
Article

Not peer-reviewed version

Generator of Fuzzy Implications

Athina Daniilidou , Avrilia Konguetsof 

*

 , Georgios Souliotis , Basil Papadopoulos

Posted Date: 31 October 2023

doi: 10.20944/preprints202310.1994.v1

Keywords: fuzzy logic; fuzzy implications; fuzzy negations; fuzzy disjunction; probor; t-conorm; temperature;

humidity; triangular membership function; trapezium membership function

Preprints.org is a free multidiscipline platform providing preprint service that

is dedicated to making early versions of research outputs permanently

available and citable. Preprints posted at Preprints.org appear in Web of

Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons

Attribution License which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly cited.

https://sciprofiles.com/profile/3233077
https://sciprofiles.com/profile/506111
https://sciprofiles.com/profile/1456765
https://sciprofiles.com/profile/439324


 

Article 

Generator of Fuzzy Implications 

Athina Daniilidou 1, Avrilia Konguetsof 2,*, Georgios Souliotis 3 and Basil Papadopoulos 4 

1 Department of Civil Engineering, Democritus University of Thrace, Xanthi, Greece; adaniil@civil.duth.gr 
2 Department of Civil Engineering, Democritus University of Thrace, Xanthi, Greece; akogkets@civil.duth.gr 
3 Department of Civil Engineering, Democritus University of Thrace, Xanthi, Greece; gsouliot@civil.duth.gr 
4 Department of Civil Engineering, Democritus University of Thrace, Xanthi, Greece; papadob@civil.duth.gr 
* Correspondence: akogkets@civil.duth.gr 

Abstract: In this research paper an algorithm for the derivation of methods based on theorems and axioms of 
fuzzy logic is presented, analyzed and applied. This new proposed procedure generates fuzzy methods and 
evaluates the value of fuzzy propositions through fuzzy implication. The new implications of the family should 
satisfy a number of axioms. Also, we denote the conditions in order to satisfy the maximum number of axioms. 
Moreover, authors state and prove theorems focusing on fuzzy implication, observing the rule: the fuzzy 
function of fuzzy implication is strong and that lead to fuzzy negation. In addition, the optimal number of 
repetitions is calculated according to the expected truth value. The formulas produced are verified through the 
use of temperature and humidity values over a certain period of time and in a certain geographical area in 
Greece. The basic steps of the methodology are the fuzzification of the data given using four membership 
degree functions and the application of the membership degrees of temperature and humidity values on a new 
type of fuzzy implication. Finally, we observed that the isosceles trapezium gave the best results and the type 
of fuzzy implication can be effectively applied. 

Keywords: fuzzy logic; fuzzy implications; fuzzy negations; fuzzy disjunction; probor; t-conorm; 
temperature; humidity; triangular membership function; trapezium membership function 

 

1. Introduction 

The degree of truth of a proposition is expressed by fuzzy logic. Classical logic theory for 2500 
years (Aristotelian logic) dealt with values 0 (false) or 1 (true). The two-valued classical logic was 
followed by the new theory of fuzzy logic which brought a revolution stating that apart from the 
values 0 and 1 there is an infinite number of values in the interval [0,1] that express the value of a 
proposal. Fuzzy logic seeks the truth of propositions and in fact their degree of truth [1]. Thus, in 
fuzzy logic authors not only encounter the concepts of cold and hot, but also intermediate states such 
as lukewarm or moderately hot with various temperatures. Fuzzy logic creates verbal variables such 
as: very good, good, average, bad with each category constituting a fuzzy set. It is obvious that 
fuzziness contains special knowledge that is required in the assessment of a situation. People perceive 
the world better using shades of gray as contrast to black (1) – white (0). Fuzzy logic operates in an 
environment of ambiguity and uncertainty to produce results that make sense to humans. Today the 
theory of fuzziness finds huge application in the sectors of computing and artificial intelligence. 

In this paper, authors proposed a new type of fuzzy implication using a set of axioms and 
operations of fuzzy logic (fuzzy negations, probor and t-conorm). In order to apply the new family 
of fuzzy implications created, authors used temperature and humidity data. For the fuzzification of 
all temperature and humidity values, four membership degree functions were constructed. The 
calculation of membership degrees of 122 temperature and humidity values using two triangular 
membership degree functions and two trapezoidal membership functions (isosceles and scalene 
triangular, isosceles and random trapezium) is based on a new type of calculation of fuzzy 
implication. After these stages, authors made extensive tests so as to find that value of m of fuzzy 
implication that the above formula will get the value greater or equal to 0,9 and the optimal value 
equal to 1.  

Disclaimer/Publisher’s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and 
contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting 
from any ideas, methods, instructions, or products referred to in the content.
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The aim of this research was to obtain, the number of repetitions needed so as the new fuzzy 
implication will take the optimal value 1 or a value greater than 0.9 in each membership degree 
function (isosceles trapezium, random trapezium, isosceles triangle, scalene triangle). Also, basic 
purpose of this paper was to calculate for each membership degree function the precise number of 
temperature and humidity pairs, where the fuzzy implication has taken the chosen values. 
1.1. Literature Review-Related Work 

Fuzzy implications are useful in a wide range of applications. In literature, there are many 
families and classes of fuzzy implications obtained from binary operations on the unit interval [0, 1], 
i.e., from basic fuzzy logic connectives, such as t-norms, t-conorms and negations. Moreover 
investigations into complex fuzzy logic operators have focused on conjunction, disjunction and 
negation operators.  

Makariadis et al., [2] presented the form of an implication using fuzzy negations constructed 
with the help of conic sections. The relation was applied to real temperature and humidity data of 
E.M.Y having full application. Pagouropoulos et al., [3] presented a method for detecting the most 
suitable fuzzy implication among others under consideration, which incorporates an algorithm for 
the separation of two extreme cases. According to the truth values of the corresponding fuzzy 
propositions the optimal implication is one of these two extremes. Pagouropoulos et al., [4] 
constructed a method for detecting the most suitable fuzzy implication among others under 
consideration by evaluating the metric distance between each implication and the ideal implication 
for a given data application. The ideal implication I is defined and used as a reference in order to 
measure the suitability of fuzzy implications. The method incorporates an algorithm which results in 
two extreme cases of fuzzy implications regarding their suitability for inference making; Botzoris et 
al., [5] proposed a method of evaluation of the different fuzzy implications using available statistical 
data. The choice of the appropriate implication is based on the deviation of the truth value of the 
fuzzy implication from the real values, as described by the statistical data. Rapti and Papadopoulos, 
[6] introduced a new construction method of a fuzzy implication from n increasing functions gi: [0, 
1] → [0, ∞), (g(0) = 0) (i = 1, 2,:::, n, n ∈ N) and n+1 fuzzy negations Ni (i = 1, 2,:::, n + 1, n ∈ N). This 
method allows authors to use at least two fuzzy negations Ni and one increasing function g in order 
to generate a new fuzzy implication. Bedregal et al., [7] showed a way of S-implication using two S-
implication. The resulting implication S is satisfactory. The new implication is applied to the 
soundness property and some properties of the known S-implication. Balasubramaniam [8] 
investigated conditions under which natural negation is transformed so that implication becomes 
equal to strong negation. Sufficient conditions are also presented for fuzzy disjunctions to become t-
conorms. Jayaram and Mesiar [9] showed that various fuzzy implications are transformable and gave 
methods of creating special implications from the givens. Wang et al., [10] develop a fast method for 
intuitive fuzzy clustering analysis. Examples are also given to illustrate and verify their results. Shi 
et al., [11] showed that a fuzzy implication defined as a two-position function on the interval [0,1] 
authors obtain an extension of the classical binary implication. This paper aimed to highlight the 
interaction of the eight fuzzy axioms. Fernandez-Peralta et al., [12] present the family of fuzzy 
implications in which the central idea is the existence of completion of a binary function defined on 
a certain subregion of [0,1]. Fernandez-Sanchez et al., [13] complement and generalize some fuzzy 
implication constructions based on two arbitrary pairs, obtaining new fuzzy implication. Thus they 
give a general method for constructing fuzzy implications. Madrid and Cornelis, [14] in this paper 
refute the thought of Fodor and Yager that the class of integration measures proposed by Kitainik 
coincides with that of integration measures based on contrastively fuzzy implications. Pinheiro et al., 
[15] formulated various distinctive, techniques for generating fuzzy implication functions. Zhao and 
Lu [16] presented a new fuzzy implications construction method which compared to others has many 
advantages. These satisfy the conditions for the resolution of the distribution equations which 
involving fuzzy implications constructed by Drygas and Krol. Massanet et al., [17] presented fuzzy 
polynomial implications given by a polynomial of two variables. Souliotis and Papadopoulos [18] 
constructed a new method of generating fuzzy implications based on a given fuzzy negation. So they 
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made rules aimed at regulation and decision making adjusting mathematics to common human logic. 
Krol [19] dealt with some functions fuzzy implication within the laws of propositional calculus where 
they lead to new fuzzy implications. Souliotis and Papadopoulos [20] discovered simple 
mathematical and computational procedures strong fuzzy implications with the help of geometric 
concepts such as ellipticity and hyperbola. 

