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Abstract: This article investigates on the radial and non-radial geodesic structures of the generalized
K-essence Vaidya spacetime. Within the framework of K-essence geometry, it is important to note
that the metric does not possess conformal equivalence to the conventional gravitational metric. This
study employs a non-canonical action of the Dirac-Born-Infeld kind. In this work, we categorize
the generalized K-essence Vaidya mass function into two distinct forms. Both the forms of the
mass functions have been extensively utilized to analyze the radial and non-radial time-like or null
geodesics in great details inside the comoving plane. Indications of the existence of wormhole can
be noted during the extreme phases of spacetime, particularly in relation to black holes and white
holes, which resemble the Einstein-Rosen bridge. In addition, we have also detected the distinctive
indication of the quantum tunneling phenomenon around the central singularity.
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1. Introduction

Chandrasekhar extensively analyzed the time-like and null-geodesic features of the Schwarzschild
spacetime in his book [1]. In addition, he has examined the orbital configurations of both the confined
and unconfined trajectories using graphical representations. In addition, the authors in [2] have
examined the geodesic structures of the Schwarzschild anti-de Sitter spacetime. The researchers
assessed both radial and non-radial paths for time-like and null geodesics. Additionally, they have
demonstrated that the geodesic structures of this black hole exhibit distinct forms of motion that are not
permitted by the Schwarzschild spacetime. The geometric framework of the Schwarzschild spacetime
is also examined in [3]. The Jacobi metric for time-like geodesics in static spacetimes has been examined
in the reference [4]. They have demonstrated that the unrestricted movement of large particles in
stationary spacetimes is determined by the geodesics of a Riemannian metric that depends on the
particle’s energy. This metric is similar to Jacobi’s metric in classical dynamics. When the mass of an
object approaches zero, Jacobi’s metric becomes identical to the Fermat or optical metric, which does
not depend on energy. In addition, they have provided a detailed account of the characteristics of the
Jacobi metric pertaining to the motion of heavy particles beyond the event horizon of a Schwarzschild
black hole. The authors of [5] derived the Jacobi metric for different stationary metrics and developed
the Jacobi-Maupertuis metric for time-dependent metrics by using the Eisenhart-Duval lift [6,7]. The
authors in [8] have documented the remarkable characteristics of the time-like geodesic structure when
dark energy is present in an emergent gravity framework, specifically for the Barriola-Vilenkin metric
[9]. The K-essence emergent gravity metric is precisely correlated with the Barriola-Vilenkin (BV)
metric for the Schwarzschild background, specifically for a certain form of K-essence scalar field [10].
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The researchers have analyzed the various paths that time-like geodesics can take in the presence of
dark energy in the Barriola-Vilenkin spacetime [8], which is equivalent to the Schwarzschild spacetime
in terms of its fundamental structure. However, the permissible ranges for the maximum and minimum
distances from the central object are significantly distinct. For a constant dark energy density, the
orbits, both bound and unbound, are graphed.

In 1951, Vaidya proposed the first relativistic line element that properly represented the spacetime
of a conceivable star [11]. It extended the specific solution of Schwarzschild by depicting the emission
of radiation for a mass that is not in a static state. The Schwarzschild solution describes the geometry of
spacetime around a spherically symmetric, non-rotating, black object with a constant mass. Therefore,
it is clear that the model is incapable of accurately depicting spacetime outside the confines of
a star. The solution proposed by Vaidya [11], known as the Vaidya spacetime or the radiating
Schwarzschild metric, was introduced as a possible explanatory framework. The main distinction
between the two metrics is that the Vaidya metric adds a time-dependent mass parameter, whereas
the Schwarzschild metric uses a constant mass value. As a result, the spacetime in the Vaidya metric
evolves with time. The Vaidya metric is primarily used to investigate gravitational collapse. The
occurrence of gravitational collapse is widely acknowledged in the disciplines of general relativity and
astrophysics, as demonstrated by the research conducted by Joshi et al. [12-18,21]. It plays a vital role in
understanding several astrophysical aspects of our cosmos. The phenomenon of gravitational collapse
provides useful insights into several elements of astronomy, including the evolution of structures, the
features of stars, the genesis of black holes, and the construction of white dwarfs or neutron stars,
among other events. Gravitational collapse refers to the phenomenon in which a star collapses as a
result of its mass. The outcome of this collapse might vary depending on the exact beginning mass
conditions, leading to distinct stages of collapse. Papapetrou [19] was the first to demonstrate that
the solution of a null dust fluid with spherical symmetry in gravitational collapse can lead to the
creation of naked singularities. This statement presents a counterexample of the cosmic censorship
hypothesis (CCH) as proposed by Penrose [20]. The authors in [14,22] have provided a detailed account
of the causal paths that connect the singularities in the continuing Vaidya scenario. Furthermore, a
comprehensive classification of the non-spacelike geodesics that link the naked singularity in the past
is presented, offering a rather thorough discussion of the restrictions involved. It is subsequently
demonstrated to be a robust curvature singularity in a more significant manner.

The Vaidya solution, as a generalization, encompasses all the established solutions of Einstein’s
field equations that include a mix of Type-I and Type-II matter fields [23-28]. The composition of
this work is attributed to Husain [29] and Wang & Wu [30]. The extension of the Vaidya solution is
sometimes referred to as the generalized Vaidya spacetime. The work performed in [31] examines
the gravitational collapse of the generalized Vaidya spacetime within the framework of the cosmic
censorship theory. They demonstrated that the categories of generalized Vaidya mass functions had
emerged in the situation, suggesting the end of collapse with a locally visible central singularity. The
authors computed the magnitude of these singularities. A comprehensive mathematical framework
was created to examine the requirements for the mass function for non-spacelike geodesics going
towards the future to end at the singularity in the past. Furthermore, they demonstrated that, when
considering a certain generalized Vaidya mass function, the ultimate outcome of the collapse can be
precisely defined as either a black hole or a naked singularity. The work by Patil [32] examines the
phenomenon of gravitational collapse in higher dimensions within the context of the charged-Vaidya
spacetime. It has been demonstrated that singularities occur in a charged null fluid in a higher
dimension. These singularities consistently lack any form of covering, hence contradicting the strong
CCH. This idea does not specifically pertain to weak cosmic censorship. The Vaidya metric has received
significant attention in scholarly research, with several major contributions to our comprehension of
this subject. The authors of the study [33] examined the geometric properties of Vaidya’s spacetime
while considering a white hole that undergoes a decrease in mass. They found that the white hole can
either stabilize and transform into a black hole within a limited or indefinite amount of time, or entirely
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evaporate. The researchers have focused specifically on the scenario of total evaporation over an
indefinite period of time. They have successfully demonstrated the presence of an asymptotic light-like
singularity in the conformal curvature, which connects both the past space-like singularity and the
future time-like infinity. Vertogradov [34] conducted a study on the structure of the generalized Vaidya
spacetime, specifically focusing on the case when the matter field of type-II follows the equation of
state P = p. The findings of the study revealed the presence of an eternal naked singularity in this
spacetime, which meets all energy conditions. Once formed, the singularity will remain perpetually
uncovered by the apparent horizon. Nevertheless, the formation of the apparent horizon leads to
the emergence of a white hole. Solanki et al. [35] have derived precise mathematical equations that
describe the changes in the photon sphere and the angular radius of the shadow in a certain Vaidya
spacetime. The mass function 7(v) has been seen as a function of time that either increases or decreases
linearly. The initial scenario can function as a basic representation of a black hole that is accumulating
matter, whereas the subsequent scenario can be seen as an illustration of a black hole that is emitting
radiation, as theorized by Hawking.

In the realm of K-essence geometry, Manna et al. [36] were the first to establish a link between
K-essence geometry and Vaidya spacetime. They achieved this by introducing a new definition of
the generalized Vaidya mass function, which directly depends on the kinetic energy of the K-essence
scalar field. Subsequently, Manna et al. [37] demonstrated that the K-essence emergent gravity metric
bears a strong resemblance to the recently found generalized Vaidya metrics for the collapse of a null
fluid. This similarity arises from the presence of a k-essence emergent mass function. Notably, Manna’s
analysis exclusively considers the K-essence scalar field as a function of either the advanced or the
retarded time. The recently developed K-essence model, known as the K-essence emergent Vaidya
spacetime, has successfully met all the necessary energy conditions. The presence of the centrally
exposed singularity and the intensity and stability of the singularities in the K-essence emergent Vaidya
metric yield intriguing results in their research. The evaporation of the dynamical horizon with the
Hawking temperature in the K-essence Vaidya Schwarzschild spacetime was investigated by Manna
et al. in [38]. This study uses the dynamical horizon equation to quantify the reduction in mass caused
by Hawking radiation. Additionally, the tunneling formalism, namely the Hamilton-Jacobi technique,
is utilized to compute the Hawking temperature. In addition, Sawayama’s revised explanation of the
dynamical horizon [39] is utilized to demonstrate that the results obtained differ from the conventional
Vaidya spacetime geometry. The authors have established by analytical measures that the mass of the
black hole, denoted as m(v, r), in the K-essence emergent Schwarzschild-Vaidya spacetime, consistently
decreases over time but does not fully evaporate.

