Pre prints.org

Article Not peer-reviewed version

Almost Automorphic Solutions to
Nonlinear Difference Equations

Marko Kosti¢ *, Halis Can Koyuncuoglu, Vladimir E. Fedorov

Posted Date: 6 November 2023
doi: 10.20944/preprints202311.0272.v1

Keywords: discrete almost automorphic; discrete bi-almost automorphic; fixed point; contraction; Bohr-
Neugebauer

E E Preprints.org is a free multidiscipline platform providing preprint service that
is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons
Attribution License which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.



https://sciprofiles.com/profile/581507
https://sciprofiles.com/profile/2661593
https://sciprofiles.com/profile/739233

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 November 2023 doi:10.20944/preprints202311.0272.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
Almost Automorphic Solutions to Nonlinear
Difference Equations

Marko Kosti¢ *4(, Halis Can Koyuncuoglu 2¥© and Vladimir E. Fedorov 3%

1 University of Novi Sad, Faculty of Technical Sciences, Trg D. Obradovica 6, 21125 Novi Sad, Serbia;
marco.s@verat.net

Izmir Katip Celebi University, Department of Engineering Sciences, 35620, Izmir, Turkey;
haliscan.koyuncuoglu@ikcu.edu.tr

3 Chelyabinsk State University, Kashirin Brothers St. 129, Chelyabinsk, 454001 Russia; kar@csu.ru

*  Correspondence: marco.s@verat.net

1 These authors contributed equally to this work.

Abstract: In the present work, we concentrate on a certain class of nonlinear difference equations and
obtain sufficient conditions for the existence of almost automorphic solutions by employing fixed
point theory. Also, we investigate the relationship between the existence of bounded solutions and
the existence of almost automorphic solutions for the proposed difference equation type. Thus, we
present a Bohr-Neugebauer type theorem for difference equations.
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1. Introduction

In the theory of dynamic equations, investigation of the existence and uniqueness of periodic
solutions has become a very popular research topic for mathematicians, and there is a vast literature
on this research direction which focuses on the real life models constructed on continuous, discrete or
hybrid time domains with periodic structures. Indeed, analysis of difference equations has taken a
prominent attention as much as differential equations, and the studies based on periodicity for the
solutions of differential equations have been carried on to discrete domains. Consequentially, the
literature on differential and difference equations has grown simultaneously.

Conventional periodicity is a strong but a relaxable condition for some classes of functions. The
studies concentrating on the existence of conventionally periodic solutions of dynamic equations
may not cover many mathematical models which involve not exactly periodic but nearly periodic
arguments in roughly speaking. It is possible to see such real life models in signal processing or in
astrophysics (see [1-3]). As a relaxation of the conventional periodicity, the almost periodicity notion
was first introduced by H. Bohr ([4]), and the theory of almost periodic functions has been developed
by the contributions of several scientists including A.S. Besicovitch, S. Bochner, J. von Neumann, and
W. Stepanoff who are very well known in the mathematics community (see [5-8]). The first definition
of an almost periodic function was introduced as a topological property; that is a continuous function
f : R —Ris said to be almost periodic if the set

E(e, f(t)):={t:|f(t+71)— f(t)| <eforallt € R}

is relatively dense in R for all ¢ > 0. Subsequently, Bochner proposed normality condition as an
almost periodicity criterion, i.e., a continuous function f(-) is called almost periodic if for every real
sequence {v}, }, there exists a subsequence {v, } of {v},} such that lim,_,c f (t + v,) = f (t) uniformly
for all t (see [6]). Afterwards, the theory of almost automorphic functions was introduced by S.
Bochner ([9]) by relaxing the uniform convergence from the normality condition. That is, a continuous
function f : R —R is called almost automorphic if for every real sequence {v} }, one can extract a

subsequence {v, } of {v},} such that lim, e limy—se0 f (£ + vy — vy ) = f (t) for each t € R. Thus, the
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almost automorphy notion can be regarded as a weaker version of almost periodicity. It is obvious
that the following relationship holds between the periodicity notions

conventional periodicity = almost periodicity = almost automorphy,
while the inverse of the implication may not be correct. For example, the function
f(t) = sin (27tt) +sin(2v27t), t € R,
is almost periodic but not conventionally periodic, and

B 2 +exp (it) + exp (iﬂt)
- ‘2 +exp (it) +exp (iﬂt)

g(t) ,tER,

is an almost automorphic function which is not almost periodic (see [10] and [11]). In the recent past,
the theories of almost periodic and almost automorphic functions have taken prominent attention from
scholars, and the existence of almost periodic and almost automorphic solutions of dynamic equations
has become a hot research topic on time domains with continuous, discrete and hybrid structures. We
refer to readers the monographs ([10,12-15]), papers ([16-27]), and references therein.

