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Abstract: In this paper, we investigate a financial market in which asset prices evolve based on a
multi-dimensional Brownian motion process and a multi-dimensional Poisson process with different
credit and deposit rates We proceed to evaluate European options by establishing upper and lower
hedging prices through a transition to a suitable auxiliary market. Additionally, we address the
minimization of shortfall risk and no-arbitrage price bounds in incomplete markets within this
framework.
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1. Introduction

Pricing contingent claims in complete markets has garnered significant attention since the seminal
work of Black & Scholes in 1973. Efficient hedging of contingent claims is well-established in complete
markets characterized by the same interest rate for the credit and deposit accounts. (refer to Karatzas
and Shreve [6] for detailed insights). However, our focus shifts to a more realistic financial market
scenario, introducing a two-interest rate model where the credit rate surpasses the deposit rate,
aligning more closely with real-world financial markets (as discussed by Kane and Melnikov [5]).
In this paper, we consider a multi-dimensional model featuring m + 2 securities, encompassing two
risk-free assets, d stocks driven by a d-dimensional Brownian motion, and m — d stocks influenced by
an (m — d)-dimensional Poisson process.

Given the incompleteness of the market with two interest rates, we transform it into a suitable
auxiliary market using a multi-dimensional jump-diffusion model incorporating two interest rates (see
Korn [7] for details).

The structure of this paper unfolds as follows: Section 2 provides an overview of the market
model. Section 3 delves into contingent claim valuation within complete markets, accompanied by a
theorem presenting a comprehensive solution to the contingent claim problem in such markets. In
Section 4, we establish a martingale measure for the new auxiliary market characterized by a higher
interest rate for the credit account. Additionally, in section 5, we explore the concept of shortfall risk,
acknowledging situations where achieving a perfect hedge might be infeasible, yet it remains possible
to minimize the expected shortfall risk, as demonstrated towards the end of this section. The final
section will explore pricing contingent claims via market completion in (B, By, Sy, )-market, where we
study no-arbitrage price bounds in incomplete markets.

2. The Market Model

Let (Q), F;, P,F) be a filtered probability space with a complete and right-continuous filtration
F := {Fi}o<t<T. Assume there are m + 2 continuously traded securities, including two risk-free
assets, d stocks driven by an R?-valued Brownian motion W(t) = (Wy(t),..., Wy(t))T, and a (m —
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d)-dimensional multivariate Poisson process N(t) = (Ny(t),..., N,,_4(t))T with a positive intensity A.
This intensity is independent of W and is denoted by A(¥)(t), representing the rate of the jump process
at time t. The process A(¥)(t) is { F; }-predictable, positive, and uniformly bounded over [0, T].

The price of the i*" stock, S;(t), is determined by the following equation

d —
dSi(t) = Si(t—) (ﬂi(t)df+ Y oij(t)dw, Z (t)dNy(t > 1)
=1 k=1
where Ni(t) fo s)ds, vy(t) > —1foralli,k, and t € [0, T], cij > 0,and p; € R.
o and v are matrlx-valued processes such that i'" row is given by o;; = (0i1,...,04), and vy =

(Vit, -+ Vigm—q)) for i = 1,...,m, respectively. We assume p, ¢, and v are uniformly bounded in
(t,w) € [0, T] x Q. Henceforth, the dynamics of the price in 1 possess a unique solution under these
assumptions. We also define the volatility coefficients (t) = [o(t) v(t)], forming an m x m full-rank
matrix, ensuring that det(¢(¢) o7(t)) # O a.s. forall t € [0, T].

In our model, the market incompleteness arises from denoting two different interest rates, as
described below.

Let us consider one deposit account By with the interest rate ; and one credit account B, with the
interest rate r; satisfying

dBq (t) = B1(f)71dt,
de(t) = Bz(f)?’zdt. 2)

Given that, in reality, the credit rate is always higher than the deposit rate, we assume constant values
for 1 and r, such that
> 11, 3)

and investors are not allowed to borrow and lend money simultaneously.

