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Abstract: We establish a new Gagliardo-Nirenberg inequality characterized by radial symmetry and
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1. Introduction

Consider the Cauchy problem associated to the fractional NLS, posed on R? with d > 2:

{iatu — (=AY u— |x|7|ulT2u = f(x,u), (tx)€RxRY, @

u(0,x) = up(x),

here § > 0 and -y are nonlinear parameters, the fractional Laplacian is defined, via Fourier transform,
by ((fA?u) (&) = (27¢)%ii(E), provided s < 4, u = u(t,x) : R x R? — C, up(x) is an initial data
assumed to be in some function space and f(x, u) denotes a general nonlinearity. The stationary points
of the above evolution equation satisfy the following non-linear fractional Laplacian equation.

(=AY u A+ |x[ 7 ulTu = f(x,u). 2
We consider the nonlinearities of type

4s

p— ﬁ N
flx,u) = |u(x)[Pu(x), for 0<p< T2 ©)]
e P2y d
B u(x)|P~2u(x)|u(y +a
f(x,u)—/Rd iy for 0<p< T 0<e<d )

A substantial body of literature exists regarding the radial symmetry of solutions to elliptic equations
of type (2), with the research tradition dating back to the seminal work [4]. As a result, it is not
feasible to provide an exhaustive list of works in this context. We concentrate our attention on [3], [7]
and [14], addressing the references therein for a comprehensive overview of the topics. In [3], it is
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investigated the phenomenon of symmetry breaking for (2) with nonlinearity of type (3) and compact
embedding theorems for Sobolev-type spaces involving radial functions with polynomial-weight are
established. In [7] is demonstrated the existence of radial ground states of (2) in the case (3) with g4 = 2
and v = 1. Finally in [14], a set of embeddings for the fractional space in the presence of a radial
potential is proved by using Lions-type theorems using a refined Sobolev inequality with the Morrey
norm. Subsequently, they utilize the results obtained to inspect the existence of ground state solutions
for (2) in the case (3) with ¢ = 2 and y # 0. Motivated by that, we generalize the above outcomes
extending the range of the parameters p, q, ¥ and s associated to the corresponding embeddings for
function spaces. In addition, we improve the Gagliardo-Nirenberg type inequalities with symmetry
related to (2), generalizing them to the non-local frame and, as a direct consequence, we shed lights on
the extremals of the corresponding minimization problems (see various Remarks 1.1,1.2,1.3, 1.4, 1.5,
4.1 and 6.1 for a complete overview of the details). Before stating our main results, we introduce some
notations. We say that a function u is rapidly decreasing, that is u € S(R?) with

S(RY) = {u € C*(R) : x"‘D/gu(x)‘ < —l—oo},

xeR4

for all multi-indices «, 8 € N. The Sobolev space H*(R?) is the space of tempered distributions S’ (R%)

with L} C(]Rd) Fourier transform endowed with the norm

10 ey = [, 16 10(2) Pt

We recall also that the fractional Laplacian, for 0 < s < 1, can be defined by

(-ayut) = ¢, [ MY,

vyt

with C; ; a normalization constant (see [1], [10] and [11]). Thus, in this regime, we have

u() = ul)P 5
12 Rd ’ /Rd /Rd |x_y|d+25 xay. ( )

We denote by Li (R?) the weighted Lebesgue space with the norm as

N\m

[eF:

S(RY) = H(_

0l ey = [, e
L1 (R4) RY |x|7
Moreover, we introduce also

sq’Y(Rd) HS(R%QLZ (Rd),

rad

with the norm

e Ay
In addition, let FI'/" (R?) be the set of radial functions in H*#"7 (R?). We start with the following

Theorem 1.1 (Continuous Embedding I). Let d > 2 and % <s< % and g > 1. Then we have that

HY(RY) — LP(RY), (6)
with
s 1 d—2s
pe [ps,'yfps]r 5 > 2d—2')/ (7)
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or
peirin) ¢ <55 @
where
Pay =+ 25((;2—5 1_)1—)(1(;_52—)?)7' e i= d illes ©)
and
ve (o2E=D), "
In addition,
Theorem 1.2 (Compact Embedding I). Letd > 2, % <s < % and q > 1. Then we have that
HY(RY) sy LP(RY), (11)

forp # p;‘ﬁ and p # p¥, where p;‘ﬁ, ps, qasin (7) or (8), with p;‘,,y, ps defined as in (9) and 0 < v < d as in
(10).

Remark 1.1. The embeddings (6) and (11) in the case (7) were available in [3], we improved here the lower
bound of the range of admissibility for p. The embeddings in the case (8) were given in [14] with q = 2, we
extended them to q > 1.

We prove also

Theorem 1.3 (Continuous Embedding II). Letd > 2and 0 < s < % and q > 1. Then we have that

HAY(RT) < LP(RY), (12)
1 d—2s
* * -
p € [ps, pils 7 2= (13)
or
- 1 1 d—2s
With also
Theorem 1.4 (Compact Embedding II). Letd > 2,0 < s < %, 0 <y <dandq > 1such that
g>2- d%. (15)
Then we have that
H:;‘;’W(Rd) <y LP(RY), (16)

for p # ps and p # p3, where p3 ., p3, g as in (7), (8) or (13), (14), with pg,,, ps defined as in (9).

