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Abstract: Discrete-time architectures offer a distinct advantage over their continuous counterparts, as
they can be seamlessly implemented on embedded hardware without the necessity for discretization
processes. Yet, because of the difficulty of ensuring Lyapunov difference expressions, their designs,
which are based on quadratic Lyapunov-based frameworks, are highly complex. As a result, various
existing continuous-time results using adaptive control methods to deal with system uncertainties and
coupled dynamics in agents of a multiagent system cannot be directly applied to the discrete-time
context. Furthermore, compared to their continuous-time equivalent, discrete-time information
exchange based on periodic time intervals is more practical in the control of multiagent systems. In
this paper, we first introduce a discrete-time adaptive control architecture designed for uncertain
scalar multiagent systems without coupled dynamics as a preliminary result. We then introduce
another discrete-time adaptive control approach for uncertain multiagent systems in the presence
of coupled dynamics. Our approach incorporates observer dynamics to manage unmeasurable
coupled dynamics, along with a user-assigned Laplacian matrix to induce cooperative behaviors
among multiple agents. Our solution includes Lyapunov analysis with logarithmic and quadratic
Lyapunov functions for guaranteeing asymptotic stability with both controllers. To demonstrate the
effectiveness of the proposed control architectures, we provide an illustrative example.

Keywords: discrete-time; adaptive control; coupled dynamics

1. Introduction

1.1. Literature Review

The exploration of multiagent systems has seen a growing interest due to their effective and
adaptable solutions for tackling intricate real-world tasks. Over the past decade, they have left a
significant mark on a diverse range of fields, including scientific, civilian, and military applications such
as environmental monitoring, exploration, in/on-space assembly, maintenance and manufacturing,
traffic management, and payload and passenger transportation. A key attribute of multiagent systems
is their capacity to collaboratively execute missions by operating in specified formations. In the
existing literature, the primary focus of general research lies in the development of distributed control
algorithms that enable operations with local interactions [1-4]. The presence of uncertainties, such
as unknown coefficients from modeling, disturbances, and unknown friction effects, along with
coupled dynamics in rigid systems with flexible components or slung load dynamics, can negatively
impact the performance and stability of sole agents and/or the overall multiagent system. As a
result, systems with coupled dynamics and uncertainty become critical for guaranteeing the entire
system’s stability [5-8]. To address the challenge posed by uncertainty, effective solutions are presented
in continuous-time adaptive and robust control architectures as discussed in [9-15]. Subsequently,
in [16-18], the focus shifts to the examination of continuous-time adaptive architectures tailored
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for managing uncertain multiagent systems characterized by coupled dynamics, particularly in a
leader-follower framework. The continuous adaptive control formulations introduced in [16-18] are
specifically designed to address various challenges in uncertain multiagent systems with coupled
dynamics. Basically, the designs in [16,17] aim to achieve boundedness of the tracking error when
dealing with uncertain multiagent systems in the presence of coupled dynamics only and coupled and
actuator dynamics together, respectively. The design in [18] aims to achieve asymptotic convergence
of the tracking error when dealing with uncertain multiagent systems in the presence of coupled
dynamics. Furthermore, the results in [16-18] for a leader-follower setting with a classical command
tracking approach (i.e., where all agents converge to the position specified for the leader agent(s) only).

The majority of networked multiagent control systems currently in use are limited in their capacity
for creating cooperative behaviors, such that they use the classical command tracking approach.
Recognizing the significance of diversifying agent positions in military and civilian applications, one
effective strategy involves assigning user-defined positions to each agent, thereby facilitating the
creation of continuous-time formations. This can be achieved by manipulating matrices associated
with graph theory, employing user-assigned nullspace, and introducing a novel representation for the
Laplacian matrix in undirected and connected graphs [19-24]. Specifically, in [19,20], a novel Laplacian
matrix is introduced by modifying the degree matrix, while in [21], another novel Laplacian matrix is
introduced by modifying the degree matrix to create complex behaviors, but former ones’ formulation
necessitates precise knowledge of neighboring agent states and none of the controllers in [19-21] can
create a robust result when faced with unknown terms. Addressing the robustness, the authors of
[22,23] proposed a distributed controller featuring a user-defined Laplacian matrix that is used in [21],
offering increased flexibility to agents in the presence of coupled dynamics and actuator dynamics,
respectively. Note that all of the controllers are designed in [19-24] are continuous-time algorithms.