The market described above is denoted as the (By, By, Sy, )-market.

In the (By, By, S )-market, we denote B1(f) and B, () as the number of units invested in the By
and B; accounts, respectively, and y(t) = (y1(t),..., vm(t)), where 7; represents the number of units
invested in the i stock. The portfolio process is then denoted as follows

i(t) = (B1(t), B2(t), 11(E), -, v (£))- @

The value of the portfolio 7 is given by

X7 (t) = Br()Ba(t) + Pa(t) +Z% Si(t) as. ®)

with B1 > 0, B2 <0, and
X"(0) = x, (6)

where x is the initial value (initial capital) of the portfolio. This portfolio is self-financing (SF) if
dX™(t) = B1(t)dB1(t) + Ba(t)dBa(t) + Z Yi(t )

The portfolio is admissible if
X™(t) >0 as. for te][0,T]. 8)

Denote the class of admissible portfolio strategies with initial capital x by

A(x) = {m e R"™?2: X™(0) = x, X" > —mforall t € [0,T]}. )
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Any non-negative F;-measurable random variable fr is called a contingent claim with maturity
time T. A market is complete if and only if any contingent claim fr can be replicated. Namely, there
exists an initial capital x and 7t € SF such that:

XITE(X) =x+ i /OT ;i (4)dS;(f) = fr P-as. (10)
i=1

Let us consider X(t) (or Y(¢)) as the investor’s wealth (or debt) at time ¢ and call it the wealth
process (or debt process) if X () (or —Y(t)) is generated by a self-financing and admissible strategy.

Since the (B1, By, Si;)-market is not a complete market, standard methods for pricing and investing
do not work. To address this, we transform the market into an auxiliary market (Bz, Sm).c[0,r,~r,]- In
this market, B, is the bank account with the interest rate

T, =11+ 2. (11)

Note that the (B, S;;)-market is complete for every r; satisfying r, € [0,7, — r1] forany ¢ € [0, T].
Now, we derive the dynamics of the wealth and debt processes in the (B, By, Sy, )-market.
By the self-financing wealth process X(T) > 0,

m

dX(t) = 1(t)dBi(t) + B2(t)dBa(t) + ) 7i(t)dSi(t), (12)
i=1

where 1 > 0, B2 < 0. Then,

dX(t) _ B1(#)Bi(t) dBy(t) +/32(t)32(f) dB;(t)
X(t-) X(t—) By(t) X(t=) Ba(t)
- 7i(8)Si(t—) dSi(t)
FLUXE) sy a3
Denoting
=0+ +Tm
Y (t)S (t_) 'Ym(t)sm(t_)
TRy oS
v it)Si(t-)
_gixu—) , (14)
we obtain
S = (1= L) nde = (1= 20) mdt + 00 S, (15

Taking the same steps, one can observe that the stochastic differential equation (SDE) of the seller
is as follows

ds;(t)
Si(t— '
A hedging strategy against f in the (B, S;;,)-market is not necessarily a hedging strategy against f

in the (By, By, S )-market. In this regard, we first pay attention to contingent claim valuation in the
complete markets and then in the (Bj, By, S, )-market.

Yoy = (= E0) radt = (L=L(0) ndt + ) 4i() (16)

~—
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3. Contingent Claim Valuation in Complete Markets

As mentioned in the previous section, any non-negative Fr-measurable random variable fr is
called a contingent claim with maturity T. The (B, S;,)-market is complete if and only if any contingent
claim fr can be replicated. This means that there exists an initial wealth x and a strategy 7r € SF such
that X7 (x) = fr. We show that this is the only price for a contingent claim, preventing any arbitrage
opportunities. To do that, we define a unique equivalent martingale measure. Let us consider

0(1) 1= (0(1) " [u(t) ~ ()] = [ijgfﬂ , 7

where 6y (t) is an R?-valued process, Oy (t) is an R"~4-valued process, and &(t) := [o(t) v(t)] is the
m x m volatility matrix process. Let us define the following processes

Wity = W) + [ O (s)ds,

N(t) = N(t) — /Ot O (s)ds.

and
t 1 ot
— _ T _Z 2
Zw(b) .exp{ | oh©awe) =3 [lows)] ds}, (18)
— (k) (k)
7 1gk1§—£1—d (}:[1((1/; )+ Dy + 1) 19)
Cp) ()2
<exp(~ [ 49N Es) ),
where
I (6) =60 (0)/A 0 1),
t%) is the time of the n-th jump, and N (t) = sup{n : 0 < t} is the number of type k random jumps

to the market by time ¢.

