Pre prints.org

Article Not peer-reviewed version

Certain Results on Subclasses of
Analytic and Bi-Univalent
Functions Associated with
Coefficients Estimates and Quasi-
Subordination

Elaf Ibrahim Badiwi , Waggas Galib Atshan . , Ameera N. Alkiffai , Alina Alb Lupas
Posted Date: 7 November 2023
doi: 10.20944/preprints202311.0481.v1

Keywords: analytic functions, univalent function; fractional derivatives; convolution (gderivatives); quasi-
subordination; coefficient estimate

E E Preprints.org is a free multidiscipline platform providing preprint service that
= is dedicated to making early versions of research outputs permanently

k available and citable. Preprints posted at Preprints.org appear in Web of
Ef‘-* Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons
Attribution License which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.



https://sciprofiles.com/profile/688043
https://sciprofiles.com/profile/1182269

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 November 2023 doi:10.20944/preprints202311.0481.v1

Disclaimer/Publisher’s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article

Certain Results on Subclasses of Analytic and
Bi-Univalent Functions Associated with Coefficients
Estimates and Quasi-Subordination

Elaf Ibrahim Badiwi !, Waggas Galib Atshan 2*, Ameera N. Alkiffai ! and Alina Alb Lupas 3

1 Department of Mathematics, Faculty of Education for Girls, University of Kufa, Najaf- Iraq;
elafi.alhayyawi@student.uokufa.edu.iq (E.I.B.); ameeran.alkiffai@uokufa.edu.iq (A.N.A.)

2 Department of Mathematics, College of Science, University of Al-Qadisiyah, Diwaniyah —Iraq

3 Department of Mathematics and Computer Science, University of Oradea, 410087 Oradea, Romania;

alblupas@gmail.com

Correspondence: waggas.galib@qu.edu.iq

Abstract: The purpose of the present paper is to introduce and investigate new subclasses of analytic function
class of bi univalent function defined in open unit disk connected with a linear q-convolution operator, which
are associated with the quasi-subordination. We find coefficients estimate |h,|, |h3| for functions in these
subclasses. Several known and new consequences of these results are also pointed out.

Keywords: analytic functions, univalent function; fractional derivatives; convolution (q-
derivatives); quasi-subordination; coefficient estimate

Mathematics Subject Classification: 30C45; 30C50

1. Introduction

The theory of g-calculus plays an important role in many areas of mathematical physical and
engineering sciences. Jackson (see [11] and [10]) was the first to have some applications of the g-
calculus and introduced the g-analogue of the classical derivative and integral operators (see also
[30]).

Let A be the class of analytic functions 7 in an open unit disk U = {e € C: |g] < 1} of the
form:

T(e)=e+z ajel, (e€ W. (1.1)
=2

and satisfying the normalization conditions (see [1]): T7(0) =7'(0) -1 =0

Assume that Yy denotes the class of all functions in A defined by (1.1), which are univalent
in .

The well-known Koebe-One Quarter Theorem [5] states that the image of the open unit disk
U under each univalent function in a disk with the radius %. Thus, every univalent function 7™ has
an inverse T 1, such that

TYTE)=¢ ,(zel),

and

1
TEHN=¢ sl <mT)ine(T) 2.
In fact, the inverse function § = 771 is given by

§(¢) = ¢ — ay¢® + (2a5 — a3)¢® — (5a5 — 5a,a3 + a,)¢* + ---. (1.3)

=¢+ Z Ang™
n=2

The function T € A is said to be bi-univalent in X if both 7 and its inverse T ~1 are univalent
functions in U given by (1.1).

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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The class of bi-univalent functions was introduced by Lewin [14] and proved that |a,| < 1.51
for the function of the form (1.1). Subsequently, Brannan and Clunie [3] conjectured that |a,| < V2.
Later Netanyahu in [17] proved that rTnEaleazl = g. Also several authors studied classes of bi-

univalent analytic functions and found estimates of the coefficients |a,| and |as| for functions in
these classes [ For two analytic functions T and ¢, T is quasi-subordinate to ¢, written as follows:
T(e) <4 &) (€ W) (1.3)
if there exist analytic functions h(e) and £(¢), with |h(z)| <1, £(0) = 0 and |£(c)| <1, (¢ € ),
such that
T(e) = h(s)f(&(s)), (e e ).

Note that if ( h(e) = 1), then T(¢) =¢ (I%,(s)), hance 7(¢) < é(¢) (z € N). If & be univalent
inl, then T < ¢ ifand only if 7(0) = &(0) and T(U) < Q).