Discretizing continuous-time algorithms to apply in embedded code may cause stability margins
to be lost [25]. Furthermore, compared to their continuous-time equivalent, discrete-time information
exchange based on periodic time intervals is practically more practicable in the control of multiagent
systems. Yet, because of the complexity of the resulting Lyapunov difference expressions, discrete-time
control designs, which are based on Lyapunov-based frameworks, are highly complex. This issue
arises because the controlled physical system’s Lyapunov stability cannot be guaranteed by the
Lyapunov difference expressions since they cannot be made negative-definite [26-30]. To ensure
asymptotic stability for sole systems, the authors in [29-36] solve this issue by logarithmic Lyapunov
functions in the Lyapunov analysis. In the context of the multiagent systems, the authors of [4]
cover optimal discrete-time cooperative control in multiagent systems, the authors of [37] design
adaptive fault-tolerant tracking control for discrete-time multiagent systems via reinforcement learning
algorithm, the authors of [38] propose cooperative adaptive optimal output regulation of nonlinear
discrete-time multi-agent systems, and the authors of [39] study discrete-time control of multiagent
systems with a misbehaving agent.

Note that none of the above results are considered a discrete-time setting for an uncertain
multiagent system with coupled dynamics while having the capability of assigning different positions
for each agent to achieve complex tasks. To this end, in this paper, discrete-time adaptive control
algorithms are designed for an uncertain multiagent system with and without unmeasurable coupled
dynamics that ensures asymptotic stability using a Lyapunov candidate composed of logarithmic
and quadratic functions and adopts user-assigned Laplacian matrix nullspace yielding flexibility in
positioning. Finally, preliminary conference versions of this paper are considered as [40], where this
paper goes beyond the conference version by providing detailed proofs of all the results and detailed
simulation studies with related discussions.

1.2. Organization

The structure of this paper is as follows. In Section 2, for completeness, the stability analysis of
the discrete-time controller for the uncertain multiagent system in the absence of coupled dynamics


https://doi.org/10.20944/preprints202312.0567.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 December 2023 doi:10.20944/preprints202312.0567.v1

3 0f 20

is presented. In Section 3, the stability analysis of the first proposed discrete-time controller for
the uncertain dynamical system with coupled dynamics is presented, which guarantees asymptotic
convergence of the tracking error. Section 4 validates the theoretical contributions with an illustrative
numerical example. In Section 5, concluding remarks are given.

1.3. Notation and Mathematical Preliminaries

A general notation and a graph theoretical notation are used in this paper. We refer to Table 1 for
the general notation used in this paper, and the graph theoretical notation is given below.

Table 1. Notation

N set of non-negative integers

R set of real numbers

R+ set of positive real numbers

R" set of n x 1 real column vectors

R™ ™ | set of n x m real matrices

p* set of n x n positive definite real matrices
£ equality by definition

()T transpose of a matrix

()7t inverse of a matrix

tr( Trace operator

)
In(+) Natural logarithm
I 12 Euclidean norm
A(A) | eigenvalues of the real matrix A € R"*"
A(A) | maximum eigenvalue of the real matrix A € R"*"
A(A) | minimum eigenvalue of the real matrix A € R"*"
I, n X n identity matrix
0, n X n zero matrix
diag(-) | diagonalized vector

Consider an undirected connected graph G is defined by set of nodes (i.e., Vg = {1,...,n}) and
set of edges (i.e.,, &g C Vg x Vg). A graph G is then considered as a connected graph with a path
between any pair of distinct nodes, where a path ipi; . .. 7] is a finite sequence of nodes (i.e., ix_1 ~ i,
k=1,...,L), and when the nodes i and j are neighbors (i.e., (i,]) € £g), i ~ j denotes the neighboring
relation. In addition, the degree matrix is denoted by D(G) £ diag(d) € R"™" withd = [dy,...,dn]"
with a degree of a node d; being equal to the number of its neighbors, the adjacency matrix is denoted
by A(G) € R™" with [A(G)];; £ 1if (i,j) € &g and [A(G)];; = 0 otherwise, and the Laplacian matrix
of a graph G denoted by £(G) £ D(G) — A(G), [41,42].

Finally, for the definition of the modified version of the Laplacian matrix that allows to assign
different positions to each node, let w = [wy, ..., wn]T € R" being a vector with entries w; € Ry,i =
1,...,n, where w represents the user-assigned nullspace [21]. Next, consider the modified degree
matrix given by D(G, w) £ diag(A(G)w)(diag(w))~! = diag(d) € R"*" withd = [dy,...,d,]T € R™.
Here, A(G) is the standard adjacency matrix. Then the modified Laplacian matrix of a graph G can be
represented as £(G,w) £ D(G,w) — A(G).

Lemma 1. In the context of a leader-follower setting, one can define K = diag ([k1, ..., k]) € R"*" with
k; € {0,1} foralli = 1,...,n, where at least one «; being equal to 1 (for a leader agent x; = 1, otherwise it is 0).
That further yields a modified Laplacian matrix of the leader-following setting that allows assigning different
positions that is F(G,w) = L(G,w) + K.
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2. Preliminary Results: Adaptation For Agent-Based Uncertainty

In this section, a discrete-time adaptive controller is designed that allows one to assign different
positions for each agent in the presence of agent-based uncertainties only. To this end, consider the
uncertain multiagent system in the absence of the coupled dynamics consisting of n agents given by

xi(k+1) = xi(k) + Bioi(xi(k)) +ui(k), x:(0) =x0, i=1---,n keN @)

Here, x;(k) € R represents the agent state, u;(k) € R represents the control input of agent i, A; € R
represents an unknown weight uncertainty, and o;(x;(k)) € R represents a basis function of agent i,
where its bound can be represented as ||o(x;(k))|l2 < Il + 1i||xi(k)|2, with I;; € Ry and [; € Ry as
standard in the literature [35].