The K-essence theory is a scalar field model that deviates from the canonical form. In this theory,
the dominant energy component of the field is its kinetic energy, rather than its potential energy.
This concept and related others have been extensively studied by several researchers [40-51]. The
distinctions between the K-essence theory employing a non-canonical Lagrangian and the relativistic
field theories utilizing a canonical Lagrangian are found in the sophisticated dynamical solutions of the
K-essence equation of motion. These solutions not only spontaneously violate Lorentz invariance but
also alter the metric for the perturbations around them. The disturbances propagate in the emergent
or analogous curved spacetime, characterized by a metric distinct from the gravitational metric. The
non-canonical Lagrangian may be expressed as £(X) = —V(¢)F(X), where, X = 3¢, V¥¢V'¢, ¢ is
the K-essence scalar field, V(¢) is the potential term. An alternate form of the Lagrangian, as described
by Tian [52], may be represented as £ = [1+ f(y)]X + [1 + g(y)]Vexp, where Verp = Vo exp(—A¢),
Vo and A are constants, y = X/ Veyp, and f(y) and g(y) are arbitrary functions. The functions f(y)
and g(y) are unrestricted and can have any form. Furthermore, it is important to mention that there
exist examples of K-essence theories that are not minimally linked, as mentioned in the Refs. [53-55].
Nevertheless, this article only addresses the minimally coupled K-essence theory, as investigated by
the Refs. [40-48,51? ]. In a general sense, the Lagrangian has the capacity to depend on any functions
of ¢ and X. The K-essence theory offers the benefit of circumventing both the fine-tuning problem and
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the coincidence problem [56] of the current universe. Additionally, it generates the negative pressure
required for the universe’s acceleration only through the kinetic energy of the field. The kinetic term
of the field dominates over the potential term. The article [45] presents attractor solutions where the
dynamics of the cosmos are governed by the scalar field of the models. During the radiation-dominated
phase, the K-essence field mimicked the equation of state of radiation and had a constant ratio to the
radiation density. The K-essence field was unable to replicate the dust-like equation of state (EOS) due
to dynamical limits during the time dominated by dust. However, it rapidly reduced its energy value
by many orders of magnitude and eventually reached a constant value. Subsequently, over a period
approximately equivalent to the current age of the universe, the density of matter was diminished by
the K-essence field, leading to the commencement of cosmic acceleration. The equation of state (EOS)
of the K-essence theory ultimately converges to a value within the range of 0 to -1. Although in theory,
it has the potential to extend beyond —1. Another intriguing aspect of the K-essence idea is its potential
to generate a type of dark energy where the speed of sound is consistently slower than that of light.
This feature may mitigate the cosmic microwave background (CMB) disruptions on large angular
scales [57-59]. In this specific situation, Manna et al. [8,10,36-38,63-68] have developed a fascinating
emergent gravity metric referred to as G;,,. This metric possesses distinct attributes in contrast to the
standard gravitational metric g;, and is derived from the notions of the Dirac-Born-Infeld (DBI) type
action, as outlined in the works [71-74]. Dirac et al. [74] proposed a non-canonical Lagrangian in order
to eliminate the infinite self-energy of the electron, as described in their work. The specific reasons
and objectives for selecting the non-canonical theory, such as the K-essence theory, may be found in
the Refs.[69,70]. The Planck collaborations’ findings, as shown in Refs. [60-62], have examined the
empirical evidence supporting the concept of K-essence with a DBI-type non-canonical Lagrangian,
along with other modified theories. Furthermore, it has been noted that the K-essence theory may
be applied in a model that combines dark energy and dark matter [8,10,46,63-66], as well as from a
purely gravitational perspective [36-38,67,68].

This article is organized as follows: In Section 2, we provided a concise explanation of the
K-essence geometry and its connection to the conventional generalized Vaidya spacetime, which leads
to the construction of a new generalized K-essence Vaidya spacetime. Section 3 offers a comprehensive
analysis of the geodesic structures observed in the generalized K-essence Vaidya spacetime. This
analysis considers two forms of mass function while ensuring that the condition on the kinetic energy
of the K-essence scalar field is maintained. This section also provides a detailed analysis of the radial
and non-radial geodesics used to examine the structure of time-like and null geodesics in the given
spacetime. This is achieved by solving the Euler-Lagrange equations. The graphical and numerical
analysis is also done in this section. In Section 4, we have wrapped up both the discussion and
conclusion.

2. Brief of the relation between K-essence with generalized Vaidya spacetime

This section offers a short introduction to the geometry of K-essence and the generalized Vaidya
spacetime. Initially, we present a brief summary of the geometric aspects related to the K-essence, as
extensively explored in many scholarly references [40—48,51]. The action performed by this geometry
is

Silp,gm] = [ d*xv/=gL(X,9), )

where the expression X = % 8"V, ¢V, ¢ represents the canonical kinetic term, whereas L(X, ¢)
denotes the non-canonical Lagrangian. In this scenario, the conventional gravitational metric g, has
formed a minimum coupling with the K-essence scalar field (¢).
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The energy-momentum tensor that corresponds solely to the K-essence scalar field is:
_ =2 05 oL
= —EXVV(pVy(P-i-gWE, (2)

where Lx = %, Lxx = 227%, Ly = % and V, is the covariant derivative defined with respect to the
gravitational metric gy

The equation of motion (EOM) for the K-essence scalar field is

where
~ c
G = Ly [Lxg + Lxx V9V g, @
X

with 1+ % > 0 and cg(X,q)) =(1 +2X%)*1,
Following [8,10,36,37,63], the inverse metric can be written as

Lxx 5)

Guv = &uv — mvﬂ’vvﬁf%

The Egs. (4), (5) have physical relevance when Ly is nonzero, assuming a positive definite c2. Eq.
(5) states that the emergent metric, represented as Gy, differs in its conformal properties from the
metric ¢y when considering non-trivial configurations of the scalar field ¢. Like canonical scalar fields,
the variable ¢ exhibits diverse local causal structural properties. It also differs from those that are
defined using g,,y. The EOM, as stated in Eq. (3), is valid even when taking into account the implicit
relationship between L and ¢. Then the EOM Eq. (3) is:

1as,

V=8 99

This study addresses the Dirac-Born-Infeld (DBI) type non-canonical Lagrangian, which is
represented as L(X, ¢) = L(X) [8,10,36,69-74]:

L£(X)=1-V1-2X. @)

The K-essence paradigm posits that the prevalence of kinetic energy over potential energy results
in the exclusion of the potential term in the Lagrangian equation (7) [69-71]. The squared speed of
sound, represented as cg, is determined by the expression (1 — 2X). Therefore, the Eq. (5) for the
effective emergent metric is expressed as:

Gyv = 8uv — Vyﬁbvvﬁb = &8uv — ay(Panb/ 8)

since ¢ is a scalar.
The Christoffel symbol corresponding to the emergent gravity metric given by Eq. (8) can be
written as [8,10,69,70]:

1

I v S
T T (1 - 2X)

(69, + 659, | X, )

where I, is the usual Christoffel symbol associated with the gravitational metric gy,.

doi:10.20944/preprints202311.0372.v1
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Hence, the geodesic equation governing the K-essence geometry may be expressed as:
d?x* _, dxtdxV
= =0, 10
Az Ty {10

where A is an affine parameter.
The covariant derivative D), [41,69,70] linked with the emergent metric G, (Dq G* = 0) gives

DyAy = 0, A, — T/, Ay, (11)

and the inverse emergent metric is G* such as G, G = §},.
Therefore, considering the extensive behavior that defines the dynamics of K-essence and general
relativity [42,69,70], the Emergent Einstein’s Equation (EEE) may be formulated as:

_ _ 1. = _
G = Ruv — 5 GuR = KTy, (12)

where k¥ = 87G is constant, R, is Ricci tensor and R (= R, G") is the Ricci scalar. Moreover, the
energy-momentum tensor Ty, is linked to this emergent spacetime.

