 — 'y‘ < 13 =36.

Let us consider an arbitrary complex number v = ¢ + id. Then, % - 'y‘ < 36 is equivalent
to (c — %)% + d* < 367, indicating that the divergence represents a repelling fixed point for
values of 7y # % inside the disk D centered at C (%, 0) with a radius of 36. It is neutral at the

circumference and attracting outside the disk. See Figure 1 for a visual representation.

0.5

0.0 0 -20

40 20
Figure 1. Stability region of the strange fixed point ex1 () = 1 in the complex plane.

The proof for items (iii) and (iv) follow a similar approach to item (ii).
O

We aim for the only attracting fixed points to be z = 0 and z = co. Therefore, the stability function
|R'(z,y)| at the other fixed points should always be greater than one. Indeed, to prevent divergence,
an stable method must be defined with a «y value from within the disk D;.
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Figure 2 displays the stability function of ex;(y) and ex3(7y), indicating that there are only
attracting fixed points inside the orange cardioid contained within the rectangular region defined by

99 83 83

.22
B(V)—{WGC-W—C+1d,g<c<§,—% d< 5}

Figure 2. Stability regions of ex;(y) and ex3(7y), in the complex plane.

Figure 3 displays the stability surfaces of the strange fixed points ex;(7y) fori = 4,5, 6,7, illustrating
that they are always repelling for  values inside the disk D;.

Figure 3. Stability regions of ex;(vy) for i = 4,5,6,7, in the complex plane.

On the other hand, we know that z = 0 and z = oo are critical points for all values of . The
following result identifies the critical points of the rational operator, which allow us to determine for
which values of -y the zeros of p(z) are the only attracting elements.

Theorem 10. The rational operator R has the following free critical points:

i) cry = —1,

i) ena(7) =211 =} (01(7) = \Joh(1) - 4),
iii) cry(y) =212 =3 (01(7) +1/01(7) - 4) ,
iv) cra(y) =22, =} (v2(7) — /23() —4),
v) ers(y) =20 =3 (02(7) +1/93(7) = 4) ,

z(fsﬁa /8372790'y+24'y+135> 2(8\/§\/83727907+24'y+135)

where v1(7y) = 3(647—135) cand vp(y) = 3(647-135) '
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Proof. It is straightforward that

36z3(z +1)*M(z, )

Ri(z,7) =~ 4 4 3 2 2’
(64yz* — 135z* — 19823 — 23422 — 126z — 27)

where M(z,v) = (1927 — 405)z* — (967 + 540)z3 + (64 — 990)z% — (967 + 540)z + (1927 — 405).
Hence, the free critical points are cr; = —1 and the solutions of the equation M(z,y) = 0. So, it can be
expressed as

1 1
2% (192 — 405)z% — (967 + 540)z + (647 — 990) — (967 + 540)= + (192 —405)— | = 0,

z z2

and therefore,

1 1
22 {(1927 — 405) (2% + =) — (967 +540)(z + —) + (647 — 990)] =0.
By making v = z 4 %, then v? —2 = 2% + le Then,
22 [(1927 — 405)(v? — 2) — (96 + 540)v + (647 — 990)] =0,

and
22 [(1927 — 405)02 — (96 + 540)v — (3207 + 180)} = 0.
Since z # 0, then
(1927 — 405)v2 — (967 + 540)v — (320 + 180) = 0.

Therefore, we have

2 (—8\/?:\/8372 — 907 + 247 + 135)

= 3(647 — 135) ’
2 (8\@\/8372 — 907 + 24y + 135)
2= 3(647 — 135) '

. 1)k So =
So, the free critical points are crj () = v+ 1)’; wul(1)? 4, fori=1,2,j=1,3andk=1,2.

. . 2_
Let us notice that cr; 1 () = ﬁ for i = 1,2. Therefore, cri(y) = M,

NI~

era) = (vm)— 2(7)—4),

<
iy
—~
<
S~—
_|._
<
— N
|
S
~—~
<2
~—

a
=
S
—
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SN—
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NI= NI= N =
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3.2. Parameter Plane

By means of Theorem 3, we employ critical points to locate the basins of attraction of periodic or
fixed attracting points. To get this aim, we use the critical points as initial guesses to locate, through
parameter planes, the values of oy where the only attracting elements are the roots of polynomial p(z).
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We plot the parameter plane for values of -y in the rectangular region defined by

{76@:7:c+id,—%<c<1Z—8,—36<d<36},

since this region contains the disk ‘% — 'y‘ = 36. To generate the plot, we use a grid of 2000 x 2000

points, a maximum of 200 iterations, and a tolerance of 10~3. We recall that for the construction of the
parameter and dynamical planes, we use the codes defined in Chicharro et al. [8]. Given a free critical
point as the initial estimate for our iterative scheme, we define D,,, as the loci of the complex plane
defined by the values of v where the free critical point is in the basin of attraction of z = 0 or z = co.
The parameter plane is represented by the graph of the characteristic function of set D,,, where the
color red is assigned when Fp_ () = 1 and black when Fp_, () = 0. We plot the parameter plane
for 7 values in the interior of the disk Dj (defined in Theorem 9), as this region guarantees that the
divergence since ex; (7y) = 1 is repelling.