Analysis of the linkage between the existence of bounded and periodic solutions of dynamic
equations has always been an interesting research topic in the applied mathematics. Massera’s
theorem is the primary result for the qualitative theory of differential equations since it commentates
boundedness and periodicity of the solutions (see [28]). Since then, various versions of Massera’s
theorem have been studied for linear and nonlinear dynamic equations over the last five decades.
Undoubtfully, when the dynamic equation contains almost periodic or almost automorphic arguments,
it becomes a gruelling task to relate the existence of bounded and almost periodic (almost automorphic)
solutions. In [29], Bohr and Neugebauer concentrated on the linear system

x'(t) = Ax(t) + f (1),

and showed that all bounded solutions of almost periodic system of this form are almost periodic
on R. Actually, this crucial result can be regarded as an almost periodic analogue of the Massera’s
theorem. Besides, it should be noted that when A = A (t), and A is conventionally periodic, then it
is possible to pursue a similar approach in the light of Floquet theory ([30]). On the other hand, the
nonautonomous linear system with almost periodic coefficients

X () =AM)x()+f(t), teR,

is handled by Favard ([31]), and it is shown that the linear system has at least one almost periodic
solution if it has a bounded solution under a separation assumption; that is, each bounded nontrivial
solution of the system

X' (t)=B(t)x(t), teR,

satisfies inf;cp [x (t)| > 0 where B is in the hull of A. This conception is known as Favard’s theory
in the existing literature. These milestone results have motivated researchers remarkably, and it is
possible to find a detailed literature providing Massera, Bohr-Neugebauer, and Favard type theorems
for various kind of dynamic equations based on conventional periodicity, almost periodicity, or almost
automorphy notions. We refer to ([21,32—40]) as pioneering studies. However, we shall point out
that there is a poor research backlog on Massera or Bohr-Neugebauer type theorems on the almost
automorphic solutions of difference equations unlike the enormous literature on differential equations.
Thus, one of the main objectives of this research is to make a new contribution to the qualitative theory
of difference equations by filling the above-mentioned gap.
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In this paper, we are inspired by the recent work [21] of A. Chavez, M. Pinto and U. Zavaleta. We
introduce a certain kind of nonlinear summation equation, namely a difference equation,

t—1 0o
x(t+) =a(t)x(t)+ Y} Ar(tjx(f) + YA (t]x ()

j=—00 j:t

with discrete almost automorphic arguments. As the initial task of the study, we focus on the existence
and uniqueness of discrete almost automorphic solutions of the nonlinear difference equation by
employing fixed point theory. Then, we propose a Bohr-Neugebauer type theorem which relates the
existence of bounded and discrete almost automorphic solutions. To the best of our knowledge, our
study is the first of its kind since it introduces a discrete counterpart of Bohr-Neugebauer theorem
which has not been considered so far, and consequently, it contributes the ongoing theory of difference
equations.

2. Background Material

In this section, we aim to give a precise review on discrete almost automorphic functions, and
their basic characteristics. For the presentation of the preliminary content, we will first assume that X’
stands for a real (or complex) Banach space endowed with the norm ||-|| , .

Definition 1 (Discrete almost automorphy ([19])). A function f : Z —X is said to be discrete almost
automorphic if for every integer sequence {v;, }, ., there exists a subsequence {vy}, 7 of {v}, },cz such that

Tim f(t+0,) =: f(1) (1)
is well defined for each t € Z, and
lim f(t =) = (1) @

foreacht € Z.

