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Abstract: The influence of a background vortex flow on clustering of floating tracer is addressed.
The vortex flow considered is induced by an ellipsoidal vortex evolving in a deformation. The
system exhibits various vortex motion regimes: (i) steady state, (ii) oscillation and (iii) rotation
of the ellipsoidal vortex core. The latter two induce unsteady velocity field for the tracer thus
leading to irregular (chaotic) tracer motion. Superimposing a stochastic divergent velocity field
onto the deterministic vortex flow allows us to observe significantly different tracer evolution. We
use the method of characteristics to integrate the floating tracer density evolution equation and
the Euler-Ito scheme for obtaining the floating tracer trajectories with the random velocity field.
The cluster area and cluster mass from the statistical topography were used as the quantitative
diagnostics of floating-tracer’s clustering. For the case of the steady ellipsoidal vortex embedded into
the deformation flow with a random velocity field component we found that clustering characteristics
are weakened by the steady vortex. For the cases of an unsteady ellipsoidal vortex, we observed
clustering in the floating-tracer density field if the contribution of the divergent component is higher
or equal to that of the rotational (nondivergent) component. Even when the initial floating tracer
patch was set on the boundary of oscillating ellipsoidal vortex, we observed formation of clusters. In
the case of a rotating ellipsoidal vortex, we also observed pronounced clustering. Thus, we argue
that unsteady ellipsoidal vortex regimes (oscillation and rotation), which induce chaotic motion of
the nearby passive tracer’s trajectories, are still conducive to clustering of floating tracer observed in
the density field despite the intense deformation introduced by strain and shear.

Keywords: tracer clustering; compressibility; ellipsoidal vortex; random flow

1. Introduction

Tracer evolution in various media often manifests significant heterogeneity of the tracer density
and/or concentration fields even outside tracer sources and sinks. In turbulent oceanic and atmospheric
flows [1-3], this tracer aggregation is usually attributed to clustering (and its asymptotic version -
exponential clustering). Under favourable conditions tracers can be aggregating into coherent zones
[4-6]. The area of these zones exponentially tends to zero and the dimensionless mass of tracer tends
to unity. Many studies have established that ultimately the velocity divergence is responsible for the
tracers clustering [3,7-9]. In addition, it has been pointed out the importance of the horizontal shear
of the velocity field, which can mediate the intensity of the tracer clustering. However, these works
addressed simplified stochastic models with limited applicability to more comprehensive models and
natural experiments.

When looking at tracer aggregating induced by the compressible velocity fields including oceanic
flows, Jacobs et al. [3], Huntley et al. [8], Schumacher and Eckhardt [9] have pointed out that mesoscale
eddies trap tracer particles and significantly affect the tracer aggregation. These studies used gridded
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velocity fields, which were the output from high-resolution ocean models. The gridded velocity fields
were deterministic with non-vanishing divergence. However, the spatial resolution of the ocean models
is limited by the grid scale, which means that all the sub-grid scales remained unresolved. One way to
model these unresolved scales would be relying on superimposing random velocity components to
the large-scale deterministic velocity field. The random component thus plays the role of the small
scale dynamics.

Using this framework, where the velocity field consists of deterministic and random components,
Stepanov et al. [10,11] have studied the floating-tracer aggregating/clustering embedded into the
velocity field with a deterministic component from high-resolution model outputs. These studies have
confirmed that the shear flows associated with coherent vortex flows can significantly modulated the
floating-tracer clustering. However, the deterministic component resulted from the interaction of many
processes and was extremely complex to untangle all the involved processes and study them in detail.
It did not allow to determine the leading physical mechanisms driving the floating-trace clustering.

The present study investigates the role of a background vortex flow in floating-tracer clustering.
The vortex flow is induced by an ellipsoidal vortex embedded into a deformation flow [12-14]. Using
the model, where the velocity field consists of deterministic and random components, we focus on the
influence of the ellipsoidal vortex motion on the floating-tracer clustering. Based on the diagnostics
from the stochastic topography, we qualitatively estimate the clustering rate and clustering mass to
confirm the importance of the vortex motion inducing chaotic behavior of tracer trajectories for tracer
clustering.

The paper is organized as follows: in Section 2, we formulate the general problem, the model
of the random component and the deterministic component model. Scaling of equations and their
integrating are presented in Section 3. Section 4 considers qualitative diagnostics for the floating-tracer
clustering. The main results are in Section 5 followed by discussions in Section 6 and conclusions in
Section 7.

2. Problem formulation

The evolution of the passive tracer density p (r, ) under the rotational (nondivergent) velocity field
u(r,t) = (U,w) (r,t), where U and w are the horizontal and vertical velocity components, respectively
is governed by equations [15-18]

(E?t + %u (r,t>) p(r,t) =xdp (r,t) +Q p(r,0) =po(r), @

where pg (1) is the initial density of passive tracers, r = (R, z) = (x,y, z) is the spatial coordinates, « is
the dynamic diffusivity and Q is the source term. When x = 0, Q = 0 and there is no tracer exchange
across the region boundaries, then random velocity field u (r, t) with specified characteristics govern
stochastic features of the equation (1).

