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Abstract: Two-dimensional heat diffusion problem with heat source which is quasilinear parabolic problem is
examined analytically and numerically. Periodic boundary conditions are used as a boundary conditions. Since
the problem is not linear, Picard’s successive approximation theorem is used. Under certain conditions of
natural regularity and consistency imposed on the input data, establish the existence, uniqueness and constant
dependence of the solution on the data using the generalized Fourier method. As a numerical solution, implicit
finite difference scheme is used. The results obtained from analytical and the numerical solutions are so close
to each other.

Keywords: quasilinear parabolic equation; periodic boundary condition; generalized Fourier method; finite
difference method

1. Introduction

The investigation of mathematical model for a great number of important applications such as
chemical diffusions [1,2] application in the heat conduction problems, application of heat conduction
problems [3-5], population dynamics [6], thermoelasticity [7], medical science, electrochemistry [8],
engineering, and control theory require the analysis of the analyses of two-dimensional parabolic
partial differential equations with nonlocal boundary conditions [9-11].

Heat diffusion equation is one of the two-dimensional quasilinear parabolic problem. Heat
diffusion equation is used for determining temperature distribution in every region of the domain at
desired time for conduction heat transfer problems. Heat transfer by conduction consists of a
temperature differences in a solid or stationary fluid. Information of temperature distribution for a
solid can be used to determine structural integrity through the determination of thermal stresses,
expansions, deflections and cracks. Evaluation and propagation of granite thermal stress and thermal
crack with time are shown in Figure 1 under different temperatures conditions [12]. The temperature
distribution could also be used for optimizing the thickness of an insulating material or for

determining the compatibility of the material and the special coatings or adhesives used [13].
=2s =50s =500s

Figure 1. Evaluation and propagation of granite thermal stress field and thermal cracks [12].
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Initial and boundary conditions are required for solving the two-dimensional quasilinear
parabolic problem such as the heat diffusion equation. Some of boundary conditions for heat
diffusion equation, Dirichlet (or first kind) determines the fixed temperature at surfaces. For example,
the surface is very close to this when it comes into contact with a melting solid and/or boiling liquid.
In both cases, heat transfer occurs at the surface, while the surfaces remain at the temperature of
phase changing process [13]. Neumann (or the second type) corresponds to the presence of constant
heat flux on the surface. This heat flux is related to the temperature at the surface according to
Fourier’s law. It can be accomplished by bonding a thin electric heater to the surface. A special case
of this situation corresponds to a perfectly insulated or adiabatic surface. Periodic boundary
condition is combined with Dirichlet and Neumann boundary conditions [14], and it is set to isolate
repeating temperature distribution in solution domain [15].

A special case of the nonlocal boundary [16] condition, the periodic boundary condition, is used
in present investigation. Generally, periodic boundary condition is often used in numerical
simulations and mathematical models. Also, the periodic boundary condition results from many
important applications in heat transfer, fluid dynamics, life sciences and used lunar theory (14, 17-
18].

In order to solve two-dimensional quasilinear parabolic problem, there are several numerical
methods, such as finite difference methods [19,20], finite element methods [21,22], finite volume
methods [23], lattice Boltzmann Method [15,24,25]. Denghan solve the one-dimensional heat
diffusion equation numerically with finite difference method [26]. In this study, three different
schemes were used, namely, backward time centered space (BTCS) implicit scheme, the implicit
Crandll’s method, forward time centered space (FTCS) explicit scheme and the Dufort-Frankel three-
level techniques. Crank-Nicolson implicit scheme is used to solve numerically for one-dimensional
heat diffusion equation with inverse coefficient by Baglan et al [27]. Kanca and Baglan solve the two-
dimensional heat diffusion equation with periodic boundary conditions analytically and numerically
[28]. Fourier method and implicit finite difference scheme are used for analytical and numerical
solutions. Hamila et al. [29] searched the effect of change in thermal conductivity on several transient
heat transfer problems with using lattice Boltzmann method (LBM). Benchmark problems containing
conduction and/or radiation with constant thermal conductivity were calculated and simulated. Heat
diffusion equation were solved numerically using exclusively the lattice Boltzmann method.
Numerical results are so close with available result in the literature.

