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Article

Relativistic Correction to Black Hole Entropy

Naman Kumar

School of Basic Sciences, Indian Institute of Technology, Bhubaneswar, Odisha, 752050;

namankumar5954@gmail.com

Abstract: In this paper, we study the relativistic correction to Bekenstein-Hawking entropy in the

canonical ensemble and isothermal-isobaric ensemble and apply it to the cases of non-rotating

BTZ and AdS-Schwarzschild black holes. This is realized by generalizing the equations obtained

using Boltzmann-Gibbs(BG) statistics with its relativistic generalization, Kaniadakis statistics, or

κ-statistics. The relativistic corrections are found to be logarithmic in nature and it is observed

that their effect becomes appreciable only in the high-temperature limit suggesting that the entropy

corrections must include these relativistically corrected terms while taking the aforementioned limit.

The non-relativistic corrections are recovered in the κ → 0 limit.

Keywords: kaniadakis statistics; bekenstein-hawking entropy; microcanonical entropy; log correction

1. Introduction

It is known that for large black holes, the Bekenstein-Hawking entropy gets logarithmic corrections

[1–5] and have been evaluated for extremal and non-extremal black holes, using, for example, Euclidean

quantum gravity methods[6–9] and the saddle point method[10–12]. Black hole thermodynamics have

been investigated for the case of canonical ensemble[11] as well as the isothermal-isobaric ensemble[13]

in the extended black hole thermodynamics formalism[14] wherein the concept of pressure arises due

to a dynamical cosmological constant. This is readily achieved in AdS spacetime where pressure P and

cosmological constant Λ are related as

P = − Λ

8π
(1.1)

The general form of corrections to the entropy in these ensembles has been found as

S = S0 − k ln S0 (1.2)

where the constant k depends on the choice of statistical ensemble and the black hole under

consideration. All of these analysis were based on the Boltzmann-Gibbs(BG) statistics. In this paper,

our aim is to use a generalized framework which is the relativistic generalization of BG statistics

known as the Kaniadakis statistics or κ-statistics[15–17] and has been successfully applied in the fields

of gravity, cosmology, astrophysics, and quantum physics (see [18] and references therein). In this

framework, the relativistic generalization of Boltzmann-Gibbs-Shannon entropy gives the κ-entropy as

Sκ = −∑
i

ρi lnκ ρi (1.3)

Therefore, by studying κ-statistics, we can find potential relativistic corrections to Bekenstein-Hawking

entropy not considered before. We calculate the corrected microcanonical entropy for the

cases of canonical ensemble as well as the isothermal-isobaric ensemble. We then apply these

corrected microcanonical entropy equations to a class of black holes such as non-rotating BTZ and

AdS-Schwarzschild black holes. These corrections can be understood as "Lorentz factors" for that

particular ensemble. It is observed that these relativistic corrections become important only in the

high-temperature limit.

The paper is organized as follows: In section II, we briefly review the κ-statistics and the important

properties useful for our discussion (this section is based on [19]). In section III, we calculate the
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corrected microcanonical entropy for both canonical and isothermal-isobaric ensembles and apply this

to the cases of non-rotating BTZ and AdS-Schwarzschild black holes in section IV. We end the paper

with a discussion in section V.

2. Kaniadakis statistics(κ-statistics): A Brief Review

κ-statistics is a relativistic generalization of the Boltzmann-Gibbs(BG) statistics. The κ-entropy

emerges from the relativistic generalization of the Boltzmann-Gibbs-Shannon(BGS) entropy and

generates power law-tailed distribution which in the limit κ → 0 reproduces the ordinary exponential

distribution. This κ-generalized statistics has been applied successfully to a wide range of problems.

Formally, it is a one-parameter deformation of the ordinary exponential and logarithmic functions as

follows

eκ(x) = (
√

1 + κ2x2 + κx)
1
κ (2.1)

lnκ(x) =
xκ − x−κ

2κ
(2.2)

The κ-exponential and κ-logarithm for the case 0 < κ < 1 can also be written as

eκ(x) = e

(

1

κ
arcsinh(κx)

)

(2.3)

lnκ(x) =
1

κ
sinh

(

κ(ln(x))

)

(2.4)

Some of the basic properties of the κ-exponential are as follows:

eκ(x) ∈ C
∞(R) (2.5)

d

dx
eκ(x) > 0 (2.6)

d2

dx2
eκ(x) > 0 (2.7)

eκ(−∞) = 0+ (2.8)

eκ(+∞) = +∞ (2.9)

eκ(0) = 1 (2.10)

eκ(−x)eκ(x) = 1 (2.11)