Lemma 1. The process Z defined by
Z(t) == Zw(t)Zn (1), (20)

is a P-martingale with E[Z(T)] = 1. Define an auxiliary probability measure on (Q), Fr) as

P(A):=E[Z(T)14], A€ Fr.

Then, W and N are martingales under P. In particular, the jump process Ny admits (P, JF;)-stochastic intensity
AB (1) = (p® (1) +1)AB (1),

See Bardhan and Chao [3].

Theorem 1. Let f be a given contingent claim. The fair price of f is given by

p=EM(T)f),
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and there exists a unique (up to equivalence) corresponding hedging strategy m with corresponding wealth
process X (t) satisfying
X(0) = p.

Here, E means expectation with respect to P.
The discount process (t) is defined as

7 () :exp(—/otr(s)ds) fort € [0, T].

4. Contingent Claim Valuation when the Interest Rate for the Credit Account is Higher than the
Interest Rate for the Deposit Account

Now, we transform the problem of contingent claim valuation in the (Bj, By, S;;)-market to a
suitable complete market (B, Sy, ). By substituting () with r,(t) and defining (t), Z(t), W(t), P, and
4(t) as in Section 3, one can obtain the same results. Then, the fair price p of the contingent claim f in
the (B, S )-market is given by

p=E(3(T)f), (21)

where E is the expectation with respect to the probability measure P.

The following lemma relates the (B, S,;)-market to the (By, By, Sy, )-market. In other words, we
obtain a condition under which the wealth processes corresponding to a portfolio process 7t coincide
in the (B, By, Sy )-market and (B, Sy, )-market, respectively.

Lemma 2. Let 7t be a portfolio process, X (t) and X (t) be the wealth processes in the market (By, B, Sy ) and
(B2, Sm), respectively. Denote
X(0) = X(0), (22)

then
X(t)=X(t) forte€[0,T] as. (23)

if and only if

(r2(t) = ra(t) = r2(1)) (1= 2(1) " + (1= ()" =0
fort € [0,T] as. (24)

Proof: X(t) follows the stochastic differential equation
4R () =%(0) (1= L()re(e)

d m—d B
L) (ui(t)dt Y 0 (0w (1) + vika)de(t))]. (25)
i=1 1

j k=

By comparing equation 25 to the stochastic differential equation for X(t) as

dX(t) =X(t) [(1 —4(1) Tr(t)dt + (1= (1)) ra(t)dt

d m—d B
o <ﬂi(t)dt + Loy0aw (0 + L vik<t>de<t>)],

j k=1
X(0) = x, (26)

and by the assumption

doi:10.20944/preprints202312.0034.v1
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X(0) = X(0),
then
X(t) = X(t), forte0,T] as.
is equivalent to
(1=2®)) () = (A =(B) " ra(t) = A= (B)ra(t). fort€[0,T] as. (27)

By recalling the relation 2 = a™ — a~ for a € R, one can find the equivalence of equation 27 and
equation 24. [J

Statement 1. Let r, = (r;(t)) be a predictable process with values in the interval
(0,72 —11]. (28)

Assume that {(t) is the optimal hedging strategy against the claim fr in the (B, Sy, )-market and satisfies the
condition in 24.
Then C,,(0) (resp. Py, (0)), the initial price of the minimal hedge in (Bz, Sy,) against fr, is equal to C (resp.
P..), the initial price of the minimal hedging strategy in (By, By, Sm).
Namely,

Cr.(0) =Cy (resp.P.(0) = Py). (29)

Proof. First, we demonstrate that the minimal hedging strategy ¢ in the (B, S;;)-market is also a
hedging strategy in the (Bj, By, Sy )-market under relation 24. Let C;, be the initial capital associated
with that hedge in the (B, S;;)-market.

