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Abstract: Spin-orbit coupling and nonparaxiality effects during propagation of vortex vector light beams in a
cylindrical graded-index waveguide are investigated by solving the full three-component field Maxwell’s
equations. Symmetry breaking effects for left- and right-handed circularly polarized vortex light beams
propagating in a rotationally symmetric graded-index optical fiber are considered. The mode-group delay in a
graded-index fiber due to spin-orbit interaction is demonstrated. It is shown that the relative delay times
between vortex pulses of opposite circular polarizations of the order of 10 ps/km can be observed in graded-
index fibers for high-order topological charges.
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1. Introduction

Various symmetry breaking effects arise at the propagation of a polarized light in dielectric
media. Different transmission levels for left and right-hand circular polarizations (circular dichroism)
exhibit optically active materials. Conventional optical activity is associated with intrinsically 3D-
chiral molecules, and it is the property of unequal absorption of right and left hand circular polarized
light. In [1,2] directionally asymmetric transmission of polarized light in planar chiral structures was
considered. Optical activity may also arise from extrinsic chirality. Strong optical activity and circular
dichroism in non-chiral planar microwave and photonic metamaterials was demonstrated in [3]. It is
well known that, when a light beam is reflected from an interface, the longitudinal shift of the gravity
center of the beam is different for s- and p-polarized beams [4], while the transverse shift has reverse
signs in the case of right- and left-hand circularly polarized radiation [5]. Lateral and angular shifts
for strongly focused azimuthally and radially polarized beams at a dielectric interface were shown
in [6]. Polarization-dependent light transmission occurs in a filter with frustrated total internal
reflection (FTIR) due to different resonance conditions for incident beams with s- and p- polarization
[7,8]. Recently, a phenomenon of spin-dependent splitting of the focal spot of a plasmonic focusing
lens was demonstrated experimentally [9,10]. Polarization-dependent splitting of the reflected beam
from the surface of the subwavelength grating was also shown in [11,12]. The effect of spin symmetry
breaking via spin-orbit interaction, which occurs even in rotationally symmetric structures, was
observed in plasmonic nanoapertures [13]. Similar effect of polarization-dependent transmission
through subwavelength round and square apertures was demonstrated in [14].

Polarization-dependent symmetry breaking effects occur also for a light propagating in optical
waveguides. It is known that the polarization plane in an inhomogeneous medium is rotated on
propagation of light ray on the helical trajectory [15,16]. Such rotation was observed experimentally
in a single mode optical fiber wound on a cylinder [17] and interpreted in terms of Berry's geometrical
phase [18]. In [19] the rotation of the polarization plane was observed also in a straight multimode
fiber with step-index-type profile. It is of interest also to consider the inverse effect, i.e., the influence
of polarization on the trajectory and the width of a radiation beam. As demonstrated in [20], these
effects can be also observed in optical fibers, where small shifts are accumulated due to multiple
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reflections in the process of radiation propagation through a fiber. The authors of [20] calculated the
rotation of the speckle pattern produced by circularly polarized light at the output of a fiber
corresponding to the reversal of the sign of circular polarization. In [21] it was experimentally
demonstrated that the rotation angle of the speckle pattern depends on the angle at which a circularly
polarized light beam is coupled into a fiber. It was shown in [22,23] that spin-orbit interaction causes
asymmetry effect for depolarization of the right- and left-handed circularly polarized light
propagating in a graded-index (GRIN) fiber. Depolarization is stronger if the helicity of the trajectory
of rays and photons has the same sign, and less if they do not coincide. Spin-dependent relative shift
between right- and left-hand circularly polarized light beams propagating along a helical trajectory
in a graded-index fiber was shown in [24,25]. In [26] this effect was observed experimentally for a
laser beam propagating in the glass cylinder along the smooth helical trajectory. This shift can be
regarded as a manifestation of the optical Magnus effect [27] and the optical spin-Hall effect [28,29]
which arises due to a spin-orbit coupling. Propagation of light beams in a graded-index medium is
mainly investigated in the paraxial approximation. Both ray and wave optics is applied for the
analysis of light propagation in graded-index media [30—42]. Effects of the polarization on the modes
in lens-like media were analyzed in [43]. In [44] the polarization-dependent Goos-Hanchen (GH)
beam shift at a graded-index dielectric interface is examined both theoretically and experimentally.
In [45] the beam shifts or corrections with respect to geometrical optics caused by the nonparaxiality
and spin-orbit interaction in a graded-index optical fiber are investigated.