The control objective of this section is ensuring the states of the agents to track states of the
reference model without getting affected by the presence of the uncertainties and able to assign
nullspaces to the overall system for creating complex behaviors. Thus, consider the reference model to
track given by

x(k+1) = xq(k)— eZ(%xr,.(k) - xrj(k))—eKl- (xr, (k) —c(k)), x,(0) =1xr, keN, (2)

inj Wi

where xy,(k) € R and xy;(k) € R are the ideal reference state of agent i and agent j respectively, and
c(k) € R is a bounded command available only to leader agent(s) and c(k) = v(k)w; with a bounded
v(k) € Ry. In(2), e < m, where modified degree value, d;, ensures that the eigenvalues of
I — e (G, w) remains within the unit circle.
To overcome the given tracking objective of this section, we propose the below discrete-time
adaptive controller
Wi

uik) = —e) (rxi(k) — x;(k)) —ex; (xi(k) — (k) —A; (k)i (xi (k)), ®)

inj Wi

where A; (k) € R stands for an estimate of unknown weight uncertainty A; (details below).
Then, using the proposed adaptive control law given by (3) in the uncertain multiagent system
given by (1) yields

yk+1) = xi(k)—eZ(%xl-(k)—x]-(k))—eki(xi(k)—c(k))—Ai(k)Ui(xi(k)), keN. @)

inj Wi

Here, A;(k) £ A;(k) — A; € R is the weight estimation error.
Next, the tracking error can be defined as ¢;(k) £ x;(k) — xr,(k) € R an error between the agent
state and its reference model, where its dynamics can be rewritten as

ei(k+1) = ei(k) - 62(%6:‘(’0 —¢j(k)) —exie; (k) — Ai(k)oi(x;(k)), Kk €N. ®)

invj
Then, the error dynamics can be written in a combined form for an overall multiagent system as
e(k+1) = (I—eF)e(k)—AT(k)o(x(k)). (6)

Here, e(k) = [e1(k), - ,en(k)]T € R", o (x(k)) = [o1(x1(k)), - ,00(xn(k))]T € R", and A(k) = diag
([A1(k), -+ ,An(k)]) € R™ In (6), (I — eF) is Schur, it follows from converse Lyapunov theory [43]
that there exists a unique P € P" satisfying the discrete-time Lyapunov equation given by

0, =(I—eF)'P(I—€eF)+R—-P @)


https://doi.org/10.20944/preprints202312.0567.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 December 2023 doi:10.20944/preprints202312.0567.v1

50f 20
with R € P
Next, the combined adaptive control inputs with a weight update law can be written as

u(k) = —eFx(k)+eKce(k) — AT (k)o(x(k)) 8)

~ - N % . . T T

Ak+1) = A(k)+ [1 T (0 Pe() (e(k+1) — (I —eF)e(k))o (x(k))] ",
A(0) 2 Ay, keN. )
Here, u(k) = [uy(k),---,us(k)]T € R" x(k) = [x(k),---,xa(kK)]T € R", Ak) =

diag([Ay(k), -, Au(k)]) € R", u € R, is a design variable, and ¢ € R, is a learning rate. Then,
using (9), weight estimation error dynamics that will be used in the stability analysis of next theorem
can be obtained as

T

Alk+1) = A(k)+ (e(k+1) — (I —eF)e(k))o"(x(k))] ",

[ vy
1+ peT(k)Pe(k)
A0)2Ay—A=Ay, keN. (10)
Theorem 1. Consider the uncertain multiagent system given by (1) and the agent reference model given by
(2), then the discrete-time adaptive control architecture given by (8) along with the weight update law given by

(9) guarantees the Lyapunov stability of the closed-loop system given by (6) and (10) (i.e., boundedness of the
(e(k), A(k)). Moreover, one can conclude the asymptotic tracking error convergence that is

klim e(k) = 0. (11)

Proof. To show the Lyapunov stability of the closed-loop system given by (6) and (10) (i.e.,
boundedness of the (e(k),A(k)), one can consider the Lyapunov function candidate composed of
logarithmic and quadratic functions given by

V(e,A) = 1 UIn(1+4 pe"Pe) +a'tr(ATA), (12)

1% Va

where : € R, and & € R... Note that V(0,0) = 0and V(e,A) > 0 for all (¢, A) # (0,0).
Then, first, taking the Lyapunov difference of V;(-) and using the error dynamics given by (6)
yields