Investigating the international literature it was found that there is no similar methodology-
proposed work. The innovation of this paper is that there is no family that defines the value of m and 
changing values of m to create a new family of fuzzy implication. 

1.2. Paper outline 

This work is structured as follows: In section 1, a brief description of the theory of fuzzy logic is 
presented and the basic points of this methodology are mentioned (the aim, the purpose and the 
significance of this paper). In addition, in the same section 1, an extensive and thorough reference is 
made to works related to the fuzzy implications by exploring the international literature. A general 
description of the theoretical background and framework of fuzzy logic and fuzzy implications is 
included in section 2. Moreover, in section 2 are analyzed in detail theorems and proofs of the new 
proposed family of fuzzy implications. Also in the same section 2, the extensive description and 
application of the new proposed family of fuzzy implications takes place (all the steps of the proposed 
methodology). In Section 3, authors analyzed the results, which are generated by the application of 
the proposed methodology and by conducting several tests. In section 4, authors mention the most 
important points of the methodology. Also discuss and summarize the results and the findings of 
them. Finally, the conclusions of the overall work and the future research directions are summarized 
in the last section 5. 

2. Theory - New Fuzzy Implication Methods 

2.1. Theoretical framework of fuzzy implication 

Generalizing classical logic [21], in order to determine whether the fuzzy propositions are 
strongly true, authors are led to evaluate the implication of fuzzy propositions [22–25].  
Definition 1: Researchers define fuzzy implication as a function: 𝑓: [0,1] × [0,1] → [0,1]  

For the definition of a fuzzy logic implication, a set of axioms has been proposed in the literature, 
that every function has to fulfill, in order to be considered as a fuzzy implication function [26–29]. So 
it must satisfy the maximum of the following axioms, these are [30–32]: 

i. If 𝜔ଵ ≤ 𝜔ଶthen 𝑓(𝜔ଵ, 𝑦) ≥ 𝑓(𝜔ଶ, 𝑦) (decreasing as to the first variable) 

ii. If 𝜔ଵ ≤ 𝜔ଶ then 𝑓(𝑥, 𝜔ଵ) ≤ 𝑓(𝑥, 𝜔ଶ) (increasing as to the second variable) 

iii. 𝑓(0, 𝜔ଵ) = 1 

iv. 𝑓(1, 𝜔ଵ) = 𝑎 

v. 𝑓(𝜔ଵ, 𝜔ଵ) = 1 

vi. 𝑓൫𝜔ଵ, 𝑓(𝜔ଶ, 𝑥)൯ = 𝑓൫𝜔ଶ, 𝑓(𝜔ଵ, 𝑥)൯ 

vii. If 𝑓(𝜔ଵ, 𝜔ଶ) = 1 then 𝜔ଵ ≤ 𝜔ଶ 

viii. 𝑓(𝜔ଵ, 𝜔ଶ) = 𝑓൫𝑛(𝜔ଶ), 𝑛(𝜔ଵ)൯ 

ix. The function 𝑓 is continuous 

A fuzzy implication must satisfy as many as possible of the above axioms ideally. 
A fuzzy negation n [1] is a generalization of the classical supplement.  

Definition 2: The negation n in fuzzy logic is a function n: [0,1]→[0,1] which meets the following 
condition [33,34]: 

i. 𝑛(0) = 1 and 𝑛(1) = 0 
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ii. 𝑛൫𝑛(𝑥)൯ = (𝑛 ∘ 𝑛)(𝑥) = 𝑥, ∀𝑥 ∈ [0,1] 
iii. The n is a genuinely decreasing function. 

Such a function is 𝑛(𝑥) = 1 − 𝑥, which satisfies the above properties. The negation 𝑛(𝑥) = 1 −𝑥 is a strong negation. For a negation to be strong, it must meet all three conditions above, while if it 
satisfies the first and third conditions, it is simply a negation. The inconsistency of proposal is appears 
by its degree of truth. The lower the degree of truth, the more inconsistent the proposal. Thus an 
expression is inconsistent if and only if its negation is strong. 

Definition 3: The “or” or t-conorm (denoted by ∨) in fuzzy logic is a depiction [0,1]×[0,1]→[0,1], this 
will be denoted by x∨y. To be or should meet the following properties: 

i. 𝑥 ∨ 𝑦 = 𝑦 ∨ 𝑥, ∀𝑥, 𝑦 ∈ [0,1] (commutativity property) 

ii. 𝑥 ∨ (𝑦 ∨ 𝑧) = (𝑥 ∨ 𝑦) ∨ 𝑧, ∀𝑥, 𝑦, 𝑧 ∈ [0,1] (associative property) 

iii. 𝑥 ∨ 0 = 𝑥, ∀𝑥 ∈ [0,1] (border condition) 

iv. if ൜ 𝑥 ≤ 𝑦𝜔 ≤ 𝜑ൠ ⇒ 𝑥 ∨ 𝜔 ≤ 𝑦 ∨ 𝜑, ∀𝑥, 𝑦, 𝜔, 𝜑 ∈ [0,1] (monotonicity) 

Such or satisfying all the above properties is the probor x∨y=x+y-xy. 
2.2. The new proposed family of fuzzy implication 

In this section, authors analyzed the theorems and proofs of the new proposed family of fuzzy 
implications. 

The following theorems are presented: 

Theorem 1. If 𝑓: [0,1] × [0,1] → [0,1] is a function of the form  

𝑓(𝑥, 𝑦) = 𝑛(𝑥)𝑉𝑦ො௠
  (1) 

where 𝑛(𝑥) = 1 − 𝑥, [35–37], the function probor 𝑥𝑉𝑦 = 𝑥 + 𝑦 − 𝑥𝑦 [21],[28],[30],[34] has been selected 

for the application of t-conorm and m is representing the number of probor repetitions, then 

 𝑓(𝑥, 𝑦) = 1 − ∑ (−1)఑൫௠఑ ൯𝑥𝑦఑௠఑ୀ଴ = 1 − 𝑥(1 − 𝑦)௠ (2)

Proof of Theorem 1. 