Let us consider the evolution of the floating-tracer density p (R,z,t) = p (R,t)d (z). Then (1)
becomes

o 0
(3 + gV ®0) (R =0, p(RO) = (R). ®
Here, the 2D velocity field U (R, t) is potential (divergent) [4,15,19] and its divergence governed
by changes in w

ow (r, t)

VyU (R, t) = — e

|Z:O/ (3)

where VRU(R, t) is the horizontal divergence at the surface (z = 0). When the w = 0, then the U (R, t)
is rotational (nondivergent).
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We are interested in studying the influence of the deterministic nondivergent velocity field
(Ue (R, 1)) on the floating-tracer clustering. Also, we assume that U, (R, t) does not interact with the
random velocity field (U, (R, t)). So, the velocity field consists of two components:

UR,t) =U, (R, t) + U, (R t). (4)

2.1. Statistical characteristics of the random velocity field

As for our random velocity field, we consider a 2D velocity field with Gaussian, spatially
homogeneous, isotropic, and stationary statistics [5]. This random velocity field consists of
nondivergent and divergent components

U, (R, t) = 1, UV (R, £) + (1 — 79,) US(R, 1), (5)

where 1, is a contribution of the divergent component to the random velocity field. The associated
spatio-temporal velocity correlation tensors are

Bls(R', ) = (Ul (R, ), (R+ R £+ 7)) = /dkgiﬁ(k, 7)eR. ©)

Index j stands for either p for divergent and s nondivergent components, respectively [18]. Then

kak kak
Elp(kon) = B (k)L Exgllon) = E¥) (05— 5L ). %
We suppose that the spatio-temporal velocity correlation tensors satisfy the relations

B(0,0) = (Ui (R UG (R 1)) = 0B, ®

where 03 = Bgm(0,0) = [dkE(k,0) for nondivergent and divergent components of the random

velocity field. The effective diffusivities corresponding to divergent (D,) and nondivergent (Ds)
components of the random velocity field, respectively are [4-6,20],

Dp_/dﬂ/dkkzlspk;7 /d <E)U(RE)I:+77)8U§R )>/

100
D, = /d;y/dkszskn 5/ w(R, t+ 1) w(R, 1)),
0

)

where w(R,t) = V X (Ui(R,t)) is the velocity curl and % is the divergence of the random
velocity field, respectively.

2.2. Velocity field induced by the ellipsoidal eddy.

As for a deterministic velocity component, we consider a nondivergent 2D velocity field induced
by an ellipsoidal vortex embedded in a deformation flow [12,14,21-23]. The detailed description of
the ellipsoidal vortex model is presented in Appendix A. According to relations from the ellipsoidal

doi:10.20944/preprints202311.1560.v1
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vortex model (see Appendix Al for details), the velocity field components are determined by solutions
of the system of equations:

4 =uaecos20, b= —becos20, ¢=0,
2 2 2, 12
0= —gPl Ty sin2g, (10)

Xo = exg — Yo + Uo, Yo = YXo — €Yo + Vo.

Then, the velocity components U, (u,, v.) satisfy next relations

J
Ue = exX — VY + Ug — =Py,
% (11)

d
ve—'yxfey+vo+£l,bv,

where ¢, is the stream function associated with the ellipsoidal vortex (see Appendix A. for details).
Since the equations for center of the ellipsoidal vortex are split, we can null them and suppose that
c(t) = const, then from the first two equations (10) we can obtain the relation a(t)b(t) = const. Denote
£ = %, which features the relation between the semi-axes of the ellipsoidal vortex.

The system of equations (10)—(11) for trajectories of passive tracer is a
two-and-a-half-degree-of-freedom system and thus, passive-tracer trajectories can manifest
chaotic behavior.

Koshel et al. [14] have considered specific regimes of the ellipsoidal vortex motion and velocity
field induced by these vortex motion regimes. This study considers these specific motions of the
ellipsoidal vortex when 1, has a separatrix (the self-intersecting stream-line), hyperbolic points and
the recirculation regions outside the ellipsoidal vortex [14]. Figure 1 shows a phase portrait of the
ellipsoidal vortex motion regimes depending on € and the angle 6.

Our deterministic velocity component is considered for the three vortex motion regimes: (i) when
the center of this vortex is fixed, (ii) the core of the ellipsoidal vortex oscillates or (iii) rotates. In the
first case, passive tracer trajectories coincide with the closed lines both within the vortex and outside it
in the recirculation zones. In the second and third cases (see Figure 1c,d), passive tracer trajectories
can manifest chaotic behavior in the recirculation zones and therefore influence the floating-tracer
clustering.
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Figure 1. Motion regimes of the ellipsoidal vortex embedded in a deformation flow. (a) Phase portrait
of the ellipsoidal vortex motion regimes (¢, 6). Various color points denote the initial states of the
ellipsoidal vortex for three cases: the blue point (¢ = 2.28,8 = —7/4) denotes a steady state, when the
vortex is stationary, the green point (¢ = 3.5, = —7/4) denotes an oscillation state and the blue point
(e =2.56,0 = —7/4) denotes a case of the vortex’s rotating. (b) Passive tracer trajectories inside the
vortex (blue closed lines) and outside the vortex (green closed line) in the steady state. The red line
denotes a separatrix and the hyperbolic points are denoted by red points. (c) Positions of the vortex
core boundary, under oscillating of the ellipsoidal vortex. Blue points denote the initial state of the
ellipsoidal vortex and black points denote the positions of the vortex core boundary after 1/4,1/2 and
3/4 of a period. Green points denote the position of the re-circulation zone boundaries at the initial
time moment. (d) Positions of the vortex core boundary for a rotating ellipsoidal vortex. Blue and
green points denote the initial state of the ellipsoidal vortex and its re-circulation zones, respectively.
Red points denote the vortex core boundary after 1/4 and 3/4 of a period. Black points denote the
vortex core boundary after 1/2 of a period.

3. Scaling of floating tracer equations and their integration

We suppose that the variables of (2) are dimensionless with spatial (L) and time (T) scales, and a
density scale (P). Since the random velocity field is J-correlated in time, than the scale T is equal to
the time step. Taking the spatial step equal to the time step, we can get the velocity scale V = L/T.
Typical spatial scale of the ellipsoidal vortex Lyortex = 6 X 102 - L, the typical rotation time of the vortex
Tyortex = 2 - 10% - T, and the oscillation time of the vortex Tyortex = 2 - 10* - T, and the typical time of
scattering 2 x 10% - T.