As it is underlined in [19, Remark 2.2], if the convergence in Definition 1 is uniform, then the
concept of discrete almost automorphy turns into a more specific notion, namely discrete almost
periodicity. It is clear that every discrete almost periodic function is discrete almost automorphic,
however the inverse of the assertion may not be true. In the existing literature, it is possible to find
some studies which propose examples of discrete almost automorphic functions that are not discrete
almost periodic. For example, Bochner gave an example of discrete almost automorphic function
which is not discrete almost periodic

f(t) =:sgn (sin (271tQ)), t € Z,
for an irrational number (2 in his pioneering work [9] (see also [41]).

Definition 2 (([19])). A function §:7Z x X — X is said to be discrete almost automorphic in t for each x € X,
if for every integer sequence {v},}, oy, , there exists a subsequence {vy },,c7 of {v),},,cz such that

lim g(t+ vy, x) =: $(t,x)

n—oo

is well defined for eacht € Z, x € X, and

lim g(t — vy, x) =: g(t, x)

n—oo

foreacht € Z,and x € X.
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We refer to [19, Theorem 2.4 and Theorem 2.9] (see also [14]) for reviewing the well-known
properties of discrete almost automorphic functions.

Next, we give the notion of discrete bi-almost automorphy in the light of [21, Definition 2.7] for
multivariable functions.

Definition 3 (Discrete bi-almost automorphy). A function A : Z x 7 x X — X is called discrete bi-almost
automorphic in (t,s) € Z x Z uniformly for x on bounded subsets of X if given any integer sequence {v},}, o5
and a bounded set B C X, then there exists a subsequence {vy}, 5 of {v}, },,cz such that

lim A (t+ 04,8+ 0y, x) = A(t,s,x)

n—oo

is well defined for each (t,s) € Z X Z, x € B, and

lim A (t— v, 8 — vy, x) = A(t,8,x)

n—oo

foreach (t,s) € Z x Z,and x € B.

Let AA(Z, X) denotes the set of all discrete almost automorphic functions defined on Z. Then,
AA(Z, X) is a Banach space when it is endowed with the norm

£l aacz,x) = sup [ f(E)]lx - 3)
tezZ
The next result is crucial for the setup of the main outcomes.

Theorem 1 ([19]). Let g : Z x X —& be discrete almost automorphic in t, for each x € X, and suppose that
it satisfies the Lipschitz condition in x uniformly in t, that is

lg(t,x) =gt Yy <Llx—ylly, x,y € X.

Then, the function g (t, ¢ (t)) is discrete almost automorphic function whenever ¢ : Z — X is discrete
almost automorphic.

For more details about multi-dimensional almost automorphic sequences and their applications,
we also refer the reader to our recent research paper [24].

3. Setup and Main Results
Consider the following abstract nonlinear difference equation
t—1 00
x(t+D) =a®)x(B)+ Y ML x () + LA (b x (), @)
j=—o00 j=t

wherea:Z — C,a(t) #0forallt € Z,and Ajp : ZX Z x X — X.
In the sequel, we give the following fundamental result which is essential for the outcomes of the
manuscript:

Lemma 1. The function x(-) is a solution of (4) with the initial data x (to) = xq if and only if

t—1 t—1 t—1 k ©
x(t) =xJal(s)+ ) ( I1 ﬂ(S)) <'Z Ar(kjox () + 30 A (k/j/x(f))>- ®)

s=tp k=tyg \s=k+1 j=—00 j=k+1

doi:10.20944/preprints202311.0272.v1
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Proof. We multiply both sides of (4) with H a- ,and get

s=ty

1 -1 -1 00
x(t+1) Ha y—a(t)x(t) [Ja ' (s)=T]a""(s) ( Y M(kjx()) +ZA2(t,j,x(j))> :

s=tp s=ty s=ty jzfoo j:t

By writing the above expression as in the following form

x(t+1)a(t) Ha ) —a( x(t)i:ia_1 (s)

s=tp s=tp
t—1 t—1 °°

= t ll_l (5) (Z A (t,],x<]))+ZAz (t/j/x(j>)> ’
s=to J=—0 =t

we obtain
t—1 1 1 t—1 ) ) 00 ) ]
Afx®)]a" (s Ha‘ Y M(gx () + M (tx () |
s=ty s=ty j=—o j=t
where A stands for the forward difference operator. Next, we take the summation from ¢y to t — 1
-1 k-1 t=1 [ k
Y A x(k)l—‘[a*1 ()| =) Hail Z Aq (k,j,x Z Ap (k,j,x .
k=ty s=to k=ty \s=to j=—00 j=k+1
This yields to
=1 t=1 [ k Y
HITa () =x=3 ([Ta" (s EAl (kjx()+ L Aalkix()),
s=tg k=ty \s=to ]_700 ] k+1
and one may easily obtain (5). Since every step is reversible, the proof is complete. [J
Henceforth, we assume that the following conditions are satisfied throughout the manuscript:
C1 The function a(-) is discrete almost automorphic.