Now, we will provide a concise overview of the K-essence emergent generalized Vaidya spacetime.
In the cited work [37], the author has introduced the concept of K-essence emergent generalized Vaidya
spacetime. This framework considers the background gravitational metric to be the typical generalized
Vaidya metric [29,30], while also satisfying the necessary energy requirements. The line element for
the emergent generalized Vaidya metric in K-essence theory is as follows:

42 — 7[17 Zm(rt,r)

— @F|d? + 2dtdr + PdO? = —[1 - w] di* + 2dtdr + r*d0?,  (13)

with dQ? = d6? + dd2.
They have defined the K-essence emergent Vaidya mass function

M(t,r) = m(t,r) + %4;%, (14)

where m(t,r) is the usual generalized Vaidya mass function and ¢? (¢ = %—f) is the non-zero kinetic
energy of the K-essence scalar field.

The above-mentioned mass function pertains to the gravitational energy associated with the
K-essence emergent gravity within a specified radius r. Here, we substitute the Eddington advanced
time coordinate with the conventional time coordinate, without any loss of generality, denoted as
v — t. In this study [37], the author has examined the effective K-essence emergent metric, as denoted
by Eq. (8). Additionally, the author has calculated all the components of the EEE (Eq. (12)) and the
necessary energy conditions. It is important to mention that the assumption about ¢ contradicts local
Lorentz invariance since, in general, spherical symmetry only requires ¢(x) = ¢(t,r). The inclusion of
the assumption of the independence of ¢, denoted as ¢(t,r) = ¢(t), suggests that beyond this specific
frame selection, a spherically symmetric ¢ is indeed a function of both t and r. The K-essence theory
permits the occurrence of Lorentz violation due to the fact that the dynamic solutions of the K-essence
equation of motion spontaneously break Lorentz invariance and alter the metric for the perturbations
around these solutions.

Furthermore, the authors in [36] have successfully established a connection between the geometry
of K-essence and the Vaidya spacetime. The researchers have developed a model of the Vaidya
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spacetime with generalized K-essence, which takes into account any spherically symmetric static black
hole as the underlying spacetime. The line element of the new geometry is (using Eq. (8):
2M(t,r)

s? = — [ Fr) - ¢ﬂ A2 + 2dtdr + r*dO? = — (1 - T)dtz + 2dtdr + r2dQ?, (15)

gives the mass function

Mt r) = %r (1497 - 70)]. (16)

In this article [36], the authors also have calculated all the components of EEE and required energy
conditions. If we consider f(r) = (1—2M/r), i.e., the background physical spacetime is Schwarzschild
spacetime, the mass function may be expressed as:

M(t,r) = M+ %fp%. 17)

Again, if we select the function f(r) = 1 — @ + %2, Q represents the charge of the
Reissner-Nordstrom (RN) black hole in the physical spacetime. In this case, the related mass function
[36] is modified as

Mty =m-L 4 g (18)
’ 2r 27

It is important to mention that the values of ¢7 must be between 0 and 1. Otherwise, the metric
(13) and (15) cannot be specified properly, and the presence of a dynamical horizon is also questionable
[36,37]. In order to maintain the energy conditions, it is evident that the ¢? must be a monotonically
increasing function of ¢, with the condition ¢? < 1. The admissible configurations for the K-essence
scalar field in the generalized Vaidya solution, in order to have a dynamical horizon, are subject to
a highly restrictive constraint. It is important to note that the metrics mentioned above represent
dynamical horizons rather than isolated or event horizons, as explained extensively in Ref. [36,37].

It is also noted that the time dependence in the given mass functions (Eqgs. (17), (18)) arises from
the kinetic energy of the K-essence scalar field. However, in the mass function Eq. (14), the time
dependence comes from both the usual generalized Vaidya mass and the K-essence scalar fields. Thus,
considering the above situations of the K-essence generalized Vaidya spacetime, we may conclude that
the K-essence Vaidya mass function adheres to the general form specified in Eq. (14). Therefore, we
may conclude that the background metric can be chosen from any standard gravitational metric, with
the only alteration being the replacement of their masses with a background mass, which likewise
satisfies the EEE equation.

3. Geodesics for the generalized K-essence Vaidya spacetime

This section focuses on analyzing the geodesic structure of the generalized K-essence Vaidya
spacetime. In this context, we define our investigative metric as Eq. (13), where the K-essence emergent
Vaidya mass function is represented by Eq. (14). For the metric (13), we can write the Lagrangian as
[1,8,34,35]

M) {2 4 2i 4+ 126 + r? sin? 6 &2, (19)

2£:—(1—

where f = g—;, 7= g—;, 6= g—f, o= ‘%, T is to be identified with the proper time.
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Now, using the Euler-Lagrange equation we have
d (9L Mg
I (m) = S, (20)
210 + 1?0 = r?sin @ cos 6 P2, (21)
and 2 sin? § & = Constant, (22)
; oL _ M\ i s

where M; = aMa(tt’r) and we write M (t,r) as M.

Because our object and metric are spherically symmetric, we can simplify everything by examining
just motion on the equatorial plane § = Z and therefore, § = 0. For the above choice of equatorial
plane, the Eq. (22) becomes

r?® = Constant = L, (say). (24)

Thus, by employing Eq. (24) on the equatorial plane, we may write from Eq. (19) that the
Lagrangian is

ML)\ ma L2
f)t + 207 + (25)

2L=—(1-
Due to the inclusion of the generalized K-essence Vaidya mass function (M (¢, r)) in the Lagrangian
formulation provided above, further analysis is not possible as it can have varying values based on the
gravitational mass. Within this particular situation, we have the option to select the mass function. For
our subsequent analysis, we have selected two distinct mass functions. Moreover, it is mentioned that
the K-essence Vaidya mass function (14) depends on ¢?, which has values between 0 and 1. Therefore,
we can select ¢7 as an explicit function of time in order to keep the values of ¢? throughout the article
as [36]

¢F = e t/h, (26)
where 1 is a positive constant.

3.1. Case-I: M(t,r) = M + 5¢?

In this portion, we will look at the K-essence Vaidya mass function as
M(t,r) =M+ %e*t/tO, (27)

where M is the Schwarzschild black hole’s mass.

In this scenario, the time dependence of the mass parameter is derived from the K-essence scalar
field via Eq. (26), which was previously discussed in the preceding section. Given that the mass
parameter in Eq. (25) is directly influenced by time through equations (14) and (26), we may infer from
Refs. [34,35] that the energy E can be expressed as a function of time :

oL
S5 =E). (28)

Now using Egs. (27) and (28) in Eq. (20), we have

. e o,
E(t) = — 70 2. (29)
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The solution of the aforementioned equation, as denoted by Eq. (29), is highly intricate and
cannot be solved directly. To determine the expression for E(t) in the above equation, we converted
our measurement to a comoving plane, where % = 1. This conversion is consistently maintained
throughout the article. Thus, on the comoving plane (d7 = dt), the expression for E(t) is

1 -t 1
E(t) = se ' = ~¢7. 30
(t) ¢ 5P (30)

Thus, we can say that in our model, specifically when we select a specific form (26) for the kinetic
energy of the K-essence scalar field while satisfying the imposed conditions, we have found a direct
relationship between the energy of the system we have chosen and the kinetic energy of the K-essence
scalar field in the comoving plane. So, the K-essence Vaidya mass function (27) can be written as

M(t.r) = M+ E(t)r. (31)

It is important to point out that the Vaidya metric defines the gravitational field surrounding
a massive object, often a dying star, that emits radiation in the form of null dust. The notion of the
Vaidya spacetime is expanded in the generalized version to encompass a wide range of scenarios,
accommodating different forms of matter and radiation. The spacetime is dynamic and undergoes
evolution as matter compresses, with the metric describing the changing curvature [29,30]. Within
the framework of the generalized Vaidya spacetime, employing comoving observers that satisfy the
condition “dt = dt" simplifies the mathematical representation of the spacetime. It enables us to
utilize a temporal reference that tracks the movement of matter as it undergoes gravitational collapse
to become a black hole or emits radiation as a star. Using a time parameter that evolves with the
behavior of matter is a practical approach for investigating gravitational collapse or radiating stars.
It improves the intuitiveness and physical significance of describing the collapse process. When
examining geodesic structures in the generalized Vaidya spacetime from the perspective of a comoving
observer, our focus lies on the trajectories that objects or particles take when they deal with the changing
spacetime caused by the reducing matter. These geodesics illustrate the paths that things follow as
they move through spacetime, which is influenced by changes in curvature caused by the dynamics of
matter. Comprehending these geodesic structures is essential for analyzing the dynamics of particles,
photons, and observers in spacetime. It facilitates forecasting the movement and interaction of objects
inside the gravitational field generated by collapsing matter and is a crucial component in the analysis
of the physics and astrophysical phenomena occurring in these spacetimes.