For a real number r, the following property holds

[eκ(x)]r = eκ/r(rx) (2.12)

Similarly, the κ-logarithm has following basic properties:

lnκ(x) ∈ C
∞(R+) (2.13)

d

dx
lnκ(x) > 0 (2.14)

d2

dx2
lnκ(x) < 0 (2.15)

lnκ(0
+) = ∞ (2.16)

lnκ(1) = 0 (2.17)

lnκ(+∞) = +∞ (2.18)

lnκ(1/x) = − lnκ(x) (2.19)
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For a real number r, the following property holds

lnκ(xr) = r lnrκ(x) (2.20)

For any x, y∈ R and |κ| < 1, the κ-sum is defined as

x
κ
⊕y = x

√

1 + κ2x2 + y
√

1 + κ2x2 (2.21)

which is equivalent to

x
κ
⊕y =

1

κ
sinh(arcsinh(κx) + arcsinhκy) (2.22)

The two important relations based on κ-sum, useful for our discussion are:

eκ(x
κ
⊕y) = eκ(x)eκ(y) (2.23)

lnκ(xy) = lnκ(x)
κ
⊕ lnκ(y) (2.24)

Finally, we define κ-Laplace transform and its inverse as

Fκ(s) = Lκ{ f (t)}(s) =
∫ ∞

0
f (t)[eκ(−t)]sdt (2.25)

f (t) = L−1
κ {Fκ(s)}(t) =

1

2πi

∫ c+i∞

c−i∞

Fκ(s)[eκ(t)]s√
1 + κ2t2

ds (2.26)

The ordinary Laplace transform and its inverse are recovered in the limit κ → 0.

3. Calculation of Microcanonical Entropy

In this section, we calculate the microcanonical entropy for the cases of canonical ensemble and

isothermal-isobaric ensemble using κ-statistics. Let us first start with the canonical ensemble (one

variable case) and then move to the isothermal-isobaric ensemble (two variables case) to explicitly

generalize the procedure.

3.1. Canonical Ensemble

We start by establishing a relation between κ-entropy (Sκ) and κ-deformed partition function (Zκ)

in the canonical ensemble. First, the probability distribution in the ordinary statistics is given by

ρi =
e−βEi

Z (3.1)

Analogously, in the κ-deformed statistics, we can write this in terms of κ-deformed exponential and

partition function as

ρi =
eκ(−βEi)

Zκ
(3.2)

Now, using the definition of entropy, we obtain12

Sκ = −∑
i

ρi lnκ ρi = lnκ Zκ
κ
⊕ βU (3.3)

1 As usual, we have ∑i ρi = 1 and 〈E〉 = ∑i ρiEi ≡ U
2 We set kB = 1 in this paper
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In the limit κ → 0 we recover the ordinary statistics as

S = lnZ + βU (3.4)

The partition function is given as the Laplace transform of the density of states as

Zκ(β) =
∫ ∞

0
ρ(E)eκ(−βE)dE (3.5)

To write it in the form of inverse κ-Laplace transform (Eq.(2.26)), we introduce a change of variable as

ǫ = βE and introduce a dummy parameter ζ. Then, the κ-partition function is given as the κ-Laplace

transform of the density of states as

Zκ(β, ζ) =
∫ ∞

0
ρ(ǫ/β)[eκ(−ǫ)]ζ dǫ

∣

∣

∣

∣

ζ=1

(3.6)

Inverting the equation, we obtain the density of states as

ρ(E) =
1

2πi

∫ c+i∞

c−i∞

Zκ(β, ζ)[eκ(ǫ)]ζ√
1 + κ2ǫ2

dζ

∣

∣

∣

∣

ǫ=βE

(3.7)

Using Eq.(3.3), we can write this as

ρ(E) =
1

2πi

∫ c+i∞

c−i∞

eκ(Sκ)√
1 + κ2ǫ2

dζ =
1

2πi

∫ c+i∞

c−i∞

eS

√
1 + κ2ǫ2

dζ

∣

∣

∣

∣

ǫ=βE

(3.8)

where eκ(Sκ) = Zκ(β)eκ(ǫ) = Zκ(β, ζ)[eκ(ǫ)]ζ
∣

∣

ζ=1
. We expand the entropy function about its

equilibrium value S0 and solve Eq.(3.8) using the steepest descent method, the result is obtained

as

ρ(E) =
eS0

√

2πS′′
0

1
√

1 + κ2β2
0E2

(3.9)

where S0 is the Bekenstein-Hawking entropy, β0 = 1/TH with TH being Hawking temperature, E = M

with M being the mass of the black hole under consideration and S′′
0 =

( ∂2S(β)
∂β2

)