AVL 2 Vi (e(k+1)) = Va(e(k))
=1 Mn (1 + pe’ (k+1)Pe(k + 1)) — 1 In (1 + pe’ (k) Pe(k))
= In (1 +u[(I—eF)e(k) — AT(k)a(x(k))]TP[(I —eF)e(k) — AT(k)U(x(k))D
I (1 + yeT(k)Pe(k)). (13)
Note that using natural logarithm property Ina —Inb = In(a/b) and by adding and subtracting

u pel (k)Pe(k)

Tt () Pe(k) to the above equality AV; can be rewritten as

. [(1 - eF)e(k) — AT (K)o (x(k))] P[(I — eF)e(k) — AT (k)o(x(K))]
A = (1 +]4( 1+ peT(k)Pe(k)

el (k)Pe(k)
1+ peT (k) Pe(k) )) - 19
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Then, using the discrete-time Lyapunov equation given by (7) and another natural logarithmic operator
property given by In(1 4+ a) < a when a > —1 [44], an upper bound for (14) can be obtained as
Py

AV < W(—eT(k)Re(k)+UT(x(k))A(k)PAT(k)a(x(k))

—207 (x(k))A(K)P(I — e]—')e(k)). (15)

Second, taking the Lyapunov difference of V;(-) along with the weight uncertainty error dynamics
given by (10) and using (6) in the dynamics yields

(1>

AV = Va(A(k+1)) — V2 (A(K))

= o ltr (AT(k +1)A(k+ 1)) —a r <AT(k)A(k))

- ,x—ltr<(AT(k) - W(—AT(k)U(x(k))aT(x(k))))

A Y T A L (AT A
(B(k) + T et pege k) (x(k))A(k)))) — a7 (AT(A(K)).  (16)
Using the trace operator property a'b = tr(ba') in (16) and simplifying (16) yields

-1
AV, = Wﬂ(x(k»&(k)(—u : +(V£T)(3()(igg))AT(k)U(X(k)),

(17)

Note that the bound for
ol (x(k))o(x(k
1-+ueT (k) Pe(k)
and a~'y = /~1pp; with p; being a free variable that will be designed later, an upper bound for (17)
can be written as

WH with [|o(x(k))|l2 < le + 1]|x(K)||2, I € R4, and I € Ry yields

H2 < 17 (see Appendix A for details), where 77 € R.;. Then setting ¥ = p,17~ 1, p, € (0,1),

l_l

V2 S e (O DA (<201 + prpn) BT (R (x(K))). 18)

Next, using (15) and (18) to compute AV (-) & AVy(-) + AV;(+), and defining the augmented

errors as §' (k) = [eT(k), ol (x(k) )A(k)} , the Lyapunov difference equation can be written as

171 ~ ~
AVI+AVy < ka)pe(k) (= " (k)Re(k) + o (x(k))B(K) [P = 201 + 1] AT (K)o (x(K)

—207 (x(k))A(K)P(I — e]—')e(k))
- ‘_—P‘Pe(k) (T (R)[=R+ B(1 = eF)TP(I — eF)Je(k)
+o (x(k)A(k) [P + ;P — 201 + pa,pl]AT(k)a(x(k)))

Iy 7 (k) B(I—eF)P(I—eF) (P(I—eF))"

14 yeT(k)Pe(k)q P(I —€F) %P

q(k).

(19)
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Note that M is a positive semi-definite matrix, and with a small value of B € R, one can satisfy
—R=—-R+B(I—eF)TP(I — eF) < 0. Then, taking an upper bound of (19) yields

-1

L ],l —
AV < W(—J(kme(k)
—oT(x(k)AK) [01(2 — py) — (1 + ;)p] AT (k) (x(K))). (20)
N>0

Note that N is positive definite (see Appendix B for details); hence, an upper bound for (20) can be
written as

171;/1 _
AV < W( - eT(k)Re(k)), (21)

which proves the boundedness of the (e(k), A(k)). It then follows from [Theorem 13.10, [43]] that
limg_,o(e(k)) =0. O

3. Adaptation For Both Agent-Based Uncertainty and Coupled Dynamics

In this section, a discrete-time adaptive controller is designed that allows one to assign different
positions for each agent in the presence of agent-based uncertainties and coupled dynamics. Specifically,
consider a multiagent system consisting of n agents given by

xi(k+1) = xi(k) + Aioi(xi(k)) + pui(k) +ui(k), x;(0) = xjo, (22)
Gilk+1) = fuiCi(k) + guixi(k), (23)
pui(k) = huigi(k) i= 1/' cn k € N. (24)

Here, p,i(k) € R is the output of the coupled dynamics, §;(k) € R is the state of the coupled dynamics,
and f,; € R, g,; € R, and h,; € R are variables related to coupled dynamics, where f,; € (—1,1) that
is standard consideration in the literature [16].