C2 Aj are discrete bi-almost automorphic in t and s, uniformly for x.
C3 For uy, € &, the Lipschitz inequalities

A1 (,s,u1) = Aq (8 s,u2) || <y (88) [Jun — ua| o

and
A2 (ts,11) = Mo (s, u2) || < ma (t5) lur —uz| x
hold together with
=1
sup Y my (t,j) =M < oo,
teEZ j=—o0

sup Y my (t,j) = My < co.
teZ j=t

Subsequently, we introduce the mapping H : X — X given by

(Hx) (t) := xoﬁa(s) + E ( H a( ) Sq(k,x (k) + Sz (k, x (k))), (6)
s=t k=ty \s=k+1
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where }
Si(kx (k)= Y Ar(kjx (i), )
j=—0
and -
Sz (k,x (k) := ), Ma(kj,x(j))- ®)
j=k+1

Lemma2. Ifx € AA(Z,X), then Sy (-, x (-)) and Sy (-, x ()) are discrete almost automorphic.

Proof. Suppose that ¢, ¢ € AA(Z, X'). Then we have

k
151(k, &) = S1(k, @)l = Z A (k¢ Z M (kg e
k . . . .
< sup Yoolar (kg () =Mk ()2
S j:—OO

k
<sup ) mi(kj)lI— ¢l
k€Z j=—c0

=M1 IS —ollx-

Similarly, we easily observe that

152(k,§) = Sa(k, @)l x < M2 (IS — @]l x -

By Theorem 1, the proof of the assertion is complete. [

Lemma 3. In addition to C1, C2, and C3, also assume that the condition

C4 For every integer sequence {v}, }, o, there exists a subsequence {v,},,c7, of {v}, },c5 such that

’}gr(}ox(toivn) =x(ty) = xo

holds. Then, H maps AA(Z, X) into AA(Z, X).

Proof. Suppose that x € AA(Z, X'). By Lemma 2, the functions Sy (¢, x (t)) and S (¢, x (t)) , which are
defined in (7-8), are discrete almost automorphic functions in t for each x. That is, for every integer
sequence {v},}, . there exists a subsequence {v; }, ., of {v}}, 5 such that

lim Sy (t+ vy, x (4 04)) =: S1 (X (1)),

lim Sy (t — v, X (t —0y)) := S1 (t,x (1))

n—oo

and

i 2 (00, -+ 0)) = 53 (67 (1),
lim S, (t — vy, X (t —vy)) := Sy (t,x (t))

n—o0
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for each t € Z. Let us write

t+v,—1 tHv,—1 <t+vn -1

(Hx) (t+ou) =x(to+oa) J] a(s)+ ) I1 a(S)) (81 (k, x (k) + Sz (k, x (k)))

s=tyg+vy k=to+v, \ s=k+1
-1
=x(to+on) [Ja(s+vn)

S:to

+ t_zl ( Hﬁil a(s)> (S1 (k +on, x (k+0n)) + Sz (k+vn, x (k+0n)))

k=ty \s=k+v,+1
t—1
=x(to+on) [Ja(s+vn)

s=ty

+ t_zl ( ﬁ a(s+vn)> (S1 (k+vn,x (k+vn)) + Sz (k+ 0, x (k+v1))) .