β=β0
. 1/

√

1 + κ2β2
0E2

can be understood as the Lorentz factor of special relativity. The logarithm of the density of states

gives the microcanonical entropy as

S = S0 −
1

2
ln S′′

0 − 1

2
ln(1 + κ2β2

0E2) (3.10)

The third term in Eq.(3.10) is the relativistically corrected term. In the limit κ → 0 we recover the

non-relativistic correction as given in[11,13]. Also, it is straightforward to see that

S′′
0 = T2C (3.11)

where C = (∂E/∂T)T0
is the specific heat. We, therefore, obtain the final expression for the corrected

microcanonical entropy in κ-deformed statistics as

S = S0 −
1

2
ln T2C − 1

2
ln(1 + κ2β2

0E2) (3.12)

It must be noted that for the above expression to be meaningful C > 0 which is related to the stability

of black holes.
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3.2. Isobaric-Isothermal Ensemble

We now consider the entropy correction in κ-deformed statistics due to fluctuations in two

variables. For this we consider a (NPT)-ensemble, the partition function is given as

∆(β, βP) = C
∫ ∞

0

∫ ∞

0
ρ(E, V)e−β(E+PV)dEdV (3.13)

where C is a constant of appropriate dimension to make ∆(β, βP) dimensionless and as we will see,

the value of C is irrelevant to our calculation. Equivalently in the κ-deformed statistics, this can be

written as

∆κ(β, βP) = C
∫ ∞

0

∫ ∞

0
ρ(E, V)[eκ − (βE)][eκ − (βPV)]dEdV (3.14)

Let us introduce a change of variables with ǫ = βE and γ = βPV and introduce two dummy

parameters η and ζ such that the inverse κ-deformed Laplace integral is well-defined in the form of

Eq.(2.26) as follows

∆κ(β, βP, η, ζ) = C
∫ ∞

0

∫ ∞

0
ρ(ǫ/β, γ/βP)[eκ(−ǫ)]η [eκ(−γ)]ζ dǫdγ

∣

∣

∣

∣

η=ζ=1

(3.15)

Inverting this equation, we get

ρ(E, V) =
C−1

(2πi)2

∫ c+i∞

c−i∞

∫ d+∞

d−i∞

eκSκ
√

1 + (κǫ)2
√

1 + (κγ)2
dηdζ

∣

∣

∣

∣

ǫ=βE,γ=βPV

(3.16)

where eκ(Sκ) = ∆κ(β, βP)eκ(βE)eκ(βPV) = ∆κ(β, βP, η, ζ)[eκ(ǫ)]η [eκ(γ)]ζ
∣

∣

η=ζ=1
. The above equation

is equivalent to

ρ(E, V) =
C−1

(2πi)2

∫ c+i∞

c−i∞

∫ d+∞

d−i∞

eS

√

1 + (κǫ)2
√

1 + (κγ)2
dηdζ

∣

∣

∣

∣

ǫ=βE,γ=βPV

(3.17)

Solving this, we get

ρ(E, V) =
C−1eS0

(2π)
√

D
√

1 + (κβ0E)2
√

1 + (κβ0PV)2
(3.18)

with D = ∂2
βS0∂2

βPS0 − (∂β∂βPS0)
2. Therefore, the relativistically corrected microcanonical entropy is

obtained as

S = S0 −
1

2
ln D − 1

2
ln(1 + (κβ0E)2)− 1

2
ln(1 + (κβ0PV)2) (3.19)

Thus, from the analysis, it is clear that corrected microcanonical entropy gets additional terms that

can be understood as the "Lorentz factors" for that particular statistical ensemble. In the limit κ → 0,

we obtain the non-relativistic correction. Also, from Eq.(3.19), it is to be noted that the relativistic

corrections become appreciable only in the high-temperature limit.

4. Application to Black Holes

In this section, we apply Eq.(3.10) and Eq.(3.19) to non-rotating BTZ and AdS-Schwarzschild black

holes. It is observed that in the high-temperature limit, the relativistic corrections become appreciable.

So, we mostly focus on this limit. In the limit κ → 0, this reduces to the non-relativistic case.