Remark 1.2. The embeddings (12) and (16) in the case (7) were obtained in [14] with q = 2, we generalized
them to q > 1. Let us underline that Theorem 1.4 is new in the literature and breaks down the dichotomy s > %
and s < % In addition, we bypass the application of Proposition 2.5 which is mandatory to achieve the crucial
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equicontinuity property in order to apply the method appearing in [3] and [12]. This property, which is based on
the representations of a radial function with Fourier transform in Lllo C(Rd ) by means of the Jost functions (see

[13]), relies on the fact that s > 1 (see the proof of Lemma 4.1 in [3]). We pay only the extra restriction (15).
Howewver, it perfectly handles the embedding in the case (7) of the work [3] and extend sit to the case (8).

Finally,

Theorem 1.5. Letd > 2, % <s< % and1 < gq,p < oo, —oo < ¢ < 0. Then we have that:

HT(RY) < LP(RY), (17)
with
. s 1 d—2s
p € [ps sl 7 > 2+ 2] (18)
or
1 d—2s

p € (ps Pyl lv| <d(q—p)- (19)

— < _—,
g 2d+2|y|

Moreover the embedding is compact for p # p3 . and p # p3 with p3 ., p5 defined as in (9).

Remark 1.3. The compact embedding (17) in the case (18) was available in [3], we extended also here the lower
bound of the range of admissibility for p. The compact embedding in the case (19) was proven in [14] with q = 2.
We improved it to q > 1.

As a consequence of the above results we get

Theorem 1.6. Let d > 2,0 < s < %, —d(g—1) < v <d,1 <q,p < co. There exists a constant
C =C(d,s,v,q,p) > 0such that the scaling-invariant inequality

2d—p(d—2s)

2p(d—7)—2dg 7 By e o
242y —q(d=2s) |u(x) |7 2d=2y-4(d-2)
[ s < el ™ (f, 2 0)
holds for all functions u € H '\ (RY) if
€ [t pl] 1 S d—2s
p Ps,’y/ Psls q 2d*2’)”
c ( * ok ] s> 1 1 < ﬂ
p pSIps,'y/ 2' q 2d—2’)’,
so that (8) or (19) are fulfilled and with the extra condition,
2s(d—1)
© <0' 251)
Furthermore, the inequality (20) remains valid if
€ [ptpi)] sct L g 1 dz2s
PelPsibsal 825 5 g " 2429

with vy > 0 and p; ., p5 defined as in (9).

as well as
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Corollary 1.1. Letd > 2,0 <s < %, —d(g—1) <vy<d,1<¢q,p<ooand0 < a < d. There exists a
constant C = C(d,s,y,q,p) > 0 such that the scaling-invariant inequality

2(d4a)—2p(d—2s)

(d+a) [ LA A Ll
|lu(x)|P|u(y)|? dpld—y) -2 ta) 21) ﬂ %) lu(x)|7 702d—27—q(d—25))
//RW iy < Cllulg g /Rd e 1)

holds for all functions u € H "m(Rd) if

—_

. « d—2s
P € [Ps,a,’yrps]r - > 2d_2')/l

q
1 1 d—2s

Pelpewpianl >3 o <gy— (Wl<dlg=p)y<0)

c (o201

Furthermore, the inequality (21) remains valid if v > 0,

are fulfilled with the extra condition,

1 1 d—2s
S—s<-<

* *
< D ——
pElPwPiasl s<5 3 g "~ 2d—2y

NI~

Remark 1.4. The inequality (20) in the cases (7) and (18) was available in [3] (and seminally in [7], for g = 2
and v = 1), we improved the lower bound of the domain of admissibility for p. Moreover, we extended it in the
ranges given in (8) and (19), respectively. The inequality (21) appears for the first time in the literature.

Let us introduce now the Weinstein-type functionals

2d—(p+2)(d—2s)

YRR (1 u(lr2 T
|| ||Hs Rd) fRd ¥ dx
WP%S/’Y (u) |x| (22)
1 fRd |u| P24y
and
45311 ij) qZZ(d;a) |q+2 %
|| ||H5(Rd) fRd | |7 dx
WPASA (1) = (23)

s 1 iy

Finally, by concentration-compactness arguments, we are in position to show also

Theorem 1.7. Let % <s<1lp,<p< d%—dzs, with pg,, g and 7y as in Theorem 1.6. Then, there exists a
function u € H:;T(Rd) such that WV (u) = m with m > 0 and so that

m= mf{wf'q's”( w)u £ 0,u € H 'W(Rd)}

rad
Analogously, it is possible to prove the following

Corollary 1.2. Let 1 <s <L piay, <pP< g*g , With p3 g ., q, « and vy as in Corollary 1.1. Then, there

exists a function u € H rZZiW(Rd) such that WYV (u) = m with m > 0 and so that

rad

m= inf{wg"q's'“"*( w);u #0,u € HW(Rd)}
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Remark 1.5. Theorems 1.7 and Corollary 1.2 are new in the literature.