Using Egs. (28), (31) in Eq. (23), we have

dr 2M

T HEB=1-==. (32)

On the other hand, using Eq. (31) in Eq. (25), we get

dr L?

E+E(t>_2£_ ol (33)
By substituting Eqs. (24) and (30) into Eq. (33), we obtain the angular relation as follows:

v+ L® = 2Lt + tE(1), (34)

taking integration constant to be zero.
For non-radial geodesic, using Egs. (32) and (33) we have

(&) + (022) (5 20) + (1-20%0) =0 9
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where D = % and L # 0.
Solving the above Eq. (35), we obtain

%Jrg(t) — %[(Z—Dz)iDm}, (36)

where we take only positive solutions for our study.
By employing Eq. (30) and performing integration on the aforementioned Eq. (36), we obtain

r= tOE(t)+%[(2—D2)ip,/D2—4(1—2£)} +e, (37)

where c is an integration constant.

3.1.1. Time-like Geodesics for Case-I

In order to analyze the structure of the time-like geodesics in the specified spacetime (13) with the
mass function (27), we impose the condition 2L = G, %%V = —1. In this particular circumstance, Eq.
(33) is transformed as

dr L?
E+E(t> = —1—r—2. (38)
First, we will analyze the radial geodesics with L = 0, and then we will go on to the non-radial
geodesics with L # 0. These geodesics are studied from the perspective of time-like geodesics of
the generalized K-essence Vaidya metric (13), considering the mass function (27), inside a comoving
system.
In order to track the radial geodesics (& = 0), we consider the motion of a particle with no angular
momentum (L = 0) that starts its journey from a state of rest at a distance of r = r, and time t = t,, so
that the rate of change of its radial position with respect to time, %, is zero. Thus, by referring to Eq.

(32), we obtain

2M
Ty = 1—7E(ta) (39)
Using Eq. (30) in Eq. (38), we get
r=—t+tE(t) 41, (40)

where c; is an integration constant. Using the aforementioned two Egs. (39) and (40) in conjunction with
the previously mentioned radial geodesics criteria for a particle, we get the expression for constant c; as

2M
1 = 1—7E(ta) +t;, — t()E(ta) (41)
Hence from Eq. (40), we obtain
2M
r= —t—l—toE(t)—l-m—Hu—toE(ta). (42)

Now, we have the capability to compute the duration it takes for a particle to reach the singularity
(r = 0) at a specific time t = t; along the radial geodesic in our given spacetime which is


https://doi.org/10.20944/preprints202311.0372.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 November 2023

11 of 34
2M
a
— t =fyln [ﬁ] (43)
2Wo (3e0)

where p = (— % —ta+1toE(ts)) and Wo(e%) is the Lambert W function [75] provided that et > 0.

Additionally, Wy(g) is the solution of the equation xe* = g when g is a non-negative real number. It is
also noted that the Lambert Wy function is a single-valued function. It is important to note that Eq.
(35) can be used to investigate radial geodesics. Because D — co when L — 0, i.e,, % — O0Owhen L — 0.
So that the Eq. (35) is transformed to

dr
I +E(t) =2L, (44)

so that for radial time-like geodesics if we substitute 2£ = —1 then it the exactly same with Eq. (38) for
L=0.

At the moment, we are tracking the non-radial scenario using the time-like geodesic framework.
In this study, we use the Egs. (35) and (36).

Case-A: First, look at D = 2+/2 for the real root of the Eq. (36), and then we use Eq. (30) to find
r—toE(t) +3t —c =0, (45)

where ¢; is an integration constant, and from Eq. (34) we get

1
® = (2t -~ cz). (46)
Let a particle starts its journey from r = r, at time t = ¢,, then from Eq. (45), we obtain
o =1, — toE(ty) + 3t,. (47)

By observing that % >0and 0 < E(t,;) < %, we obtain the condition as long as all the values are
finite is

t
o <r,+3, < EO + cp. (48)

So that the Egs. (45) and (46) transformed to

= %<2t—ra+t0E(ta) —3t,1). (50)

If we assume that the particle is moving towards the singularity (r — 0) when time t — t;, then
according to Eq. (49), we obtain

—_

ts = toln [ } (51)

6W0 (%83%>

L
where p; = —r, + toE(ts) — 3t, and e > 0.

doi:10.20944/preprints202311.0372.v1
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Hence, Egs. (45) and (46) demonstrate the possibility of tracing several non-radial time-like
geodesics for varying values of ¢, under the condition D = 21/2. As a result, a particle starts its
journey from r = r, when ® = ¢, = %( —ra+toE(ts) — ta), t = t, and will approach to singularity
r - 0when ® = &, = %(Zts — 1o+ toE(ta) — 3ts), t = ts = ts = toIn [—L—] and it will leave

6W (leTO)

0\s

the singularity when t > t; = tyIn [épl] Given that ¢y <7, +3t;, < %0 + ¢y, it follows that the
6W0 (%EMT) )

values of r, and ¢, are finite for all finite values of ¢, and ty. Also, since t; = tyln [épl] , the

6Wo (Le30

value of t; is finite. By using Egs. (45) and (46), we have plotted two non-radial time-like g(godezics for
L =1and ty = 0.1, each corresponding to distinct values of c; = 0.1 and c; = 15. These geodesics are
depicted in Figures 1 and 2, respectively. To plot the geodesics in these diagrams, we have converted
the coordinate system from polar coordinates (r, ®) to Cartesian coordinates (x,y). It should be noted
that there exists central singularity for both the conventional generalized Vaidya spacetime [29,30] and
the generalized K-essence Vaidya spacetime [36,37], meaning that both r — 0 and t — 0. However, a
singularity is typically defined as only r — 0. In this case, we may see that the particle’s track will
allow a future observer to watch the particle reach r — 0 at a specific time and escape the singularity.
These phenomena are discussed in the conclusion section.

20

-20 20 WO
¥ X

Figure 1. Time-like geodesics for D = 2v/2,L=1,ty=01,¢c, =0.1.

-10 -10
¥ X

Figure 2. Time-like geodesics for D = 2v2,L=1,t) =0.1, ¢y = 15.
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Case-B: To calculate the real solutions of Eq. (35) for the purpose of analyzing non-radial time-like
geodesics, we assume that D > 2+/2. So that the Eq. (35) can be written as

(%+E(t) —A) (% + E(t) —B) =0,

= (r—toE(t)—At—C3)(r—t0E(t)—Bt—C3>=0, (52)
where
D? D 2 D
A:1—7+E\/D2—8,andel—T—E\/DZ—S, (53)

and c3 is an integration constant.
The Eq. (52) demonstrates that there are two non-radial time-like geodesics that may be followed
for any finite value of c3.

For

r—toE(t) — At —c3 =0, (54)
then from Eq. (34), we get

<I>:%[—t—At—C3], (55)
and for

r—toE(t) =Bt —c3 =0, (56)
we have from (34)

cp:%[—t—Bt—c?,] (57)

Let a particle starts its journey from r = r, in the path at time t = t,, then Eq. (54) yields
c3 =rqa — toE(ty) — Aty (58)

Clearly, since %‘) >0and 0 < E(t,) < % so that

t
3 <71,— At; < EO + c3, (59)

then the Egs. (54) and (55) transformed to

r—toE(t) — At — 1y + toE(ty) + Aty =0, (60)
q>:%[—t—At—rﬁtoE(taHAta]. (61)

If we consider that the particle approaches to ¥ — 0 when t — f5 on the path (54), then from (60)
we have

1
tS:tOIH[—ZAWQ(—Zke’ftZO)}, (62)

7
where py = 1, — toE(t,) — At, and %e“fo < 0.
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Similarly, as before, let us consider a particle that begins its trajectory at v = r, along the path (56)
at time t = ¢, and eventually approaches singularity at t = ¢;. By analysing equations (56) and (57),
we may derive the following results:

r—toE(t) — Bt —r, + toE(ts) + Bt, =0, (63)

cp:%[—t—Bt—ruHoE(ta)JrBta], (64)

c3 =1, — toE(t;) — Bt,, (65)

c3<r,—Bt; < %0 + c3, (66)

o= toln [— 1], (67)
—2BW, G%ef’fo )

y
where p3 = r, — toE(ts) — Bts and LePo < 0.