The objective here is to achieve asymptotic convergence of the tracking error in the presence of
not only agent-based uncertainties but also coupled dynamics. To this end, an observer dynamics is
used to estimate the state of the unmeasurable coupled dynamics. Specifically, the adaptive controller
is now designed as

w;j A .
ui(k) = —ez(jxi(k) — xj(k)) —ex;(xi(k) — c(k)) =Ai(k)oi(xi(k)) — hyii(k), (25)
inj i
where ¢;(k) € R stands for an estimate of the coupled dynamics of agent i with the estimation dynamics
given by
Gik+1) = fui(k) +guixi(k), §(0)=&, keN, (26)
pui(k) = huiéi(k)‘ (27)

Here, p,i(k) € R is the estimated output of the coupled dynamics.
Then, using the proposed adaptive control law given by (25) in the uncertain multiagent system
with coupled dynamics given by (22) yields

xi(k+1) = xi(k)_62(%xi(k)_xj(k))_eKi(xi(k)_C(k))_Ai(k)Ui(xi(k))_huig(k)' (28)

i~j
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Here, A;(k) £ A;(k) — A; € R is the weight estimation error, and & (k) £ (k) — &(k) € R coupled
dynamics estimation error.
Next, the tracking error dynamics can be rewritten as

eilk+1) = eik)— eZ(—el —ej(k)) —exjei(k) — Ai(k)oy(x;(k)) — hyié(k), keN. (29)

lN]

Then, the error dynamics can be written in a combined form for an overall multiagent system as
e(k+1) = (I—eF)e(k) — AT (k)o(x(k)) — HE(k). (30)

Here, &(k) = [& (k), - -,6 ( )] 2 (k) — (k) € R" is the coupled dynamics combined observer
error with &(k) = [E1(k), -, & (K)]T € R" and &(k) = [&(k),---,&q(k)]T € R". In addition, in (30),
H = diag([hy, -~ ,hun]) € R"X”.

Next, the combined adaptive control input can be written as

N

u(k) = —eFx(k)+eKce(k) — Al (k)o(x(k)) — HE(K) (31)
with the same augmented weight update law given in (9) and the below augmented observer dynamics

Clk+1) = FE(k)+Gx(k), £(0)=C, keN, (32)
puk) = HE(K), (33)

where F = diag([f1,- - , fun]) € R™", G = diag([gu1, - - ,Qun)) € R™", and p, (k) = [pua(k), -,
pun(k)]T € R". In (32), F is Schur, it follows from converse Lyapunov theory [43] that there exists a
unique S € P" satisfying the discrete-time Lyapunov equation given by

0, = FISF+Rr—§ (34)

with R € P™.
Finally, weight estimation error dynamics that will be used in the stability analysis of next theorem
satisfies the dynamics given by

S(k+1) = Fi(k), ¢(0)=8&, keN. (35)

Theorem 2. Consider the uncertain agent system given by (22) subject to the unmeasurable coupled dynamics
given by (23) and (24), and the agent reference model given by (2), then the discrete-time adaptive control
architecture given by (31) along with the weight update law given by (9) and the observer dynamics given by
(26) and (27) guarantees the Lyapunov stability of the closed-loop system given by (30), (10), and (35) (i.e.,
boundedness of the (e(k), A(k), &(k)). Moreover, one can conclude the asymptotic tracking error convergence
that is

klim e(k) = 0. (36)

Proof. To show the Lyapunov stability of the closed-loop system given by (30), (10), and (35) (i.e.,
boundedness of the (e(k), A(k),¢(k)), one can consider the Lyapunov function candidate composed of
logarithmic and quadratic functions given by

Vie,A &) = In(1+ pe"Pe) +attr(ATA) + v 1ETSE, (37)
| —
1% 1%} V3

where v € R . Note that V(0,0,0) = 0and V(e,A, &) > 0 forall (e, A, &) # (0,0,0).
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Then, first, taking the Lyapunov difference of V;(-) and using the error dynamics given by (30)
yields

AV = Vi(e(k+1)) = Vi(e(k))
= 'n(1+pue'(k+1)Pe(k+1)) — i 'n (1 + pe (k) Pe(k))
— lIn (1 +u[(I = eF)e(k) — AT (K)o (x(k)) — HE(k)]"
P[(1—eF)e(k) = AT(K)o(x(k) — HE(K)] ) = In (1+ pe” (k)Pe(k) ). (38)

Note that using natural logarithm property Ina — Inb = In(a/b) and by adding and subtracting

el (k)Pe(k)

W” to the above equality AVj can be rewritten as

AV, = 1 lln (1 + y([([ —eF)e(k) — Al (k)o(x(k)) — H(f(k)]T

P[(1—eF)e(k) = AT(k)o(x(k) — HE(K)] T (k)Pe(k) )> (39)
1+ el (k)Pe(k) 14 pet(k)Pe(k)/ )

using another natural logarithmic operator property In(1 +a) < a when a > —1 [44], an upper bound
for (39) can be obtained as
IR ——
U= T4 pueT(k)Pe(k)