In this paper, the effect of symmetry breaking for left- and right-handed circularly polarized
light in an isotropic graded-index fiber due to spin-orbit interaction forces is demonstrated
analytically by solving the full three-component field Maxwell’s equations. It is shown that the
propagation velocities of vortex modes with right- and left- handed polarizations differ from each
other due to spin-orbit interaction.

2. Basic equations

The Maxwell equations for the electric field E exp( — ivt) in a general inhomogeneous medium
with dielectric constant &, y) reduce to:

V2E + k*n?E + V(E - Inn?) = 0, 1)
where k = 2m/2 is the wavenumber and ¢ = n? is the dielectric permittivity of the medium.

In the paraxial approximation, equation (1) can be reduced to the equivalent time-independent
Schrodinger equation [46]. An analogous approach may be used to obtain a parabolic equation for
the two-component vector field wavefunction [22-24]. Using the same method, the equation for a
three-component wave equation can be derived:

iov
va, = HY, (2)

where
ex(r, ¢)
Y= né/z exp( —ikngz) |ey(r,d)|, H=Z7(Hy+ H,) =Ho+ H, + H,,
e,(r, ¢)
X 1 (82 10 102\ 1 _, .
o= |~ a7 ) g 06 )]

is the unperturbed Hamiltonian corresponding to the first two terms in the equation (1),
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and H, = Z{'H, are the perturbations corresponding to the third term in the equation (1),
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Consider a rotationally symmetric cylindrical waveguide with a parabolic distribution of the
refractive index:
n%(r) =n3 — w?r?, (3)
where no is the refractive index on the waveguide axis, @is the gradient parameter, r = \/x2 + y2.
The Hamiltonian A may be rewritten in terms of annihilation and creation operators [36]:

a 1,4 ‘A ~ 1 jag — .4 A 1 ~ . |k A A 1 ~ . |k A
Ay, =‘/—E(a1ila2) , A}, =\/—z(af+1a§), a, =5<\/kwx+l\/£px>, d, =5<\/kwy+l\/£py>,
A o— L0 5 _ 10
Px = =35z Py = kdy

r ¢

These operators satisfy the commutation relations: [di, d;r] =6yj, [Ai,ﬁf] = 6yj.

Thus, we have
w

0
- 1, 1. 1. 3. A e~
H, =7 [cl (1 +26,— 5022) +c, (5 G, + EO'ZZ - 1) + ¢5(6,6, — 6_6,) + c4(0,0, + O'_O'Z)], 4)
A, = [h&E +25(6-— 66, - &Z&_)] A,.
Here

6= 14 Ahy = B2AS =2 (B— A2+ B3 = A7), 5= —ikL, , cy=—L(A2+ A2~ J—

o o o o - o o o o / -
A7), h=—if(A+ A7 + A+ A5), 5= (AT A+ A, —AD), n=re, £=2(9)7 L, L=

2\k) w3’
.00 (010
—;£=;(A§A2—ATA1), I = 8 (1) (1) is the unit matrix and 6x =5 (1) (1) (1) , 0y =
1(0 —i 0) (1 0 0) 1( ) 1( )
=i 0 =—=i) a,={0 0 0 | 6,=—=(6+1i6y) 6-=—=(6x—1i7d,).
v 0 i 0 0 0 -1 vz vz

Representation of the Hamiltonian by means of the operators will allow us to calculate the matrix
elements analytically. Note that generalized Stokes vectors consisting of nine real parameters in terms
of vector and tensor operators are considered to completely describe three-dimensional fields [47].

The solution of the unperturbed equation is described by radially symmetric Laguerre-Gauss
functions Y, (r, @) = |v,1):

1 1 1 2
u(r9) = () [Z5] (kar?)z exp (-4 1 (kor?) exp(ilg), 5)
where v = 2p + [l| is the principal quantum number, p and [ are the radial and azimuthal indices,
accordingly, and l=v,v—2,v—4,...1 or 0, w = 2/(kw§), w, is the radius of the fundamental
mode.