 For m=2 authors have:  𝑦𝑉𝑦 = 𝑦ොଶ = 𝑦 + 𝑦 − 𝑦 ∙ 𝑦 = 2𝑦 − 𝑦2  (3)

 For m=3 researchers have:  𝑦𝑉𝑦𝑉𝑦 = 𝑦ොଷ = 2𝑦 − 𝑦2+𝑦 − (2𝑦 − 𝑦2) ∙ 𝑦 = 3𝑦 − 3𝑦2+𝑦3  (4)

 For m=4 authors have:  𝑦𝑉𝑦𝑉𝑦𝑉𝑦 = 𝑦ොସ = 3𝑦 − 3𝑦2+𝑦3+𝑦 − (3𝑦 − 3𝑦2+𝑦3) ∙ 𝑦 = 4𝑦 −6𝑦2+4𝑦3−𝑦4  (5)

 For m=5 researchers have 
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 yVyVyVyVy=𝑦ොହ=4y−6y2+4y3−y4+y−(4y−6y2+4y3−y4)∙y=5y−10y2+10y3−5y4+y5 

(6
)

 For m=6 authors have: yVyVyVyVyVy=𝑦ො଺=5y-10y2+10y3-5y4+y5+y-(5y-10y2+10y3-5y4+y5)∙y =6y-15y2+20y3-15y4+6y5-y6 
 

(7)

So generalizing, 𝑦ො௠ = ൫௠ଵ ൯𝑦 − ൫௠ଶ ൯𝑦ଶ + ൫௠ଷ ൯𝑦ଷ − ൫௠ସ ൯𝑦ସ + ൫௠ହ ൯𝑦ହ−. . . ൫௠௠൯𝑦௠ (8)

If m is even then (–),  
If m is odd then (+) 

 n(x)Vy=(1-x)Vy=1-x+y-(1-x)∙y=1-x+y-y+x∙y=1-x+x∙y (9) 

 n(x)Vyො2=n(x)VyVy=(1-x)V(2y-y2)=1-x+2y-y2-(1-x)∙(2y-y2)=1-x+2x∙y-x∙y2 (10) 

 n(x)Vyො3=n(x)VyVyVy=(1-x)V(3y-3y2+y3)=1-x+3x∙y-3x∙y2+x∙y3       (11) 

 n(x)Vyො4=n(x)VyVyVyVy=(1-x)V(4y-6y2+4y3-y4)=1-x+4x∙y-6x∙y2+4x∙y3-x∙y4    =1- x +൫41൯xy − ൫42൯xy2 + ൫43൯xy3 − ൫44൯xy4                  (12) 

 𝑛(𝑥)𝑉𝑦ොହ = 𝑛(𝑥)𝑉𝑦𝑉𝑦𝑉𝑦𝑉𝑦𝑉𝑦 = 1 − 𝑥 + ൫ହଵ൯𝑥𝑦 − ൫ହଶ൯𝑥𝑦ଶ + ൫ହଷ൯𝑥𝑦ଷ − ൫ହସ൯𝑥𝑦ସ +൫ହହ൯𝑥𝑦ହ (13)

Therefore for the fuzzy implication authors have the formula that follows from the theorem (1): 

𝑛(𝑥)𝑉𝑦ො௠ = 1 − ෍(−1)఑ ቀ𝑚𝜅 ቁ 𝑥𝑦఑௠
఑ୀ଴  

𝑛(𝑥)𝑉𝑦ො௠ = 1 − 𝑥 + ቀ𝑚1 ቁ 𝑥𝑦 − ቀ𝑚2 ቁ 𝑥𝑦ଶ + ቀ𝑚3 ቁ 𝑥𝑦ଷ − ቀ𝑚4 ቁ 𝑥𝑦ସ
+ ቀ𝑚5 ቁ 𝑥𝑦ହ−. . . ቀ𝑚𝑚ቁ 𝑥𝑦௠ = 1 − ቀ𝑚0 ቁ 𝑥𝑦଴ + ቀ𝑚1 ቁ 𝑥𝑦 − ቀ𝑚2 ቁ 𝑥𝑦ଶ + ቀ𝑚3 ቁ 𝑥𝑦ଷ − ቀ𝑚4 ቁ 𝑥𝑦ସ
+ ቀ𝑚5 ቁ 𝑥𝑦ହ−. . . ቀ𝑚𝑚ቁ 𝑥𝑦௠

 

= 1 − ቂቀ𝑚0 ቁ 𝑥𝑦଴ − ቀ𝑚1 ቁ 𝑥𝑦 + ቀ𝑚2 ቁ 𝑥𝑦ଶ − ቀ𝑚3 ቁ 𝑥𝑦ଷ + ቀ𝑚4 ቁ 𝑥𝑦ସ
− ⋯ ቀ𝑚𝑚ቁ 𝑥𝑦௠ቃ 
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= 1 − ෍(−1)఑ ቀ𝑚𝜅 ቁ 𝑥𝑦఑௠
఑ୀ଴  (14)

Two cases are distinguished depending on the fact that n can be even or odd. 
Using the binomial Newton the relationship obtained is: 𝑛(𝑥)𝑉𝑦ො௠ = 1 − ∑ (−1)఑൫௠఑ ൯𝑥𝑦఑௠఑ୀ଴ =1 − 𝑥 ∑ (−1)఑൫௠఑ ൯𝑦఑௠఑ୀ଴   

= 1 − 𝑥[(−1)଴ ቀ𝑚0 ቁ 𝑦଴ + (−1)ଵ ቀ𝑚1 ቁ 𝑦ଵ + (−1)ଶ ቀ𝑚2 ቁ 𝑦ଶ + ⋯+ (−1)௠ ቀ𝑚𝑚ቁ 𝑦௠]  

= 1 − 𝑥[ቀ𝑚0 ቁ 1଴𝑦଴ − ቀ𝑚1 ቁ 1௠ିଵ𝑦ଵ + ቀ𝑚2 ቁ 1௠ିଶ𝑦ଶ + ⋯+ (−1)௠ ቀ𝑚𝑚ቁ 1଴𝑦௠] (15)

and from the binomial Newton the following formula is obtained. 𝑛(𝑥)𝑉𝑦ො௠ = 1 − 𝑥(1 − 𝑦)௠ (16)
Relations (14) and (16) are proven analytically by the method of induction. 
Next researchers prove the formula (14): 
We show the relationship inductively by setting where m equals to 1 we have: 
In the 1st member we have n(x)Vy=(1-x)Vy=1-x+y-(1-x)y=1-x+y-y+xy=1-x+xy 
In the 2nd member we have 1 − ෍(−1)఑ ൬1𝜅൰ 𝑥𝑦఑ଵ

఑ୀ଴ = 1 − ൤(−1)଴ ൬10൰ 𝑥𝑦଴ + (−1)ଵ ൬11൰ 𝑥𝑦ଵ൨ 

= 1 − ൬10൰ 𝑥 + ൬11൰ 𝑥𝑦 = 1 − 1!0! (1 − 0)! 𝑥 + 1!1! (1 − 1)! 𝑥 = 1 − 𝑥 + 𝑥𝑦  so it applies. 