Outline of the paper. After introducing some preliminaries and auxiliary results in Section 2,
through Section 3 we prove, in Theorem 1.1 and Theorem 1.3, the continuous embedding of the
function spaces H/7 (R) into the Lebesgue spaces L (RY). The principal target of Section 4 is to
unveil that the previous embeddings are compact. This is done in Theorem 1.2, Theorem 1.4 and
Theorem 1.5. We underline that in Theorem 1.4 we introduce a new method to prove the compactness
of the embedding of /" (R) into LP(R?). This approach allows us to handle both s > 1 and
s < % avoiding the use of Proposition 2.5. In Section 5 we give the proof of the Gagliardo-Nirenberg
inequalities (20) and (21). Finally, in Section 6, we prove Theorem 1.7 and Corollary 1.2 and thus the

existence of positive radial solutions in H:;Ziv (R%) for (2).

2. Preliminaries

In this section, we collect some notations as well as several useful results. We define Bz (0) =
{x € R¥||x| < R}. Letbe aset E C O C RY, we denote by E¢ = O\ E the complement of E in Q. For
any two positive real numbers a, b, we write a < b (resp. a 2 b) to denote a < Cb (resp. Ca > b), with
C > 0, disclosing the constant only when it is essential. For what it concerns compactness, we have
(see [17]):

Proposition 2.1 (Riesz-Kolmogorov). Let Q) be an open subset of R, 1 < p < oo, and let S C LP(Q) be
such that

1. sup,eq [[ullprq) < oo
2. for every € > 0, there exists compact K C Q) such that sup,,c - [ [u|Pdx < €F;

3. for every compact K C Q,limy_o sup,, e [[u(- +y) = u(-)||ppx) =0

Then K is precompact in LP (Q)).
We need the following generalization of Strauss Lemma (see [3], Theorem 3.1):
Proposition 2.2. Letd > 2,5 > %, qg>1,and
—dg—-1) <7< @d-1).

Then

n 1=y
el < Cllll oy 12l g (24)

forany u € H'T(RY), where

rad

2s(d—1) —(2s— 1)y 2

2s—1)g+2 ~ T7(2s—1g+2

Notice that a particular case of the previous (24) is the inequality

d—2s
sup [x]F ()| S 1l ey 25)
|x]>0

valid for all u € Hfud(Rd). We have also (see [1], [3] and [15])

Proposition 2.3. Letd > 2and 0 < s < d/2. Then

</]Rd \u(x)|r|x|*l3r dx> ' < CH”HHS(Rd)' (26)
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forany u € H? (R%), where r > 2 and

rad

1 1 d 1 B-—s

— — _— = < — —_ = — .

(d 1)<2 r>_‘8<r' >t (27)
A particular case of the above inequality (26) is the following estimate contained in [1].

Proposition 2.4. Assumed > 2,0 <s < 1/2and % —s< < % — %. Then for R > 0, the inequality

1
P

Pdx < CRP(3-9) ||| , 28
NGRS - @8)

with C = C(d, s, p) > 0, if fulfilled for any u € HS,,(R?).

The following result is about the local Holder continuity property of functions in Hj[z? (R%) (see

E1)

Proposition 2.5. Let B (0), with R > 0and s > }. Then the continuous representation of u € H:;L’V(Rd ) is
Holder continuous in B%(0), and moreover there exists a constant C > 0 such that

2q5s—q
| (x1) —u (x2)] < Cloer = x| P77 [ful| goan o (29)
Moreover (see [17])

Proposition 2.6. Let 1 < p < oo, and let uj, j € N, be a sequence weakly convergent to u in LP(Q)), with
Q C R, Then uj € LP(Q) is bounded and

[ullLrq) < jlijf}o il oy -
Let us recall the following generalized Leibnitz fractional rule (see [6]).

Proposition 2.7. Suppose 1 < p < 00,5 > 0and

withi =1,2,1 < ¢1 < 00,1 < Uy < co. Then

(—A)3g

8209 gy = € (=21, el oy + 151 ) OO

LY(R4
where the constants C > 0 depend on all of the parameters above but not on f and g.

We have the following Hardy-Littlewood- Sobolev inequality (see Lemma 2.4 in [8]):

Proposition 2.8. For 0 < o < d and p > 1, there exists a sharp constant C = C(d, p,«) > 0 such that

[l s u @y

< Cllul  aay, (31)
L1(R4)

1 _1 o d
whereﬁ—?—aandp<g.

and the Hausdorff-Young inequality (see for example [5])
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Proposition 2.9. Assume that f in LP (R?) we have then
“fHU’/(]Rd) < ||f”LV(Rd)/ (32)
withl <p <2

The next tool is a Brezis-Lieb lemma for the nonlocal term (see Theorem in [9]).