The finite difference method is one of the existing numerical methods which is considered in
present investigation can be applied to solve partial differential equations. Finite difference method
is based on the discretization of differential equations by finite difference equations. Finite difference
approximations have algebraic forms and relate the value of dependent variable at one point in the
solution region, to the values at some neighboring points. Using Taylor series is the most usual way
to construct these approximations. The numerical method recommended here is the implicit finite
difference method. This method supports second order accurate in the spatial grid sizes and first
order time grid size. The explicit finite scheme has restriction of determining time step size due to
stability requirements for the numerical solution of the two-dimensional heat diffusion equation.

In the present paper, we prove the existence, uniqueness, and continuous dependence of the
solution on the data and obtain the numerical solution by Fourier Method and Picard’s successive
approximation of the two-dimensional heat diffusion problem with periodic boundary conditions
[14,27,28]. For numerical solution, implicit finite difference approximation is used. Numerical
solution has a good agreement with analytical solution.

2. The Problem with Periodic Boundary Conditions

Let’s examine the problem given below;

oT _o'T 0°T
—=—+—+h(ap,1.T
8T aa2 aBZ ((XBT ) (1)
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3
T(a, B,0) = p(o,B), 0. € [0, 7} B € [0, 7] @)
T(0,B,7) =T(w,B,1),p € [O,TE],’E € [O,T]
T(t,0,7) = T(et,m, 1), 0 € [0, 7], 1[0, T] ©)
T,(0,8,7) =T, (n,B,7).p €[0,7],7 [0, T]
TB(OL, 0,7)=T, (o, m,7),00 € [O, n], T€E [O,T] @
T(o,B, 1) = Tf) ZTm(r) cos(2ro.)cos(2sB) + ZTM(I) sin (2ro)cos(2sP)
r,s=1 r,s=1 (5)
ZTCSIS (t)cos(2ro)sin(2sp)+ ZTer (t)sin(2ra)sin (2sp).
r,s=1 r,s=1
where Fourier Coefficients:
4 tnm
Ty() =Ty +— [[]n(a,B,7, T)dadBdr
000
J'[(Zr)2+(25)2:i 4 L j[(Zr) +(2$)2:|
T, (1) = v, (0)e ° +— ” e h(o,B,t,T)cos(2ro)cos(2sp)dadpdr
n 000
.ﬂ:(Zr)2+(25)2}dt 4 L - j [(2r)2+(25)2}dt
T, (1) =T, (0)e ° +—2J‘J‘J‘e k h(a,B,7,T)sin(2ro)cos (2sp)dadpdt
n 000

j[(2r)2 +(2s)2}dt i

T, (1) =T, (0)e ° +— jﬁe v h(o.,B, 7, T)sin(2ra)sin (2sp)dadpdr

Then we obtain the solution:
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4
1 4
T((X'a Ba T) = Z [(Po + FJ‘hO(T, T)d’[}
0
t
. 4 —J‘[(Zr)2+(2s)2}dt
+ z Qs + ) Ie t h,,(t, T)dr [cos(2ra)cos(2sp)
r,s=1 0
t
. 4 7.[[(2r)2+(2s)2}dt
+ Z Pesrs +FIG i h, (1, T)dt |cos(2ra)sin (2sB)
r,s=1 0 (6)
t
. 4 7J.|:(2r)2 +(25)2}dt
+ ] O + — fe h,.,, (t, T)dt |sin(2re)cos (2rf)
r,s=1 0
t
. 4 —I[(2r)2+(25)2}dr
+ Z Qs t— € " h, (1, T)dt |sin(2ro)sin (2spB)
r,s=1 T 0

3. Analytical solution of the problem
Let's assume the following rules for the functions used in the problem:
A) o(a,p)C™ ([0,7]x[0,7]),
Let L is constant ||(p|| <L,
©(0,p) = o(m,B), 0, (0, B) = ¢, (7, ),
®(a,0) = ¢(a, m), @y (a1, 0) = @ (oL, 7).
(B) Let h(a,[,T,v) have the following properties:

oh(a, B, v, T) oh(a,p,7,T) —
aaT - 80!T %Sb(a,ﬂ,r)‘T—T‘

oh(a, p,7,T) Oh(a, B,7,T)
op op

<b(a, , r)‘T—Y_"

4

oh(a, B,7,T) Oh(a, B,7,T)
daop dadf

<b(a, p, f)‘T—Y_"

where

b(a,p,t)el,,b(a,p,7)20
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h(a, ,7,T) € C"°[0, 7]

e, B,7,T)|, _, =ha,p,7,T)|, _
h,(a,p, r,T)|a:0 =h,(a, B,7.7)| _
hy (e B r,T)\ﬂ:O = hy(a, B, 7, T)‘ﬂ:”

haﬂ(aoﬂaraT)‘azo = aﬁ(aaﬂarsT)

a=r
7

hyy (Bt D, =hys(aBr, T)\ﬁzn'

Definition 1.