 

Next, authors assume that it holds for m that is, 

     𝑛(𝑥)𝑉yො௠ = 1 − ෍(−1)఑ ቀ𝑚𝜅 ቁ 𝑥𝑦఑௠
఑ୀ଴   

Authors will show that it holds for m+1 namely, 

 𝑛(𝑥)𝑉yො௠ାଵ = 1 − ෍ (−1)఑ ൬𝑚 + 1𝜅 ൰ 𝑥𝑦఑௠ାଵ
఑ୀ଴   

So the next formula is obtained, 

(𝑛(𝑥)𝑉𝑦ො௠)𝑉𝑦 = 1 − ෍ (−1)఑ ൬𝑚 + 1𝜅 ൰ 𝑥𝑦఑௠ାଵ
఑ୀ଴  (17)
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⇔ (1 − ෍(−1)఑௠
఑ୀ଴ ቀ𝑚𝜅 ቁ 𝑥𝑦఑)𝑉𝑦

= 1 − ෍ (−1)఑ ൬𝑚 + 1𝜅 ൰ 𝑥𝑦఑௠ାଵ
఑ୀ଴  

           ⇔ 1 − ෍(−1)఑௠
఑ୀ଴ ቀ𝑚𝜅 ቁ 𝑥𝑦఑ + 𝑦

− 𝑦 ൭1 − ෍(−1)఑௠
఑ୀ଴ ቀ𝑚𝜅 ቁ 𝑥𝑦఑൱

= 1 − ෍ (−1)఑ ൬𝑚 + 1𝜅 ൰ 𝑥𝑦఑௠ାଵ
఑ୀ଴  

⇔ − ෍(−1)఑௠
఑ୀ଴ ቀ𝑚𝜅 ቁ 𝑥𝑦఑ + 𝑦 ෍(−1)఑௠

఑ୀ଴ ቀ𝑚𝜅 ቁ 𝑥𝑦఑

= − ෍ (−1)఑ ൬𝑚 + 1𝜅 ൰ 𝑥𝑦఑௠ାଵ
఑ୀ଴  

⇔ − ෍(−1)఑௠
఑ୀ଴ ቀ𝑚𝜅 ቁ 𝑥𝑦఑ − ෍(−1)఑ାଵ௠

఑ୀ଴ ቀ𝑚𝜅 ቁ 𝑥𝑦఑ାଵ

= − ෍ (−1)఑ ൬𝑚 + 1𝜅 ൰ 𝑥𝑦఑௠ାଵ
఑ୀ଴  

⇔ ෍(−1)఑௠
఑ୀ଴ ቀ𝑚𝜅 ቁ 𝑦఑ + ෍(−1)఑ାଵ௠

఑ୀ଴ ቀ𝑚𝜅 ቁ 𝑦఑ାଵ

= ෍ (−1)఑ ൬𝑚 + 1𝜅 ൰௠ାଵ
఑ୀ଴ 𝑦఑ 

                                ⇔ [(−1)଴ ቀ𝑚0 ቁ 𝑦଴ + (−1)ଵ ቀ𝑚1 ቁ 𝑦ଵ + (−1)ଶ ቀ𝑚2 ቁ 𝑦ଶ + (−1)ଷ ቀ𝑚3 ቁ 𝑦ଷ+ (−1)ସ ቀ𝑚4 ቁ 𝑦ସ+. . . +(−1)௠ ቀ𝑚𝑚ቁ 𝑦௠] + [(−1)ଵ ቀ𝑚1 ቁ 𝑦ଵ+ (−1)ଶ ቀ𝑚2 ቁ 𝑦ଶ + (−1)ଷ ቀ𝑚3 ቁ 𝑦ଷ+ (−1)ସ ቀ𝑚4 ቁ 𝑦ସ+. . . +(−1)௠ାଵ ቀ𝑚𝑚ቁ 𝑦௠ାଵ]               = [(−1)଴ ൬𝑚 + 10 ൰ 𝑦଴ + (−1)ଵ ൬𝑚 + 11 ൰ 𝑦ଵ + (−1)ଶ ൬𝑚 + 12 ൰ 𝑦ଶ+ (−1)ଷ ൬𝑚 + 13 ൰ 𝑦ଷ + (−1)ସ ൬𝑚 + 14 ൰ 𝑦ସ+. . . +(−1)௠ ൬𝑚 + 1𝑚 ൰ 𝑦௠+ (−1)௠ାଵ ൬𝑚 + 1𝑚 + 1൰ 𝑦௠ାଵ]  
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Simplifying the representation we have,  ⇔ − ቀ𝑚1 ቁ 𝑦 − 𝑦 = (−1) ൬𝑚 + 11 ൰ 𝑦                                      
                                 ⇔ ൤− 𝑚!1! (𝑚 − 1)! − 1൨ 𝑦 = (−1) (𝑚 + 1)!1! (𝑚 + 1 − 1)! 𝑦       

By subsequently, we are lead to ⇔ 𝑚 + 1 = 𝑚 + 1, (18)
which therefore also applies to the original. 
Next authors prove the formula (16): 
The relationship is proven inductively by setting where m=1 authors have: 
In the 1st part we have n(x)Vy=(1-x)Vy=1-x+y-(1-x)y=1-x+y-y+xy=1-x+xy 
In the 2nd part we have 1-x(1-y)=1-x+xy so it applies. 
Next, we assume that it holds for m concequently, 𝑛(𝑥)𝑉𝑦ො௠ = 1 − 𝑥(1 − 𝑦)௠  
We will show that it holds for m+1 therefore, 𝑛(𝑥)𝑉𝑦ො௠ାଵ = 1 − 𝑥(1 − 𝑦)௠ାଵ (𝑛(𝑥)𝑉yො௠)𝑉𝑦 = 1 − 𝑥(1 − 𝑦)௠ାଵ (1 − 𝑥(1 − 𝑦)௠)𝑉𝑦 = 1 − 𝑥(1 − 𝑦)௠ାଵ 1 − 𝑥(1 − 𝑦)௠ + 𝑦 − (1 − 𝑥(1 − 𝑦)௠)𝑦 = 1 − 𝑥(1 − 𝑦)௠ାଵ −𝑥(1 − 𝑦)௠ + 𝑦 − 𝑦 + 𝑥𝑦(1 − 𝑦)௠ = −𝑥(1 − 𝑦)௠ାଵ −𝑥(1 − 𝑦)௠ + 𝑥𝑦(1 − 𝑦)௠ = −𝑥(1 − 𝑦)௠ାଵ −𝑥(1 − 𝑦)௠(1 − 𝑦) = −𝑥(1 − 𝑦)௠ାଵ −𝑥(1 − 𝑦)௠ାଵ = −𝑥(1 − 𝑦)௠ାଵ, 

 
which therefore also applies to the original. 
In relation (16) authors observe that when 𝑚 → ∞ the result we obtain is 1 for the same value of 

variable x and  0 ≤ 𝑦 ≤ 1 . Thus, an inequality relation is needed for appropriate values of m 
depending on the desired truth value of the fuzzy implication.  

For the above theorem, it will be checked below which of the 9 axioms fuzzy implication are 
fulfilled (1): 

i. The concept of monotonicity is studied with respect to the first variable, consequently with 

respect to x, we consider 0<x1< x2 so -x1>-x2⇔ 1-x1>1-x2  that is n(x1)>n(x2) that is n(x1)V𝑦ො𝑚>n(x2)V𝑦ො𝑚 therefore f(x1,y)> f(x2,y) so the function decreasing 

ii. Researchers find the monotonicity with respect to the second variable, therefore with respect to y, authors consider 0<y1< y2  so  𝑦ෝ ௠ୄ< 𝑦ොଶ௠ therefore n(x)V𝑦ො⊥𝑚 < n(x)V𝑦ො2𝑚 so f(x,y1)< f(x,y2) so the 

function increasing, because inductively we have : 

 yVy = 𝑦ොଶ = y+y-y∙y = 2y-y2 (yVy)΄ = 2-2y = 2(1-y) ≥0 namely 𝑦ොଶ  
 yVyVy=𝑦ො3 = 2y-y2+y-(2y-y2)∙y = 3y-3y2+y3 (yVyVy)΄= 3-6y+3y2 = 3( 1-y)2 ≥0 namely 𝑦ොଷ  
 yVyVyVy=𝑦ො4 = 4y-6y2+4y3-y4 (yVyVyVy)΄= 4-12y+12y2-4y3 = 4(1-y3)-12y(1-y) = 4(1-y)3 ≥0 namely 𝑦ොସ  
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             . 
             . 
             . 