For all the following numerical experiments, we consider a squared patch 2 x 2 as initial conditions.
The patch is uniformly filled by 3.6 x 10'° floating markers. The initial patch is placed either within
the vortex or on the boundary of the adjacent recirculation zone. The initial density of the floating
tracer is always equal to unity.

To integrate the equations (2) given the equations (4) we use the method of characteristics [4,5,18]:

dR
- URD, RO =E

Ao R0, 00)= (@),

(12)
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where §— are coordinates of the initial patch. In order to obtain the Eulerian density the solution (12)
needs to transform as follows

R(t) =R(%,), p(t) =p(£E),

and then to exclude ¢ we can obtain the density field

p(Rt) =p(t) =p (L (R;E)). (13)

The system equations (12) of float-tracer trajectories are integrated in time using the Euler-Ito
scheme [10,11,20]. The method of the generation of the random velocity field is presented in [18,24].
We choose the integration domain very large to avoid the influence of the domain boundaries on the
behavior of floating-tracer trajectories.

4. Qualitative diagnostics of floating-tracer clustering

In order to qualitatively assess the impact of the deterministic component of the velocity field
induced by the ellipsoidal vortex on the clustering, we use qualitative metrics or diagnostics from the
statistical topography. The area occupied by the clustered tracer or the clustering area ({Spom (£ 0)))
and another one, the clustering mass ({(#1pom (;0))). Let us consider the indicator Liouville’s function

(R, t;0) =6(p(R,t) —p),

then a variable (S(¢; p))
S(t;p) = /dRG (R, 1) /dR/dp(pRtp (14)

characterises the total area of the regions, where the floating-tracer density exceeds a predefined
threshold p, and variable (M(t; p))

M(t;p) = /dRpRt)()(pRt /dR/dppq)Rtp) (15)

is referred to as the cluster mass characterising the mass of floating tracers in these regions. Ensemble
averaging of ¢(R, t; p) gives the single-point in space and time probability density function P(R,¢;p)
[5,25], then the averaging of equations (14) and (15) on ensemble realisations of the random velocity
field yields

= /dR/dp'P(R,t;p’),
%

. (16)
(M(t;0)) = /dR/dp’p’P(R/t;p’)-
0

doi:10.20944/preprints202311.1560.v1


https://doi.org/10.20944/preprints202311.1560.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 November 2023 doi:10.20944/preprints202311.1560.v1

7 of 22

With space and time homogeneous density field p(R,t), the single-point probability density
function is independent from R, then equations (16) are simplified as

(shom(t:p)) = (8(p(R, 1) — p)) = P{p(R,t) > p}=/dp’P(t;p’),
o (17)
(hom(t0)) = [ dp'eP(t;p).
0

Here spom (t; 0) and myon (£ 0) are the specific cluster area and specific cluster mass, respectively
[20].

For the random positive density field, conditions for density clustering with the unity probability,
that is any realisation of the random velocity field yields the corresponding limits:

(Shom(£:0)) = 0,  (Mpem(£;p)) — 1.

According to these relations, the area of the regions, where the density exceeds the specified
threshold p, tends to zero and the mass concentrated into these regions (clusters) tends to unity. When
the evolution time is longer than the diffusion timescale, then we can use these estimates [5]

e
Al

<Shom(tr p)> = P{p(R,t) > p} ~ ﬂgto/’fe_ !

(18)

0

e

NI
Al

t,p ~1—
<mh0m( /P)> /pO 7Tp0t/T
Here T = 1/D, where D is the corresponding effective diffusivity, which is related to Ds and D),

as follows
D, =v2D, Ds = (1—1,)°D.

Regardless (Shom(t;p)) and (mpom(t; p)) relations are valid only for the divergent component,
they can be useful diagnostics to quantitatively estimate the degree of the floating-tracer clustering.

According to [5], the effective diffusivity associated with the nondivergent component is modified,
when the random velocity field is modulated by the shear flow (A1). In this case, the clustering process
is absent. However, there is a filamentation, which is associated with the diffusion scattering of the
initial tracer patch [5] and the modified effective diffusivity (Ds,) becomes

2
Dsy :Ds+37DS/ (‘X/Ds <<1)/'

/3
Doy = ¢ EaZDS, (a/Ds > 1),

which shows that both under weak shear (¢ /D; < 1) and under strong shear («/D; >> 1) the random
component dominates over the scattering.

(19)

5. Results

In this Section we present results of numerical experiments, where the clustering of floating-tracers
is simulated given the various states of the ellipsoidal vortex and contributions of divergent and
nondivergent components (4).

First, let us consider the base-line experiment with no deterministic component (5). Figure 2 shows
spatial distributions of the floating-tracer density (13) given various contributions of the divergent
and nondivergent components. With only the divergent component the tracer clusters into coherent
regions (see Figure 2a). The floating-tracer density reaches 2 x 10%® values. When the contribution of
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the divergent component decreases and the contribution of the nondivergent component increases, we
observe increasing patches with low values of the floating-tracer density (see Figure 2b,c). In addition,
due to the nondivergent component, the patches of the floating tracer with the highest density are
scattered. With no divergent component, theoretical tracer clustering is prohibited (see Figure 2d),
however some regions still demonstrate higher density values up to p ~ 107,

These clustering features are confirmed by quantitative diagnostics of the clustering (see Figure 2).
The rate and degree of the floating-tracer clustering are dependent on the contribution of the
divergent component. The higher the contribution of the divergent component, the higher the rate
of (Mpom (t;p > 1)) and the lower the rate of (spom (£;0 > 1)), respectively. When the contribution of
the divergent component is small or absent (7, = 0.1/0.0), the dependence of (o (t;p > 1)) differs
from that of a high contribution of the divergent component. Given T >> D, (pom(t;0 > 1)), when
the contribution of the divergent component is not small (4, = 1.0/0.5), the clustering metrics continue
to increase with a very low rate. When 7, = 0.1/0.0, in contrast, (o, (t;p > 1)) decreases at a more
faster rate. It quantitatively reflects the decaying of the floating-tracer clustering when the contribution
of the nondivergent component increases up until complete absence of clusters when the nondivergent
component dominates.