k:to s=k+1

If we take the limit of (Hx) (t + v,) as n — oo and utilize the Lebesgue convergence theorem, then we

have
t—1

() () = xo [12(5) + 3 ( I a<s>> (51 (k% (k) + 53 (k, £ (K))) -

s=t k=ty \s=k+1

For the converse part, we can follow a similar procedure. Consider

t—v,—1 t—vy,—1 [t—v,—1 - .
(Hx) (t—ovn) =x(to—vn) ] a(s)+ ), ( I ﬁ(s)> (S1 (k, % (k)) + S (k, % (k)))

s=tg—0vp k=tg—v, \ s=k+1

-1
=x(to—on) [Ja(s—vn)

t—1 t—v,—1
+ Z ( H ﬁ(s)) (S1(k—vp, % (k—vy)) + Sa (k— vy, % (k—v4))),
k=t \s=k—oy+1

which results in

(Hx) (t —vy) = x (tg — vp) ﬁa (s —vy)

S:t(]

+ t_El ( I ﬁ(s—vn)> (S1 (k= on, % (k = va)) + 52 (k — v, % (k = va))) -

k:to s=k+1

By taking the limit of (Hx) (f —v,) as n — o, and using the Lebesgue convergence theorem, we
obtain lim, e (Hx) (f —v,) = (Hx) () . This completes the proof. [

Remark 1. It should be highlighted that the condition C4 is a compulsory technical condition for the construction
of existence results. A similar condition can be found in the pioneering work of Bohner and Mesquita (see [20,
Theorem 3.10]). On the other hand, the main results of [21] do not require such an abstract condition since
the authors concentrate on the solutions of integral equations rather than the solutions of integro-differential
equations.

3.1. Existence Results

Now, we are ready to present our first existence result.

Theorem 2. Assume that C1-C4 hold, and the condition
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C5

t=1
[T a(s)

s=k+1

-1
sup )

teZ k:to

(M1+M2)=K<l
X

is satisfied. Then, the abstract difference equation (4) has a unique discrete almost automorphic solution.
Proof. In addition to C1-C4, also suppose that C5 holds. By taking Lemma 2 and Lemma 3 into

consideration, it remains to show that the mapping H(-) given in (6) is a contraction. Let ¢, ¢ €
AA(Z, X); then we have the following:

I1HE — Holl 4 a(z,x)

t—1 t—1
=sup|l ) ( I1 ﬂ(5)> (51(k, & (k)) = S1(k, ¢ (k) + S2(k, & (k)) — Sa(k, ¢ (K)))
teZ ||k=ty \s=k+1 X
=1 t=1
<sup ) || [Ta(s)| (Mi+M)|IE—olx
teEZ k=tq ||s=k+1 X

<«[I8 =@l aazx) -

This indicates H is a contraction; by the Banach fixed point theorem, it has a unique fixed point. Thus,
the nonlinear difference equation (4) has a unique discrete almost automorphic solution. O

Theorem 3. Assume that the conditions C1-C5 hold. For a positive constant -y, we define the set

W, = {xe.A.A(Z,X) : Hx—xOHAA(ZX) §’y}, )
where
t=1 [ t=1
L =Y ( I a(s)> (S1 (k,0) + S5 (k,0)) . (10)
k=tg \s=k+1
Let ||x[| g4(z,2) < v and
=1
C6 ||[Ja(s) < ¢ forallt.
s=to AA(Z,X)
If
xolly ¢ +xy <7, (11)

then the nonlinear difference equation (4) has a unique discrete almost automorphic solution in W.,.

Proof. Consider the operator H which is defined in (6). In the proof of Theorem 2, it is already showed
that H is a contraction when the condition C5 holds. Thus, we have to prove that H maps W,, into W,
to conclude the proof. We suppose that x € W,,, and the condition (11) holds. Then, we obtain

|(Fx) (8) =2 (1)
[Ta)

S:to

AA(Z,Xx)

< [xoll x

AA(Z,X)

+

til < I a(s)> (S10k, x (k) = S1(k,0) + S2(k, x (k)) = 52(k, 0))

k=t0 s=k+1

AA(Z,X)
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t=1 || t=1
< lxollxw+sup 3 || TT a(s)| (Mi+ M) xlly
teZ k=ty ||s=k+1 X

< [[xollx ¢ +ry <.

Thus H (W) C W,. This implies that H has a unique fixed point due to contraction mapping principle,
and consequentially, (4) has a unique almost automorphic solution in W,. [

Theorem 4. Suppose that the conditions C1-C6 hold, and x° is as in (10). Consider the closed ball

Wyp=Wy (x0,¢) = {x € AA(Z,X) : Hx - xOHAA(Z’X) < 4>} .