  (yVyV…y)΄=( 𝑦ො𝑚)΄ = m(1-y)m-1 ≥ 0 namely 𝑦ෝ𝑚  

We assume that (𝑦ො௠ିଵ)΄=(m-1)(1-y)m-2. In order to show that (𝑦ො௠)΄=(m)(1-y)m-1 :  (𝑦ො௠)΄=(𝑦ො௠ିଵVy)΄ =(𝑦ො௠ିଵ+y-𝑦ො௠ିଵ ∙y)΄ =(m-1)∙(1-y)m-2+1-[(𝑦ො௠ିଵ)΄∙y+𝑦ො௠ିଵ ∙(y)΄] =(m-1)∙(1-y)m-2+1-(m-1)∙(1-y)m-2∙y-𝑦ො௠ିଵ =(m-1)∙(1-y)m-2 ∙(1-y)+1-𝑦ො௠ିଵ =(m-1)∙ (1-y)m-1+1-𝑦ො௠ିଵ =(m-1)∙(1-y)m-1+(1-y)m-1                    =(1-y)m-1∙(m-1+1)=m(1-y)m-1 

. 

 

iii. It has to be proven f(0,ω1)=1 that. 
Actually f(0,ω1)=n(0)V𝜔ଵෞ ௠=1 for n(0)=1 meaning that falsehood implies anything 
(dominion of falsehood). 

iv. It has to be proven f(1,ω2)=ω2 that. 
Actually, f(1,ω2)=n(1)V𝜔ଶෞ ௠=𝜔ଶෞ ௠ this applies to m=1 and it does f(1,ω2)=ω2      
meaning that truth does not implies anything (truth neutrality) 

v. Must f(ω1,ω1)=1 that is n(ω1)V𝜔1ෞ𝑚=1 that is ൝𝑛(𝜔1) = 1 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝜔1 = 0𝑜𝑟𝜔1ෞ𝑚 = 1 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝜔1 = 1  

consequently f(0,0)=1 and f(1,1)=1 
vi. Must to prove that f(x,f(y,z))=f(y,f(x,z))  

that is n(x)V 𝑓 ௠(𝑦, 𝑧)=n(y)V 𝑓  ௠(𝑥, 𝑧) 

therefore⎩⎪⎨
⎪⎧ 𝑛(𝑥) = 𝑛(𝑦) ⇒ 𝑥 = 𝑦 𝑠𝑜 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝑎𝑝𝑝𝑙𝑖𝑒𝑠or𝑓௠(𝑦, 𝑧) = 𝑓௠(𝑥, 𝑧) ⇒ (n(y)Vzො୫)୫ = (n(x)Vzො୫)୫ ⇒  𝑛(𝑦)𝑉𝑧̂௠ = 𝑛(𝑥)𝑉𝑧̂௠⇒ 𝑥 = 𝑦 so the original applies  

vii. If f(x,y)=1 then x≤y 
therefore f(x,y)=1 consequently n(x)V𝑦ො௠=1 

therefore ൝ n(x) = 1 ⇒  x = 0 so x ≤ y               oryො୫ = 1 ⇒  y = 1 so x ≤ y 𝑤ℎ𝑖𝑐ℎ 𝑎𝑝𝑝𝑙𝑖𝑒𝑠  
viii. Must f(x,y)=f(n(y),n(x)) 

so f(x,y)=n(x)V𝑦ො௠
 

f(n(y),n(x))=n(n(y))V(𝑛(𝑥))෣ ௠ = yV(𝑛(𝑥))෣ ௠
 so they are equal only for m=1 

ix. Since f producible in both variables means f continuous.  

Theorem 2. If 𝑓: [0,1] × [0,1] → [0,1] is a function of the form 𝑓(𝑥, 𝑦) = 1 − 𝑥(1 − 𝑦)௠ 𝑤ℎ𝑒𝑟𝑒 𝑓(𝑥, 𝑦) ≥ 0,9 , 𝑡ℎ𝑒𝑛 (19) 𝑚 ≥ ି ௟௡(ଵ଴௫)௟௡(ଵି௬)  , when 𝑥 > 0.1 and 0 < 𝑦 < 1 (20) 
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Proof of Theorem 2.  

1 − 𝑥(1 − 𝑦)௠  ≥ 0,9 ⇒ 0,1𝑥 ≥ (1 − 𝑦)௠ 

𝑙𝑛 0,1𝑥 ≥ 𝑚 𝑙𝑛(1 − 𝑦) ⇒  𝑚 ≥ 𝑙𝑛 0,1 − 𝑙𝑛 𝑥𝑙𝑛(1 − 𝑦)  

 

𝑚 ≥ −(𝑙𝑛 10 + 𝑙𝑛 𝑥)𝑙𝑛(1 − 𝑦)  ⇒ 𝑚 ≥ − 𝑙𝑛(10𝑥)𝑙𝑛(1 − 𝑦)   (21)

Theorem 3: If 𝑓: [0,1] × [0,1] → [0,1] is a function of the form 

𝑛(𝑥)𝑉𝑦ො௠ = 𝑁 ൬ቀ𝑛൫𝑛(𝑥)൯ቁ ൫𝑛(𝑦)൯௠൰ = 𝑁(𝑥, 𝑦)  (22)

Proof of Theorem 3. 

𝑛(𝑥)𝑉𝑦ො௠ = 1 − 𝑥(1 − 𝑦)௠ = 1 − (1 − 1 + 𝑥)(1 − 𝑦)௠ = 1 − [1 − (1 − 𝑥)](1 − 𝑦)௠ = 1 − [1 − 𝑛(𝑥)](1 − 𝑦)௠ = 1 − 𝑛൫𝑛(𝑥)൯ ∙ ൫𝑛(𝑦)൯௠ = 𝑁 ൬ቀ𝑛൫𝑛(𝑥)൯ቁ ൫𝑛(𝑦)൯௠൰  (23)

With 𝑁(𝑥, 𝑦) = 𝑛(𝑥)𝑉𝑦ො௠ taken as a generalized negation and it will be shown that it satisfies 
some of the fundamental conditions in order to be a generalized negation: 

Actually 

    i. 𝑁(0,0) = 𝑁 ൬ቀ𝑛൫𝑛(0)൯ቁ ൫𝑛(0)൯௠൰ = 𝑁(𝑛(1) ∙ 1௠) = 𝑁(0 ∙ 1) =𝑁(0) = 1 
(24)

and also 

𝑁(1,0) = 𝑁 ൬ቀ𝑛൫𝑛(1)൯ቁ ൫𝑛(0)൯௠൰ = 𝑁(𝑛(0) ∙ 1௠) = 𝑁(1 ∙ 1) = 𝑁(1) = 1  

 ii. 𝑁(𝑁(𝑥, 0), 0) = 𝑁 ቀ𝑛 ቀ𝑛൫𝑁(𝑥, 0)൯ቁ ∙ ൫𝑛(0)൯௠ቁ =𝑁 ൬𝑛 ቀ𝑛൫𝑁(𝑥, 0)൯ቁ൰ = 𝑁(𝑁(𝑥, 0)) =  𝑁൫𝑛൫𝑛(𝑥)൯ ∙ ൫𝑛(0)൯௠൯ =𝑁 ቀ𝑛൫𝑛(𝑥)൯ቁ = 𝑁(𝑥) 

that is N(N(x))=x 

(25)

   iii. We want 𝑁(𝑥, 𝑦) = 1 − 𝑥(1 − 𝑦)௠ to be decreasing 
   authors produce in terms of x  

𝑁(𝑥, 𝑦) = −(1 − 𝑦)௠ < 0  
(26)
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For the above theorem, it will be checked below which of the 9 axioms fuzzy implication are 

fulfilled 𝑛(𝑥)𝑉𝑦ො௠ = N ൬ቀn൫n(x)൯ቁ ൫n(y)൯୫൰ = 𝑁(𝑥, 𝑦): 

i. The concept of monotonicity is studied with respect to the first variable, therefore with respect to x, 