0 to 0.002
O] [ 0002 to 0.5
05to1
1to2

- 2t 10

B 10 to 26436

N
N

Figure 2. Base-line experiments, where the floating-tracer clustering is induced by the random velocity
field only (5). Instances of spatial distributions of the floating-tracer density (13) when: (a) there is a
divergent component only (v, = 1.0, T = 10.94), b) contributions of the divergent and nondivergent
components are equal (7, = 0.5, T = 34.48), c) the contribution of the divergent component is small
(7 = 0.1, T = 34.48), d) there is a nondivergent component only (7}, = 0.0, T = 34.48).
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=Dt

Figure 2 (Continued). Base-line experiments, where the floating-tracer clustering is induced by the

random velocity field only (5). Color lines denote the evolution of the clustering areas (spom (50 > 1))
(lower curves) and the clustering mass (mpom (£;0 > 1)) (upper curves) depending on various
contributions of the divergent and nondivergent components. Red lines denote (s, (£;0 > 1)) and
(Mpom (£ p > 1)) curves, corresponding to the spatial distribution of the floating-tracer density (see
Figure 2(a)). Purple lines denote (spom (£;0 > 1)) and (mpoy, (£ 0 > 1)) curves, corresponding to the
spatial distribution of the floating-tracer density (see Figure 2(b)). Green lines denote (spom (£;0 > 1))
and (mpom (£ p > 1)) curves, corresponding to the spatial distribution of the floating-tracer density (see
Figure 2(c)). Finally, blue lines denote (spom (50 > 1)) and (mpoy (£ > 1)) curves, corresponding
to the spatial distribution of the floating-tracer density (see Figure 2(d)). Black lines denote
(Shom (50 > 1)) and (mpey, (£;0 > 1)) curves, corresponding to their analytical estimates (18), when
there is a divergent component only (v, = 1.0, T = 10.94). [19].

Let us consider now the cases when the velocity field consists both of a random component
and deterministic component. The latter component is induced by the ellipsoidal vortex (4). To start
with, we consider the case of the steady ellipsoidal vortex. In this case, the deterministic component
does nor result in chaotic behavior of tracer’s trajectories (see Figure 2b)). Figure 3 shows spatial
distributions of the floating-tracer density depending on contributions of the divergent component
and the initial patch of floating tracer is placed within the steady ellipsoidal vortex (see Figure 3a)).
When the divergent component (4) dominates, we observe regions with the highest values of the
floating-tracer density up to 2 x 10%6. This confirms the theoretical exponential clustering of floating
tracers. When the contribution of the divergent component decreases, the number of regions with
the highest floating-tracer density decreases as well, while the number of the regions with low
floating-tracer density increases. When the contribution of the nondivergent component increases, we
observe diffusive scattering of the initial floating-tracer patch and markers can leave the ellipsoidal
vortex due to filamenting of the boundary of the floating-tracer patch [5,18,26]. To illustrate these
features of tracer-trajectory behavior, the evolution of the floating-tracer density was simulated during
the T = Dt > 1 for the case (y, = 0.1/0.0) (see Figure 3e)-f)). Initial floating-tracer patch is scattering
and floating tracer can leave the ellipsoidal vortex and then it can be advected by the background flow.

Qualitative diagnostics of the floating-tracer clustering both for (spom (t;0 > 1)) and (mpem (£ 0 >
1)) confirm the results (see Figure 3). The rate and degree of the clustering are higher when the
contribution of the divergent component is high. We observe increasing of the clustering mass and
decreasing of the clustering area. On the other hand, increasing of the contribution of the nondivergent
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component up to T > 10 leads to decreasing of the floating-tracer density within the ellipsoidal vortex.
With time, we observe pronounced decreasing of the floating-tracer density in the ellipsoidal vortex
and the (mpom(t;p > 1)) decreases.

Figure 3. The same as in Figure 2, but with the deterministic velocity component (4) induced by a
steady ellipsoidal vortex. For cases c) and d) see the insets e) and f), respectively at the time T = 94.44.

=Dt

Figure 3 (Continued). The same as in Figure 2, but the clustering of floating tracer in the velocity
field (4), where the deterministic component is induced by a steady ellipsoidal vortex. Color lines
denote the clustering area (spop (£;0 > 1)) (lower curves) and the clustering mass (Mo (£;0 > 1))
(upper curves) given various contributions of the divergent and nondivergent components. Curves of
(Mpom (t; 0 > 1)) for the random velocity field (5) are denoted by the colored asterisks.

Figure 4 shows the spatial distribution of the floating-tracer density for the case, when the
floating-tracer patch was initially located near the boundary of the steady ellipsoidal vortex (see
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Figure 4a)). In this case, the floating-tracer clustering is observed because of the contribution of the
divergent component. Note that, the floating tracers are clustering both near the boundary of the
ellipsoidal vortex and the boundary of the recirculation regions. When the nondivergent component
increases, we observe strong diffusive scattering of the tracer (see Figure 4c)-e)). At the same time,
anisotropy of the spatial distribution of the floating tracer is manifested. High density values are
observed mainly near the boundary of the vortex and recirculation zones, while markers do not
penetrate deep into the vortex and centers of the recirculation zones.