Lemma 2.1. Letd>10<1x<d1<p<d
uj — u almost everywhere on RY as j — oo, then

]lgg </Rd <|x|”"d* |uj|p> |uj|pdx—/Rd ((|x|""”l* |uj—u|p> |u]-—u’pdx>

=L (|x|“’d* |u|r’) |u|Pdx. (33)

~s and uj, j € N, be a bounded sequence in Ld+a (RY). If

3. Embedding in function spaces: continuity

We provide the proof of the Theorems 1.1 and 1.3. We start with

Proof of Theorem 1.1. Let us choose R > 0, we shall estimate the L¥ norm of u € H " ’q’ separately in
Bg(0) and in B (0), respectively. Since p < 7 2 -, in BR(0) we have, by using the Sobolev embedding

[ uPax s REPED < REPED u)) 4
Br(0) LP(

s Rd)

R)

To handle the estimate in B} (0) we follow the lines of the one given in [3] by using now the inequality
(24). More precisely, we have

Pdx < d
/;(0) ulx)fdx < sup <| wEollr ,,) /52(0) i

[x|>R
A=) (p—q)
R Ju(x)|7 7 Ju(x)|7
< lulzan () dx /. dx
HE) Rt [x]7 Br(0) ||
e 1\ S
< up @ o ([ G A EeE (35)
HS ]Rd) Rd |x|'y

Note that, in order to apply (24), one needs that

T - C2s(d—1—7)+7

—q_g_ (2s—1)g+2 '

(36)

25:22!. We shall look now at the embedding (6) in the case

which is fulfilled since g < p; ., < pand g <
(8). On B%(0),

(d—ZZS) P /
L=(55(0)) /Bx(0)

Ju(x) FED g 4D

x|~

[, u@Pdx s

?(0)

doi:10.20944/preprints202311.0297.v1
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by an application of the Holder inequality together with (25). To achieve a bound in B (0), we observe
that p; < g < p;, duetoq > 2d 27 and hence we can assume that g < p < p; . Then we get

p—q u(x)1
[P < o M0,
B (0) L= (Br(0)) JBg(0) ||
2(p—q) @s=1)(p=q) 4
L (ol B
S . @8)

Bear in mind that in this framework, to apply the inequality (24), we need the elementary bound

T
|x|P=7 < |x|7, for |x| < 1, which is guaranteed if

v >a:25(d_1_7)+7.

—q = (2s—1)g+2

(39)

This completes the proof. [
Our next target is the following.

Proof of Theorem 1.3. Let it be R > 0, we will control the L” norm ofue H rod 7in Bg(0) in the same
way that we did in the proof of Theorem 1.1 because of p < d . The estimate in B} (0) can be handled
by using now the inequality (26). In fact we achieve, by selectlng q < ps, < p < rand by a direct
application of the Holder inequality,

r—q r-p
r— r=q q —q
Jo oty < ([ e ) ([ )
B5(0) B4 (0) By (0) x|
O @,
< AN A . (40)
“‘</,a<o>|u(x>| o dx) </Rd || dx)
r-p
r—q

= u@)|7 N7
r—q
5 HuHHs(Rd) (/l‘{d |X|7 dx ’

where in the second line of the above inequality we applied (26), with r and B solution of the system

1_1 p—s r—p_B

r 2 d '’ p—q
that is
20p=dlp—4q)) = 5_ 1702d=p{d=2)) (41)
—(d=2s)(p—9q)° 2 yp—dp—9q) '
2d—-2y

because of the relations (27). It is easy to see that f < 0 because g < Z—5." and p < ;=5;. In addition,
we require also that
1y(2d—p(d—2s))  1—-dy(p—2)—25(p—q)
2 yp—dlp—q) — 2 ap—dlp—9q)
due to the second of the conditions in (41), which is satisfied when p > p; . Notice that we can rewrite

, (42)

2 n (2s(d—1)((1 —2s)qg—2) s 4 1
1-2s  (1—2s)(2s(d—1)+y(1—2s))’ 2

Psy = (43)
qd—1) +2y 1

d—1
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Let us examine now the case

(1—2s)(2d —27)
d—2s

<(1-25)g<2, q<p<ps, (44)

In this reglme we bound the L” norm of u € H, a‘y in B%(0) by using the inequality (28), because of

p > 775;. For what it concerns the region B (0), we will argue exactly as in (40), that is

=
<

<
S

r— r— q r—q
Py < . wf”d) q< lu(x)] d)
/BR<0>|M| T </BR(0) u(R [T dx /BR<0> xpr

e\
r—q
5 ||u||HS(Rd) (/I‘Rd |x|r)/ dx 7

<[

by taking notice now that 8 < 0 since g > Zd 27 and that the second of the conditions in (41) is fulfilled
if one has
17v(2d—p(d—=2s)) _1-dy(p—2)—2s(p—q)
2 yp—dlp—q) — 2 ap—dlp—q)
which means
1,2(@d-1)+9(1-25) 1
p 2gs(d = 1) + 2y Piy

The proof is then completed. [

4. Embedding in function spaces: compactness

This section is divided into two parts. The first concerns the compactness results for functions in
H*(R?), with s > % The second is devoted to shed lights on the compact embeddings for s < %

4.1. Compactness: higher reqularity.

Let us focus now on the proof of the compactness results given in Theorem 1.2 and in Theorem
1.5. To show compactness, we will follow the classical argument introduced in [12] and lately extended
in [3], with some refinements. More precisely

Proof of Theorem 1.2. Observe that the space H%77(RY) is reflexive, then it suffices to show that
every given sequence u; converging weakly to 0in H "W(Rd) converges strongly in LP(RY), that is
Hu] HU, ®d) 0. Given ¢ > 0, we split R? in three parts and thus:

— p P p
= uj(x dx+/ uj(x dx+/ uj(x)|" dx, 45
ol = [l s [P [ ) (5)
where R = R(e) will be chosen later. Assume now that conditions (8) are satisfied. We have, arguing
as in the proof of (37),
P d— E—S) €
wj(x)|P dx < CRTP(55) < 2, 46
for R > Ry (g), given that p > =5-. We have also, by using the inequality (24),

| () .
/\xI<R*1 iu]-(x)|pdx N /\x|<R71 |]x|”f |u]-(x)|p ! |x|Vdx

L RNL
< C/ Mupw(pﬂa)dx < CRv(pfq)fv/ de < CROP=0)=7 < f, (47)
x|<r-1 [x]7 RY|x]7 3
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for R > Ry(e) and v > o(p — q) which is fulfilled for p < pJ., onceq > 2;__2257. Finally, by choosing R =

max {R1(¢), Ry(¢) }, we observe that according to the Holder continuity property (29) of Proposition,
we have

. P ‘ o
/RSIJC\SR*1 (¢ +y) = 5] dxs/zzs\xlngl‘”J(x“Ly) uj(x)|" dx

<, |I” / P* dx,
< ”HHffd”(Rd) R<|x|<R-1 |

with y € RY and
a5 —14
s +2—¢q

By Proposition 2.1, the sequence u;, j € N, admits a subsequence u;, which converges almost
everywhere to 0 on the compact set

[xer!R<|x| <R

By taking j € N large enough one obtains
()| dx < <. 48
S GOV < 5 s)

Thus, by (46), (47) and the above inequality, we work out ||u | iy = 0forpl <p <pi, asj— co.
The case depicted in (7), can be handled in a similar way as in [3], with the following difference that

we argue as in the proof of (34) and exploit the bound,
()P dx < CRA(E-1)1
uj(x)|P dx < CRP\z74)77, (49)
|x|<R-1

if one uses again (45). The proof is now completed.
O

4.2. Compactness: unified approach.

In this section, inspired by [1], we present a method to show compactness having as main scope to
treat in a unified manner both the cases of functions with low and high regularity. Let us consider now

Proof of Theorem 1.4. We select ¢ € S(R?), by the fractional Leibniz rule (30) and Sobolev embedding
, we obtain

2 [l 20 (50)
[ d+2s (Rd) [d—2s (Rd)

|(=8)2gu

) |(—a)tu

» gy 19l + [ (-2) 2]

S loullgsay S ull oo gay, (51)

where the last inequality is provided by Theorem 1.3. For all R > 0, we pick a smooth ¢(x) such that
¢(x) =1in Bg(0) and ¢(x) = 0in B;(0). Let us set gu;, with u,, n € N being a bounded sequence
in H:;{;’W(Rd). Furthermore one has that ¢u; is bounded also in H*(RY) because the continuous
embedding Hi’zz’w(Rd) < H*(R%) which is a consequence Theorem 1.3. In fact, if § < Poy <P <Ppi

with g < 2

5:223 as in (15), one can see that

. ((2s —1)g+2)7
P =% 25— 1) — (25— 1)y

> 2,

while the case (44), with p > py is straightforward. This bears to the fact that pu; converges weakly
to some w in L?(R?) with support still in B,z(0). Notice that we have also that @ € L®(R“). By
application of the Plancharel’s identity we achieve

doi:10.20944/preprints202311.0297.v1
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lowj = @]l 2 ey < @ = @l| 25,0y + 1085 = 250 ) 2
for any R > 0. Then
N 1
H‘P”J’ - wHLZ(Ba(o)) < RS HW‘J' - w} Hs(Rd) 1 (53)

which means that the quantity ¢u;(&) — @(¢) is uniformly small if |¢] is sufficiently large. In addition,
if one observes that
lim (pu; — w, ¢ §>L2(R2) = lim (gu; — @) =0,

n—o0 n—oo

by the definition of Fourier transform and of the weak convergence in L?(R%), we have @u;j(¢) tends
to @ (&) almost everywhere as j — co. By (52), (53) and Holder’s inequality we have

[T 1
[ puj — UHLl(BR(o)) S louj - wHLZ(Rd) S R g - wHLD"(Rd) Tz | puj — wHHS(Rd) (54)

for a suitable R > 0. Additionally, by an application of Young-Hausdorff inequality (32) and again
Holder’s inequality, we see that

195 = @l o oy < 087 = 0l 15,001y S R N0t = 2l 205, 0 S RE N9 =0l ppsgrey - 59

The bounds (54) (55) allow us to acquire the uniform estimate

1
mE) T R [ puj — w”Hs(Rd) S llouj - w”Hj;g”(Rd) - (50)

ey
lpu — UHLl(BR(O)) S (RR)? |[guj — o

By an use of Lebesgue’s dominated convergence theorem we have that u; converges to u in the
L' (Bz(0)) and thus almost everywhere, once j — oco. This shows that H /" (R?) is compactly
embedded in L}

loc (R%). To deal with the general case we shall use a continuity argument in conjunction

with a perturbation argument. Namely, if 0 < s < %, q < ps, <p<pswithg < 2;:2257 enjoying (15),
we note that the constraint (42) is fulfilled with the strict inequality. We pick a y(¢) = v +¢, withe > 0,