Figure 4 displays the parameter planes corresponding to the critical points cr;(7y), where i =
2,3,4,5. Let us remark that conjugate critical points have the same parameter plane, so only two of
them are independent.

lIm{a}
lim{a}

-20 -10 0 10 20 30 40 -20 -10 0 10 20 30 40
IRe{a} IRe{a}

Figure 4. Parameter planes corresponding to critical points cr;(7y), i = 2,3,4,5.

On the other hand, Figure 5 represents the unified parameter plane corresponding to the
characteristic function Fs |, (7), where each point colored in red corresponds to values of 7 for
i=2 Per;

which all members of our family of iterative schemes are stable on quadratic polynomials.
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Im{y}

-20 -10 0 10 20 30 40
Re{"f}

Figure 5. Unified parameter plane.

3.3. Dynamical Planes of Some Stable and Unstable Members

In Figure 5, we represent in red the values of < associated with stable members. To obtain
additional complementary information that allows us to verify the stability characterization obtained
through the parameter planes and the stability functions of the strange fixed points, we present
in Figure 6 the corresponding dynamical planes for some stable and unstable values, as per the
information obtained from the intersection of parameter planes.

To construct the dynamical planes in Figure 6, we define a grid in the complex plane with a
2000 x 2000 point grid, where each one corresponds to a different value of the initial estimate zy. Each
dynamical plane shows the final state of the orbit of each point in the grid, considering a maximum
of 200 iterations and a tolerance of 1073. In each dynamical plane, we mark some special points.
Repelling fixed points (RFP) with circles (o), critical points (CP) with squares (1), and attracting fixed
points (AFP) with asterisks (x).

Through the dynamical planes, we determine to which attracting elements the orbit of any initial
estimate zo will converge when using the rational operator R with a specific value of . The basin
of attraction of z = 0 is represented in orange, while the basin of z = co is represented in blue.
Additionally, we assign different colors such as green, red, etc., to other attracting strange fixed points,
and we use black to represent basins of periodic orbits.

We have confirmed that the values of -y in the red region of Figure 5 have only two basins of
attraction, namely, z = 0 and z = oo. This guarantees that, regardless of the initial estimate z(, the
iterative scheme associated with these values of 7y will always converge to a root of p(z). Similarly, it
is validated that there are always pathologies that depend on the initial estimate zg for the methods
associated with values of -y in the black region of the parameter plane.


https://doi.org/10.20944/preprints202312.0872.v1

doi:10.20944/preprints202312.0872.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 December 2023

18 of 25

In(z)

In(z)

Figure 6. Dynamical planes for stable and unstable -y values.

In Table 3, we present a classification of stability of the methods associated with the values of y
presented in Figure 6, along with the number of special points and the period of the attracting orbits

found of each 7.
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Table 3. Stable and unstable values of 7.

0% #RFP (o) #CP(O) #AFP(x) Period Stability
Ya) = 3 7 4 2 1 Stable
T =T 8 5 2 1 Stable
Y =1 9 7 2 1 Stable
Y@ = 0 7 3 2 1 Stable
’)/(e) =-1 9 7 2 1 Stable
== 3 9 7 2 1 Stable
Vg =2 9 7 2 1 Stable
Y = -5 9 7 2 1 Stable
Vi) = 10 — 107 9 7 2 1 Stable
G = —10 — 10i 9 7 2 1 Stable
Y = 16— 12i 9 7 2 1 Stable
Y0 = —16 9 7 4 1 Unstable
V(m) = 20 9 7 2 2 Unstable
Yn) = 16 9 7 2 2 Unstable
Vo) = —40 9 7 3 1 Unstable
Yp) = 10 — 30i 9 7 2 4 Unstable
Vg = —24 9 7 4 1 Unstable
V) = —6 + 28i 9 7 2 4 Unstable
V(s) = 34 9 7 2 2 Unstable
Vi) = —18 9 7 4 1 Unstable

4. Numerical Tests

In this section, we conduct numerical tests on some academical functions. Our goal is to determine
whether methods that are stable in the previous analysis for quadratic polynomials perform better
than unstable methods on non-polynomial functions. Subsequently, we compare the most effective
methods on these functions with other well-known iterative methods in the field of numerical analysis,

such as:
Newton’s method, whose iterative expression is
(xk)
xk-&-l:xk_f/(xk)/ :0/1/-”/

Chun’s method, defined in [11] as
_ S
SRR e
FO0)+2F ) FOR) oy

X = — Vi .7
TR ) )
Ostrowski’s method, proposed in [26] and expressed as
f (%)

e
) )
e =W Y o o f )
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Kung-Traub’s method, defined in [24] with the iterative expression

v = i — f (x)
f'(x)’
f () S
) —f R o) o

and Jarratt’s method, constructed in [21] as

oy 2 ()
MRS )

o () A O f )
Ye+1 = Xk 2(3f’(}/k)f’(xk)>f’(xk)’ k=0,1,....