Quantitative diagnostics point out that floating tracer clusters exponentially when there is no
nondivergent component (see Figure 4). At earlier times, sharp increase of the clustering mass is
observed and the (npom (£; 0 > 1)) metric is non-decreasing. For the non-asymptotic cases, when the
contribution of the nondivergent component is neither zero nor unity, and at longer characteristic time
T > 1, we observe significant decrease of (1o (£;0 > 1)), so the clusters do not fully form. Note that
the decaying rate depends on the contribution of the nondivergent component.

Figure 4. The same as in Figure 3, but the initial tracer patch is placed near the boundary of the steady
ellipsoidal vortex.
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=Dt

Figure 4 (Continued). The same as in Figure 3, but the initial tracer patch is placed near the boundary
of the steady ellipsoidal vortex.

Let us to consider the clustering of the floating-tracer, when the deterministic component induced
by the oscillating and rotating ellipsoidal vortex regimes (see Figure 2c,d). Koshel et al. [14] have
established that for both cases, tracer trajectories can manifest chaotic behavior. To start with we
consider the case of the oscillating vortex regime and place an initial tracer patch within the vortex or
within the recirculation zone’s boundary.

Figure 5 shows spatial distributions of the tracer density when the initial patch was placed within
the vortex. According to these distributions, the higher contribution of the divergent component,
the more tracer is clustered. Note that the initial tracer patch is scattered along the semi-axes of the
ellipsoidal vortex.

Quantitative diagnostics of the tracer clustering confirm that the highest values of the cumulative
clustered mass w along with very small values of the cumulative clustered area are observed when
the contribution of the divergent component is very high (see Figure 5). At the same time, when the
contribution of the divergent component is minimal with time T >> 1 we observe little clustering. This
process of no clustering also can be seen in the curve (myoy (£;0 > 1)).
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Figure 5. The same as in Figure 3 but for the oscillating ellipsoidal vortex regime.

Figure 5 (Continued). The same as in Figure 3 but for the oscillating ellipsoidal vortex regime.

Figure 6 shows the spatial distributions of the tracer density, when the initial tracer patch is placed
near the oscillating ellipsoidal vortex’s boundary. With a dominant divergent component, the tracer
clustering manifests itself prominently. The clusters are generated mainly near the boundaries of the
vortex and recirculation zones. The clusters are however not generated deeper within the vortex core
and the centres of the recirculation zones. Increasing the contribution of the nondivergent component
results in diffusive scattering of the tracer and weakened clustering with spatial heterogeneity.

Quantitative diagnostics of the clustering show that again when the divergent component
dominates, the clustering happens at higher rates (see Figure 6). As time moves on the T > 1,
(Mpom (t; 0 > 1)) curve continues its non-decreasing behavior. When the contribution of the divergent
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component decreases, the clustering again is not able to be sustainable. It is confirmed by the
(Mpom (0 > 1)) curve for larger times T > 1 (see Figure 6).

T

Figure 6. The same as in Figure 5, but the initial tracer patch is placed near the boundary of the
oscillating ellipsoidal vortex.

s,m

Figure 6 (Continued). The same as in Figure 5, but the initial tracer patch is placed near the boundary
of the oscillating ellipsoidal vortex.

To finalize the Section, we consider clustering of the tracer in the rotating ellipsoidal vortex regime.
Figure 7 shows spatial distributions of the tracer density when the initial tracer patch is placed within
the ellipsoidal vortex core. Clustering of the tracer is similarly governed by the contribution of the
divergent component. Reducing this contribution leads to smaller probability of the clustering. At the
same time, increasing the contribution of the nondivergent component facilitates diffusive scattering of
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the tracer. However, even when the nondivergent component is dominant, there are still many zones
of non-zero values of the tracer density within the ellipsoidal vortex.

According to diagnostics of the clustering, we observe a high clustering rate and then
non-decreasing behavior of the clustering mass for the case when the contributions of the random
velocity component is equal to the determiistic one (7, = 0.5) (see Figure 7). Note that if the divergent
component is small, and at longer times 7 > 1 the (1o, (t; 0 > 1)) curve still shows no decreasing
behavior, but it oscillates with the period of T 6 dimensionless unit time. When the contribution of the
divergent component is equal to zero, the sharp clustering rate during initial period changes to a slow
decrease of the clustering degree at T > 1 similar to the previously described case with the period of
T 6 dimensionless unit time.

Figure 7. The same as in Figure 3, but for the rotating ellipsoidal vortex.

=Dt

Figure 7 (Continued). The same as in Figure 3, but for the rotating ellipsoidal vortex.
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Finally, let us consider the case, when the initial tracer patch is placed near the boundary of
the rotating ellipsoidal vortex (see Figure 8). Spatial distributions of the tracer density show that
clustering occurs near the boundaries of the vortex and recirculation zones similarly because of
the large divergent component. When the contribution of the divergent component decreases, the
zones with the highest density values become less pronounced. On the other hand, with increasing
the nondivergent component, we observe more pronounced diffusive scattering (see Figure 8c)-d)).
When there is only the nondivergent component, there are still multiple tracer aggregations in the
recirculation zones and partially the vortex itself, however the density is rather small (see Figure 8d)).

Quantitative diagnostics of the clustering confirm clustering with a dominant divergent velocity
component (see Figure 8). When v, = 1 or 7, = 0.5 cases, clustering becomes weaker. However,
the (Mpom (£ 0 > 1)) curve does not manifest decreasing behavior with longer times 7 > 1. On the
other hand, increasing the contribution of the nondivergent component results in slow increasing
of the tracer mass and consequently in decreasing of the (1o, (t;p > 1)) curve with longer times
T > 1. Similarly, the larger contribution of the nondivergent component, the higher the cluster mass
decreasing.

Figure 8. The same as in Figure 7, but the initial tracer patch is placed near the boundary of the rotating
ellipsoidal vortex.
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Figure 8 (Continued). The same as in Figure 7, but the initial tracer patch is placed near the boundary
of the rotating ellipsoidal vortex.