If & satisfies 24, then the stochastic differential equations of the wealth processes X; and X; in
the markets (Bz, Sy) and (By, By, S ), respectively, coincide. By taking C,, as the initial price in both
markets, we establish the equality between the two processes at any time ¢ € [0, T]. Consequently,

X = X; = f(Sh). (30)

Now, let’s show that, under the assumption of Statement 1, the strategy ¢ is minimal among the
hedges against f(S1) in the (B, By, Sin)-market. To achieve this aim, it is sufficient to establish

E[f(sp)e™] < x, (31)

where x represents the initial capital of ¢*, an arbitrary strategy in the (By, By, Sy, )-market. E
denotes the expected value under the martingale measure in Lemma 1. Let Xf be the wealth process
corresponding to the arbitrary strategy ¢*. We show

N

Ex§ e < x. (32)

Let us consider the discounted wealth process X; := Xf*e_’zt, then by using Ito’s formula

4%, =x¢ ¢ ([(1 L&) () 21— &)t

d m—d
+( Z é’]* (t)O'ij)th — ( 2 CZ(f)Vik)d(Nt — }Lt)> . (33)
j=1 k=1
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Note that
(1=¢f)"(n—r)—2(1-¢) <0, (34)
and
d . m—d .
(X & (Dej)dWe — (1} &k ()vie)d(Ne — At) (35)
j=1 k=1
is a P local martingale.
From integrating the relation 33 and taking the P expectation, we obtain
E[X] = E[Xf*e_’zt] <x. foranyt € [0,T] (36)
Since ¢* is a hedge for fr, that yields
x5 e T = Xy > fre T (37)
Hence
Cr. = Elfre 1] < E[X7] = E[x8 e <T] < x. (38)

Given that the relation 24 satisfied, C,, is an initial price of a hedge for fr in (B, By, S )-market.
Therefore

Cr, =Cy. (39)
For the case of put, the proof is similar. [

Following the above statement and Lemma 2, the wealth process in the (B2, S )-market, denoted
as X; (Cy,), coincides with the wealth process in the (Bj, By, Sy )-market, denoted as X;(Cr, ), and

Xr(Cr,) = X7(Cr,) = f(ST). (40)

Therefore, we assert that the minimal hedge ¢ in the (B;, S;;)-market against fr is also a hedge in
the (By, By, S )-market if the relation 24 holds.

Statement 2. Let f be a given contingent claim, and let r,(t),t € [0, T}, be a progressively measurable process
satisfying the condition r,(t) € [0,r2(t) — r1(t)] for t € [0,T] a.s.. If the minimal hedging strateqy &*

corresponding to the solution of the contingent claim valuation problem for f in the (B, Sy, )-market satisfies the
equation

(ra(t) = ri(t) = ()1 = 2(1) " + (1= ()" =0, for t€[0,T] as. (41)

then &* is also a hedge against — fr in the (By, By, Sy )-market. Furthermore, if C,, (resp. P;,), the fair
price of the claim in the (B, Sy )-market, verifies C,, = infyco,,_y,) Cy, (resp. Pr, = infyc(o,,_p) Pr,), then

Cr, = C_ (resp. P,, = P_), (42)

where C_ (resp. P_) is the initial debt of the minimal hedge (i.e., the seller’s price). Namely,
—C_(resp. —P_)=sup{y <0/3¢ € A(x)s.t. Tr < —fr}. (43)

Before proving this statement, we state the following lemma.
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Lemma 3. The minimal hedging strategy against fr in the (B;, Sy,) market (for the buyer) is also the minimal
hedging strategy against — fr (for the seller) in the same market.