If
oll g +p+ [He =2 <, (12)
then (4) has a unique discrete almost automorphic solution in Wy.
Proof. Pick x € Wy, and assume that (12) is satisfied. Then,
H (Hx) (£) = (1) HAA(Z,X)
<[ & = (1) O g+ [ () O = O
< [lxollx ﬁﬂ (s)
s=to AA(Z,X)
+ E ( I a (S)> (Sl(er (k)) - Sl(kr xO (k)) + SZ(er (k)) - SZ(kr xO (k))>
k=ty \s=k+1 AA(Z,X)
() 0 =20y
=1 || t=1
S lollyp+sop 3, | 1T a@) (M1t Mo) =]+ (E7) 0= O]y
This implies
o100 < w50 ]

and consequentially, H (Wy) C Wj. Since the mapping H is a contraction, we deduce that (4) has a
unique discrete almost automorphic solution in Wy. [

Example 1. Consider the nonlinear difference equation given by
1
x(t4+1) = 558" (cos2mtQY) x (t)

+jiioo210 (zli (Sin (%O +sin (Zf\/i)))t_j x(j) + i% arctan <3t‘fx (j)) , (13

=t

where ) is an irrational number, and x (0) = xo. A comparison between (4) and (13) results in

a(t) = %sgn (cos2mtQ)),
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A1 (t5,x) = 21—0 (i (sin (gs) 4+ sin (Zsﬁ)))ts X,

1
Ay (ts,x) = 5g Arctan (3"%x).

and

The function a(-) is discrete almost automorphic for any irrational number Q) (see [41]). Besides that, the function
f(t) = sin (5t) +sin (%tﬂ) is discrete almost periodic, and consequently discrete almost automorphic.
Thus, the function Ay is discrete bi-almost automorphic. Despite the fact that the function Ay does not contain
any almost automorphic arguments, it can be considered as a discrete bi-almost automorphic function since it is
a convolution term. Next, we analyze Aq and A, in details. We focus on

o (1 (n(39) +on (3v2)))

A1 (85, %1) = A (5, 22) || < 121 = %2l x,

and set

(3 (o (39) +sn (52))) |

Subsequently, we write

t—1 ‘ t=1 1 /1 t—j
sup Z my (t,j) < sup Z 20 <2) ,

and obtain the constant My = %. Similarly, we consider

1,
182 (:5,x1) = Ag (5, %2) | < 553" 31— 22l s

and get my (t,s) = %3"‘_5. Accordingly, we have the constant My = 4%' Thus, the conditions C1-C3 are
satisfied. Furthermore, the condition C5 holds since

t—1 t—1 —1
1 1 1
sup Y || [ a(s)|| (Mi1+ My)=sup Zg 11 558" (cos2msQ)| < 6
t€Z k=0 |[s=k+1 X teZ k=0° ||s=k+1 ¥

Then, Theorem 2 implies that the nonlinear difference equation (13) has a unique discrete almost automorphic
solution whenever the technical condition C4 holds.
Furthermore, it is obvious that

Hisgn (cos27tsQ)) <1

s=0

AA(Z,X)

If we concentrate on the Theorem 3, then we obtain the existence of unique discrete almost automorphic solution
of (13) in the set

W, = {x € AA(Z, X) : Hx _xOHAA(ZX) < 'y}
for 18 ||xo0l| x < 7y by tacitly assuming that the condition C4 holds.

3.2. Bohr-Neugebauer Criterion

In this part of the manuscript, we focus on the connection between the existence of discrete
almost automorphic solutions and bounded solutions of nonlinear difference equations with almost
automorphic arguments. Since this result is originated as the Bohr-Neugebauer theorem, the next
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result can be regarded as a discrete variant of Bohr-Neugebauer theorem for a particular class of
nonlinear difference equations.

Theorem 5. Suppose that the conditions C1-C5 are satisfied. Then, a bounded solution of nonlinear abstract
difference equation is discrete almost automorphic if and only if it has a relatively compact range.

Proof. Necessity: Suppose that x(-) is an almost automorphic solution of (4). This directly implies
that its range R is relatively compact.