𝛮𝑥́(𝑥, 𝑦) = −(1 − 𝑦)𝑚 consequently decreasing  

ii. Researchers find the monotonicity with respect to the second variable, therefore with respect to 

y,𝛮𝑦́(𝑥, 𝑦) = −𝑥𝑚(1 − 𝑦)𝑚−1(1 − 𝑦)΄ = 𝑥𝑚(1 − 𝑦)𝑚−1consequently increasing  

iii. It has to be proven N(0,ω1)=1 that. 
Actually, N(0,ω1) = N(n(n(0))∙(n(ω1))m) = N(n(1)∙(n(ω1))m) = N(0∙(n(ω1))m) = N(0) = 1 therefore 

apply meaning that falsehood implies anything (dominion of falsehood) 

iv. It just has to be proven N(1,ω2)=ω2. Actually, N(1,ω2) = N(n(n(1))∙(n(ω2))m) = N(n(0)∙(n(ω2))m) = N(1∙(n(ω2))m) = N(n(ω2))m) this applies to m=1 and it does N(1,ω2)=ω2 meaning that truth does not 

imply anything (truth neutrality). 

v. Must Ν(ω1,ω1)=1 namely, N(ω1,ω1) = N(n(n(ω1))∙(n(ω1))m) = N(ω1∙(n(ω1))m) for the 5th property to 

hold α must be 0 or 1, namely  N(0∙(n(0))m) = N(0∙1m)=N(0)=1  N(1∙(n(1))m)=N(1∙0m)=N(0)=1 vi. Authors also want to show that N(ω1, N(ω2,x))=N(ω2, N(ω1,x)) 1-ω1(1-N(ω2,x))m=1-ω2(1-N(ω1,x))m ω1(1-Ν(ω2,x))m=ω2(1-N(ω1,x))m ω1[1-(1-ω2(1-x)m)]m=ω2[1-(1-ω1(1-x)m)]m ω1[1-1+ω2(1-x)m)]m=ω2[1-1+ω1(1-x)m)]m ω1[ω2(1-x)m]m=ω2[ω1(1-x)m]m ω1ω2m=ω2ω1m 𝜔2𝑚𝜔2 = 𝜔1𝑚𝜔1  ω2m-1=ω1m-1 (𝜔2𝜔1)𝑚−1 = 1 
so for the 6th property to hold it must m-1=0 ⇒ m=1 or ఠమఠభ = 1 ⇒ω1=ω2 

vii. If N(x,y)=1 then x≤y therefore N(x,y)=1 ⇒1-x(1-y)m=1  

therefore ൝𝑥 = 0 𝑠𝑜 1 − y ≠ 0 ⇒   y ≠ 1 so 𝑥 ≤ 𝑦               or1 − 𝑦 = 0 ⇒  𝑦 = 1 so 𝑥 ≤ 𝑦 𝑤ℎ𝑖𝑐ℎ 𝑎𝑝𝑝𝑙𝑖𝑒𝑠   viii. N(ω1,ω2)=N(n(ω2),n(ω1)) 
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1-ω1(1-ω2)m=1-n(ω2)(1-n(ω1))m ω1(1-ω2)m=n(ω2)(1-n(ω1))m ω1(1-ω2)m=(1-ω2)(1-(1-ω1))m  (1 − 𝜔ଶ)௠1 − 𝜔ଶ = 𝜔ଵ௠𝜔ଵ  (1-ω2)m-1 = ω1m-1 ൬1 − 𝜔ଶ𝜔ଵ ൰௠ିଵ = 1 
 

Must ൞ ଵିఠమఠభ = 1 ⟺ 𝜔ଵ = 1 − 𝜔ଶ  ⟺ 𝜔ଵ + 𝜔ଶ = 1               or𝑚 − 1 = 0 namely 𝑚 = 1 and ଵିఠమఠభ ≠ 0 that is 𝜔ଵ + 𝜔ଶ ≠ 1 which applies  
ix. Since Ν producible in both variables means Ν is continuous.  

2.3. Description and application of the new proposed family of fuzzy implications 

In order to apply the fuzzy implications created, we considered temperature measurements with 
the corresponding humidity values [38]. The data taken refer to the city of Kavala in Greece and for 
four months of August, September, October, November of the year 2021 and same time 11:50 daily 
[39] with a total of 122 observations. Variable x represents the humidity values and variable y 

represents the temperature values. The values of humidity are between 29% and 94%, while the 
values of temperature are between 7°C and 36°C. For the fuzzification of all values, a conversion has 
been made of all values by constructing different fuzzy numbers. 

Authors calculate the degree of membership using four membership degree functions (isosceles 
and scalene triangular and isosceles and random trapezium), which applied in the new type of fuzzy 
implication for various values of m. Four different models are created, which are presented in the 
pictures-graphs below: 

The following images were extracted from the fuzzy environment of the Matlab program. 
The steps of the methodology are described in summary: 
1st Step: 
Fuzzification of 122 temperature and humidity values using four membership degree functions 

(2 triangular and 2 trapezoidal); 
2nd Step:  
Application of the membership degrees (truth value) of temperature and humidity values based 

on a new type calculation of fuzzy implication (16); 
3rd Step: 
Extensive tests in each membership degree function so as to find that value of m that the above 

formula will get the value over to 0,9 and the optimal value equal to 1.  
The purpose of the above steps is to arrive at finding that membership degree function that gives 

the best results. 
First of all, authors used in the Matlab program the following commands that read from excel 

the 122 temperature and humidity values respectively. 

Temperature = xlsread ('temperature.xls',1,'A1:A122')   (Command 1) 

Humidity = xlsread ('humidity.xls',1,'A1:A122')   (Command 2) 

I. First Case - Isosceles trapezium (trapezium membership function) 
In the first case, authors use graphs in the form of an isosceles trapezium in a rectangular system 

of axes with abscissa temperatures or humidities and ordinates the corresponding fuzzy numbers 
[0,1]. The vertices of the isosceles trapezoids for temperatures are [7,19,24,36] with graph ordinates 
[0,1]. While for humidities they have abscissas [0.29, 0.59, 0.64, 0.94] with graph ordinates [0,1]. 
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Specifically, authors type the fuzzy command to open the membership function environment. 
The following command 3 outputs the degrees of membership by fuzzing the temperature values 
ranging from [7,36] based on the vertices of the isosceles trapezium [7,19,24,36] (see Figure 1). 

ISOSCELESTRAPEZIUMtemperature = trapmf (temperature, [7 19 24 36]) (Command 3) 

 

Figure 1. The procedure of the fuzzification of the temperature values ranging from [7,36] based on 
the vertices of the isosceles trapezium [7,19,24,36]. 

Therefore, temperature values greater than 7 and close to this value will have a membership 
degree of approximately 0.1, 0.2, temperature values of 18 and 25 a membership degree of 
approximately 0.9, temperature values from 19 to 24 a membership degree of 1, and finally 
temperature values less than value 36 and close to this value will have a membership degree of about 
0.1, 0.2. Temperature values 7 and 36 have a membership degree of 0. 

The command 4 below outputs the membership degrees by fuzzing the humidity values ranging 
from [0.29, 0.94] based on the vertices of the isosceles trapezium [0.29, 0.59, 0.64, 0.94] (see Figure 2). 

ISOSCELESTRAPEZIUMhumidity = trapmf(humidity, [0.29 0.59 0.64 0.94]) (Command 4) 

Therefore, humidity values greater than 0.29 (29%) and close to this value will have a 
membership degree of about 0.1, 0.2, humidity values of 0.57, 0.58 and 0.65, 0.66 a membership degree 
of about 0.9, temperature values from 0.59 to 0.64 a membership degree of 1, and finally humidity 
values smaller than the value 0.94 and close to this value will have a degree of membership of 
approximately 0.1, 0.2. Humidity values of 0.29 and 0.94 have a membership degree of 0. 
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Figure 2. The procedure of the fuzzification of the humidity values ranging from [0.29, 0.94] based on 
the vertices of the isosceles trapezium [0.29, 0.59, 0.64, 0.94]. 