—20T (x(k))A(K)P(I — eF)e(k) — 28T (k)HIP(I — e F)e(k) + 2aT(x(k))A(k)PH§(k)), (40)

e"(k)Re(k) + " (x(k)A(k) PAT (k)or(x(k)) + & (k) HT PHE (k)

where “—R £ (I — eF)TP(I — eF) — P € R"*"” given by (7) is used.
Second, taking the Lyapunov difference of V;(-) along with the weight uncertainty error dynamics
given by (10) and using (30) in the dynamics yields
AV = Va(Ak+1)) = Va(A(K))
- oc_ltr(AT(k + 1AM+ 1)) - a‘ltr(AT(k)A(k)>

= alu((ﬂ(k) - W(—AT(k)a(x(k))aT(x(k)) — HE(k)o" (x(K))))

(B0 + e pee TR DAK) — o (x0T <k>HT>))

—ofltr<AT(k)A(k)> .(41)

Then using the trace operator property a'b = tr(ba') and simplifying (41) yields
_ aly T 5 o (x(k))o(x(k
A2 = T mpen)” (x())A) (~2+ 7 1+ e (K)Pelk

P ()T s 7

e ppey? -0

a! z o X _
e S R (2 + 2O ST o).

)
) At ) t()

doi:10.20944/preprints202312.0567.v1
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o (x(k))or(x(k))
1-+ueT (k) Pe(k)
bound for (42) can be written as

Note that using

H2 < 7, and setting v = p,7 ' and a~! = ;" lpup;y~! an upper

-1

M S e (7 GODAR) (<201 4+ pyp0) BT (00 ((6)) + 08T () HTHEK))

1 - B
+W]gpe(k)CT(k)HT(_2P1 +2’YT7P1>AT(k)U(x(k)). (43)

Third, taking the Lyapunov difference of V3(-) and using the error in observer dynamics (35)
yields

lI>

AVy Va(G(k+1)) — V5(S(K))

= v & (k+1)SE(k+1) —v & (k)SE(k)

= v & (k)FTSFE(k) — v ¢ (k)SE(k)
—v &N (k) (S — FTSF)§ (k)

= —v ' {T(K)REE (k). (44)

Setting Rr = H'RyyH with Ry € P, and v = i~ 1p, ! with p, being a free variable that will be
designed later, an upper bound for (44) can be written as

-1

& (k)H" p, Ry HE (k). (45)

< - -
AVs = 1+ peT (k)Pe(k)

Then, using (40), (43), and (45) to compute AV () & AVy(-) + AVa(-) + AV3(+), and defining
qi (k) = {eT(k), ol(x(k)A(k), &T (k)HT}, the combined Lyapunov difference equation can be
written as

AV 4+ AV, + AV
1 _ )
Wk@m(k) (=T (R)Re(k) + 0" (x(K))A(K) [P = 201 + pypr | AT (K)or(x(K))
+&" (k) H" [P = Rigpz + poyo1 ] HE (k) — 207 (x(k))A(K)P(I — eF)e(k) )

—28 (k) HTP(I — eF)e(k) + 20" (x(k))A(k) [P — p1] HE (k) + o (x(K) A (k) [20177] Hf(k))

-1

B MW (ET(k) [—R+B(I —eF)"P(I — eF)]e(k)

+o (0D [P+ 5P =201+ prpr] AT (K)o ()

+ET () HT[2P = Rygps + popr | HE(K) + 0™ (x(0)B.(K) 20171 HE(K))

B B(I—eF)TP(I—eF) (P(I—eF))" (P(I—e]—"))TT

_Wﬂﬁ(k) P(I—e€F) 1P (—=P+p1)" | d1(k). (46)
P(I —eF) —P+p P

F>0
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Note that setting p; = (1 + %)P € P" one can show the F matrix is positive semi-definite as shown in
Appendix C. Then using —R = —R + B(I — eF)TP(I — eF) < 0, and taking an upper bound of (46)

yields
Ty - - 1 1 }
e I (= e (k)Re(k) — o™ (x(k)A(K) [(1+ 5P = (1 oo AT(k)o (x(k))
03
& (k) HT [~ 2P + Rusps — pyp] HE(K) + 07 (x(K) A (k) [20177] HE(K) ),
P4
iy 7 e ps —p1py]
< Trergrem (¢ OR®) — e B [_plpv . ”1 nk),  47)

p5=>0

where 41 (k) = {UT(x(k))A(k) Cﬂr(k)HT} In (47), v = pyn~ ! is used. One can then show positive
definiteness of p5 as shown in Appendix D. Finally, one can obtain an upper bound for (47) that is

171;1 _
AV < W(—L’T(kﬂ{e(k)), (48)

which proves the boundedness of the (e(k), Ak), & (k)). It then follows from [Theorem 13.10, [43]] that
limg_,o(e(k)) =0. O

Remark 1. The given proposed discrete-time adaptive control architecture can be sequentially executed in

embedded code. Table 2 presents one possible sequential operation of this architecture. Note that no knowledge of
any signal from step (k + 1) is required to execute the architecture.