Proof. The stochastic differential equations of the debt and wealth processes coincide in the (B, Sy,)
market. Therefore, if §* is a hedge against fr in the (B, S;;) market, we have
X5 = fr. (44)

By taking ¥ = —x as the initial price for the debt process,

Yr=—X§" = —fr. (45)

Hence, ¢* is a hedge against — f7 in the (B, ;) market.
O

Now let us return to the proof of Statement 2.

Proof of Statement 2. Provided that relation 24 verifies * as a hedge in (By, By, Si) against — fr,
with an initial price of —C,,, it is sufficient to find a minimal hedge in the latter market. Assume
Cr, = infyc(o,,—r,) Cr,, and let y be the initial value for the debt process generated by ¢, an arbitrary
strategy in the (B1, By, S;n)-market. We aim to show that

y< sup (=Cp):=-C (46)

ke[0,ro—r1]

e

Accordingly, any hedging strategy against — fr has an initial value less than —C,,. However, —C,,
is the initial debt of the hedge ¢* against — f7 in the (By, By, Sj)-market. Therefore, —C,, provides
the lowest initial debt in (By, By, Si). Any hedging strategy against — fr in (By, By, Si) is a hedging
strategy against the same claim in (B;+, S;;) where

(47)

o rp—ry, if1-C >0,
0, otherwise.

However, by definition, —C, , < —C;,. Therefore,y < —C;..
The proof holds for both Call and Put options. [J

Now, let us provide an approximation of the arbitrage-free prices for the claim fr = (S% —K)*. In
this scenario, we calculate the supremum and infimum over auxiliary markets to find approximations
for the upper and lower hedging prices of the claim. Therefore, the arbitrage-free interval of prices can
be approximated as follows

inf C,,, sup G, (48)

z€[0,rp—11] z€[0,rp—r1]

Example 1. Consider the European call option on Stock 1 with maturity T, exercise price K, volatility oq1, and
interest rate r5. The value of the option fr = (S1(T) — K)™ can be expressed as follows

doi:10.20944/preprints202312.0034.v1
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A o (AT — )\ A
Crz (t) Zei/\(Tit) Z MCBS(’T — f, 51(0) (1 — Vll)nevllA(Tit),l’, Ull/K)
n=0 :
Ar—p) (= AT =" 51—
:Sl(t)(l 7V11)nevllA(T t)(;( ( r ) e/\(T t)(D(dl))
=) (o AT =" 37—
—Ke = )(;n!e =D (dy) ). (49)
Here, Cpg represents the price of a call option driven by the Black-Scholes formula
Ces(St,t, K, 0, 1) = §;®(d1) — Ke ™" ®(dy) (50)

where

In 5 + <r+‘772>t
oVt !
dz :dlfg\/i.

dy =

Here, ®(.) is the standard normal distribution function. In Example 1, A(t) represents the total
jump intensity:

m—d
Aty =Y AW (). (51)
k=1
One can approximate the upper and lower hedging prices for Example 1 within the interval:
inf C., sup C.]. (52)
Z€[0,72—r1] 26[0,1‘277‘1]

By the call-put parity, a similar method can be applied to

fr=(K=51(T))". (53)

This completes Example 1.

5. The Shortfall Risk Minimization Problem

In this section, we study the case where the initial wealth x is less than the required expected
value of "7 fr denoted by E[e"2" fr]. In this case, it is unlikely to apply a perfect hedge; however, it
is possible to minimize the risk of shortfall corresponding to the initial cost constraint by considering
the following optimization problem:

u()=nfE((fr— XFE)Y) 69

x<E[f(SlT)e_'ZT]

Here, IP(x) = % is the loss function with p > 1,and A = {{ st E[supyc;c7 |X§()|] < oo},
i.e., the set of all admissible portfolios with initial capital x. fr € [LPT¢(Q), Fr, P)] is the contingent
claim with the maturity time T for some €. X7Tr’d is the wealth process.