For our comparative analysis, we consider as the best performing methods those iterative schemes
that converge in the least number of iterations, the estimation of the error is as small as possible and
the theoretical order is closely approximated by the computational convergence order (ACOC), defined
by Cordero and Torregrosa in [13],

Xk+1 = Yk —

cey

In |xp g — x| /| % — xp_1]
In |xp — 21|/ |xk—1 — X2

ACOC =

Test functions and their zeros to be estimated are the following,

fi(x) = Vx2+2x +5—2sin(x) —x? +3, ¥~ 2.33196765588396
flx)=(x—1)%—1+¢%, x ~ 0.297570665698774
f3(x) = arctan(x) + %, © ~ —0.757044010769526
fa(x) = xe¥ — cos(x), % ~ 0.588401776500996

We present numerical results obtained using a Thinkpad T480s laptop equipped with an
eighth-generation Core i7 processor (Intel(R) Core(TM) i7-8650U CPU @ 1.90GHz 2.11 GHz) and
16 GB of RAM. We have used MATLAB R2021b’s academic version, employing variable-precision
arithmetics with 200 digits.

Table 4 displays the number of iterations required for each proposed method, using the parameter
values specified in Table 3, to achieve the desired convergence for each of the functions. It can
be observed that methods associated with values of ¢ # %2, which are stable for real quadratic
polynomials, demonstrate good performance on these test functions. However, it has been found
that methods associated with stable complex v values, as well as methods associated with unstable 7y
values, fail to converge in at least one of the test functions. For v = %, the associated method does not
converge for either f, or fy. It is worth noting that the color intensity in the dynamical plane associated
with this value of y indicates the number of iterations required to ensure convergence, the latter is more
intense than those associated with the other stable real values of y, indicating that those converging
in fewer iterations on quadratic polynomials are more reliable when applied to non-polynomial test
functions (see Figure 6).
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Table 4. Number of iterations on test functions.

Parameter Values f; f»  f3 f4  Stability
5 7

V() = % 4 4 Stable
T =% 4 100 4 100 Stable
Ye) = 1 4 5 4 6 Stable
’)/(e) =-1 4 5 4 5 Stable
1) = —3% 4 4 4 5  Stable
o) =2 4 5 4 6  Stable
T = -5 4 6 4 6 Stable
Vi) = 10 — 10i 4 100 4 100 Stable
TG = —-10—-10i 4 64 4 100 Stable
Y = 16— 121 4 37 4 100 Stable
Yoy =16 4 100 4 100 Unstable
V(m) = 20 4 100 4 100 Unstable
V) = 16 4 100 4 100 Unstable
V(o) = —40 4 59 5 100 Unstable
V(p) = 10 — 30i 4 100 4 100 Unstable
Y = —24 4 100 4 31 Unstable
V() = —6+28i 4 100 4 44  Unstable
V(s) = 34 4 100 4 100 Unstable
V() = —18 4 100 4 11 Unstable

As shown in Table 4, seven of the methods associated with real values guarantee converge
in a maximum of nine iterations. Tables 5-8 present the results obtained when applying Newton,
Chun, Ostrowski, Kung and Traub, Jarratt, and the seven proposed methods. These tables provide
information about the function to which each iterative method is applied, the initial estimate used
(x0), the target root (¥) to which the methods are expected to converge, the number of iterations (lIter)
required for convergence, the approximate order of computational convergence (ACOC), execution
time (Time), estimation of the error in the last iteration (|x;, 1 — x¢| and |f (x4,1)[), and the approximate
solution ¥ found.

The results suggest that the methods associated with 7 values demonstrate competitive
performance compared to Kung and Traub, Newton, Chun, Ostrowski and Jarratt methods based on
our measurement parameters.
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Table 5. Comparative analysis on f(x).
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Function Method Iter Time ACOC  |xgy1 — x| |f (k1)
" Newton 5  0.0713269 2 8.68x10728 211 x107%
N:: Chun 5 0.0927903 2 1.39 x 107% 338 x 10=%
é o Ostrowski 5 0.0995647 2 1.58 x 10727 3.83 x 10~%
£ &

;F § Kung-Traub 5  0.1000585 2 153 x107% 372 x10°%
L_‘ﬁ Lﬁ § Jarratt 4 0.0862121 4 1.44 x 1075 350 x 10~
= =)