Table 2. Sequential Operation

H Initial Execution: k=0 H

1: Using x;(0), and ¢(0), calculate x.(1)
2: Using x(0), ¢(0), A(0), and ¢(0), calculate #(0)
3: Apply u(0) to get x(1)
from the physical system
Repetitive Execution: k>1
4: Using x(k — 1) and x;(k — 1), calculate e(k — 1)
5: Using x(k) and x,(k), calculate e(k)
6: Using e(k — 1), e(k), x(k — 1), and A(k — 1),
calculate A(k)
7: Using ¢(k— 1), and x(k — 1),
calculate & (k)
8: Using x.(k), and c(k), calculate x;(k + 1)
9: Using x(k), c(k), A(k), and {(k), calculate u(k)
10: Apply u(k) to get x(k + 1) from the system

4. Ilustrative Numerical Examples

In order to illustrate the efficacy of the proposed discrete-time control architecture, consider a
group of 5 agents on a line graph with the third agent being a leader. See Figure 1 for the graph
formation chosen for the illustrative numerical examples of this paper. For the simulations, we select
the uncertain weights as A = [0.075,0.05, 0.015, 0.0375, 0.0606] and the coupled dynamics matrices as
fui = [-0.1,-0.05,-0.02, —0.15, —0.2], g,,; = [0.6,0.5,0.4,0.3,0.2], and h,,; = [1.3,1.2,1,0.9,0.7].
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Figure 1. Directed graph representation for an undirected line graph with five agents, where the third
agent is the leader.

Here, we choose the nullspace w = [1;2;3;2;1] and use the command c(k) = v(k)ws = 1.5 (i.e.,
v(k) = 0.5) such that limy ., x(k) = v(k)w. Thus, the expectation for convergences is that the first
agent should converge to 0.5, the second agent should converge to 1, the third (the leader) agent should
converge to 1.5, the fourth agent should converge to 1, and the fifth agent should converge to 0.5.

Regarding the update law, we calculated weight update law with y = 0.43 and y = 1, where
the known basis functions are selected as 01 (x1 (k)) = x3(k), 02(x2(k)) = cos x2(k), 03(x3(k)) = x3(k),
0a(xa(k)) = sinxy(k), and o5(x5(k)) = x2 (k). We set the time step At to 0.2, the control parameter € to
1/6, and Lyapunov equation matrices R to 0.11, and R to 21.

For motivating the necessity of the controller that is proposed in Section 3, we first simulated the
uncertain multiagent system in the presence of the unmeasurable coupled dynamics with the proposed
controller of Section 2. Figures 2, 3, and 4 show the closed-loop system response with the proposed
discrete-time adaptive control architecture given in Section 2. These are tracking response, control
input, and unknown weight estimates, respectively. As you see from Figures 2, 3, and 4, convergence
to the assigned position cannot be achieved.

Figures 5, 6, 7, and 8 then show the closed-loop system response, control input, unknown weights
estimates, and observer state, respectively, for each agent in the presence of the agent-based uncertainty
and the coupled dynamics with the proposed discrete-time adaptive control architecture given in
Section 3, where the effects of system uncertainties and coupled dynamics are suppressed successfully
while achieving the convergence to the assigned position.

0 20 40 60 80

10 12 14,16 18
0 20 40 60 80
t(k)

Figure 2. Uncertain multiagent system response in the presence of coupled dynamics with the proposed
discrete-time adaptive control method given in Section 2.
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Figure 4. Agent-based uncertainty estimations of the proposed discrete-time adaptive control method
given in Section 2.
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Figure 5. Uncertain multiagent system response in the presence of coupled dynamics with the proposed

discrete-time adaptive control method given in Section 3.
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Figure 6. Control inputs with the proposed discrete-time adaptive control method given in Section 3.
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Figure 7. Agent-based uncertainty estimations of the proposed discrete-time adaptive control method

given in Section 3.
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Figure 8. Agent-based coupled dynamics of the proposed discrete-time adaptive control method given

in Section 3.

5. Conclusion

This paper addresses the challenges and complexities associated with discrete-time architectures
in the context of multiagent systems with uncertain scalar dynamics and coupled interactions. The
paper introduces discrete-time adaptive control architecture with observer dynamics for managing
unmeasurable coupled dynamics. Additionally, a user-assigned Laplacian matrix is incorporated
to induce cooperative behaviors among multiple agents. The proposed control architecture is
accompanied by Lyapunov analysis employing logarithmic and quadratic Lyapunov functions
to guarantee asymptotic stability. Through an illustrative example, the paper demonstrates the
effectiveness of the introduced control architecture, showcasing its ability to address uncertainties and

doi:10.20944/preprints202312.0567.v1
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coupled dynamics in multiagent systems. These contributions open avenues for further research in
the development and application of adaptive control strategies in discrete-time scenarios. The future
research direction can include adding actuator dynamics and unknown control degradation to the
multiagent system model as well as experimentally validating the theoretical results of this paper with
the system with multiple robots.