In this problem set, if x is greater than the replication cost fr, the completeness of the market
allows the investor to hedge the contingent claim f7 without taking risks. On the other hand, if x is


https://doi.org/10.20944/preprints202312.0034.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 December 2023 doi:10.20944/preprints202312.0034.v1

10 of 14

strictly less than the replication cost of fr, there is a potential for a shortfall. We have the option to
divide this problem into a perfect hedging problem of fr and a utility minimization problem.
Denote Ay(«) as the set of portfolio processes 7t(t) for 0 < t < T and a > 0, satisfying

X¥T(t) >0 te[0,T] as., (55)
and
E[ sup [X*7(1)[P] < co. (56)
0<t<T

Now, we introduce another optimization problem with the goal of

J@)i= it Ell(X(T), >0 (57)

Theorem 2. (i) Let Co(t) be the optimal portfolio proportions for &y € Ag(«) for every a € (0,00). The optimal
portfolio, denoted by &y = (&, €3), obtained from ] () is given by the system of equations:

P
p—1

A\t
N+ 1l =— (A) .

o1&+ il =

Solving for &} and &3, we get

¢v2 5 (A q—1
oo ()

&=
0 2ol —ylg2 7
-1
4;1/1 1 A\
@1 o (%
0 vig2 — 21

where q is such that % + % =1
(ii) The cost function u(x) is given by

u(x) = lp(xp — x)el=(p=1)al), (58)

where x . is the replication cost of fr, and

a=—qr+ %q(q—l)fl’z—’\ <(‘7_1) —4 <AA> * ();\y) '

(iii) The optimal wealth is given by

XPr % () = fr— (xg, — ) (Zp)1 e O DT (59)

See Kane and Melnikov [4].
Now, we present a solution to the problem 54 in a two-interest rate market.

Theorem 3. Let X[ (x) be the wealth process in the (Bz, Sy) satisfying (25), and XT(x) the wealth process in
the (B1, By, Sy )-market satisfying (26) with initial capital x. Assume 7t(t), the optimal proportion for problem
(54) in the (B, Sy )-market verifies (24), and a s, the optimal strategy hedging fr in the (B, Sy )-market,
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satisfies the conditions in Statement 4. Then, in the (By, By, Sy )-market:
(i) The cost function (54) is given by (58). (ii) The optimal proportions invested are
. 7T .
X () = EXT0 (xpy — )
G- o fr 04—\ fr on'S;, (60)

TCfr—m1
Xt_fT o (x)
and (1 — &) on the deposit account and (1 — &)~ on the credit account.

Proof. The proof follows a similar structure to the one presented by Kane and Melnikov [4] in the
multi-dimensional case. [J

6. Pricing Contingent Claims via Market Completion in (B, By, S;;)-market

In this section, our aim is to study no-arbitrage price bounds in incomplete markets. To initiate
our analysis, we examine the market (B, S;,), which is characterized by multi-dimensional risky
assets and one non-risky asset and results in a single interest rate. Our objective is to price contingent
claims in incomplete markets, prompting a transition to a market with two different interests later on,
resulting in market incompleteness.

Assuming the dynamics of the risky assets follow the equation 1, with parameters and
assumptions identical, we introduce a non-risky asset governed by

dB(t) = B(t)r(t)dt, B(0) = 1. (61)

Let 7 = (B(t), 11(t), ..., vm(t)) be a R+ _valued process for t € [0, T], representing a portfolio.
We assume that f0T|| 7t(t)||?dt < oo almost surely under the probability measure P.
The value of the portfolio, denoted by X" (t), is given by

m
X(t) = B(t)B(t) + Y _ 7i(t)Si(t), forallte [0,T].
i=1
It suffices to assume that our market is arbitrage-free if there exists an equivalent martingale
measure, i.e., a measure equivalent to P under which the value of any self-financing strategy is a
local martingale. The existence of this measure can be inferred by assuming at least one predictable
process Kk = (kw,xkn)T, where ky and ky are defined on R"-valued Brownian motion and a (m —
d)-dimensional Poisson process, respectively, such that the process « satisfies

o(t)rew (t) +v(t) - (1—xn) = p(t) = a(£)6(t), (62)

where 1 represents a vector of ones. Henceforth, we assume the existence of at least one process x
as described above. Let us define the probability measure such that