For the functions 7,p €}y defined by

T(e) = X%, aj¢/ and p(e) = X2, hel (e € W),

the convolution of 7 and p denoted by T * p is

(0]

Tp)@ =) ahe!=(+TIE)  (c€W.
j=1
To start with, we recall the following differential and integral operators. For 0 < g < 1, El-Deeb
et al. [8,24] defined the g-convolution operator (see also [10]) for T * p by

[oe)

QT *p)(e) =Qq| ¢ +Z a;hje’
j=2
T*p)@ =T *p)ae) _, | Dl whyel e e,
j=2

e1-q)

where
j-1

— gl
[, =5 —1+Zq 0], = (1.4)

We used the linear operator yp : Jl — A according to El-Deeb et al. [8] (see also [25]) for
and { > —-1,0 < q < 1.1If
YSIT (&) « 157 (e) = eQy (T + p)(e), e € 1,
where Hg+1 is given by
+1 i
HGl(s)— +Z K ]qg Lelee
[e —1],
then

! )
7 1ajhj£1((>—1,0 <g< lee W. (1.5
j=2

Using the operator yg'q, we define a new operator as follows:
f,?,‘;T(e) =Y, '7(e)
QLT () = (0 = )e* (YSUT(®)) +(1 + 200 — 9))e2 (Y37 (®)) +¢(Y5'T(®) (1.6)

Q50T () =
(0 - 9)e* (Y '7(0)) +(1+ 200 - ))e? (Y '7() +e (Y 7))
= s+2]2n((0 9 -1)+1)" [Z[]]]q 1ajh &l

j=2

05T () = 7> 10<q<119>0cr>00¢19)
0y (8) = 8+2¢1 ( n €Ny uU{0}lands € U (1.7
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where

v =700 1)+1)[;Szl

and by [10] ,let0<q<1and [j], is defined by [j], =f— 1+Z’ 1 q ,[0]4 =

The q - number shift factorial is given by

1.1 = {[j]q U—1lg..-[215[1], if j=1,23,..,
a 1, ifj=0,
From the definition relation (1.5), we get
DIC +1lg Q5957 (@) = [Clg QOHA"T () + q°e Ry (O T (@), e € W (1.8)
(DRG,,7(e) = lim QFILT(e) = &+ T, j* (0 —0)( - D +1)" by e (19)
The g —generalized Pochhammersymbol is defined by [{]gc-1= % ,e—1€N, (eN.
For, ¢ » 1 —,then [{]g¢-1 reducesto ({)._1= %

Remark(1.1): We find the following special cases for the operator szg":; by considering several
particular cases for the coefficients a; and n:

(DPuttinga; = 1,9 = 0andn = 0into this operator, we obtain the operator QTRcalBgdefined by

Srivastava et al. [23];

DT +1)
4J-1(-DIT(r + p)
Nygdefined by El-Deeb and Bulboac™a [9] and El-Deeb [8];

(iii) Putting a; = ( +1) (r>0,t= 0) ,9 =0and n = 0 in this operator, we obtain the operator
M7 defined by El- Deeb and Bulboac™a [24] and Srivastava and El-Deeb [25];

(ii) Putting a; = (p > 0),9 =0 and n =0 in this operator, we obtain the operator

(iv) Putting a; = 07¢ (¢ > 0) and n = 0 in this operator, we obtain the g-analogue of

(1 !
Poisson operator Iq * defined by El-Deeb et al. [8];

(v) Putting a; = 1,9 = 0in this operator, we obtain the operator QTRcalBg"g'”defined as follows:

5q"F(€)—s+Z]2“((a 9G-1+1)" [( hy (1.10)
q,e—

(1T + 1)

(vi) Putting a; = TG-DIrG+p)

(p > 0)in this operator, we obtain the operatorNg‘;,r; defined as

follows:

e DTe+1D
+1ge1 471G - DITE + 0)

NepaF (&) = £+Z]2”((0' NG -1+ 1) h

=e+ X0k, (1.11)
where
[lgd  1/Te + 1)
(]qs 14] 1(] 1)'F(I‘ + p),
(vii) Putting a; = ( ) (r> 0,72 0) in this operator, we obtain the operator My defined as