The numbers v and [ express the eigenvalues of the unperturbed Hamiltonian H,|v,1) =
(w/knd)(v + Dlv,1), and eigenvalues L =1/k of the angular momentum operator L,v )=
(l/v, 1).

It was shown in [36,39] that the hybrid wave functions consisting of transverse and longitudinal
components are the solutions of the equation (2):

lvl)
Y(r,¢,0) = |ig|vl)), (6)
eZ
where ¢ = +1 and ¢ = —1 correspond to right-handed and left-handed circularly polarized beams,

accordingly, and ¢ = 0 corresponds to the linear polarization.
The propagation constant, which takes into account non-paraxial terms of the first order, is given
by the expression [39,48]:
2
Bute = kno {1 —n(w + 1) = L[11(v + 1)? - j2 - 2jol}, 7)
where n = w/knj, n, is the refractive index on the waveguide axis, w is the gradient parameter,

j =l + o is the total angular momentum, o is the spin angular momentum.
The term j - ¢ in (7) relates to the spin-orbit and spin-spin interactions.
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Consider the incident vector vortex beams with right-circular and left-circular polarizations,
accordingly: (¥ | = ((v'l],—i(v'll,e,) and (¥ | = (v’ll,i(v'l],e,), where |v’l) is given by (5), and
w’ = 2/(ka?), a, is the radius of a beam which is different from the radius of the fundamental mode
of the medium wy = /2/(kw).

The arbitrary incident beam may be expanded into modal solutions, so the evolution of a beam
in the medium (3) can be represented as

[vl)
l[J(r, ¢' Z) = Zvla Avic iO’lUl) R exp(iﬁvlaz)/ (8)
(i/kny)V, (% + ioy)|vl)
where a,,, are the coupling coefficients.

If the incident beam is described by the Laguerre-Gauss function ¥;,,=(1/

V2)(('l'],—io(w'l'|, e;

, the coupling coefficients a,;, can be calculated analytically:

I+1 ' 1
, _ (2Nwo' o' -0\P7P /p ip+DN\2Z [p-2"1]
(vio|v'lo) = ((u+w’ ) (w’+(u) ((p’+l)!p!) Pp' (t)' ©)
N2
where Pp[?_p"l] (t) are the Jacobi polynomials, t =1 —2 (sz) , o' =2/ka3, w=2/kwé.

3. Simulation results

Below we consider the effects of asymmetry caused by nonparaxiality and spin-orbit interaction,
when Laguerre-Gauss beams with different radial and azimuthal indices and polarization states
propagate in a rotationally symmetric cylindrical waveguide with a parabolic distribution of the
refractive index (3).

3.1. Effect of nonparaxiality on the beam width and axial intensity distribution

The effects of non-paraxiality are most evident when focusing the beam. It is known that

nonparaxial effects significantly influence on the characteristics of a tightly focused beam [49-55]. In
. . . . . . . . mn,

the paraxial approximation, focusing occurs periodically with a period z; = TO However, the
focusing begins to weaken with increasing distance, if nonparaxial effects are considered (Figure 1).
In addition, there is a shift in focus plane towards the source aperture, and this shift accumulates
with distance and increases with increasing aperture size a,. Unlike the paraxial case, focusing ceases
to be observed with increasing distance, i.e. the properties of self-imaging will decrease at a certain
distance, determined by the degree of nonparaxiality 1 = ay/zy.

254

20

T T T T T T 1 0 I; T r T ‘ T I‘ 1
0 500 1000 1500 2000 2500 3000 3500 0 500 1000 1500 2000 2500 3000 3500

Z, um Z, um

Figure 1. Beam width change with distance. /=0, 6=0, 1 = 0.63 pm,n, = 1.5. Dashed line — paraxial
approximation. (a) a, = 45 pm; (b) ap =90 pum.