that gives rise to a new set of parameters (p,q, y(e), p:,y(g), B(e),r(e)). We have that

im(pL, . B(6), 7(6)) = (P, Bo1)-

e—0

By (43), one can readily see that p:7 () approaches to p; , since is a decreasing function of e. Moreover,

by (41), we earn
d—p(d—28)< d(p —q) )
e)=— P2 (4
pe) P v(e)p —d(p—q)
and that B(¢) /‘ ,B < 0, r(e) Ny rase — 0. In conclusion, we can choose ¢ suitably small that still
ensures g < zd 55+ P > P, and that one can proceed as for (40) and deduce by Holder inequality the
following

ey | e PRCE
e < ([ ol ) ([ ) T
B (0) By (0) [x[rFe

P—q
L P OB g ) O ()T )
S (/B%(O) Ju(x)["| x| dx /Rd o dx (57)

R re)—q
P q q r(e)—
< 1 ” ” ) (/ [u(x)] dx) ()q.
e (e o o

/BC (0)

R

=
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Lets > 1. Selecting again y(e) = - + ¢, we can see that if ¢ is small enough so that g < 24 2;( 9 so the
inequality
1) _ ey BE=D =1 -1) -
p—q (2s—1)g+2
is still valid. We get then, similarly for (35),
[ o luPax < sup (Juta)1x1 9 ) o
2(0) |x|>R
|| || 25 lq+2 (/ |u(x)| ) /
Hs(R4) RY ’x‘? R(O x
(2s—-1)(p— '7)+1
11+2 |u(x)|q (2s—1)g+2
|| ”Hs ]Rd </Rd |X|7 dx ’ (59)

where in the second inequality we used that o(¢) * o for e — 0, with o'(¢) as in (58) and |x|7(8) < |x|”
for |x| > R > 1. In the case (44), p > p¥ instead we recall that we have, by (28),

1
Py < — = P
Jogo OO S oy g 0
for0 <s < % and, by (37), one can write the similar inequality

[ o P CREPE Nl &

HYT(RA)”
when s > % The previous (57), (58), (60), and (61) give that

I , . — 0,
Rﬂoiglg il v (5, 0))

with p > 1. The proof of the theorem follows by interpolation with the case p = 1 and by the above
embedding H ’{m(]Rd) LI (RY). O

loc
We conclude the section with
Proof of Theorem 1.5. To show (17) if (18) is satisfied, we shall estimate again the L norm of u € HYTY

rad
in Br(0) and in B (0). The bound in Br(0), because when p < =5, is the same as in (34). For what it
concerns the bound in B%(0) we have

25’

VNP )
u(x)|Pdx < su u(x)||x| P / x|V lu(x)|7dx
/CR(O)|<>| p (It 75 ) L7 o)

|x|>R
o ety
2s—1)g+2 s—1)q /
<y (f lutanar) = [t s
2(p—q) @—Dlp—g) 4
(2s—1)g+2
Sl ([, e uo e ) , 6

. A
where in the second line of the above inequality we utilised |x| 77 < |x|77 < |x|, for |x| > 1 and
(24), once

0 o= 2s(d—1)+ (2s — 1)y

P—q o (2s—1)g+2

<o, (63)
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where we took into account that 9/ < y and |x|?" < |x|? for |x| > R > 1. We observe also that (63) is

satisfied for p;, <q <p and q< 2‘”27 ,with pg . defined as in (9). In the frame of (19) we have again

2d+4-2y
7. we catch

(37)in B4 (0), when p > 24 To estlmate in Bg(0), with p; < p < p;, <qand g >
that, by Holder mequahty,

Pdx < R4(4-P) Idy < d(q—p) 1
Jo o A SR [ (i s [ (o

S Jy o TGN S (64

HE0 (B

by the bound |x|=F) < |x|7, for |x| < 1,if v < d(q — p). For what it concerns the compactness,
choose € > 0, then again we take

_ X p . P . p
I ]||U, R —/‘x|>R|u](x)| dx+/\x\<R—1 |u](x)| dx+/R§|x\§R—1 |u](x)| dx, (65)

where R = R(e) will be selected analogously as in the proof of Theorem 1.2. In the regime (18) we
estimate the second and the third integrals on the right hand side of the above inequality as in (49) and
(48), respectively. For the first one we achieve

; b = M . g7
/\x|>R|u](X)} ax = x>k |x|” |u](x)| x| dx

<C |u-(x)|‘4|x|7'|x|7'*‘7’(7’*q)dx<CR7’*‘7’(7’ q/ i€ 2 dx < CRY ' (p=1) <
= Jsr" - Re |x]7

. (66)

QI ™

from (63) if one follows the steps used to prove (62). If one considers now (19), we control the first and
the third integrals on the right hand side of (65) as in (46) and (48), respectively. For the second we
obtain

[ uPax S RAGP [ g i < 5, 67)
|x]<R-1 |x|<R-1 3
for v < d(q — p), as we did in (64). The proof is thus accomplished. [

Remark 4.1. To demonstrate the compactness of the embedding (17), one can employ the approach illustrated
in Theorem 1.4, considering the estimates provided in (62) and (64).