0 =j"((6=9)G - 1)+1)[ (1.12)

follows:
lg!
Z + 1]q,£—1

Ma and Minda have given a unified treatment of various subclass consisting of starlike and
convex functions for either one of the quantities (()) or 1+ S; C ()E )
general super o rdinate function. The S$*(¢) introduced by Ma and Minda [15] consists of
eT! (e)
T(e)

< ¢(2),z € U, Ma and Minda [15], where ¢ is analytic and univalent

MR =2+ ) (0= - 1 +1)" (Trijl) : B el
=2

is subordinate to a more

function T € A satisfying ——

7" (8)
T (&)

< @(2),z €U and corresponding class k(¢) of convex functions

T € A satisfying 1 + =

doi:10.20944/preprints202311.0481.v1
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function with positive real part in the unit disc U, satisfying ¢(0) =1, ¢'(0) >0 and ¢U)is a
starlike region with the respect to 1 and symmetric with the respect to the real axis. The functions in
the classes S*(¢) and K(¢), are called starlike of Ma-Minda type or convex of Ma-Minda type
respectively. By Sy, (¢) and Ky, (¢ ), we denote to bi-starlike of Ma-Minda type and bi-convex of
Ma-Minda type respectively. [15].In this investigation, we assume that
¢(e) =1+ Bie+ Bye?+Bze3 ++++, B; > 0. (1.13)
and
h(e) = hg + he + hye?+hge® + -, (1.14)

The aim of this paper is to introduce new subclasses of the class Yy and determine estimates of
bounds on the coefficient|h,| and |h5| and for the functions in above subclasses.

In [3] (see also [35,3-38]), certain subclasses of the bi-univalent analytic functions class B were
introduced and non-sharp estimates on the first two coefficients |h,| and |h;| were found. The object
of the present paper is to introduce two new subclasses as in Definitions 2.1 and 3.1 of the function
class B using the lin e ar g-convolution operat o r and determine estimat e s of the
coefficients |h,| and |h;| for the functions in these new subclasses of the function class.

Lemma (1.1)[8]: Let p(¢) € P,then |pi| <2 for eachi where P is the family of all functions p,
analytic in U, for which Re(p(¢)) > 0, (¢ € U), where

p(2) = 1+ pie + pre’+pzed + -
2. Coefficients Estimates for the Class #Z.Z ¢,n,p,0,9,7,96 ).

Definition (2.1): For a function T €Yy defined by (1.1) is said to be in the class
ﬁ(’; 5 ({,n,p,0,9,7,6,¢9) if the following quasi-subordination conditions are satisfied:

a[(gf,;‘g_’gf(e))’+ys(Q§;?;f9T(s))”]u

7| —1<4 (&) - 1),

! rn

ys((gg'_‘;’,;:r(e)) +6(9§;‘§_’,§T(5)) )+(1—y)((1—6)92;‘;_’197(5)+6£(Qf;_‘gfgrr(e))

(2.1)

and

I
[( Sane) +r(eSemew) ]
7 7 7 _1<q (§0(§')—1),
yc((gij‘ggé(c)) +6( ‘g’;f(o) )+(A-P((1-8) Q aaf(c)ﬂ?c( f,;?,'_'gf(o)

2.2)

wherey, 8,1 € [0,1] and QE'_Z’_:;T (¢) is defined in (1.7) and (g, ¢ € ).

For special values to parameters 4, 8,y,{,n, p, 0,9 and ¢(¢) , leads to get Known and new classes.

Remark (3.1): For 0=0, a function T €Y, define by (1.7) is said to be in the
class 151(’;, 5 ¢,n,p,0,9,7, 8, p)if the following quasi-subordination conditions are satisfied:

el(essir) +re(ofasr@) |

r(enr@) ++a-neitTe©

—1<4(p(e) - 1),

and
[(0imme) +ve (i) |
re(Qne@) + - neSine

where ¢ is the inverse function of Tand (g, ¢ € U).

—1<4(p() = 1),

Remark (3.3): For §=1, a funcion T €}y define by (1.7) is said to be in the
class #"I‘_ s ((,n,p,0,9,7,8, @)if the following quasi-subordination conditions are satisfied:
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c|(gfr) +re(efzir@) |
re(95mn7@) +@-pe (05T ©)

—1<4(e(e) - 1),

and
c[(eieme@) +vs(05une) ]
¥s (ngiﬁgs‘ (c))” +(1 -y (Q,fjﬁjgf (c))’

where ¢ is the inverse function of Tand (g, ¢ € U).