In Figure 2 the intensity distributions in axial direction of the transverse field component are
presented for nonparaxial and paraxial cases. Simulations show that intensity oscillations in front of
the focus plane occur due to interference between modes. Besides, the focal plane shift occurs when
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the nonparaxiality effects are considered (Figure 2¢, 2d). This shift increases with aperture of incident
beam and the degree of nonparaxiality.
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Figure 2. Intensity profiles of the transverse electric field component in axial direction. I =0, o=0,

A =0.63um,ny = 1.5, a, =45 um. (a) — nonparaxial; (b) — paraxial approximation; (c) — intensity
profiles at a second focus plane: black line — nonparaxial, red line — paraxial; (d) — intensity profiles
at a third focus plane: black line — nonparaxial, red line — paraxial.

3.2. Effect of spin-orbit interaction on the intensity distribution

The intensity distributions in the transverse and longitudinal directions at different distances
are determined by the functions I,(r,¢,2) =y, (r,¢,2)|> and [, (r,$,z) = le,(r,$,2)|* ,
accordingly. In Figure 3 the intensity profiles of the transverse and longitudinal field components in
a focal plane z; are presented for the circularly polarized incident beams with radial index p =0 and
different azimuthal indices (topological charges). The waveguide (3) with the gradient parameter
w=7-10"3 um™! and the refractive index n, = 1.5 is considered. Here and below, the beams with
wavelength A = 0.63 pm are considered. The initial beam width or the full width at half-maximum
(FWHM) is a, = 45 pm.
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Figure 3. Intensity profiles of the transverse electric field component (left column) and the
longitudinal electric field component (right column) for the circularly polarized incident beam with
zero radial index in the focal plane z; =331 um: (a,b) =1, 0 =1;(c,d) I=-1, 0 =1.

As can be seen, the intensity profiles of the transverse components are similar for topological
charges with opposite signs (Figure 3a, 3c), but the longitudinal components differ significantly
(Figure 3b, 3d). If for a positive topological charge [ =1 the longitudinal component has a ring shape
(Figure 3b), then for a negative topological charge [ = —1 it has a Gaussian shape (Figure 3d). This

effect can be interpreted as an orbital Hall effect.

Figure 4 shows the intensity profiles of the transverse and longitudinal components of the field
in the focal plane z; for circularly polarized incident beams with opposite helicity signs and similar
azimuthal indices (topological charges). The intensity profiles of both the transverse and longitudinal
components are like to the intensity profiles of incident beams with topological charges of opposite
signs and the same circular polarization (Figure 3). This is because the spin-orbital interaction term
[- o in the equations describing the evolution of an incident beam in a graded-index medium retains

its sign and numerical value.
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Figure 4. Intensity profiles of the transverse electric field component (left column) and the
longitudinal electric field component (right column) for the circularly polarized incident beam with
zero radial number in the focal planes zf =331 um:(a,b) [=1, 6 =1;(c,d) =1, 0 =-1.

In Figure 5 the intensity profiles of the transverse and longitudinal field components in a focal
plane zf are presented for the incident beams with the right- and left- handed polarizations and
different topological charges. The total angular momentum of both incidentbeams j =1+ ¢ =1 and
the radial index p = 0.
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Figure 5. Intensity profiles of the transverse electric field component (left column) and the
longitudinal electric field component (right column) for the circularly polarized incident beams with
zero radial number in the focal planes zf = 331 um:(a,b) =0, 0 =1;(c,d) =2, 0 =—1.

It is seen that the shapes of transverse field components are different. If for a right- handed
polarization with ¢ = 1 the longitudinal component has a Gaussian shape (Figure 5a), then for a left-
handed polarization with o = —1 it has a ring shape (Figure 5c). There is a difference in the shapes
of the transverse components, although the total angular momentum is the same in both cases.

In Figure 6 the intensity profiles of the transverse and longitudinal field components in a focal
plane zf are presented for the incident beams with the right- and left- handed polarizations and
different topological charges [ = 1 and [ = 3. The total angular momentum of both incident beams
j =1+ 0 =2 and the radial index p = 0.
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Figure 6. Intensity profiles of the transverse electric field component (left column) and the
longitudinal electric field component (right column) for the circularly polarized incident beams with
zero radial number in the focal planes zr = 331 um:(a,b) [=1, 6 =1;(c,d) [ =3, 6 = —1.