6. Discussion

One of the aims of the investigation is to consider results from studies [10,11,20] in more detail by
employing a simpler dynamical model of the background shearing flow. The authors have studied
the floating-tracer clustering in a compound velocity field, where the random velocity component
consisted of divergent and nondivergent parts and the deterministic velocity component was taken
from a gridded velocity field from eddy-resolving numerical simulations of the Sea of Japan circulation
[27]. Various regimes of tracer aggregation were reported and analysed. However due to the complexity
of the comprehensive ocean velocity field, a detailed analysis of the leading processes responsible for
the observed dynamical patters were not fully addressed. The authors suggested that the observed
features associated with the qualitative diagnostics of the tracer clustering were mostly affected by
multiple eddies populating the deterministic velocity field. In the present study, we considered a
simpler model of a vortex, namely, the velocity field induced by an ellipsoidal vortex embedded into a
deformation flow. In particular, we focused on the influence the ellipsoidal vortex motion regimes
(oscillating and rotating) on the tracer clustering.

Comparing the clustering metrics depending on the balance parameter 7, for the steady ellipsoidal
vortex case shows that the clustering occurs only with a dominant divergent velocity component.
When 7, is equal to 0.5, the floating tracer clusters within the vortex. In other cases, clustering does
not occur. Even though the clustering mass increases initially (up to T = 8Dt), then it starts decreasing
(t > Dt) as evidenced by the (mpom (t;0 > 1)) curve. Comparing to the base-line purely stochastic
model suggests that the presence of a steady ellipsoidal vortex is not conducive to tracer clustering. It
is most noticeable when the -, ratio is very small.

In addition, tracer clustering is sensitive to the tracer’s initial conditions. When the initial tracer
patch is placed near the ellipsoidal vortex periphery, clustering is weakened, as opposed to the case
when the initial tracer patch is placed within the vortex. This is because the recirculation zones near
the separatrix experience the most intense shearing flows. At early times (7 < 10Dt?), the clustering
rate in the steady-state vortex case is similar to the base-line purely stochastic case. At later times
(t > Dt), the difference between these two cases increases; the clustered mass in the steady-state
vortex case is less than in the base-line case.
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Considering the case of an oscillating ellipsoidal vortex, we observed significant changes. For
two different sets of tracer initial conditions, the tracer clustering occurs for both a dominant divergent
velocity component (7, = 1.0) and for equal contributions of (7, = 0.5) the divergent and nondivergent
components. It is confirmed by the non-decreasing (#1,om, (0 > 1)) curves for these two sets of initial
conditions. Increasing the influence of the nondivergent component (7, < 0.5), the tracer clustering
never happens (the (mypoy (10 > 1)) curves attenuate in both cases of initial conditions).

A noticeably different case is the rotating ellipsoidal vortex. With a dominant divergent velocity
component or equal contributions of the both velocity components, the clustering rate is higher as
compared to the all previous cases. Also, the clustering process differs for the two sets of the tracer
initial conditions. When the initial tracer patch is placed within the rotating vortex, the clustering
is stronger as compared to the case when the initial tracer patch is placed near the periphery of the
recirculation zones. We also observe a high clustering rate with dominating nondivergent component
(7r < 1.0).

We thus demonstrated pronounced differences between tracer clustering occurring in the steady
ellipsoidal vortex regime and in the oscillating or rotating ellipsoidal vortex regimes. When the
ellipsoidal vortex is unsteady, tracer trajectories manifest chaotic behavior, which partly accounts for
the differences. When the initial tracer patch is placed within the ellipsoidal vortex, the clustering
mass for the case of an unsteady vortex is higher than that for the case of a steady ellipsoidal vortex.

Thus, we confirm the hypothesis from [10] that clusters can not survive strong advection near
eddies for long. When an ellipsoidal vortex is steady, the tracer is advected from the vortex very slowly.
However, the tracer is also trapped in the neighbourhood of the separatrix for a long time. This region
has strong shearing flows that prevent clustering.

When the ellipsoidal vortex is unsteady, the tracer is advected from the neighbourhood of the
separatrix (where the strongest shearing flows are observed, which are detrimental for clustering),
which allows a larger part of the mass to remain clustered. This is observed for the case of the initial
tracer patch placed near the periphery of the ellipsoidal vortex. In this case, due to the unsteady
ellipsoidal vortex and tracer advection, the tracer leaves the neighbourhood of the separatrix away
from strong shears. This prevents decreasing of the clustering rate in contrast to the steady ellipsoidal
vortex case.

7. Conclusions

This study investigated the influence of a background vortex flow on clustering of floating tracers.
The vortex flow was induced by the interaction of an ellipsoidal vortex with a deformation flow,
which produces various vortex motion regimes: (i) steady state, (ii) oscillating and (iii) rotating of
the ellipsoidal vortex. The unsteady ellipsoidal vortex induces chaotic tracer trajectories. The regions
where the chaotic behavior largely manifests itself are hyperbolic points and separatrix. We focused on
tracer clustering in velocity fields where the deterministic velocity component permitted chaotic tracer
trajectories.

The tracer clustering was governed by a random velocity field consisting of nondivergent and
divergent components. With a dominant divergent component, we observed tracer clustering. On the
other hand, with a dominant nondivergent component, the clustering never occurs.

The spatial and time scales of the vortex motion exceeded these of the random velocity field by
an order of magnitude. The deterministic velocity component induced by the ellipsoidal vortex the
random velocity component therefore are mostly independent. We used the method of characteristics
to integrate the tracer density equation and the Euler-Ito scheme for tracer trajectories evolving in the
random velocity field. The clustering area and clustering mass from the statistical topography were
used as the quantitative diagnostics of the tracer clustering.