1<, () - 1),

Theorem (2.1): If the function T belongs to the class 15‘; 5 ¢, n,p,0,9,7,6,¢), then, we have
hy| < 1401 B1/ By y (3.3)
J(1+2y)(3u—26—1)AoB%zp3—(1+y)2[(2u—5—1)2(Bz—Bl)—[Zu(u—l)—uu—ﬁ—1)(1+6)]w%AoB%]

and
h| < By (|4l + 1411 A3B?
T A+2nNB@r-26—-1s  4Q+y)2Qu-86—1%:

B, >1, (2.4)

Proof : LetT € ﬁ:z ¢,n,p,0,9,y,6,9) ,there exist two analytic functions w,v and u,v: U — U
withu(0) = v(0) =0, |u(e)| < 1and |v(¢)| <1 foralle, ¢ €U satisfying the following conditions.

. il
dan dan

s[ Q9T (©)) +re(Q) ¥ gT(e) ]

, (053 ) (e5zi7@) | =1 <4 &) (pu(e) - 1)), e €U

ys((gf,;‘gf,f(s>) +6(Q“1'“T(s)> )+(1—y)((1—6>95"*'nT(s)+6s<g<'q'"ﬂs)>

p,09 p,0,9 p,o,9

(2.5)

and

. K
c[(Qf,’_%f(c)) +yc(Qf,’_‘f,'f,€(c)) ]
; - [ =1 <4 2 (pw(s) —1)), €U,

yc((gf,;?;_’gf(c)) +6(Qf,;?;f,f(c)) )+A-P)((1-8) Qg;‘;f,f(c)+sc(gf,;‘gf95(c))

(2.6)

where ¢ is the inverse function of Tand (¢, ¢ € W).

Determine the definition of the functions p(¢) and q(¢) by
1+ u(e)

p(e) = T-ue) =1+ce%+ce? + - 2.7)
and
1+ v(g)
q(c) zl——U(C): 1+d1§2+d2§2+“'. (2.8)
Equivalently,
@ =PO =L L (6 -S) ey 29
ue.—p(g)+1—2 C1€ () > £ , (29)
and
qgl9)—1 1 b
U(C)ZWZE {b1§'+<b2—?1 C2+ . (2 10)

Applying (3.9) ,(3.10) in (3.5) and (3.6),respectively, we have

oJ(efanr) wre(efanre)’|

1—1=n) ((p ( zg:) - 1), (2.11)

! n
ye((gf,;‘ggf(s)) +s(gf;_‘g§;ﬂs)) )+(1—y)((1—6)95,;?;;;T(s)+5e(g§;‘g;§ﬂs))

and

c[(Qf,ﬁ',’,;f(c)>’+yc(Q§'_‘f,'f9§(c))”r

, |=t=r@ (e (5w - 1)

! !
yc((gf,;‘},'gf(o) +6(Q§'_‘;’395(c)) )+A-1)((1-8) Qf,'_‘j,';f(c)wc(gf;_‘;gf(c))
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(2.12)
Utilize (2.8) and (2.9)in the right hands RH of the relations (3.1) and (3.13),we obtain
p(e)—1 1 1 1 i\ | AB ) ,
/2(8) ((p (p(g) n 1) 1) = 2 A031C1€ + {2 A1B1C1 + P A()Bl (CZ 2 + 4 Ci(€ +
(2.13)
and
qlo) —1 1 1 1 d?\  AoB; ) ,
h(¢) ((p (q(c) n 1) 1) = 2AoB1d1§ + {2 AiBqdq + 2AOBl <d2 > + 7 dirce+ .
(2.14)
By equalizing (2.11) , (2.12) ,(3.13) and (3.14),respectively ,we get
1
A+VQu-86-Di, = 51403101. (2.15)
[(1+2y)(Br — 26 — Dhgps + (L +y)?[2u(n — 1) — (1 + 6)(2u — 8 — D]h3y3]
1 1 ci\  AB,
= EAlBlcl + EAOBl C) — ? + 4 C1. (2 16)
and
1
—Q+y)@2r—36—Dhyp, = §A031b1 (2.17)
[[(1 +y)?2uw -1 - Cu-6-1DA+ 8] +2(1 +2y)Bu—25 - 1)]h§1/)%]
—(1+2y)(Bp — 26 — Dhsy;
1 1 di\ A¢B; ,
= EAlBldl + EAOBl + d2 - 7 + 4 dl . (2 18)
From (2.15) and (2.17), we have
A031C1 AOBldl
A = = — 2.19
A rea-6- DY 2A+ner-6- D @19
It follows that
C1 = _dl , (220)
and
8(1 +¥)?(2u — 6 — 1)* h3y3 = AFBI(df + cf). (2.21)