Therefore, Egs. (54), (55), (56), and (57) demonstrate the possibility of tracking several non-radial
time-like geodesics for distinct values of ¢ given that D > 2+/2. Hence, for the path (54), a particle
starts its journey from v = r, when ® = ¢, = % [ —ty — 1, + HE (ta)], t = t; and approaching to
r — 0when ® = &; = %[— ts — Ats — 1o+ toE(ta) + Atg], t = ts = toIn [%pz} and it will

—24Wp (e 40
5 ] . Also, for the path (56), a particle starts
—2AW, (— e 0)
its journey from r = r;, when ® = ¢, = % [ —t,—r,+ tOE(ta)] , t = t; and will arrive at singularity
r =0when ® = &, = %[—ts — Bty — 1y + toE(ta) + Bta], t =t = foln [%,,3] and it
~2BWo (¢
——————]. Since c3 < 1y — Aty < %0 +c3 and
~2BWp (— 45¢®0)
c3 <r,—Bt; < %0 + c3, then for any finite values of c3, tg, A and B, the values of v, and ¢, are also
finite. Using the Eqgs. (54), (55) and (56), (57), for D = 2.9, L = 1 and ty = 0.1, we have traced two
non-radial time-like for c3 = 0.1 in Figure 3 and also for c3 = 10 in Figure 4.

leave the singularity when t > t; = foIn | 1

will leave the singularity when t > t; = folIn | 1

8
6
= 4
2
e
0
20
20
0 0
-20 -20
y X

Figure 3. Time-like geodesics for D = 2.9, L =1, ty = 0.1, c3 = 0.1: Blue Colour line for r — tpE(t) —
At — ¢3 = 0 and Red colour line for r — tgE(t) — Bt —c3 =0
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8.
6 N
. 4
24 >

Figure 4. Time-like geodesics for D = 2.9, L = 1, ty = 0.1, c3 = 10: Blue Colour line for r — tgE(t) —
At — ¢3 = 0 and Red colour line for r — toE(t) — Bt —c3 =0

3.1.2. Null Geodesics for Case-I

In this subsection, we want to elucidate the null geodesic behavior of the generalized K-essence
Vaidya spacetime, as described by Eq. (13) and the mass function given by Eq. (27). We assume that
2L = 0. For this study, the Egs. (33) and (34) reduces to

&L E(t) = -1, (68)
r+ Ld = toE(t). (69)

In order to track the radial geodesics, we assume that a particle with zero angular momentum
(L = 0) begins its motion from a state of rest at a distance of r = r; and time ¢ = f,, such that the rate of
change of r with respect to ¢ is zero (% = 0). Thus, based on Eq. 32, the value of 7, may be determined
as #]\6‘”) Furthermore, according to Eq. (68),

r = toE(t) +cy, (70)

where ¢4 is an integration constant.

Att = t,;, we obtain
2M
= ——— —toE(t 71
C4 1_E(ta) 0 (ﬂ)/ ( )
so that
2M

r = tOE(t) + m — tOE(tu). (72)

Assuming that the particle reaches the singularity (r = 0) at a specific time t = t;, we have
determined

o 1 E(ta)
" tOI [ZE(ta)(l - E(ta)> - (4M/t0)]. (73)

Now, we will examine the characteristics of non-radial (L # 0) geodesics inside the framework of
null geodesics in the given spacetime (13), which is governed by the particular mass function (27). The
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requirement for the existence of real roots of Eq. (35) under the assumption that 2L = 01is that D > 2.
Now we discuss the following two cases:

Case-A: When D = 2, we have from Eq. (36)

r—tyE(t)+t—c5 =0, (74)
and from Eq. (34) we get
@:1(t—C5). (75)
L

Let a particle starts its journey from r = r, at time f = ¢,, then from (74)
5 =1, — toE(fa) + t,. (76)

It is evident that the inequality % > 0 is true, and we also have the condition 0 < E(¢,) < % SO
that

t
05 < Tatty < E°+c5, (77)

then the Egs. (74) and (75) transformed to

r—toE(t) +t —ra+toE(ts) —t, =0, (78)
P — %(t—ra—f—toE(ta) —tu). (79)
If we consider that the particle reaches the singularity (r = 0) at time t = ¢t;, then from (78) we
have
ts =toln |, (80)
[2w0 () |

where py = —r, + toE(t,) — t; and e% > 0.

Therefore, Egs. (74) and (75) demonstrate that we may track several non-radial null geodesics
for varying values of cs5 in the case of D = 2. Hence, a particle starts its trajectory at a distance
ofr = r, when ® = &, = %[— ra + tOE(ta)], t = t, and will arrive at singularity * = 0 when
@ = d; = }(ts — 1o+ tE(ta) — ta), t = ts = tgIn [—L;—] and it will leave the singularity when

2W0 (%eﬁ )
t>t;=toIn[—L5—]. Giventhatcs <1, + 1, < %0 + cs, it follows that both 7, and ¢, are finite for
2W0 (%6‘H )
any finite values of ¢5 and f(. Also, since f; = fyIn [%,,4] , the value of ¢; is finite. By using Eqgs.
2Wp (Leo )

(74) and (75), we have plotted two non-radial time-like geodesics for L = 1 and fy = 0.1, with two
distinct values of c5, namely c5 = 1 and c5 = 10. These geodesics are depicted in Figure 5 and Figure 6
correspondingly.
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Figure 5. Null geodesics for D =2,L =1,{p =0.1,¢c5 =1
15
10 - .
; -
0
-5 -5
N X
Figure 6. Null geodesics for D =2,L =1,ty = 0.1,c5 = 10
Case-B: When D > 2, we have from Eq. (35)
Q—mmﬂ—prQQ—maw—m—%):a (81)
where
D> D 2 D
A:1—7+E\/D2—4and B:1_7_EVD2_4' (82)

and ¢¢ is an integration constant.

The Eq. (81) demonstrates the existence of two non-radial null geodesics that may be followed for
any finite value of c¢. The Eq. (81) is of the same form as (52) in the context of time-like geodesics, but
with different constants. Therefore, based on this closeness, we may infer that Eqs. (75) and (81) as

r—toE(t) — At —cg = 0, (83)
®:%(—A“”O- (84)
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Also
r— toE(t) — Bt —cg =0, (85)
®=1(-Bt-c). (86)

Let a particle starts its journey from r = r, in the path (83) or (85) at time t = t,, then from the Eq.
(83), we have

Ce =17 — toE(ta) — At,, (87)
and ¢ <71, — At < %0 + cg- (88)

Also from Eq. (85), we may get
Cg =17 — toE(ta) — Bt,, (89)
and ¢ <71, —Bt; < %0 + cg. (90)

Therefore, we have
r—toE(t) — At — 1y + toE(tg) + Aty = 0, (91)
P = %[—At—ra+t0E(ta)+Ata], (92)
and also

r — toE(t) — Bt — rq + toE(ts) + Bty = 0, (93)
= L[ Bt — 1o + toE(ts) + Bta] (94)

If we consider that the particle approaches the singularity (r — 0) at time t = t; along the path
(83) or (85), then we may deduce from equation (91)

1
tS:toln[_ZAWO(_zlAE:%)], (95)

and from (93)

tsztoln[_szo(l I %0)} (96)

where ps = 1, — toE(t,) — Ata, ps = 14 — toE(ts) — Bt,, %e‘f‘% < 0and %eé% <0.

As the outcome of the Egs. (83), (84), and (85), (86), we may trace distinct non-radial null geodesics
for different values of c¢ when D > 2. As a result, given the path (83), a particle begins its journey
from r = r,z when @ = ®, = 1 [ —r, + toE(ts)], t = t, and will approaches singularity r — 0 when
D= =1 [ At — 1+ t0E(ts) + Aty], t =t = toIn [ﬁ] and it will leave from the

—24Wp (e 40
S ——
—24Wy (— ZAe‘f?O)

Also, for the path (85), a particle starts its journey from r = r, when ® = &, = + [ —r, + toE(ts)],
t = t, and will approaches singularity r — 0 when ® = &; = 1 | — Bts — ra + toE(ta) + Bta),
t = ts = toIn [——1———] and it will leave the singularity whent >ts=tyln [——L1——].