In the base-line case of a random velocity field only, we confirmed that when the divergent
component dominated, there were zones with a very small total area and very high mass in the
tracer density field. According to the quantitative metrics, the cumulative mass of these zones
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is non-decreasing with time. When the contribution of the divergent component relative to the
nondivergent component was less than 0.5, we registered no tracer clustering.

For the steady ellipsoidal vortex regime we observed weaker tracer clustering. Even with a higher
contribution from the divergent component, the clustering rate and the clustering degree were less
strong as compared to the base-line case. The most striking differences between were observed for
the initial tracer patch placed near the boundary of the ellipsoidal vortex. We also observed complete
floating tracer clustering when the random velocity field consisted of the divergent component only.

Fort the unsteady ellipsoidal vortex regimes, we observed tracer clustering when the contribution
of the divergent component was higher or equal to that of the nondivergent component. Even when the
initial tracer patch was placed near the boundary of the recirculation zones, clustering still persisted.
With a rotating ellipsoidal vortex, we observed pronounced clustering as well. When the initial tracer
patch was placed within the rotating vortex, the clustering rate was higher than that for the base-line
case during earlier times. Thus, we suggested that the unsteady ellipsoidal vortex regimes promoted
(at least not prohibited) clustering due advecting the nascent clusters away from the separatrix region,
where the strongest shears existed.
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Appendix A. Ellipsoidal vortex into the deformation flow

According to [12,14,21-23], let us consider the deformation flow in the dimensionless coordinates:

u, = (ex — vy, yx —ey) (A1)

where e and vy are dimensionless variables controlling the time scale and u, = (1, v) is a dimensionless
variable controlling the velocity scale.

We consider a vortex structure embedded in a deformation flow (A1) and the vortex is an
ellipsoidal region V with the boundary:

2 22

72 7
am

20 9D

F(x,y,zt) = =1, (A2)

where

%= (x—xp)cosO(t) + (y —yo)sin(t),
7= —(x—1x0)sinb(t) + (y — yo) cos H(t), (A3)

I3\
I
=
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and x¢(t),yo(t),z0 = 0 is the vortex’s center and c(t) = BN¢(t) , where ¢(t) is the semi-axes. The
vorticity is considered piece-wise constant. There is a difference between the vorticity inside the vortex
and adjacent flow

2, r¢V,
_ A4
q { 20, revV, (Ad)

According to [14], the stream function is ¢ = 1, + o, where ¢, = (x? + y?)7/2 — exy — ugy + vox.
Thus, ¥, and i, satisfy the relations

o - 0, r¢&V,
Ae =27 Ao = { 2@—vy)=g, reV. (A5)
For 1, we have solutions as follows [12,21-23]
gabc / 72 i 72
xX,y,z,t) = . (A6)
Po(x,y,2,t) = (1- i R+ c2+y) D)

Here, z =z = 1, A(u) = (a® + ) (b + p)(c®> + u). The lower limit of the integration A(%, ¥, 2, t)
is defined as the root of the cubic equation
) ) 52
oy,
a2+A P2+ A 0 2+A

. We take A = 0 inside the ellipsoidal vortex and A > 0 outside the vortex. The fluid particle advection
equations are

d—x—u—ex— +u —i
Wy oy eyt o0+ >
dar ~ TRt ve

According to [12,21-23], from the kinematic conditions we take relations for parameters and
positions of the ellipsoid

i =uaecos20, b= —becos20, ¢=0,
2 2 232
0= —g% v - e% sin 26, (A8)

Xo = exp — YYo + Uo, Yo = YXo — eyo + Vo.

where

zxozabco/az:_y\/z};? Bo =ab /b—i—y\/d%' XO—abc \/7 (A9)
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Spatial derivatives of the stream-function can be obtained by introducing new coordinates as
follows

[0 9)

0 _ 1 du
—p = xgabc/ - —
o { e A

(A10)
o = ggabe [ i

S~Yo — zi‘vil

% { U R

which are the velocity projections onto the main semi-axes of the ellipsoid. Taking into account (A3)
we obtain

d d . d
aipv = cos eng —sin Qa—gtpv,
(A11)

_ 0 = - in()i — 9i
ayzpv = —35 Y P, — cos aggbv.

References

1. Okubo, A. Diffusion and Ecological Problems: Mathematical Models; Vol. 10, Biomathematics, Berlin:
Springer-Verlag, 1980.

2. McComb, W.D. The Physics of Fluid Turbulence; Vol. 25, Oxford Engineering Sci. Ser., Oxford: Clarendon Press,
1990.

3. Jacobs, J.A.; Huntley, H.S,; Kirwan, A.D.; Lipphardt, B.L.; Campbell, T.; Smith, T.; Edwards, K.; Bartes, B.
Ocean processes underlying surface clustering. Journal of Geophysical Research, Oceans 2016, 121, 180-197.
https://doi.org/10.1002/2015]C011140.

4. Klyatskin, V.I. The imbedding method in statistical boundary-value wave problems; Vol. 33, Book Series: Progress in
Optics, Elsevier B. V., 1994; pp. 1-133. https://doi.org/10.1016/5S0079-6638(08)70513-4.

5. Klyatskin, V.I. Stochastic Equations: Theory and Applications in Acoustics, Hydrodynamics, Magnetohydrodynamics,
and Radiophysics; Vol. 1,2, Springer, 2015.

6.  Klyatskin, V.I. Stochastic structure formation in random media. Phys. Usp. 2016, 59, 67-95.

7. Klyatskin, V.I.; Koshel, K.V. The simplest example of the development of a cluster-structured passive tracer
field in random flows. Physics-Uspekhi 2000, 170, 771-778.