II. Second Case - Random trapezium (trapezoidal membership function) 
In the 2nd case authors construct a random trapezium graph in a rectangular system of axes 

with abscissas of temperature peaks [7,22,23,36] while ordinates the fuzzy corresponding numbers 
[0,1] and for humidity [0.29, 0.60, 0.61, 0.94] by placing the large base on the abscissa axis. 

Command 5 outputs the membership degrees by fuzzing the temperature values based on the 
vertices of the random trapezium [7,22,23,36] (see Figure 3). 

Command 6 outputs the membership degrees by fuzzing the humidity values based on the 
vertices of the random trapezium [0.29, 0.60, 0.61, 0.94] (see Figure 4). 

RANDOMTRAPEZIUMtemperature = trapmf (thermokrasia, [7 22 23 36]) (Command 5) 

RANDOMTRAPEZIUMhumidity = trapmf (humidity, [0.29 0.60 0.61 0.94]) (Command 6) 
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Figure 3. The procedure of the fuzzification of the temperature values ranging from [7,36] based on 
the vertices of the random trapezium [7,22,23,36]. 

 

Figure 4. The procedure of the fuzzification of the humidity values ranging from [0.29, 0.94] based on 
the vertices of the random trapezium [0.29, 0.60, 0.61, 0.94]. 
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III. Third Case - Isosceles triangle (triangular membership function) 
In the 3rd case we construct an isosceles triangle graph with abscissas of vertices [7, 21.5, 36] 

having the base on the axis of the abscissas and ordinate of the vertex of the isosceles equal to 1. 
Similar for isosceles triangle humidities with vertices having abscissa [0.29,0,615,0.94] with maximum 
ordinate 1 and base on abscissa axis.  

Command 7 outputs the membership degrees by fuzzing the temperature values based on the 
vertices of the isosceles triangle [7, 21.5, 36] (see Figure 5). 

Command 8 outputs the membership degrees by fuzzing the humidity values based on the 
vertices of the isosceles triangle [0.29, 0,615, 0.94] (see Figure 6). 

ISOSCELESTRIANGLEtemperature=trimf (temperature, [7, 21.5, 36]) (Command 7) 

ISOSCELESTRIANGLEhumidity=trimf (humidity, [0.29 0.615 0.94]) (Command 8) 

 

Figure 5. The procedure of the fuzzification of the temperature values ranging from [7, 36] based on 
the vertices of the isosceles triangle [7, 21.5, 36]. 
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Figure 6. The procedure of the fuzzification of the humidity values ranging from [0.29, 0.94] based on 
the vertices of the isosceles triangle [0.29, 0.615, 0.94]. 

IV. Fourth Case - Scalene triangle (triangular membership function) 
Finally in the 4th case I construct a scalene triangle graph with vertex abscissas [7,22.5,36] 

temperature graph and [0.29,0.605,0.94] for the humidity graph having ordinate values from [0,1].  
Command 9 outputs membership degrees by fuzzing the temperature values based on the 

vertices of the scalene triangle [7, 22.5, 36] (see Figure 7). 
Command 10 outputs membership degrees by fuzzing humidity values based on the vertices of 

the scalene triangle [0.29, 0,605, 0.94] (see Figure 8). 
SCALENETRIANGLEtemperature=trimf(temperature,[7 22.5 36]) (Command 9) 
SCALENETRIANGLEhumidity=trimf(humidity,[0.29,0.605,0.94]) (Command 10) 
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Figure 7. The procedure of the fuzzification of the temperature values ranging from [7, 36] based on 
the vertices of the scalene triangle [7,22.5,36] 

 

Figure 8. The procedure of the fuzzification of the humidity values ranging from [0.29, 0.94] based on 
the vertices of the scalene triangle [0.29, 0,605, 0.94] 
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3. Results 

Based on the steps in the previous section, we can make the following observations. 
For the cases where the degree of membership of temperature = 0, y=0 and the results of the 

implications remain stable for each m value. Even for the temperatures values of 20°C-24°C with a 
small deviation we have an almost optimal estimate (the membership degree of temperature is near 
or equal to 1), while for the values above 24°C the estimates are different with small deviations. 

Firstly authors observe that in the isosceles trapezium (first model) the new fuzzy implication 
takes the value greater or equal to 0.9 with 19 repetitions of the value of m. Also researchers find 
out that in the isosceles trapezium the new fuzzy implication takes the value equal to 1 with 239 
repetitions of the value of m (see Table 1). 

Moreover authors observe that in the isosceles triangle (third model) the new fuzzy implication 
takes the value over to 0.9 with 22 repetitions of the value of m. In this model we find out that in the 
isosceles triangle the new fuzzy implication takes the value equal to  1 with 289 repetitions of the 
value of m (see Table 2). 

In the first model in a value of m needs fewer repetitions so as to the new fuzzy implication takes 
the value greater or equal to 0.9 or optimal value equal to1 in contrast with third model which 
needs in the value of m needs more repetitions. 

Table 1. Values of fuzzy implication (1) for case I and case II. 

               Value m              𝒏(𝒙)𝑽𝐲ො𝒎  
Case I1 Case II2  ≥ 0.9 19 20  = 1 239 259 

1 Case I: Isosceles trapezium 2 Case II: Random trapezium 

Table 2. Values of fuzzy implication (1) for case III and case IV. 

               Value m               𝒏(𝒙)𝑽𝐲ො𝒎 
Case III3 Case IV4  ≥ 0.9 22 21  = 1 289 269 

3 Case III: Isosceles triangle 4 Case IV: Scalene triangle 

In the above Table 3 it is clearly visible that in the case I of the isosceles trapezium in the 19th 
repetition 74 temperature-humidity pairs of the results of the corollaries in the total of 122 values 
received the value 1.  

Table 3. The number of temperature-humidity pairs where the new fuzzy implication takes the 
value≥ 0.9 and the optimal value = 1 in case I - isosceles trapezium. 

             Value m           𝒏(𝒙)𝑽𝐲ො𝒎 
Case I with 19 repetitions Case I with 239 repetitions  ≥ 0.9 47 1  = 1 74 120 

In the above Table 4 it is clearly visible that in the case II of the random trapezium in the 20th 
repetition only 60 temperature-humidity pairs of the results of the corollaries in the total of 122 values 
received the value 1.  

Table 4. The number of temperature-humidity pairs where the new fuzzy implication takes the 
value≥ 0.9 and the optimal value = 1 in case II - random trapezium. 

             Value m           𝒏(𝒙)𝑽𝐲ො𝒎 
Case II with 20 repetitions Case II with 259 repetitions 
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 ≥ 0.9 61 1  = 1 60 120 

In the above Table 5 it is clearly visible that in the case III of the isosceles triangle in the 22th 
repetition 66 temperature-humidity pairs of the results of the corollaries in the total of 122 values 
received the value 1.  

Table 5. The number of temperature-humidity pairs where the new fuzzy implication takes the 
value≥ 0.9 and the optimal value = 1 in case III - isosceles triangle. 

             Value m           𝒏(𝒙)𝑽𝐲ො𝒎 
Case III with 22 repetitions Case III with 289 repetitions  ≥ 0.9 55 1  = 1 66 120 

In the above Table 6 it is clearly visible that in the case IV of the scalene triangle in the 22th 
repetition only 60 temperature-humidity pairs of the results of the corollaries in the total of 122 values 
received the value 1.  

Table 6. The number of temperature-humidity pairs where the new fuzzy implication takes the 
value≥ 0.9 and the optimal value = 1 in case IV - scalene triangle. 