—2BWo (e 0) ~2BWp (e 0)

singularity when t > t; = tgln [

doi:10.20944/preprints202311.0372.v1
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Since cg < 1, — Aty < %0 +cgand cg < 1, — Bt; < %0 + c¢, then for any finite values of cg, ty, A
and B, the values of 7, and ¢, are also finite.

By substituting the values D = 2.1, L = 1, and tg = 0.1 into Eqs. (83), (84), (85), and (86), we have
obtained two non-radial nulls for cg = 0.1 in Figure 7 and also for ¢s = 10 in Figure 8.

25
20 ~
15

10

¥ -40 -40 x

Figure 7. Null geodesics for D = 2.1, L =1, ty = 0.1, ¢ = 0.1: Blue Colour line for r — toE(t) — At —
c6 = 0 and Red colour line for r — tgE(t) — Bt —cg =0
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20
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Figure 8. Null geodesics for D = 2.1, L = 1, ty = 0.1, ¢4 = 10: Blue Colour line for r — foE(t) — At —
¢6 = 0 and Red colour line for r — tgE(t) — Bt —cg =0
3.2. Case-II: M(t,r) = ut + 5¢7

In this part, we consider the generalized K-essence Vaidya mass function (14) with the assumption
(26) as

M(t,r) = ut+ %e_%, (97)

where we take the usual generalized Vaidya mass function m(t,r) = m(t) = ut, i.e., is a linear function
of t [34,35,92] and y is a positive constant.
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From the above mass function (97), we have
R
t e 0
T , 98
r 2t ©8)

where we redefine the first derivative of the given mass function with respect to time as M; = M; — .
Following the same procedure as for Case-I, and using Egs. (20-25) and (28), and again assuming
the comoving plane (d7 = dt), we obtain

E(t) = le 1o, (99)
and M(t.r) = ut+ E(t)r. (100)

Again, continuing the similar procedure as Case-I, we found the following relations:

Q+E()_2£ L (101)
dr§ B(t) =12, (102)
r + Ld = 2Lt + toE(1). (103)

3.2.1. Time-like Geodesics for Case-II

In this portion, we analyze the behavior of time-like geodesics in the generalized K-essence Vaidya
spacetime, as described by Eq. (13) with the mass function given by Eq. (97). For the sake of this
investigation, we assume 2L = —1.

Following from the previous analysis for Case-I, we will now focus on tracking the radial geodesics.
Specifically, we examine a particle with zero angular momentum (L = 0) that begins its motion from a
state of rest at a distance r = r; and time t = {,, so that

_ _2pta
Tg = 1—7E(ta)’ (104)
and using Eq. (38), we obtain
r=—t+tE(t) +cy, (105)
¢7 = TRty + ta — toE(ta), (106)
r= —t+tE(t) + 125 +ta — toE(t). (107)

Similarly, if the particle approaches the singularity (r — 0) at time ¢ = f;, the same type of
consideration applies, we get

1
b= toln |[————|, (108)
2Wo (3¢ )
P
provided el > 0 where p7 = — ZZE” it t toE(ta).

When studying non-radial time-like geodesics, we obtain the same expression as Eq. (35), but
with a different value for the parameter D (D = %). In order to trace the geodesics, it is necessary to
satisfy the given requirement

D>2V2 = t> \/;L (109)
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In this non-radial study, the scenario where D = 2+/2 cannot be taken into consideration. This is
because if D = 2v/2, then t = %, resulting in a constant value for time. As a result, the spacetime is
not like the generalized K-essence Vaidya type. So, in this non-radial time-like geodesic investigation,
we only look into D > 2+/2, ensuring that the spacetime is time-dependent, which is an essential
characteristic of both the normal Vaidya spacetime and the generalized K-essence Vaidya spacetime.
As before, we solve the Eq. (35) for D > 2/2 where D = %, we obtain

(r — toE(t) — A(t) — Cs) (r —toE(t) — B(t) — 08) =0,

(110)
where
3
Ay =t-2L 4 %(tz -8y, (111)
5 2023 2p? 2\ 3
B(t)=t— 28 — %(tz— %) : (112)

Clearly, Eq. (110) shows that there are two non-radial time-like geodesics that can be traced for
any finite value of cg. Therefore, we have two non-radial time-like geodesics, either

r—toE(t) — A(t) —cg =0, (113)

®=f[—t—A(t) -], (114)
or

r—toE(t) — B(t) —cg =0, (115)

d>:%[—t—B(t)—c8]. (116)

V2L

Let a particle starts its journey from r = r, in the path (113) at time t = ¢, > o we have
cg = 1ra — toE(ta) — A(ta)- (117)
Since % >0and 0 < E(t,) < %
- £
¢s < 10— Alta) < 5 +os, (118)

then the Egs. (113) and (114) transformed to

r—toE(t) — A(t) —ry + toE(ty) + A(ty) =0, (119)
@ = L[t Al) —ra+ 1E(t) + Alt)], (120)

thenatt =1,
D =D, = %[—tu—ru—!—toE(ta)]. (121)
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If we assume that the particle reaches the singularity (r — 0) at time t = f; along the path (113),
then we can deduce from Eq. (119) the following;:

toE(ts) + A(ts) +¢cs =0,
2 243 2 2 2L2 3
E(t)— 2t 8 I 2 (2 )2. (122)

[ — s —

3toL2 'ty tg  3tol?

">

In this scenario, the precise expression for ¢; cannot be determined due to the presence of a distinct
mass function (97). However, an expression for the transcendental equation (112) is available, allowing
for numerical and graphical analysis to get the finite time for any given values of y and L. Now let
f(ts) = E(ts) — 514025 + ¢ and g(t;) = —% - 32‘; (2 — 21%22) ? . Then the only possibility for a finite
value t; if and only if f(t5) = g(ts).

To start with let us consider y = 0.05 and L = 1 then ¢, > 28.2843. Let f; = 28.3 Then from
(111), A(tq) =~ —9.4739. Now if we consider ty = 0.1 then for cg = 0.1, 7, & —9.3739 &, ~ —18.9261
and also for cg = 30, r, =~ 20.5261 and ¥, ~ —48.8261 by using (117) and (118). Figure 9 shows that
the for cg = 0.1, the Eq. (122) has no solution for t; since the curves y = f(t;) and y = g(t;) do not
intersect each other. So for cg = 0.1, the particle which starts from r = r,; at time t = ¢, > 28.2843
but it will never reach the singularity as shown in Figure 11 (blue line) using the Eqgs. (113) and
(114). However, for cg = 30, from Figure 10 shows that it has a solution for ¢, since the the curves
y = f(t;) and y = g(ts) intersect each other. For cg = 30, the particle initially located at r = r, at time
t = t, > 28.2843 will eventually reach the singularity (r = 0) at time t = ¢,, as depicted by the red line
in Figure 11. The particle will then depart from the singularity (r = 0), which is seen graphically by
Egs. (113) and (114).

0
-1000 f E
-2000 =
-3000 r B

— ft) = E(t) - 2+ ¢
-4000 - \ R .
glts) = Tty JJ:L’ (t% T )
-5000
28.2843
ts

Figure 9. y = 0.05, L = 1, tp = 0.1 and ¢g = 0.1: Blue Colour line for f(s) and Red colour line for
g(ts).
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Figure 10. 1 = 0.05, L = 1, tp = 0.1 and c¢g = 30: Blue Colour line for f(t;) and Red colour line for
8(ts).
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Figure 11. Time-like geodesics for r — tgE(t) — A — cg = 0: When u = 0.05, L = 1, ¢y = 0.1: Blue
Colour line for cg = 0.1 and Red colour line for cg = 30.

Again, if we consider a particle starts its journey from r = 7 in the path (115) at time ¢ = ¢, > %,
we have

cg =1, — toE(ty) — B(ty). (123)

In this path, the condition is % >0and 0 < E(tp) < %

_ t
cs <1y —Blhy) < 5 +cs, (124)

then the Egs. (115) and (116) transformed to

r—toE(t) — B(t) —rp + toE(tp) + B(ty) =0, (125)
D= %[—th(t) —rb+toE(tb)+B(tb)}, (126)
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thenatt =1t

=Dy = | —t, -1+ tOE(tb)] (127)

1
L

Once more, assuming it is possible, let us contemplate the scenario in which the particle moves
towards the singularity (r — 0) at time t = t; along the trajectory (115). Consequently, based on
equation (125), we may establish the following relation:

2u%t3 cg ts  2u? 21243
E(ty) — s + B == (2-°5)" 128
( s) 3tgL? + to to + 3tgL2 \?° ‘uz ) (128)
Once again, this equation is transcendental, meaning it can be analyzed numerically and in
243
pictures for any finite values of y and L. Now let f(t;) = E(ts) — gfo Lti + ‘;—3 and g(ts) = —f—; +

3

(2 — 2}%22) 2. Then the only possibility for a finite value f; if and only if f(t5) = g(ts).