In order to have a self contained treatise, we need to prove the following.

Proposition 4.1. Letd > 1,5 > 0,and 1 < q < oo, —d(q — 1) < 7 < d, Then the space HZZ’W(Rd) is

complete.
Proof. Assume that v > 0 and consider the Cauchy sequence u; € H r:gv(ﬂ%d ), j €N, then (—A)%uj
is a Cauchy sequence in L?(R?) and thus there exists f € L2(Rd) such that the sequence (—A)%uj,
converges strongly, as j — oo, to f in L2(R?). On the other hand, we have, for every R > 0,
q
/ |u(x)|‘7dx§R7/ ()| dx (68)
Bz (0) e [x|7
which gives
lim |uj(x) —u(x)|7 = 0.

L,j—00 JBR(0)
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There exists thus a measurable function u : RY — R such that u j converges, as j — oo, to u in L?o . (R).

By Fatou’s lemma, we have

(x) — q (x) — q
fim [ O O g [ 40 @

dx = 0. 69
e T e R ©

We observe that by (68) we can get also

. — q
lim sup 1 /BR(O) |uj(x) —u(x)|" < lim de =0, (70)

j=% R0 RY j—oo JRA |x|7

since (69). Furthermore, by the Holder inequality we obtain

/Rd [(uj(x) —u(x))gldx  (71)

< |(uj(x) —u(x))p(x)ldx+ | o [ 77w (x) — u o)) |x[ " @ (x) [ dx

— JBg(0)

c
R

’“o?ngHM |(P(X)HL°"(BR(O)) I = oo o

1
+ k ( - . — qd>q
0 [0 e g ) (g 171050 — )

1
q
< sup [l <||uju||Lq<BR<o>>+( Ad|x|-*<uj<x>u<x>>|qu) )

0<k<N

for any ¢ € S(R?) and N > g7. An use again of (69) in combination with (70) guarantees

lim [(tn(x) —u(x))gldx = 0.

j—oo JRA
For this reason, u,(x) — u(x), if n — oo, converges to 0 as tempered distributions on R?. Therefore,
(=A)2u j converges to (—A) 2y as distributions on R?. This fact and the above consideration on the
convergence of (—A)2 ujin L2(R%) imply that (—A)Zu = f. Letnow 7y < 0, d > 2 and select as above
a Cauchy sequence u; € HT7(RY), j € N, converging strongly, as j — oo, to f in L2(R?). One sees

rad

that for R > 0and g < d%—sz, by Sobolev embedding,

1—g(l_s p
/BR(O) |uj(x) — u;(x)|7dx SR a(3 d)||uj(x)—ul(x)|| e ()

and for g > dzdzs'

/BR(O) |Mj(X) —uy(x)|Tdx < /]Rd |x]7 |uj(x) _ ul(x){q dx,

Wthh enhance to
lim u;(x)—ux q =0.
1j—00 BR(O)} () — ()]

Then we can find a measurable function u : R — R such that uj converges, as j — 0o, to u in L?o . (R9).

Fatou’s lemma shows that

]15?0 - |x|7 Juj(x) — u(x)|?dx < }ij&hln;i?f » |x|7 uj(x) — wy(x)|"dx = 0. (72)

As above
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/Rd |(uj(x) — u(x))pldx (73)

S/zsR(o) (%) = ux) |dx+/ 6779 (1 (x) — u ()| x| p(x) |dx
<
NOE}ENHM ol )HL‘”(B op 15 ™ ¥l ()
1
q
+ Y _ a4 )
OilklfNH‘Qq GD )HL“’(B%(O)) (/c |x| ‘(u]( ) u(X))| X

1
< kp o / Y (s (x) — tu)"
S sup [l o] e (nu, u||M(BR(O))+(Rd|x| () = u(x))|ax ) ),

for ¢ € S(R?) and N > gv. The inequality above, a further application of (72) infers

lim | |(uj(x) —u(x))pldx = 0.

j—roo JRA

The remaining part of the proof is the same as the one carried out above for the case y > 0. Then we
skip. O
5. Gagliardo-Nirenberg inequalities

This section is addressed to present the proof of the Gagliardo-Nirenberg-type inequalities (20)
and (21).

Proof of Theorem 1.6. We shall treat only the case v > 0, because the proof for 7 < 0 can be carried

d
out in a similar manner, with some minor changes. Let us consider the scaling u, (x) = x?u(xx) such
that [|uy[| ppa) = [[||Lp (rd)- The embedding leads to

2
2 uy ()7 N7
X L2(RY) +C (/Rd |x|7 dx ),

2 s
7o ey < C[(=8)2u

which implies the following

2 2 _ 425 _ANS 2 20 _2(d=y) / |u(x)|¢7
”uHLP(Rd) <CX b ( A)Zu [2(RY) + CX P 1 Rd |x|7 dx
2d _ 2(d—y)
—Cx? B Ay T B (74)

By optimizing the sum on the left hand side of the above inequality (74) one obtains that the minimum
of the above sum is attained at

9
~ 1. 2p(d — —2d 2d—2y—¢(d—2s) _ +,s
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with C = C(p,q,d,,s) > 0. By plugging the pervious (75) into (74) we arrive at