4.1. BTZ Black Hole

For a non-rotating BTZ black hole in 3D, the metric is given as

ds2 = −
(

r2

l2
− 8G3M

)

dt2 +

(

r2

l2
− 8G3M

)−1

dr2 + r2dθ2 (4.1)
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where G3 is the three-dimensional Newton’s constant and l is related to the cosmological constant as

Λ = −1/l2. Thus, the Bekennstein-Hawking entropy and the Hawking temperature reads

S0 =
2πr+
4G3

(4.2)

TH =
r+

2πl2
=

G3

π2l2
S0 (4.3)

The first law of black hole thermodynamics which reads dM = THdS0 gives

C =
dM

dTH
∼ S0 (4.4)

and

E = M ∼ S2
0 (4.5)

Putting these expressions in Eq.(3.10), we get (in the high-temperature limit and ignoring

constants)

S ≈ S0 −
3

2
ln S0 − ln S0 = S0 −

5

2
ln S0 (4.6)

Now, in the case of both energy and volume fluctuations, D and V reads[13]

D ∼ P2S5
0 (4.7)

V ∼ S2
0 (4.8)

Therefore, the microcanonical entropy for the case of simultaneous fluctuation in energy and volume

is given by

S = S0 −
5

2
ln S0 − ln P (4.9)

which in the relativistic case in the high-temperature limit becomes

S = S0 −
9

2
ln S0 + ln P (4.10)

Thus, we see that the contribution of the relativistic term is pronounced in the high-temperature

limit which essentially signifies that the relativistic corrections indeed become appreciable in the

high-temperature limit of a black hole and therefore must be included in the corrected microcanonical

entropy. It is interesting to note that the second term of Eq.(4.6) is the same as the one found for

the case of non-rotating BTZ black hole when both energy and volume fluctuations are considered

simultaneously. Furthermore, close to extremality, TH ≈ 0, and the Eq.(3.10) cannot be applied and the

analysis breaks down. Therefore, we restrict ourselves to the case that is far from extremality such that

the equation holds true.

4.2. AdS-Schwarzschild Black Hole

For a d-dimensional Schwarzschild black hole, C = −(d− 2)S0 and the Eq.(3.10) cannot be applied

signaling instabilities. Let us, therefore, focus our attention on the d-dimensional AdS-Schwarzschild

black hole for which the metric reads

ds2 = −
(

1 − 16πGd M

(d − 2)Ωd−2rd−3
+

r2

l2

)

dt2 +

(

1 − 16πGd M

(d − 2)Ωd−2rd−3
+

r2

l2

)−1

dr2 + r2dΩ2
d−2 (4.11)
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where Gd=d-dimensional Newton’s constant, dΩ2
d−2 is the metric on unit Sd−2 and Ωd−2 is the area of

this unit sphere. The temperature and entropy reads (in the high-temperature limit)

TH ∼ S
1/(d−2)
0 (4.12)

C ∼ S0 (4.13)

E = M ∼ S(d−1)/(d−2) (4.14)

Thus, we obtain the microcanonical entropy in the high-temperature limit (ignoring constants)

S ≈ S0 −
d

2(d − 2)
ln S0 − ln S0 (4.15)

The third term in the above expression is the relativistically corrected term and interestingly it does not

depend on the dimension d of AdS-Schwarzschild black hole. For the case of 4D AdS-Schwarzschild

black hole when both energy and volume fluctuations are taken into account with P = 3
8πl2 , the

quantities D, T, E, and V reads (in the high-temperature limit)[13]

D ∼ P2S3
0 (4.16)

T ∼ PS1/2
0 (4.17)

V ∼ S3/2
0 (4.18)

E = M ∼ S3/2
0 (4.19)

Therefore, the corrected microcanonical entropy is given as

S = S0 −
3

2
ln S0 − ln P (4.20)

while the relativistically corrected microcanonical entropy is obtained as

S = S0 −
7

2
ln S0 + ln P (4.21)

So, for the case of 4D AdS-Schwarzschild black hole when both energy and volume fluctuations are

considered, the relativistic correction is twice (2 ln S0) that of the case when only energy fluctuations

are considered.

5. Conclusions

In this paper, we studied relativistic correction to black hole entropy using the κ-generalized

statistics which is a relativistic generalization of the Boltzmann-Gibbs statistics. We found that the

relativistic corrections are logarithmic in nature and can be understood as "Lorentz factors" for the

statistical ensemble under consideration. These relativistic corrections become appreciable only in

the high-temperature limit suggesting that while taking this limit, the relativistic corrections must be

included to get the correct entropy correction. It seems straightforward to extend these corrections to

the three variables case such as the "open" ensemble[20] following the method discussed in the paper

and is therefore not considered here but the avid readers are encouraged to do so. Thus, formally

speaking, the logarithmic corrections in the BG statistics is equivalent to the κ → 0 limit of the

Kaniadakis statistics. Therefore, it seems more natural to work in this generalized statistics than the

BG statistics.
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