Appendix A

% < 1 is obtained. Given that ||x(k)||, <

lle(k)||2 4+ x5, [lo(x(k)) |2 < Ic+1||x(k)||2, and setting d* = I, —|—lxr then the bound on o1 (x(k))c(x(k))
can be written as

lo™ (e (k))or(x(K)) 12

In this appendix, the upper bound for

(e + 11 x(k)|I2)?

= B+20c(lle(k) 2+ x5) + Pllx(k) |13

= 242l (lle®) |2+ x7) + 2(le(k) I3 + 255 le(k) |12 + )
= P20+ 1x0)|le(k) |l + 21(Ie + Ix)xr — 2" + 12[|e(k) |2
= P4 20d*||e(k)| + 21d*xt — Px + 12]|e(k) |3

= 2le(k)|3 + 21d*||e(k) |l + d** — 21%x" — 21l xF + 21d*x
= (Ule(k)[|l2 +d*)>.

ol (x (k))ff(x(k )
1+yeT(

o' (x(k))o(x(k))
1+ pet (k) Pe(k) ||,

IN

Then an upper bound for

H can be written as

I

uA(P)
12

< | +d*)?

Lty 21d*

uA(P) HA(P)
2]2
uA(P)

< +24* =17,

2
where the Young’s inequality “2xy < "2—2 + %7 is used at the last step.
Appendix B
In this appendix, the below N is proven to be positive definite

Lip.

NéPl(Z*PW)*(lJFIB

Note that setting p; = %P yields

pmmmn—u+pp

Recall that p, € (0,1); and hence, “(2 — p,,) > 1”. That concludes the positive definiteness of

N=2(1+

P —py) >0

N2+
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Appendix C

In this appendix, the below F matrix is proven to be positive semi-definite

B(I—eF)TP(I—eF) (P(I—eF))" (P(I—eF))"
F£ P(I—€F) 3P (~P+p)" | 20
P(I —eF) —P+p P

To prove the positive semi-definiteness of the above matrix, one needs to prove that the minors of the
matrix are positive semi-definite [45]. Let p1, pp,and p3 be the minors of F given by

pp = BI—eF)TP(I-eF) >0,
pr = (I—eF)'P(I—eF)P—(I1-eF)TP(I—eF)P =0,
ps = (I—eF)'P(I1—eF)(P"P—BP'P+2801P - po})

~(1—eF)TP(1—eF)(PTP+PTP oy P)
+(I—eF)TP(I — F) (—PTP +piP— ;PTP>

= (I—eF)TP(I—eF) (—ﬁPTP +2Bp1 P — Bo3 — 2PTP 4 20, P — ;pr)

= (I—eF)TP(I—eF) (—ﬁPTP —2pPTP— ;PTP)
+(I = eF)"P(1 - eF) (p1 (2BP +2P) —fp} )

= (I-eF)'P(I—eF) <_(ﬁ‘;_ D PTP>
+(1—eF)TP(1 - eF) (201P (B +1)—Fp})

where pq is positive definite since § € Ry and P € P, and p; = 0. To prove p3 = 0, one needs to use

12 1B P that is defined in Appendix B. Then one can conclude 3 =0as
P B 19% p

ps = (I—eF)TP(I—eF) (_(1;@21)@) +(I - eF)TP(I - F) (2(1“;/3)21“13 - “J;f)ZPTP) —0

This concludes the proof that the matrix F is positive semi-definite.

Appendix D

In this appendix, the below ps matrix is proven to be positive definite

. [ 03 —Plpv]
p5 =
—P1Py 04

with p1 £ 5EP, 3 £ [(14 1)P = (1+ §)pyP] = (1—py)p1, and py £ [ = 2P+ Rppz — pyp1]. To
prove the positive definiteness of the above matrix, one needs to prove that the minors of the matrix
are positive semi-definite [45]. Let p; and p, be the minors of p5 given by

P = p3=(1—py)p1,

P2 = p3ps—P5P101
= (1=p9)p1(=2P + Rppz — pr01) — 050101
= p1(=2P + (1 = py)Rup2 — pyp1 +204P).
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Here, p; is positive definite since p, € (0,1). Then setting p2 £ ++— (1 — p,) "1 (2P + p1p1 — 20, P)

. A(Rp)
yields
pr = Pl(iRH — Ry) (2P + pqp1 — 204 P)
A(Rp) ! !
p2 = M (A(RH) RH) (2P(1 = py) +pyp1)-
>0
>0

This concludes the proof that the matrix ps is positive definite.
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