ZV (t) == exp {— /Ot kw (s)TAW(s) — ;/Ot|1cw(s)||2ds} ,

t m—d
ZN(t) = exp {—/ A(s) - (1 —KN(S))ds} TTIT<W(s)ANk(s), fort<T.
0 k=1 s<t
Define
Ze =727y, (63)

a non-negative local martingale (See [8]) with E[Z(t)] = 1 for all t € [0, T]. The sufficient
condition for market completeness is the uniqueness of the equivalent martingale measure. Therefore,
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our market is complete if Z, is a martingale and 62 has only one solution such that Kz(\l]c) > 0 for
ke{l,...,m—d}.

Assume E represents the set of all possible equivalent martingale measures in this market, i.e., &

is the set of all ¥ which solve relation 62 with KZ(\I]C) >0fork e {l,...,m—d}, and Z is a martingale in

this set. Therefore, the unique parameters of this are given by

() - (A() = On (D). (64)

Proposition 1 ([2, Theorem 4.2]). Let = denote the set of all equivalent martingale measures in the

(B, S)-market, and let dd%" = Zy(t). Then, Qx € Eifand only if x € E.
F;

Let us denote an Fr-measurable random variable fr as a contingent claim such that Eq[fr] < oo
forall Q € E.
Consider the case where the financial market has the same deposit and credit rates, i.e., r{ = r,. This
assumption leads to considering the same deposit and credit account By = B;. Finally, with this
assumption, we are describing the (B, S, )-market with a portfolio process 7 = (B, ¥1, ..., ¥m). In this
case, the capital follows

Assumingr|y =1y =71

aX(t) _dAY()
X(—) ~ vy~ e dt+i:21«;(t)

dSi(t)
Si(t—)

In such a market, the unique element of = is given by

where kN (t) < A(t) forall t € [0, T].

Let us return to the (B, By, Sy )-market where the credit rate is higher than the deposit rate. This
market is incomplete due to differing borrowing and lending rates. We establish a no-arbitrage price
bound over the set of equivalent martingale measures in this incomplete market. When a market is
incomplete, replicating all contingent claims becomes impossible. However, by introducing specific
sets of assets, we can achieve market completeness.

We broaden the set of admissible strategies to include investment strategies with
consumption, represented by a (m + 3)-dimensional F-adapted portfolio process (m,c) =
(B1(t), B2(t), v1(t), ..., ¥m(t),c(t)), where c(t) > 0 for t € [0, T].

The value of such a portfolio is given by

m t

X7(t) = P1(t)Ba(t) + Ba(t) Ba(t) + Y 7i(1)Sit) — / c(s)ds.

i=1 0
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We then determine the upper and lower hedging prices as follows
C*(fr) =inf{x > 0:3(m,c) € A(x) : X™(T) > fr,P-as.} (65)
Ci(fr) =inf{x > 0:3(m,c) € A(—x) : X™*(T) > —fr,P-as.} (66)

The seller price, C*(fr), represents the smallest initial capital required for the investor to establish
their portfolio. The buyer price, C«(fr), is the largest initial capital required for the investor to pay,
ensuring they would not want to pay more than this amount. The upper and lower hedging prices are
determined by taking the infimum and supremum over the set of all equivalent martingale measures
accommodated in an incomplete market as follows

C*(fr) = Zlé}; Eqlfrl,

C.(fr) = int Eqlfr]

Now, we consider the case discussed in Section 4 and introduce the interest rate r, as defined in
Statement 1, ensuring that the assumption for market completeness is satisfied. We have previously
denoted by 7 the unique equivalent martingale measure on the complete market (B2, Sm)- We provide
an approximate price by defining the upper and lower completion prices C*(fr;.) and C(fr; ;) as
follows

C*(frire) = sup  E[2fr],

rz€ [0172 —71]

é* (fT,' T’Z) = inf E [ZfT] .

r2€[0,r3—r1]
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