S § V) 4 0.0957585 4 5.81 x 107 1.41 x 1075
o

T Eﬂ V() 4 0.1063336 4 211x 107 511 x 107

% V@) 4 0.0842142 4 7.05x 1078 1.71 x 10757

Vo) 4 0.0909392 4 256 x 107 6.21 x 107°

V) 4 0.0864402 4 3.05x 1075 7.41 x 10756

V(g) 4 0.0856559 4 1.99 x 1072 4.82 x 1062

Y 4 0.0971327 4 2.00 x 107%2  4.85 x 10752

Table 6. Comparative analysis on f(x).
Function Method Iter Time ACOC  |xgy1 — xg| |f(xgi1)]

Newton 7 0.0590956 2 1.03 x 1073 293 x 1073

Chun 6  0.0674999 2 1.05 x 107%  2.96 x 10=%

T\; E Ostrowski 8  0.1065735 2 474 x10730 134 x107%

: . % Kung-Traub 7  0.079534 2 1.61 x 1072* 454 x 1072

j TL § Jarratt 5  0.0657351 4 229x10773 648 x 10773

I i % V) 5  0.0744865 4 1.70 x 10753 4.82 x 10~
=

x " T 5 00720414 4 282x10°%8 798x10°4

V@) 5  0.071041 4 210x 10771 593 x 107!

V) 5 0.069821 4 1.66 x 1077°  4.68 x 1077°

V) 4 0.0596417 4 396 10738 112 x107%

V(g) 5  0.0698009 4 6.62 x 10751 1.87 x 10750

6  0.1015708 4 6.70 x 10733 1.89 x 10732

22 of 25


https://doi.org/10.20944/preprints202312.0872.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 December 2023

doi:10.20944/preprints202312.0872.v1

23 of 25

Table 7. Comparative analysis on f3(x).

Function Method Iter Time ACOC  |xgy1 — x| |f (k1)

Newton 5  0.0536364 294 %1070  515x 10720

Chun 6  0.0789598 314 x107% 549 x 107%

m} § Ostrowski 5  0.1089681 326 x1071Y  570x 1071

% 0 é Kung-Traub 6  0.0912986 753 x 10738 1.32x 107

g % Jarratt 4 0.0626825 2811075 492 x 1058

n i l<\? V(o) 4 00754623 4  540x107* 946 x 10

=

2 fﬂ V) 4 0.0704758 202x107% 353 x 10 #

V) 4 0.0670903 3.62x 1074 633 x107%

Vi) 4 0.0725264 1.51 x 107%  2.64 x 107

V) 4 0.0794614 1.46 x 10753 2,56 x 10753

Vg 4 0.0924925 2.00 x 10740 350 x 1074

V) 4 0.0739391 847 x 1074 148 x 10748

Table 8. Comparative analysis on fy(x).
Method Iter Time |xgq — x| If (ks1)]

Newton 9  0.0776262 438 %1072 129 x 1072

Chun 7 0.1032848 1.02x 10721 3.01 x 10721

O § Ostrowski 7 0.1054047 149 x 10723 439 x 1073

|§ o § Kung-Traub 7  0.1014812 353 x 10722 1.04x 1072

g Il § Jarratt 5  0.0895486 1.04 x 10746 3.05 x 10746
s %

™ S V) 7 0.1140201 4 3.56 x 1079 1.05 x 10-%
= !

V) 6 0.0925447 116 x 10719 343 x 107

V) 6  0.1102584 551 x 107" 1.62 x 10~

V() 5 0.0844069 133 x1073¥  392x107%

V) 5  0.0966304 1.061 x 1072 3.13 x 10~20

V(g) 6  0.1174171 1.94 x 10732 572 x 10732

6  0.1047413 1.04 x 10746 3.08 x 10746
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5. Conclusions

In this study, a set of conditions that weight functions must satisfy to ensure that the resulting
iterative scheme has a convergence order of at least 4 has been established. Furthermore, a
generalization of known uniparametric families of fourth-order optimal iterative methods has been
presented. Criteria for selecting the best subfamilies of these uniparametric families have been
established. Additionally, a dynamical analysis has been conducted, allowing us to identify stable
members within the subfamily that exhibit good performance on quadratic polynomials. However,
elements with pathological behavior have also been observed, which should be avoided in numerical
applications.

Furthermore, the performance of stable members of the subfamily has been evaluated in
comparison to unstable members when applied to non-polynomial functions. These results highlight
the importance of stability in quadratic polynomials and its positive influence on the overall
performance of iterative methods in various contexts.

Finally, stable methods within the subfamily that compete favorably with widely used iterative
schemes in the literature have been identified. Through academical examples and detailed comparisons,
it has been shown that the proposed methods represent viable and effective alternatives for solving
nonlinear equations.
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