2
2 2d _ 2(d—y) |u(x)|q q
LZ(Rd)+CXp 1 (/]Rd [ ]7 dx

2d—dp+-2ps +1 q(2d—p(d—2s)) (2d—2)p—2dq 2dq—(2d—2v)p +1
< CAald=2s)—(2d=27) * " B p(2d-2y—4(d=2s)) | C A p(2d—2y—q(d~2s)) B p(2d—27—q(d—2s))

(2d—27)p—2dq q(2d—p(d—2s))
< CApZd 2y—q(d-2s)) B p(2d—2y—q(d— 25)) (76)

d _ 425

< cX? (—A)3u

”u”iP(Rd)

which gives (20) with p # p{, and p # p;, where p; ., ps, 7, g as in (7), (8) or (18), (19), with pg,, pi
defined asin (9). O

We are in position now to give

Proof of Corollary 1.1. The proof is a direct consequence of the scaling invariant inequality

/W(IXI(”"‘{)*IMI’?)IM\”dx <Cdpo)uly (77)
Ld+a (]Rd)
arising from (31) in Proposition 2.8 and of (20) for p3, < ;ﬁ‘i <p: O

6. Minimization problems

In this section, we go over the proofs of the theorems connected to the minimization problems
(1.7) and (1.2).

Proof of Theorem 1.7. The fact that m > 0 follows by Theorem 1.6. We will prove now that there is a
function u € H1"(R?), such that W""*" (1) = m with W}"7*7 (u) as in (22). For this propose, pick

up a minimizin se uence u; € H "” R%), i € N converging weakly to u € H.'77 (R4) and such that
p g q rad ] g g y rad

p — NS — PASY ().
/Rd uj (x)dx =1, /Rd ] dx =1, Wj (uj) —m,

for j — co. We may assume also uj > 0 because of the bound

[Ju(x)] = |u(y)]>
Lz Rd) ~/]Rd /l‘{d |X— |d+25 dXdy
u(x) —u@)P, . _ 512
N/]Rd/Rd = |d+25 dxdy = H(—A)zu

L2(R7)
By Proposition 2.6, we have

| )

(78)

H(—A)s/zuH < m, / L(x)dx <1, /Rd uP (x)dx < 1.

By the compact embedding H:;Z'Y(Rd) <3< LP(R?) of Theorems 1.2 and 1.5 we have that uj = u
almost everywhere and

q

u:(x) q
lim / ] iy = L(x)dx =1.
j—oo JRA |x\7 R4 |X|r7

This will imply W/""*7 (1) < m. Nevertheless, by the definition of m, we arrive at W/""*7 (1) = m.
Then, u € H " ’q’ (R%) is the required minimizer and the proof is complete. [
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Proof of Corollary 1.2. We know that d > 0 by Corollary 1.1. Choose as above a non-negative

minimizing sequence u; € H,17(R?), j € N converging weakly to u € H/"(R?) and such that

(a—d) p p u? (%) PASaY
/Rd(|x| * ]u]-| )|u]-\ =1, /Rd de =1, W, (uj) —m,

with WY (1) as in (23), for j — co. Proposition 2.6 and inequality (77) bring to

q
H(—A)S/ZuH <m, / L(x)dx <1.
R4 |x|'Y

. 2pd
The compact embedding H:;ZW(]R‘{) <y Lats (R?)(R?) of Theorems 1.2 and 1.5 guarantees that

2pd
uj — u, almost everywhere, with u;, u € L@« (Rd ), and

2pd

d
lim [ u*™(x)dx = /Rd u%(x)dx =1

j—oo JRA ]

Then (33) in Lemma 2.1 we obtain

i (@=d) g 130 1PY ;P = (a—d) PYulP =
tim [l a7 = [ (Gl s )l = 1.
This gives Wf AT (1) < m. We conclude as above that Wf AT (4) = m. Then, we found a minimizer
function u € H."(R?). The proof is completed. [J

rad

We obtain

Corollary 6.1. Let % <s<1lp;,—2<p< %, with pg,, 9 = §+2and vy as in Theorem 1.6. Then,
there exists a positive function u € H:;'L’Y(Rd ), solution to (2) with f(x,u) as in (3) and such that

WP () = min W[ (o).

5507
veH 1 (RY)

We get also

Corollary 6.2. Let % <s<Lpiay, <p< L‘ffﬁ"s, with pg,.,, 9 = 4+ 2, a and 7y as in Corollary 1.1. Then,
there exists a positive function u € H,1"" (R?) solution to (2) with f(x,u) as in (4) and such that

WYY () = min - Wy (o).

SSAY (Tod
veH, " (RY)

Remark 6.1. In Corollary 6.1 we improve the result in [7]. To be more precise, we extend the lower bound of the
domain of admissibility for p from ﬁ to Wﬂﬁ%' We generalize it then to the case q > 1 and v # 1.
Corollary 6.2 is instead new in the literature.

Remark 6.2. We emphasize that the existence of positive minimizer solutions for (2) plays a fundamental role in
the study of the dynamics of certain nonlinear evolution equations To have a full insight into the argument and
its association with stability and scattering analysis we cite, for instance, [2] and [16], along with the references
provided therein.
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