Now , by summing (3.19) and (3.31), in light of (2.19) and (2.20),we obtain
8[(1 + 720k = 1) = @u— 8 = D)(L + O)]ABIY3 + (1 +2y)Bu — 26 — DipsAoBi] 45

= 243Bi(c; + dy) + (8(1 +¥)(2p — 6 = 1) (B, - BE3),  (222)

which implies
pa. 242B3(cr+dy)
2 7 8{(1+2y)Bu-26-1)AgBI Y3~ (1+1)2[2u—6-1)2 (By—B1)~[2u(u—1)~2u—5-1)(1+8)
Applying lemma(1.1) |¢;| < 2,|d;| < 2, in (3.33) ,we get the desired result (3.3).
Next, for the bound on |as|, by subtracting (3.18) from ( 3.16), we obtain

o (223)

4{(1+2)Bp = 26 ~ Dl — (1 +2Y)Gpu = 26~ Dy B} = 241B1c3 + AgBi (e — )

(2.24)
By substituting (3.18) from (3.16), further computation using (3.30) and (3.31), we obtain
M = 241B1cy AgB1(cz—d3) A3B%(c}+dd) (3.35)
3 T a(l+2n)(Bu-26-1)y3 | 4(1+20)Bu-26-1p3 | 8(1+y)2(2u—8-1)2Y3 ’

Applying Lemma (1.1) |¢;| < 2,]d;| <2, in (3.34), we get (3.4). This completes the proof of the
Theorem (2.1).
By putting § = 0 in Theorem (3.1), we obtain the following Corollary:
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Corollary (3.1): If the functi o n T(¢) giv e n by (1.1) belong to th e class
oy (Gn,p,0,9,7,0,¢), then
Aol B

J(1+2y)(3u 1)A¢BZY3—(1+y)2[(2u-1)2(B—B1)-[2u(u-1)-(2p—-1)] %AOB%]

and
e Bi(lAol +14:0) ApB1 .
T A+2)0r-DYs 41 +y)?Qu - DY
By putting § = 1 in Theorem (3. 1), we obtain the following Corollary:

Corollary (3.3): Let T'(¢) given by (1.1) belongs to the class 75‘; 5 ¢,n,p,0,9,7,1,¢9). Then

|ﬁ | < |A0|31\/_

J3(1+2y)(u 1)AgBIY3—(1+y)2[(2pn—2)2(By-B1)—-2[u(u-1)-2p— 2)]1P2A031]

and
e B1 (|4l + |44]) ABi
T3 +2)(-DyY; 8@+ Y- D5
By putting ¥ = 1 in Theorem (3.1), we have the following Corollary:

Corollary (3.3): Let T(¢) givenby (1.1) belongs to the class #gz (¢,n,p,0,9,1,6,¢). Then
M | < |4g| B1\/B1

J3(3u 28-1)AgBiY3-4[2u=-5-1)2(By=B1)—[2p(u—1)~2p-86-1)(1+8) Y3 4057

and
i < BalAol +14D 4B
S T3@u—-26 -1; 16QQu—6—-1)%yi
By putting y = 0 in Theorem (3. 1), we have the following Corollary:

By > 1.

Corollary(3.4): Let 7(¢) givenby (1.1) belongs to the class #; 5 ¢ ,n,p,0,9,0,6,0).

Then |4,] < 140l B1/ B
JGu—26-1)40835-[Gu-6-12(B2-BD~L(u-1-Cu-5-1) A+ 34051

and
B1(14o] + 141D A3B?

= Gu—25-Dy, Ta@u-0-DF

hs B, > 1.

3. Coefficients Estimates for the Subclass Ng:'s 4,¢,n,p,0,9,¢).
Definition (3.1): A function T €Yy defined b y(1.1) is said to be in th e class
N%"g (4, ¢,n, p, 0,9, p)if the following quasi-subordination conditions are satisfied:

(ofiir®) [ AekEhe) +(ofghre)

=+ = >
(1-De+205 407 (@) Zan Zan
p.o, Ae Qp,o',z?T(S) + Qp'aﬁT(s)

1+$ (1-9) -1 <4 (e(e) -1 (€Y

and

Hofuneco) 5 (050750 +{03e50)
1-2)c+2050M
(1-D5+20,7 5 58 () /1(( p_‘gf.,f(c)> < p,?;,:lsf@)

where (0<1<1,0<6<1,y€ C\{0},&€ U).
For special values to parameters A and §, we get new and well-known classes.