Sufficiency: Assume that C1-C5 hold, and x(-) is a bounded solution of (4) with a relatively
compact range R, that is R is compact. By C1 and C2, for any arbitrary integer sequence {v], } , there
exists a subsequence {v;, } of {v],} such that the following limits hold:

lim a(t+ o) = a(t), lim a(t— o)) = a(t),
and

nl% A (t+vy,s+0,,x) = Ao (85, %), nl% A1p (t—vy,s —0),x) = Aqa(t,5,x).

Next, it is clear that x(t + v},) is a sequence in R, and by sequential compactness there exists a
subsequence {v, } of {v},} so that x(t + v,) — X (t) as n — oco. For the sequel, define

t—1 t—1 t—1
¢ (#) == x(to) (Hﬁ(5)> + L ( ﬁ(S)) (S1 (k,x (k) + S2 (k, % (k))), (14)

s=ty k=tg \s=k+1
where k
St(kx(k) = Y Ai(kjx(),
j=—00
and
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We have
lx(E+on) =g (B)llx
t+v,—1 t+v,—1 [t+ov,—1
=|x(to+oa) [T als)+ X ( I1 a(S)) (S1 (k, x (k) + 52 (k, x (k)))
s=ty+vn k=tg+v, \ s=k+1
t—1 t=1 [ t-1
—x(to) [Ta(s)+ ¥ ( I a<s>) (51 (kT (k) + 52 (k7 (k)
s=tg k=ty \s=k+1 x
=1 t—1
<||x (tO +Un) Hll (S +'Un) — X (to) Hﬁ (S)
S:to S:to X
+ E ( I a(s+vn)> (S1 (k+on, x (k4+vy)) 4+ So (k4 vy, x (k +vy)))
k:to s=k+1
t=1 t=1 [ t-1 - o
—x (fo) (Hﬁ(5)> + ) ( IT ﬁ(S)) (S1 (k,x (k) + Sz (k, % (k)))
s=tg k=ty \s=k+1 e
< ||x (to+vn) ﬁa (s +ovu) —x(to) ﬁﬁ (s)
s=tg s=fp X
t=1 [ t=1 t—1
+ ) ( I a(s+0u) - Hﬁ(s)) (S1(k+vn,x (k+vn)) + Sz (k+ vy, x (k+v4)))
k=ty \s=k+1 s=to X
t=1 [t-1
+ (Ha(s)> (S1 (k+vu,x (k+04)) + Sz (k + vy, x (k+vn))
k=tg \s=to

x (to +vn) ﬁa(s—i—vn) —x(to) ﬁa(s)

s=ty s=ty X

151 (k+ v, x (k+03)) 4+ S2 (k+ vy, x (k+v,)) | »

=1
s

-1 =1
[ a(s+0on)— l:t[a‘(s)

k=t ||s=k+1 X

t=1 || t=1 .
+ Y UTTa )| (151 (k+vn, x (k+04)) = 51 (kT (K))]|
k=tqg ||s=to

+[|S2 (k + 0, x (k+04)) = Sa (k, % (K))|| ) -

In the light of Lebesgue convergence theorem, we get ||x(f +v,) — ¢ (t)||, — 0 asn — 0. So,
% (t) = ¢(t), and * satisfies (14).
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Now, it remains to show that lim,, .« X (t — v,) = x (t) for each t € Z. We focus on
[[% (£ —vn) —x (£) || x
t—v,—1 t—1
< ||x(tg — vn) H ﬁ(s)—x(to)Ha(s)
s=tyg—uy s=ty X
t—v,—1 t—v,—1 -
+ X ( I1 ‘7(5)> (S1 (kX (k) + Sz (k, X (k)))
k=ty—v, \ s=k+1
=1
-) < ]‘[ a( )(s1 (k, x (k) + S2 (k, x (k)))
k:to S= k+1 X
t—v,—1 t—1
=||x(to—va) J] a(s)—x(to) [Jals)
s=tg—vy s=tp X
t—1 t—1
Z(Hﬁ(s—vn><ZA1 — U, j—On, X (j—vp))
k=tg \s=k+1 j=—00
t=1 [ t=1 k
+ Z As (k—vy,j vn,f(jvn))) -Y ( I a(S)) ( Y Ai(kjx
j=k+1 k=tg \s=k+1 j=—00
+ ) A (k,j,x(j)))
j=k+1 p
=1 =1
x(to—on) [Ja(s—ou) —x(to) [ Ja(s)
s=ty s=tp X
t=1 [ =1 ko
) ( I ﬁ(s—vn)> ( Y Ai(k—vu,j—vn,X(j—vn))
k=tg \s=k+1 j:—oo
+ZA2 — Uy j = U, X (j — 0n)) ZAl (k,j, % (j—vn)) ZAz (k,j,x ]—vn))>
j=k+1 j=—00 j=k+1 X
t=1 ( =1 t—1
Z(Hd(s—vn)— H ><2A1 (k,j,x(j—vn)) + ZAZ (k,j, x (]—vn))>
k=ty \s=k+1 s=k+1 j=—c0 j=k+1 x