To start with, let us consider y = 0.05 and L = 1 then ¢, > 28.2843. Let t;, = 28.3 Then, from (112),
B(t,) ~ —9.4767. Now if we consider ¢y = 0.1 then for cg = 0.1, r, ~ —9.3767 ®;, ~ —18.9233 and also
for cg = 30, 1, ~ 20.5233 and ¥, ~ —48.8233 by using (123) and (127). Figure 12 demonstrates that
when cg = 0.1, the Eq. (128) does not have a solution for t; because the curves y = f(ts) and y = g(t;)
do not cross. So for cg = 0.1, the particle which starts from r = r;, at time ¢ = t;, > 28.2843 but it will
never reach the singularity as shown in Figure 14 (blue line) using the Egs. (115) and (116). However,
Figure 13 shows that when cg = 30, Eq. (128) has a solution for t; since the curves y = f(t;) and
y = g(t;) intersect. For a value of cg equal to 30, the particle begins at r = r}, at a time t = t, greater
than 28.2843. It will eventually reach the singularity at ¥ = 0 at time ¢ = f;, as depicted by the red
line in Figure 14. The particle will then depart from the location » = 0, which can be determined from
Figure 14 using Egs. (115) and (116).

2;142
3tgL2

1000 .

-1000 | 1

Y

» -2000 | <

-3000 | _ vt . ]

-4000 r

-5000
28.2843

Figure 12. 4 = 0.05, L = 1, tp = 0.1 and ¢g = 0.1: Blue Colour line for f(t;) and Red colour line for
8(ts).
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Figure 13. 1 = 0.05, L = 1, tp = 0.1 and c¢g = 30: Blue Colour line for f(t;) and Red colour line for
g(ts).
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Figure 14. Time-like geodesics for r — tpE(t) — B — cg = 0: When p = 0.05, L = 1, ¢y = 0.1: Blue Colour
line for cg = 0.1 and Red colour line for cg = 30.

3.2.2. Null Geodesics for Case-II

Within this part, we have studied the characteristics of both radial (L = 0) and non-radial (L # 0)
null geodesics in the generalized K-essence Vaidya spacetime (13) with the specific mass function (97).

By tracing the radial null geodesic using the same reasoning as previously, we obtain the identical
value of r, as stated in Eq.(104). Continuing in a similar manner as before, we have:

2ut,

—toE(ta). (129)

Again, we able to calculate the time t = t; for a particle approaches to singularity r — 0, we
obtain

1—E(ta) ]
2E(t)[1 — E(ty)] — a1’

to

(130)

g:mm[
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To trace the characteristics of non-radial (L # 0) null geodesics for the given spacetime (13)
through the Eq. (35) we consider D > 2 = t > % (D = %). Similarly, we exclude the situation
when D = 2 due to the aforementioned rationale for non-radial time-like geodesics. Therefore, when
D > 2, the Eq. (35) can be written as

(= toE(t) = A(t) = o) (r— toE() = B(t) — ) = 0. (131)
where
A== R
= Al = %O(i)' (132)
and B(t) =t — 23”2;3 _ %(tz_ ]Iﬁ)%
— B(1) —2t—4§‘i§3 ?le(’)( ). (133)

The equation (131) indicates the existence of two non-radial null geodesics that may be followed
for any finite value of c9. Proceeding as before, we have

r = toE(t) + g—ﬁo(l) + o, (134)
with @& = %[ 3L2(9( ) —cﬂ, (135)
and r = tyE(t) + 2t — 45253 §}£20< ) + c9, (136)
with & = %[— 2 4 4;‘;3 gzzo( ) } (137)

Again, we consider a particle starts its journey from r = r, in the path (134) at time t = ¢, > %,
we get

Co = ra — toE(ta) — A(ta). (138)

For this scenario, the condition imposed on the particle trajectory is as follows:

_ t
o < ta— Alts) < 50 + o, (139)

since % >0and 0 < E(t,) < %
Hence, Egs. (134) and (135) becomes

r—toE(t) — A(t) — 1o + toE(ty) + A(t,) =0, (140)
D= %[—A(t) —ra—i—toE(ta)-I-A(ta)], (141)

thenatt =1,
D=, = %[— ro+ toE(ta)}. (142)

If it is achievable, let us assume that the particle travels along the path (134) and reaches the
singularity (r = 0) at time ¢ = t;. Then, from (140) we get
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2tCS’)

2u c ts  2u® s, L2\3
E(ts) — — = ——— s ——= ) . 143
( S) 3tgL? + to to  3tolL? ( s ) (143)

Again, it is also a transcendental equation and it can be analyzed numerically and graphically for

any finite value of u and L. As before, let f(ts) = E(ts) — gz}zg + %Z and g(t5) = —% — 3%;‘; (2 — ;LTi) %.
Then the only possibility for a finite value ¢, if and only if f(ts) = g(s).

To start with let us consider # = 0.01 and L = 3 then t, > 300. Let t, = 301 Then from (132),
A(ty) ~ 99.1025. Now if we consider t; = 0.1 then for cg = 0.1, r, &~ 99.2025 ®, ~ —33.0675 and
also for cg = 20, r; =~ 119.1025 and &, ~ —39.7008 by using (138) and (140). Figure 15 and Figure 16
shows that the for cg = 0.1 and c9 = 20, the Egs. (143) do not have solution for finite ts since the

the curves y = f(ts) and y = g(ts) does not intersect each other. From the Egs. (134) and (135), we

getr = toE(t) + %(’)(%) +cgand ® = 1] — %(’)(%) — ¢9| so that for large ¢, we have r — cg and
® — —2. So there is no way to trace any null geodesics for the non-zero value of cg like ¢ = 0.1
and ¢ = 20 as shown in Figure 17 using Eqgs. (140) and (141). But if we take c9 = 0, a particle starts
its journey from r, ~ 99.1025 and ®, ~ —33.0342, it finally plunges to the singularity as shown in

Figure 18.

«10%

2

glt) = —t — (ﬁ - ,L)

12

Figure 15. 4 = 0.01, L = 3, tp = 0.1 and ¢9 = 0.1: Blue Colour line for f(t;) and Red colour line for
g(ts).

«10*

Figure 16. 1 = 0.01, L = 3, ty) = 0.1 and ¢9 = 20: Blue Colour line for f(t;) and Red colour line for
8(ts).
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=10

. -20
¥ b d

Figure 17. Null geodesics for r — tgE(t) — A — cg = 0: When u = 0.01, L = 3, tg = 0.1: Blue Colour
line for cg = 0.1 and Red colour line for c¢g = 20.

c=0

Figure 18. Null geodesics for r — tgE(t) — A — cg = 0: When u = 0.01, L = 3, tg = 0.1: Blue Colour
line for ¢g = 0.

Similar to the previous example, if we look at a particle that begins its journey from r = r;, in the
path described in Eq. (136) at time t = ¢, > %, we obtain the following relations with the same type of
meaning from the Egs. (136), (137) and (133):

co =1y — toE(ty) — B(ty), (144)

c9 <1y Blty) < 2+, (145)

r—toE(t) — B(t) — rp + toE(ty) + B(ty) =0, (146)

® = %[—B(t) iy t0E(ts) + B(1)], (147)

D= = %[— rp+ toE(tb)], (148)
;

- g )

Again, as before, Eq. (149) is a transcendental equation, so it can be analyzed numerically and

243
graphically for any finite value of u and L. Now let f(ts) = E(ts5) — ;Z)Lt; + % and g(ts) = —% +
3
3%;122 (2 — %) 2. Then the only possibility for a finite value ; if and only if f(t5) = g(ts).
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To start with let us consider ¢ = 0.05 and L = 1 then t;, > 20. Let t;, = 21, then from (133), B(t,) =~ 5.1275.
Now if we consider tg = 0.1 then for c¢ = 0.1, 1, ~ 5.2275 &, ~ —5.2275 and also for cg = 20,
1y /2 25.1275 and @}, ~ —25.1275 by using (136) and (137). Figure 19 shows that for cg = 0.1, the Eq. (149)
has a solution for ¢ since the the curves y = f(t5) and y = g(¢,) intersect each other. Also Figure 20 shows
that for cg = 20, the Eq. (149) has a solution for s since the curves y = f(ts) and y = g(ts) intersect each
other. So for cg = 0.1 and cg = 20, the particle which starts from r = r;, at time ¢ = t;, > 20 and it will reach
the singularity (r = 0) at t = ts as shown in Figure 21 using Egs. (136) and (137).