{T(T)} = {TO (T)’ Tcrs (T)’ Tcsrs (T)’ Tscrs (T)’ Tsrs (T)}
1,0, & T (Ol max|Ten (0
S84 A max [T (O max[ T @) |
T rs=1 +g§§¥ scrs (T)| + 1(’)22)1? SIS (T)|
10| = a0, 5o BT O i T )

bt 4 A +max T,...(7)| +max T, (7)|

is called Banach (B) norm.

Theorem 1. Let the assumptions (A)-(B) be satisfied. Then the problem has a unique solution.
Proof. As iteration for the problem

tmm

(N+1) /\ _  (0) 4 N
T, @ =T, 0+ [[]n(e.. 7. T Madpde

000

7

t t

—J‘[(Zr)2+(2s)2}dt 7J‘[(2r)2 +(25)2}dt

tnm
T,""(1) =T, (0) ° +i2J‘”e : h (oc, B,t, T™ )cos(Zma)cos(ZnB)dadBdT
T 000
t t
B [(2r)2+(2s)2]dt 4 L 7J.[(2r)2 +(25)2}dl
T, "(1) =T, (0)e ° + _2.[”6 i h(Ot, B, T, TV )cos(2roc)sin(2sﬁ)docd[3dt
T 900
t
- [(mz +(2s)? :ldt 7.”(%)2 +(2s)? :|dt

tnn
T (D) =T " (0)e ° + iz ”Ie t h ((x, B, 7, T™ )sin (2ra)cos(2sp)dadpdt
000

4
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t t
|:(2r)2+(25)2:‘ 4 - I[(Zr) +(25)2:‘
T, (1) =T,.”(0)e ° — ”J.e (a, B, T, T™ ) sin (2ro)sin (2sB)dodBde
000

sIs sIs 2

Tc
Applying Cauchy, Bessel, Holder inequalities, Lipschitz condition, we have

1o = max ., 5| 2 sl
0<t<T 4 T(l) (T)‘

Srs

T(”(r)‘ + max
0<t<

+ max
0<t<

)]
T, (r)‘ +max

r,s=1

|(P0( )| N z

(psrs (T)| (7)
r,s=1

( ﬁ”fjllb( o.p.of| T 0] + { ﬁ”f]

3n’ 3n’

P (O] [P (O] F [P (O] +

From the theorem T” (1) € B.
Applying for the step N,

N+ | — ‘TéN)(T)‘ I
ool e 2, 5

e 4 +max

0<t<T

T(N)(r)‘ +max
0<t<

[T (@) }

T(N)(T)‘

Srs

(N)
T (r)‘ +max

|(Po( )| N z

r,s=1

[27‘5 \/_+3\/_J

Prers (O] @4 (D] (8)

[271 ﬁ+3ﬁJM
3n’

Pors (0] + |0 ()] +
[b(a,B, D)||T™ (o)) +

We get T™ (1) € Bsince TV (1) € B.
Let us show that, T (1)is converged for N — o0.


https://doi.org/10.20944/preprints202311.0723.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 November 2023 doi:10.20944/preprints202311.0723.v1

t

7.ﬂ:(2r)2+(25)2}dt

izjﬁ[h(a,s, ©, T”)~h(e.B,1,0) Je - dadBdr

[ro-1°]<3
4\ 7

t
—I[(zr)z +(2s)2:|dt

ijﬁ[h(a,ﬁ, 7,0)]e dodpdr

t

o tnm - [(21’)2+(25)2:idt
+2 iz j”[h(a, B, T)—h(a,B,x, 0)} e .!. cos (2ra)cos (2sp)dadpdt