t—1 t—1 k
)3 ( IT ﬂ(5)> ( Y, (A (k2 (j—on) — A1 (kj,x(f)))
k=ty \s=k+1 j=—o
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+) (M (k/jrf(j—vn))—Az(k,j/x(]')))>

j=k+1 ¥
t—1 t—1
<||x (to—vn) [ Ja(s —vn) —x(to) [Ja(s) (15)
s=ty s=tp X

t—1 || t-1 k )

+Y | TTats—on) ( Yo A (k=vnj—vn,x(j—vn)) = A1 (kX (—on)) || 4 (16)
k=tg ||s=k+1 x \j=—00

+ ; | Az (k— v, j = 0n, X (j—vn)) — Ag (k,j, % (j — Un))”;() (17)
j=k+1
=1 || t-1 t—1 k )

+Y ([ [TaGs—o)— T a(s) Y Ak x(—va))+ Y, Ak E(—va))|  (18)
k=ty ||s=k+1 s=k+1 x ||j=—00 j=k+1 X
t—1 || t=1 k

Y e ( 3 18 (o= o)) — A (hx ) 09)
k=tg ||s=k+1 x \j=—o

+ ) Ak x(j—vn)) = Ao (k,]}x(]'))II;c)- (20)
j=k+1

The expressions in (15-18) converge to 0 as # — co. On the other hand, from (19-20) we get

=1 || t=1

Y| ITa®s

k=tg ||s=k+1 X

k o0

x ( Yo ALk x(—on) = A1k jx () ]lx + ; A2 (K, j, % (j = vn)) — A2 (krj/x(j))||x>
j=—00 j=k+1
t—1 t—1 k o

<Y, | IaGs < Yo mik)IxG—on) =x(Dlx+ Y m (k,j)llf(j—vn)—x(j)ll;(>,
k=tg ||s=k+1 x \j=—c j=k+1

where we employed C3. Since x is bounded, || (j — v;) — x (j)|| y forms a bounded sequence, and
consequently, there exists a subsequence {v, } of {v,} so that

% (£ = 0p) —x (B)[| = 0(2)

as p — oo. This implies the inequality

=1 || t-1 k 0
o) <) | I[Tats) < Y mi(kj)o()+ Y} m (k/f)9(f)) /
k=tq ||s=k+1 x \j=—o j=k+1

and this results in 6 (t) = 0 due to C5. Therefore, x(-) is a discrete almost automorphic solution of (4).
The proof is complete. [

Remark 2. As a direct consequence of Theorem 5, one may easily conclude that any bounded solution of the
nonlinear difference equation (13) given in Example 1 is discrete almost automorphic.

4. Conclusions

This study focuses on certain kind of nonlinear difference equations, and provides an elaborative
analysis on the existence of discrete almost automorphic solutions under sufficient conditions by fixed
point theory. Utilization of the contraction mapping principle in the construction of the main results
enables us to get the sufficient conditions regarding the existence and uniqueness of the solutions
swiftly and elementarily. In addition to main outcomes regarding existence and uniqueness of almost
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automorphic solutions, the present work provides a discrete Bohr-Neugebauer type theorem, and
polishes the relationship between the existence of bounded and discrete almost automorphic solutions.
To the best of our knowledge, our paper is the first one which proposes a Bohr-Neugebauer type result
for difference equations. As a continuation of this study, it might be an interesting task to obtain a
Bohr-Neugebauer type theorem for g-difference equations by inspiring from the manuscripts [20]
and [42].
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