8. Huntley, H.S.; Lipphardt, B.L.; Jacobs, G.; Kirwan, A.D. Clusters, deformation, and dilation: Diagnostics
for material accumulation regions. Journal of Geophysical Research: Oceans 2015, 120, 6622-6636. https:
/ /doi.org/10.1002/2015JC011036.

9.  Schumacher, J.; Eckhardt, B. Clustering dynamics of Lagrangian tracers in free-surface flows. Physcal review
E 2002, 66, 017303. https://doi.org/10.1103 /PhysRevE.66.017303.

10. Stepanov, D.V,; Ryzhov, E.A.; Zagumennov, A.A.; Berloff, P.; Koshel, K.V. Clustering of Floating Tracer Due
to Mesoscale Vortex and Submesoscale Fields. Geophysical Research Letters 2020, 47. https://doi.org/10.
1029/2019GL086504.

11. Stepanov, D.V.; Ryzhov, E.A.; Berloff, P.; Koshel, K.V. Floating tracer clustering in divergent random
flows modulated by an unsteady mesoscale ocean field. Geophysical & Astrophysical Fluid Dynamics 2020,
114, 690-714. https:/ /doi.org/10.1080/03091929.2020.1786551.

12. Zhmur, V.V. Localized eddy formation in a shear-flow. Oceanology 1988, 28, 536-538.

13. Meacham, S.P,; Pankratov, K.K.; Shchepetkin, A.F; Zhmur, V.V. The interaction of ellipsoidal vortices with
background shear flows in a stratified fluid. Dyn. Atmos. Oceans 1994, 21, 167-212. https://doi.org/10.1016/
0377-0265(94)90008-6.

14. Koshel, K.V.; Ryzhov, E.A.; Carton, X.J. Vortex Interactions Subjected to Deformation Flows: A Review.
Fluids 2019, 4. https://doi.org/10.3390/ fluids4010014.

15. Klyatskin, V.I. Clustering and diffusion of particles and passive tracer density in random hydrodynamic
flows. Phys. Usp. 46, 667 2003, 46, 667—-688. https:/ /doi.org/10.1070/PU2003v046n07 ABEH001600.


https://doi.org/10.1002/2015JC011140
https://doi.org/10.1016/S0079-6638(08)70513-4
https://doi.org/10.1002/2015JC011036
https://doi.org/10.1002/2015JC011036
https://doi.org/10.1103/PhysRevE.66.017303
https://doi.org/10.1029/2019GL086504
https://doi.org/10.1029/2019GL086504
https://doi.org/10.1080/03091929.2020.1786551
https://doi.org/10.1016/0377-0265(94)90008-6
https://doi.org/10.1016/0377-0265(94)90008-6
https://doi.org/10.3390/fluids4010014
https://doi.org/10.1070/PU2003v046n07ABEH001600
https://doi.org/10.20944/preprints202311.1560.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 November 2023 doi:10.20944/preprints202311.1560.v1

22 of 22

16. Klyatskin, V.I. Diffusion and clustering of sedimenting tracers in random hydrodynamic flows. JETP 2004,
99, 1005-1017.

17.  Cressman, J.R.; Goldburg, W.I. Compressible Flow: Turbulence at the Surface. J. Stat. Phys. 2003, 113, 875.

18. Klyatskin, V.; Koshel, K. Impact of diffusion on surface clustering in random hydrodynamic flows. Physical
Review E 2017, 95, 013109. https://doi.org/10.1103/PhysRevE.95.013109.

19. Klyatskin, V.I; Saichev, A.I Statistical theory of the diffusion of a passive tracer in a random velocity field.
JETP 1997, 84, 716-724.

20. Koshel, K.V,; Stepanov, D.V,; Ryzhov, E.A.; Berloff, P; Klyatskin, V.I. Clustering of floating tracers in weakly
divergent velocity fields. Physical Review E 2019, 100, 063108. https:/ /doi.org/10.1103 /PhysRevE.100.063108.

21. Zhmur, V.V. Subsurface mesoscale eddy structures in a stratificated ocean. Oceanology 1989, 29, 28-32.

22.  Zhmur, V.V,; Pankratov, K.K. The dynamics of the semi-ellipsoid subsurface vortex in the non-uniform flow.
Oceanology 1989, 29, 205-211.

23.  Zhmur, V.V,; Pankratov, K.K. Dynamics of mesoscale eddy formation in the field currents of large intensive
vortex. Okeanologia 1990, 30, 124-129.

24. Koshel, K.V,; Alexandrova, O.V. Some results of a numerical modeling of the diffusion of passive tracers in a
random field of velocities. Izv. Atmos. Ocean. Phys. 1999, 35, 578-588.

25. Isichenko, M. Percolation, statistical topography, and transport in random media. Reviews of Modern Physics
1992, 64, 961. https://doi.org/10.1103/RevModPhys.64.961.

26. Klyatskin, V.I. Statistical description of the diffusion of a passive tracer in a random velocity field.
Physics-Uspekhi 1994, 37, 501-513.

27.  Stepanov, D.; Fomin, V.; Gusev, A.; Diansky, N. Mesoscale Dynamics and Eddy Heat Transport in the
Japan/East Sea from 1990 to 2010: A Model-Based Analysis. Journal of Marine Science and Engineering 2022,
10, 33. https://doi.org/10.3390/jmse10010033.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.


https://doi.org/10.1103/PhysRevE.95.013109
https://doi.org/10.1103/PhysRevE.100.063108
https://doi.org/10.1103/RevModPhys.64.961
https://doi.org/10.3390/jmse10010033
https://doi.org/10.20944/preprints202311.1560.v1

	Introduction
	Problem formulation
	Statistical characteristics of the random velocity field
	Velocity field induced by the ellipsoidal eddy.

	Scaling of floating tracer equations and their integration
	Qualitative diagnostics of floating-tracer clustering
	Results
	Discussion
	Conclusions
	Appendix A
	References