71[(2r)2+(2s)2}dt

n i iz j'ﬁ[(a, B,7,0)]e cos (2ro)cos(2sp)dadpdt
- t |:(2r)2 +(2s)2:‘dt

n i iz jﬁ [h(oc, B, 7, T”)—h(a,B,, 0)] e cos (2ra)sin (2sB)dodBde

t

Y trm —I[(2r)2+(2s)2]dt
+ Ziz”_“h((l,f),r, 0)]e ° cos(2ro)sin (2sf)dadBdr
o 4 LEn —j[(2r>2+(2s)2]dt
+2 —2_[”[}1(%[3, ©, T”)=h(a,B,1, O)J e sin (2ra)cos (2sB ) dadBdr
o 4 LEn —j‘l:(2r)2 +(2s)2}dt
+ 2—2”“}1(0@,3,1’, 0)]e * sin (2ro) cos (2sB)dadBde
o 4 Lnn —_t[[(zr)%(zs)z}dt
+ > = [[[[h(e.B, 7, T”)~h(a,B,7,0) Je * sin (2rot)sin (2sB) dadpdz
R - t[(Zr)2+(2s)2}dt
+ Zizm [h(e.B.7,0)]e © sin (2rot)sin (2sp) dodBde

rsl 000

Applying Cauchy, Bessel, Holder inequalities, Lipschitz condition, we have

[roo -1 o) 2T j|b< polfr ol 2

where let A =

(275 \/_+3\/_J (211 \/_+3\/_j


https://doi.org/10.20944/preprints202311.0723.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 November 2023 doi:10.20944/preprints202311.0723.v1

Applying for the step N,

)
(N+D) y _ m(N) 2n \/_+3\/—( (N)
[T @)-T (T)HS( . ] J—Ilb( o, o) (10)

We obtain TN (1) > T™(1).
Let us show that, T™™ () — T(t)is converged for N —> o0.
Applying Cauchy, Bessel, Holder inequalities, Lipschitz condition, we have

(211 \/_+3\/_J

[T -1 )] < [ocep. o) [T -1

(11)

[27: \/_+3\/_J”b( B, )||HT(N+1)() T(N)H

( maq

From the Gronwall’s inequality,

froo-1off = 2T oo

From Eq. 12, we get T™ (1) = T(1).

x (Zn J_HJ—J [b(e B0 (12)

To show the uniqueness, we get two solutions the problem {T (),U (2’)} )
Applying Cauchy, Bessel, Holder inequalities, Lipschitz condition, we have

(zn J_+3J_J ( msf]
3

[T~V < [blB. DT~ U@ +

From the Gronwall’s inequality,

|T(1)- U@ <0xex

[2" JT 3T j bl -

We get T(t) = U(1).

4. Stability of Solution

Theorem 2. Let the assumptions (A)-(B) be satisfied. Then the problem is constantly dependent on the data.
Proof.
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ﬁ(zr) +(2s) } j[(zr)z +(25)2}dt

T-T= ( ) Z(pm cos(2ra)cos (2sB) + Z(pCrS cos (2ra.)cos (2sp)

-j[(zr)z +(2s)2} j.[(Zr)2 +(2s)2]dt

+ i(pcme . cos (2ra)sin (2sP)+ Z:(pcsrs cos (2ra)sin (2sP)
r,8=1
t t
. —J.[(Zr)z-#(ZS)z}dt . —I[(Zr)2+(25)2]dt
+ D P sin(2ro.)cos (2sB)+ D" @€ | sin (2ro) cos (2sP)
r,s=1 r,5=1
t t
B —I[(zr)2+(2s)2] B J.(Zr)2+(25)2:ldl
+ Z(pme T s1n(2ra sin 2r[3 Z sin(2rcx)sin(2s[3)
,s=1 s=1
4 tnmw _
= [][[h(e..7.T) = h(e B,z T) |
N 1 T %500
- t
4 I[m 25 Ja
e - dadBdt
o 4 Lrn —j[(Zr)2+(25)2jldt
+ Zl —= ”J. [h(oc, B,t,T)—h(a,p,T, T)] e cos (2rat)cos (2sp)dadBdr
1.8= 000
w4 ta ﬂ@) 9 i
+ Z?m[h(a B.7.T)~h(cp..T) Je - cos (2rat)sin (2sB) dadpdr
= 000
4 A —j.[(Zr)ZJrQs)Z}dt
_2 J‘J‘J‘ |:h((l, B’ T, T) - h(aa Ba T, T):| e’ sin (2r0t) COS (2SB) dOLdBd‘c
=1 000

t

~|[@nes? Ja

+ Z ”j[h(a B,7,T)—h(a,B,t T)]e t sin (2ro)sin (2sp)dadpdr.

rsl 000

Applying Cauchy, Bessel, Holder inequalities and Lipschitz condition, we have

-] < 4(P°H+Z Pers = Pers || [ Pesrs = Peses || [ Prers = Pacrs | + [ Purs = P
+ 27 \/_+3\/_J [27! \/_+3\/_J”b( o, B,
He‘éH:MJri Pers = Pers | [ Pesrs = Pesas ||+ [Pucrs = P | [ Pers = Pus |
r,5=1

From the Gronwall’s inequality,
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[ <l xov

(MJ ||b( a, B, r)” (14)

From Eq. 14, for @ > @ . Then T —> T .