+]l/ (1-6) -1 <4 (@) -1), (32)
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Remark (3.1): For A1=0, a function T €}y define by (1.1) is said to be in the
class N%’a (4, ¢, n, p, 0,9, @) if the following quasi-subordination conditions are satisfied:

¢an ¢an {qn
1 T () T(e) T(¢)
+ola-9 “(9555 )+5 G ) + (s ) — 1| <, (p(2) — 1)
{,qn
(e5237)
and
tan ' dan g Zan '
1 ¢(9,555() ¢(Qps08(6) Q5559
1 +_ (1 —6) ( p,o’,19 ) +6 ( p,o’,19 ) ( po’19 ) _ 1 <q ((p(W) _ 1)
Y ‘ (<f zge(o)
Theorem (3.1.):If the function T belongs to the class NZ' (A4, ¢,n, p,0,9, ), then we have
Aol B1+/ B
|/22| < ¥14ol B1y/ By (3.3)
(0= D01+ 264870, - (1= 2711+ 360408 - (1 + 8 (B, — B
and
yB1 (14l + 144 AiBiy’
A < + ,B1>1, 3.4
=T Darow T arora-ow " GH
where 0<6<1,0<1<1,ye u-{0}
Proof: Proceeding as in the proof of Theorem (2.1), we can get the relations as follows:
1
— (1 + 5)(1 }l)ﬁzl/)z A()BlCl, ( 3.5 )

" [2(1 — DA+ 28)hsps — (1 — DA+ D((1 +38))h3y3 |

1 1 cf ApB;
=5 —A{Bic, + = 5 ApB1 | ¢, — > + i cl} (3.6)
and

——(1 +8)A =Dy, = 1AoBlb1 , (3.7)

%[[4(1 C DL+ 28)hs — (1= D+ (L +38)] B2 —2(1 - (L + 25)%@]

1 1 b3 0B ,
= _AlBlbl + EAOBl bz - 7 + 4 b1 } (38)

2
From (3.5) and (3.7), we obtain
c1=—d; (3.9)
and
YAoBicy __ YAoB1by
20+ 6)A - Dy, 21+ 6)1 - Dy,

and
8(1 + 8)2(1 — 2 K3 = ABIy2(d3 + cd). (3.11)
Now, by summing (3.6) and (3.8 )and using (3.11)we obtain

g{(zu — DA +28)h; — (1 = DA + D (L + 3893}
= 2AOB1(C2+d2) + Ao(Bz Bl)(C1+d ) (3 12)
which implies
2A3B3(c; + d))
8{2(1 = D(1 +26)40B3; — (1 — 1)? [[(1 + 38)A0B] — (1 + 8)2(B, — B3|}

5= (3.13)
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Applying lemma(1.1) in (3.13) ,we get the desired result (3.3).

Next ,for the bound on |h;|,by subtracting (3.6) from ( 3.8), we obtain
?/{(1 — DA+ 28)sh; — (1 — (L + 28)¢3 h3} = 241B1cq + AgBi(c; — dy)

By substituting (3.18) from (3.16), further computation using (3.9) and (3.10), we obtain
2yA1Bycq yApB1(c; — d) A}BIy? (ci+d1)

TIA DA +20)P;  4A-D(A+25) 81+ 0)2(L— )Y

From (3.14) and (3.13), we get the desired result (3.4). The proof is complete.

A

(3.14)

Corollary (3.1): If T'(¢) € Ng"s(l, ¢,n,p,0,9,¢) defined in (1.1), then we have

Y14l B1\/ B4

2= \/2(1 +268)AoBiYs — [(1 + 38)A¢B; — (1 + 6)2(B, — B Y2

|h

and
¥B1(l4o] + 141]) A3Biy?

sl <=5y, T oel

B, > 1.

Corollary (3.3): If T'(¢) € N%‘l()l, {,n,p,0,9,¢) defined in (1.1), then we have

| < v|4o| By By
217 J6(L = DAoBI; — (1 — A)2[4A,B2 — 4(B, — B)Iy2

and
YB1(l4o| + [A1D) A5B3y?

sl < =Dy, Taa -0y

By > 1.
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