3000

2000 -
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2242 ¢

2000 F | T f(t:) = Bt) — 508 + §

-3000 gty =~ + 2 (- 5

-4000
20
t.s

Figure 19. 1 = 0.05, L = 1, tp = 0.1 and c9 = 0.1: Blue Colour line for f(t;) and Red colour line for g(t;).
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Figure 20. 1 = 0.05, L = 1, fp = 0.1 and c9 = 20: Blue Colour line for f(t;) and Red colour line for g(ts).
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Figure 21. Null geodesics for r — tgE(t) — B — cg = 0: When u = 0.05, L = 1, 5 = 0.1: Blue Colour line
for cg = 0.1 and Red colour line for ¢y = 20.
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4. Discussion and Conclusion

In the present investigation we have traced time-like geodesics and null geodesics for two different
K-essence Vaidya Mass functions M (t,7) = M + %6_% and M(t,r) = ut + %e_% on equatorial plane
0= % by using Euler-Lagrange equations. For both the cases, we observe that M (t, r) can be written
in terms of energy E(t). We have noticed that for the radial time-like and radial null geodesics for
both the K-essence Vaidya masses, a particle having zero angular momentum (L) starting from a finite
distance takes a finite time to reach the singularity. For the first K-essence Vaidya mass function, there
are two types of families for the time-like case that can be traced one for M = /2L and the other for
M > /2L and similarly for the null case one for M = L and the other for M > L. But a bit of difference
we observed for the second K-essence Vaidya mass function. There does exist only one type of family
for the time-like case when yt > /2L and for the null case ut > L. For all the above-mentioned cases,
for different finite value of arbitrary constants ¢, we have traced different kinds of orbits for both the
generalized K-essence Vaidya mass function and the conclusions as follows:

Based on Figure 1, it may be inferred that a future observer will observe the particle approaching
to the singularity within a finite amount of time, as previously stated. According to Figures 2 — 4 it is
evident that a future observer can watch the particle reaching at the singularity within a finite period
and thereafter departing from it. Based on the information provided in Figures 1 — 4, for non-radial
time-like geodesics of the generalized K-essence Vaidya spacetime (13) with the first mass function (17)
or (27), it can be inferred that there is a worry with the presence of a central singularity (where both r
and f approach to 0). It is evident that the central singularity in the generalized Vaidya spacetime is
defined by the limits r — 0 and t — 0, as shown in [21,29,31,32,37]. However, based on our analysis
of the given data presented in Figures 1 — 4, we may conclude that when r approaches zero, ¢t does
not tend to zero. This phenomenon is also observed in the non-radial null geodesics with the same
mass function but with varying finite time for different situations, as depicted in Figures 5 — 8. These
phenomena can be explained as follows: a future observer is expected to see the particle approaching
to the singularity and then moving away from it for a limited period of time (51) or (62) or (67)
(non-radial time-like geodesic) and (80) or (95) or (96) (non-radial null geodesic) in different situations.
This observation could potentially indicate the presence of a wormhole during the extreme stages
of spacetime, specifically the black hole and white hole, similar to the concept of the Einstein-Rosen
bridge [76-87]. Regarding particles, it is clear that their signature is changed by the singularity.
In this interesting scenario, it seems that the presence of a wormhole allows for the possibility of
gravitational collapse resulting in either a naked singularity or a black hole and a white hole in the
generalized K-essence Vaidya spacetime with the given mass function (27). Based on the analysis of
collapsing scenarios in the generalized Vaidya spacetime, it has been established that there can be
either a naked singularity or a black hole [29,37]. This is supported by the potential presence of a
dynamical horizon, as discussed in [88-91]. On the other hand, Vertogradov [34] has also addressed
the issue and showed the presence of naked singularities as well as white holes within the framework
of the usual generalized Vaidya spacetime in a different setting. However, in our case, the results are a
bit different as we have already mentioned that there is the possibility of either a naked singularity
or a black hole and a white hole. If we look at all the aforementioned figures with a closer view then
it actually reveals the presence of a wormhole situation also in between the black hole and white
hole scenarios. But here the conditions being extremal (» — 0 and t # 0) we have a membrane-type
wormbhole instead of a tunnel as has been usually suggested. Alternatively, the previous explanation
can also be elucidated as follows: Given that the particle reaches the point at r = 0 and then escapes
from there within a certain period, it may be possible that a quantum tunneling event occurs at the
vicinity of the central singularity. Since there is a finite time at the typical singular region at r = 0, it
follows that there is likewise a finite probability of escaping the region at r = 0. We also have a finite
time (43) and (73) to approach the singularity for a particle for the radial time-like and null geodesic
situations.
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On the other hand, we have the characteristics of the radial and non-radial time-like or null
geodesics structures for the case of the second mass function (97). Through an analysis of the
radial properties of the time-like and null geodesics, we have determined that the particle ultimately
approaches the singularity at * = 0 within a limited amount of time, as shown by Egs. (108) and (130)
respectively. To investigate the non-radial geodesics of the specified spacetime (13) with the mass
function (97), we have not found a finite expression for time for a particle to reach the singularity
at r = 0. However, we have obtained a transcendental equation for different possibilities, namely
Egs. (122) or (127) for time-like geodesics and Eqs. (143) or (149) for null geodesics. But from
these transcendental equations, we have analyzed the non-radial time-like or null geodesics through
numerical and graphical analysis. Based on the Figures 9 — 14, our investigation of non-radial time-like
geodesics reveals that when cg = 0.1, the particle is unable to reach at the singularity at r = 0 (blue
line). This phenomenon may be explained as follows: The presence of a black hole singularity with an
event horizon might result in the spectator being unable to perceive the particle’s journey towards
the singularity. Based on the aforementioned figures (red line), it has been observed that when the
constant cg is set to 30, the particle approaches to the singularity at » = 0 after a finite amount of time
and subsequently moves away from it. Here, we also see the occurrence of a wormhole-like physical
phenomenon or quantum tunneling effect near the singularity at » = 0.

Regarding the non-radial null geodesic characteristics of the aforementioned spacetime and mass
function (97), we note that the transcendental Eqgs. (143) and (149) exhibit the same kind of solutions as
Eq. (131). In this situation also, we are yet unable to determine the expression for the time it takes to
reach the singularity at r = 0. After solving the transcendental equations using numerical analysis,
we find the graphical solutions through the following figures, i.e. Figure 15, Figure 16, Figure 17,
Figure 18, Figure 19, Figure 20 and Figure 21. From Figure 17, we have not found any tracing of the
non-radial null geodesic structure for two choices of the constants viz. cg = 0.1 and c9 = 20 though
available for the choice of cg = 0, from Figures 19 — 18. No traces of the non-radial null geodesic
structure were noticed in the Figure 17 for two different values of the constants, namely cg = 0.1 and
cg = 20. However, by setting cg = 0, as seen in Figure 18, it is evident that the particle originates
from a specific location and ultimately drops into the singularity. Alternatively, we have explored an
additional solution to Eq. (131) and its associated Eq. (149). We have analyzed the non-radial null
geodesic structure and depicted it in Figure 21. In this scenario, we note that for two specific values
of the constants, namely cg = 0.1 and ¢ = 20, the particle begins its trip from a fixed position and
eventually reaches the singularity within a limited amount of time. After reaching at the singularity,
the particle then escapes from it. This once again indicates the presence of a wormhole or the quantum
tunneling effect.

Therefore, under the aforementioned discussion, we can conclude that in our specific model, we
have investigated the existence of a wormhole during the extreme stages of spacetime, specifically the
black hole and white hole, similar to the concept of the Einstein-Rosen bridge or quantum tunneling
effect near the central singularity. This investigation was carried out in the comoving frame for the
generalized K-essence Vaidya spacetime using two types of K-essence Vaidya mass functions. It is
possible to argue that extra interactions between the K-essence scalar field and the usual gravity are
the cause of this occurrence.

Moreover, based on the investigation of the present work, especially observations on the Figures 2
— 4, one may raise the issue of the black holes and baby universes [93] that whether there is any
possibilities of such situations under the generalized K-essence Vaidya spacetime. This obviously
draws special attention and can be considered as a potential topic in the near future.
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