5. Numerical Method for Problem

In this section, we use implicit finite-difference approximation of the discretized problem (1)-(4);

i+1,j i,j—-1 i,j+1

L(Tkﬂ Tk) A; (Tk+1 _2Ti],(j+] Tk+l) (Tk+l _ZTi]jo T ) 4 ) fi],(jﬂ (15)

At M ! AP’
T =@ (16)
k k
Tl,j na,j (17)
’Til,(l ‘],(nB
k k
k T o Tna -1,j
no _] 2 (18)
k
T Tops
ing —
2

where the computational domain [0, Tc] X [0, TE] x [0, ‘r] is discretized as follows:

o, =i(Aa-1) , i=12,.. no o B=j(AB-1) , j=12,...... ,np , t =kAt ,

Where Aa=7/no., AB=mn/nf} and At=1/n are the space a direction, space f direction and
time steps, respectively. nx, ny and n is are three positive integers.
k k
T =T(.B; 7, ) and £ =T(0y,B,.7, ).
In order to define periodic boundary condition (Eq. 17 and 18) for implicit finite difference
scheme, one-dimensional schematic figure with numerical meshes is represented in Figure 2. Point-

1 and point-na are boundary points of one-dimensional solution domain. When we determine spatial
dicretization with finite difference scheme, the used finite difference formulations are defined as;

LAa

o
—0—0—0—0—0 090
12 3

no-1 no

Figure 2. One-dimensional schematic figure with numerical meshes.

T, -2Ta, +T,

T,—2Ta, +T
L= 2, (19)

[e3

T.,-2Ta,, +T
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where r, = A'c/ A’ , and the coefficient matrix can be rewrittwen for one-dimensional solution

domain.
2 1 0 0 |
1 -2 1 0 0
r, R : 20)
0 0 -2 1
i o .. O 1 —2_

This one-dimensional formulation and coefficient matrix can be extended in two-dimensional
solution domain. Two-dimensional schematic figure with numerical meshes (9 finite difference
meshes) is represented in Figure 3. Of course, matrix is constructed for 9 finite difference meshes,
therefore the matrix size is 9x9. Point-1, 2 and 3 are periodic with 7, 8 and 9, respectively, at {3-
direction. Point-1, 4 and 7 are periodic with 3, 6 and 9, respectively, at a direction. Coefficient matrix
can be written as;

Figure 3. Two-dimensional schematic figure with numerical meshes

_—(1 +2r, + Zrﬂ) T, T, T 0 0 T 0 0
I, —(I +2r, + 2rB) I, 0 T 0 0 Iy 0
r, r, —(1+2r, +21) 0 0 i, 0 0 I,
1 0 0 —(1+2ra +2rﬂ) I, I, I 0 0
0 5 0 I, —(1+2r, +2r) I, 0 5 0 (21)
0 0 5, I T, —(1+2r, +2r,) 0 0 I,
I, 0 0 I, 0 0 —(1+2r, +21,) T, I,
0 5, 0 0 5 0 I, —(1+2r, +21,) I,
0 0 1 0 0 1 T, I, —(1 +2r, + 2‘13)

7

where 1; = Ar/ AB? . If large number of meshes are used, the matrix can be extended in a same way.

For example, if we have 20 meshes both a and 8 directions, our matrix size will be 400x400, total
element of matrix is 160 000, and our matrix can be constructed in a same manner to define points of
periodic boundary condition and inner (no periodic boundary condition points)

Example 1. Consider the heat diffision problem with heat source (1)-(4):

T(o,B,7)= ev (5+cos2a +cos2p)

h(a,B, 1) = 2" (t+2)(cos2a + cos2P)

o(a,B) =5+cos2a + cos 23
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We determine the time step size is A7 =0.005. Discretization of spaces or mesh sizes of a and
B directions are considered equal (Aa = Af3 ). In order to determine, mesh size of a and P directions,
grid independency study is done. For grid-independence study, fifteen different grid resolutions are
used.