             Value m           𝒏(𝒙)𝑽𝐲ො𝒎 
Case IV with 21 repetitions Case IV with 269 repetitions  ≥ 0.9 61 1  = 1 60 120 

At the random trapezium, isosceles and scalene triangle fewer pairs of temperature and 
humidity values received the value 1 with a worse result giving both the random trapezium (with 20 
repetitions) and the scalene triangle (with 21 repetitions) (see Tables 4–6). Also the random trapezium 
and scalene triangle gave the most pairs (61) of temperature–humidity results implication in the total 
of 122 values that received a value over to 0.9 but not the value equal to 1 (see Tables 4 and 6). 

It therefore follows that the isosceles trapezium gave the best results (more pairs of temperature 
and humidity values that received the value equal to 1) in relation to the other cases and in shorter 
times (in a shorter repetitions, 19 repetitions).  

Moreover, the isosceles trapezium compared to the rest of the models brought the desired 
optimal values in faster time repetitions and specifically the 120 temperature-humidity pairs of the 
results of the implications received the value 1 in the 239th repetition (out of the total of 122 values) 
(see Table 3). The other models needed more repetitions to achieve the same result (120 pairs of 
temperature and humidity values), with the third model (case III) needing the most (289) repetitions. 

Only one pair of temperature and humidity values (from the total 122 pairs) failed to receive 
value greater or equal than 0,9 at all four membership degree functions. 

4. Discussion 

In this paper, authors proposed a new type of fuzzy implication using axioms and theorems of 
fuzzy logic, which proved to be very reliable and useful for the science of mathematics and Soft 
Computing. Secondly, authors fuzzified 122 temperature and humidity values using four 
membership degree functions so as to find the degree of membership of the 122 values for each 
membership degree function. In third stage the membership degrees of temperature and humidity 
values applied on the new type of fuzzy implication (16). In this formula variable x represents the 
degree of membership of humidity values and variable y represents the degree of membership of 
temperature values. After that, authors made extensive tests in each membership degree function so 
as to find that value of m that the above formula will get the value greater or equal to 0,9 and the 
optimal value equal to 1.  
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Aim of this procedure was to find the precise number of repetitions needed so as to the new 
fuzzy implication takes the value over to 0.9  and the value equal to 1 or differently in how 
repetitions the value of m will get that value so that the fuzzy implication takes the optimal value 1 
or the value greater or equal to 0.9 in each case (isosceles trapezium, random trapezium, isosceles 
triangle, scalene triangle).  

Moreover, the significance, evaluation and usefulness of this methodology was to find in each 
membership degree function (from the calculated value of the m or the calculated number of 
repetitions from the previous step) the number of temperature and humidity pairs where the fuzzy 
implication takes the optimal value 1 or the value greater or equal to 0.9. 

The proposed methodology gives us a way to determine the most suitable fuzzy implication, 
according to the value of m and according to the data available. So we can specify both the implication 
formula and also its application mode. 

Some of the most important results of the paper that have value are the following: 
Αuthors find that the triangles graphs are a better fit because they don't have many temperature 

and humidity values that correspond to the fuzzy number 1 in contrast with the trapezoidal graphs 
where they have many temperature and humidity values that correspond to the fuzzy number 1. The 
polygonal graphs for all cases (triangular and trapezoidal) are convex, consequently does not present 
significant variations in the values of the estimates. 

In all membership degree functions after a small number of repetitions which is equal with the 
value of m, the new type of fuzzy implication (16) takes the value over to 0.9. On the contrary, in all 
membership degree functions after a large number of repetitions the new type of fuzzy implication 
(16) takes the value equal to 1. In the isosceles trapezium the fuzzy implication takes the optimal 
value with fewer repetitions m while in the isosceles triangle needs more repetitions m.  

The both trapezoidal membership functions gave better results than the two triangular 
membership functions. The isosceles trapezium gave the best results (the fewer repetitions and the 
smallest value of m) while the isosceles triangle gave the worst results (most repetitions and higher 
values of m).  

Also the isosceles trapezium gave the best results (more pairs (74) of temperature and humidity 
values that received the value equal to 1) in relation to the other three membership degree functions 
and smaller number of repetitions (19 repetitions). Moreover, the isosceles trapezium compared to 
the rest of the three membership degree functions brought the desired optimal values in faster time 
repetitions and specifically the 120 pairs of temperature and humidity values received the value 1 in 
the 239th repetition. To sum up, in all extensive testing the isosceles trapezium is the most reliable 
choice for the application of the new type of fuzzy implication. 

5. Conclusions and Future Work 

In this paper authors have created a model which derives a new type of fuzzy implication based 
on the operation of t-conorm. The new type is generated by some basic criteria which have been 
detailed in this paper. During the application process of the methodology, the temperature values 
were used with the corresponding humidity values, which were clarified using empirically and 
experimentally four different membership degree functions. After extensive testing we concluded 
that the new type of fuzzy implication can be effectively applied for values over to 0.9, as it produced 
very good results in a small number of iterations. Finally from the extracted results, researchers 
consider that the isosceles trapezium gives the best results of fuzzy implication with respect to the 
other three membership degree functions used. In particular the isosceles trapezium gave good 
results both for the value of m=19 and m=239.  

As future work, authors propose another new type of fuzzy implication using other axioms and 
theorems of fuzzy logic, other t-conorm and negations, or fuzzy logic combined with other methods 
and techniques of Soft Computing (ANFIS). Also, authors can expand the application of the proposed 
fuzzy implication to other problems, for example geological problems using data from earthquakes 
such as the intensity and focal depth or the distance or time interval from one earthquake to another. 
Finally, the new fuzzy implication can find applications in engineering, architecture, environment, 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 31 October 2023                   doi:10.20944/preprints202310.1994.v1

https://doi.org/10.20944/preprints202310.1994.v1


 22 

 

mathematics, computing and any science that uses many variables to solve complex problems and 
deals with decision-making problems. 

Supplementary Materials:  Figure 1. The procedure of the fuzzification of the temperature values ranging from 
[7,36] based on the vertices of the isosceles trapezium [7,19,24,36] Figure 2. The procedure of the fuzzification of 
the humidity values ranging from [0.29, 0.94] based on the vertices of the isosceles trapezium [0.29, 0.59, 0.64, 
0.94] Figure 3. The procedure of the fuzzification of the temperature values ranging from [7, 36] based on the 
vertices of the random trapezium [7,22,23,36] Figure 4. The procedure of the fuzzification of the humidity values 
ranging from [0.29, 0.94] based on the vertices of the random trapezium [0.29, 0.60, 0.61, 0.94] Figure 5. The 
procedure of the fuzzification of the temperature values ranging from [7, 36] based on the vertices of the isosceles 
triangle [7, 21.5, 36] Figure 6. The procedure of the fuzzification of the humidity values ranging from [0.29, 0.94] 
based on the vertices of the isosceles triangle [0.29, 0.615, 0.94] Figure 7. The procedure of the fuzzification of the 
temperature values ranging from [7, 36] based on the vertices of the scalene triangle [7,22.5,36] Figure 8. The 
procedure of the fuzzification of the humidity values ranging from [0.29, 0.94] based on the vertices of the scalene 
triangle [0.29, 0,605, 0.94] Table 1. Values of fuzzy implication (1) for case I and case II. Table 2. Values of fuzzy 
implication (1) for case III and case IV. Table 3. The number of temperature-humidity pairs where the new fuzzy 
implication takes the value≥ 0.9 and the optimal value = 1 in case I - isosceles trapezium. Table 4. The number 
of temperature-humidity pairs where the new fuzzy implication takes the value≥ 0.9 and the optimal value = 1 
in case II - random trapezium. Table 5. The number of temperature-humidity pairs where the new fuzzy 
implication takes the value≥ 0.9 and the optimal value = 1 in case III - isosceles triangle. Table 6. The number 
of temperature-humidity pairs where the new fuzzy implication takes the value≥ 0.9 and the optimal value = 1 
in case IV - scalene triangle.  
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