As can be seen the intensity distributions of the transverse and longitudinal field components
for the right- and left- handed polarizations have the ring shapes. However, the radii of the rings for
the transverse components differ significantly.

In Figure 7 the intensity profiles of the transverse and longitudinal field components in a focal
plane zf are presented for the incident beams with the right- and left- handed polarizations, the
radial index p = 1 and the same topological charges [ = 1.
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Figure 7. Intensity profiles of the transverse electric field component (left column) and the
longitudinal electric field component (right column) for the circularly polarized incident beams with
nonzero radial number p =1 in the focal plane z; =331 um: (a,b) [=1,06 =1;(c,d) [=1,06 = -1

It can be seen that the ring size in Figure 7a is much larger than the ring size in Figure 3a,
although both cases have the same total angular momentum j=1[+0¢ =2. The transverse
components have an annular shape, whereas the longitudinal component of the left- handed
polarization has a Gaussian shape (Figure 7d). Note that the spot size of the longitudinal field
component in the plane of focus is less than the wavelength. The FWHM value (full width at half
maximum) of the focused spot in the longitudinal component of the field is only 0.55 pum (Figure 7d).
The thickness of the ring is also less than the wavelength (Figure 7 a).

3.3. Effect of spin-orbit interaction on the speed of vortex beams in optical fiber

Spin-orbit interaction affects the trajectory and intensity distribution of the light beam at
propagation in a graded-index medium. The modes of a cylindrical waveguide are degenerated in
the scalar approximation. When the vector term in the wave equation defining the spin-orbit
interaction is considered, the spectrum of the propagation constant is split. The splitting of levels due
to the term Ve (spin-orbit interaction of photons) in lens-like media has been considered in several
papers [58,59]. Spin-orbit interaction in waveguides can significantly change the energy spectrum,
causing splitting and removal of degeneracy of modes with different radial and azimuthal indices
and polarizations [48,56,57]. These effects affect the group delay of modes in optical waveguides.

The group delay of the modes or the average time of arrival of a pulse are given by [48,57]

T=é=§%5%+?g[11@+1)2—j2—2j-a], (10)
where c is the light velocity in vacuum, v, is the mode-group velocity, z is the length of the fiber,
Jj = 1+ o is the total angular momentum, o is the spin angular momentum.

The group velocities v, = z/t of vortex modes with right- and left- handed polarizations differ
from each other, therefore, effective anisotropy is induced due to spin-orbit interaction. Such an
asymmetry does not exist in the case of zero orbital momentum [ = 0. It follows from (10) that the
group velocity of the modes decreases with increasing angular momentum of the propagating modes.
Note that a similar result was obtained for a twisted light in vacuum in [60,61].

In Figure 8a the relative propagation delay of modes compared with the fundamental mode as
a function of radial mode number p for various fundamental mode radiuses w, = (2/ kw)/? is
presented. In Figure 8b the delay times of the azimuthal modes of fixed radial indices 1 (p = 0) are

presented.
101 5
a) 10°-
100_
10—1 4
%i 10714 @ i
[0 < 1072 4
£ 102 £
g' E\ 10—3_
Q 1074 2
10—4_
1075
10—5_
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Figure 8. Delay times as a function of radial (a) and azimuthal (b) indices, accordingly, z=1km, ny =
15,6 =0.
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It can be seen that the delay time increases with increasing radial and azimuthal indices. The
delay time also increases with a decrease in the radius of the fundamental mode wy,.

Spin-induced asymmetry

It follows from (10) that the group delay time depends on the spin angular momentum o.
Figure 9 shows the spin-dependent relative delay times At between pulses of different polarization
states depending on the topological charge for waveguides with different gradient parameters.

150 4
15 1 1
a) 100 D)
10 5
2 504
5
@ g
¢ 01 —
> <
-5 =50
3 3
101 -100-
=15 4 4
T T T T T -150 T T T T T
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Figure 9. Relative delay times as a function of topological charge: z=1km, ny, = 1.5; 1 - delay
between beams witho=-lando=1 At =7_; —7;2- At =15 —1;3- At =15 —T_1;4- At =71, —
75.(a) @=8-10"% pm’, (b) w = 2.2-1072 pm’. Subindex in 7, corresponds to the spin angular

momentum 6 =0, 1, —1.