5.15

o] ]
\

-

"-"_‘_

0 900 1800 2700 3600 4500 5400 6300 7200 8100
grid numbers

Figure 4. Grid independence study of area-weighted averaged value of temperature.

In o and B directions, the same numbers of grid are used because of equal grid size (Aa = Af)

are considered. For every grid resolutions, we observed area-weighted averaged value of
temperature for whole solution domain. Figure 4 shows the grid independent study of area-weighted
averaged value of temperature. According to Figure 4, mesh number of 6400 is taken as grid
independent mesh number. In this case, eighty grids are used for a and (3 directions, therefore our
mesh size of a and 3 directions are get as 0.03926875.

Figure 5 shows (a) exact and (b) numerical solutions for temperature with time at 0.1s. The exact
and numerical solutions are paraboloid. Maximum and minimum temperature values are observed
at corners and at the middle of the solution domain, respectively. Because of periodic boundary
conditions at side of solution domain, temperatures are same at side of the solution domain. Also,
exact and numerical solutions are so quite similar.

Figure 5. The (a) exact and (b) numerical solutions for T(x, y, 0.1).
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Figure 6 shows (a) absolute error and (b) relative absolute error for temperature with time at
0.1s. Absolute error is the absolute value of the difference between exact solution value and numerical
solution. According to Figure 6a, maximum absolute error is shown at center of the solution domain,
also at corners of the solution domain, absolute error is higher. At center of solution domain,
approximately absolute error of 0.1 is observed. Relative absolute error is the ratio of the absolute
error to the exact solution. The magnitude of the absolute error in terms of the exact solution is
determined with using relative absolute error. Like in absolute error, maximum relative error which
is 0.03 is observed at the center of the solution domain. At corners of the solution domain, relative
absolute error is order of 0.01. As the time increases, absolute error and relative absolute error remain
in the same order, and these error are in reasonable.

absolute error

absolute relatve error

(a)

Figure 6. The (a) absolute error and (b) relative absolute error of T(a,(3,0.1).

Figure 7 presents the numerical predictions of temperature distributions at time (a) 0.1s, (b) 0.25s
and (c) 0.5s. As one can see, temperature distributions at the specific times are paraboloid. The
concavity of the parabolite increases with time. The minimum and the maximum values of
temperature are appeared at center and corners of the solution domain, respectively, at all times.

(b)

Figure 7. Numerical predictions of T distributions with time (a) 0.1s, (b) 0.25s and (c) 0.5s.

In order to see all times in one figure, Figure 8 presents the distribution of temperature with time
range from Os to 0.5s. Paraboloid are not shown here. Maximum and minimum temperature values
are observed at the corners and center of the solution domain, respectively, at all times. Also with
increasing time, temperature values of corners increase and temperature values of centers decreases.
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Figure 8. Distribution of temperature with time range from 0Os to 0.5s.

7. Conclusion

Analytical and numerical investigation of two-dimensional heat diffusion problem with heat
source is done. This problem is quasi-linear parabolic problem, and we use initial condition and
periodic boundary condition to determine temperature in the solution domain. Because of the
problem is nonlinear, Picard’s successive approximation theorem is used. Under certain conditions
of natural regularity and consistency imposed upon the input data, we constituie the existence,
uniqueness and constant dependence of the solution on the data using the generalized Fourier
method. Implicit finite difference scheme is used for the numerical solution. The number of numerical
meshes where results do not change is determined according to grid independence study. In the light
of analytical and numerical solution, distribution of temperature is paraboloid at the certain time.
With increasing time, concavity of parabolic increases. At the time of 0.1s, maximum absolute error
and relative error are occurred at the middle of the solution domain, they are, 0.1, 0.03, respectively.
Therefore, we can say that analytical solution and numerical solutions are close each other. Also, with
increasing time, degrees of absolute and relative absolute errors are same.

Nomenclature

@(o,B) is the initial temperature

Py (1)s Pos (T)5 Pos (T), s (), @y, () are the Fourier
coeffcients of initial condition
T(a,B,t) is the temperature distribution
h(a,B,t,T) is a source function
h, (1), hy (1), he (1), hyy (7). hy(t) are the Fourier
coeffcients of source function
(1), T (1), Ty (), T, () are the Fourier

coeffcients.
M is an arbitrary constant
b(a,B,t) isa Lipschitz coefficient

T, (1:), T

crs

L, is a converged space

N is iterative number
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