It is seen from Figure 9, that in the case of positve azimuthal indices, the delay time of a pilse
with left- handed polarization is longer than that of pulses with linear and right- handed
polarizations, i.e. 7,; < 7Ty < 7_;. This indicates that a right- handed polarized pulse propagates at a
higher speed than linear and left- haded polarized pulses, i.e. v_; < vy < v,;. In the case of negative
azimuthal indices, the delay time of a pilse with right- handed polarization is longer than that of
pulses with linear and left- handed polarizations, i.e. 7,1 > 7y > 7_;. This indicates that in this case
a left- handed polarized pulse propagates at a higher speed than linear and right- handed polarized
pulses, i.e. v_; > v, > v,,.This effect can be attributed to the temporary spin Hall effect, which
manifests itself as a difference in the arrival time of pulses with different circular polarization.

Thus, the pulses with right- and left- handed polarizations propagate with different velocities
due to spin-orbit interaction. The spin-orbit interaction is responsible also for the degeneracy lifting
of modes with distinct orbital angular momentum (OAM) and polarization but the same total angular
momentum. The removal of degeneracy can be considered as an optical analogue of the Lamb shift,
in which the levels are separated between degenerate states with the same total angular momentum.
This level splitting is very small for ordinary optical fibers, where w, > A, but it becomes significant
for fibers with a diameter of the order of the wavelength. Numerical estimates have shown that the
elimination of degeneracy leads to a delay time between degenerate modes of the order of 1 ns/km
for an optical fiber with a radius of the funfdamental mode of the order of the wavelength of light.

4. Conclusion

Thus, the effects of nonparaxiality and spin-orbit coupling on the axial and radial intensity
distributions, and on the group velocities of modes are studied by solving the full three-component
field Maxwell’s equations. It is shown that nonparaxiality causes an asymmetry in the distribution of
the field intensity in the axial direction during tight focusing. Spin-orbit interaction induces the
effective anisotropy in an isotropic graded-index medium causing asymmetry effects between the
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right- and left-handed polarized beams. Note that these effects can be regarded as a manifestation of
the optical spin-Hall effect [28,29] which arises due to a spin-orbit coupling. In its turn, the spin-Hall
effect is related to the geometric Berry phase [10,26,32,62]. It was shown in [10,32], that the spin Hall
effect and the Berry phase are closely associated with the spin angular momentum dynamics and can
be explained in terms of the Coriolis effect.

Future research may be related to the study of asymmetric effects in the propagation of vortex
pulses and partially polarized and partially coherent vortex beams in a graded-index medium [63-
67]. Of particular interest is the consideration of the effects of large-scale revival [39,68], the transverse
spin phenomenon [69-71] and the optical spin Hall effect [72,73].

In summary, the modal solutions in a GRIN medium, which are the hybrid vector Laguerre-
Gauss modes with spin-orbit entanglement, are used to study the propagation of vector wave beams
in a graded-index medium. Modes exhibiting hybrid entanglement between spin and orbital angular
momentum may be useful for classical implementations of quantum communication and
computational tasks. The asymmetric distribution of the field intensity of the focused spot in the axial
direction is shown. The asymmetry effects manifesting in different intensity distributions in the focal
plane for opposite handedness of vorticity and/or polarization are demonstrated. It is shown that the
group velocities of vortex modes with right- and left-handed polarizations differ from each other, so
the effective anisotropy is induced due to spin-orbit interaction. The velocities of the left- and right-
handed circularly polarized light pulses propagating in a graded-index fiber are different, which
leads to a difference in the arrival time of pulses with opposite circular polarizations. This difference
increases with the topological charge and radial index. The different delay times for opposite
handedness of polarization can be considered as a temporal spin Hall effect, which can be observed
for light with left- and right- handed circular polarization in an isotropic graded-index fiber. These
effects influence on the group delay of modes and the average time of arrival of a pulse in optical
fibers and become important in fiber optic communications with high carrying capacities and faster
transmission rates.
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