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Article

Relativistic Correction to Black Hole Entropy

Naman Kumar

School of Basic Sciences, Indian Institute of Technology, Bhubaneswar, Odisha, 752050;
namankumar5954@gmail.com

Abstract: In this paper, we study the relativistic correction to Bekenstein-Hawking entropy in the
canonical ensemble and isothermal-isobaric ensemble and apply it to the cases of non-rotating
BTZ and AdS-Schwarzschild black holes. This is realized by generalizing the equations obtained
using Boltzmann-Gibbs(BG) statistics with its relativistic generalization, Kaniadakis statistics, or
x-statistics. The relativistic corrections are found to be logarithmic in nature and it is observed
that their effect becomes appreciable only in the high-temperature limit suggesting that the entropy
corrections must include these relativistically corrected terms while taking the aforementioned limit.
The non-relativistic corrections are recovered in the ¥ — 0 limit.
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1. Introduction

It is known that for large black holes, the Bekenstein-Hawking entropy gets logarithmic corrections
[1-5] and have been evaluated for extremal and non-extremal black holes, using, for example, Euclidean
quantum gravity methods[6-9] and the saddle point method[10-12]. Black hole thermodynamics have
been investigated for the case of canonical ensemble[11] as well as the isothermal-isobaric ensemble[13]
in the extended black hole thermodynamics formalism[14] wherein the concept of pressure arises due
to a dynamical cosmological constant. This is readily achieved in AdS spacetime where pressure P and

cosmological constant A are related as

A
P=—o 1.1)

The general form of corrections to the entropy in these ensembles has been found as
S = SO —klnSo (1.2)

where the constant k depends on the choice of statistical ensemble and the black hole under
consideration. All of these analysis were based on the Boltzmann-Gibbs(BG) statistics. In this paper,
our aim is to use a generalized framework which is the relativistic generalization of BG statistics
known as the Kaniadakis statistics or «-statistics|15-17] and has been successfully applied in the fields
of gravity, cosmology, astrophysics, and quantum physics (see [18] and references therein). In this
framework, the relativistic generalization of Boltzmann-Gibbs-Shannon entropy gives the x-entropy as

Se = — ) pilngp; (1.3)
i

Therefore, by studying x-statistics, we can find potential relativistic corrections to Bekenstein-Hawking
entropy not considered before. We calculate the corrected microcanonical entropy for the
cases of canonical ensemble as well as the isothermal-isobaric ensemble. We then apply these
corrected microcanonical entropy equations to a class of black holes such as non-rotating BTZ and
AdS-Schwarzschild black holes. These corrections can be understood as "Lorentz factors” for that
particular ensemble. It is observed that these relativistic corrections become important only in the
high-temperature limit.

The paper is organized as follows: In section II, we briefly review the x-statistics and the important
properties useful for our discussion (this section is based on [19]). In section III, we calculate the
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corrected microcanonical entropy for both canonical and isothermal-isobaric ensembles and apply this
to the cases of non-rotating BTZ and AdS-Schwarzschild black holes in section IV. We end the paper
with a discussion in section V.

2. Kaniadakis statistics(x-statistics): A Brief Review

Kk-statistics is a relativistic generalization of the Boltzmann-Gibbs(BG) statistics. The x-entropy
emerges from the relativistic generalization of the Boltzmann-Gibbs-Shannon(BGS) entropy and
generates power law-tailed distribution which in the limit x — 0 reproduces the ordinary exponential
distribution. This x-generalized statistics has been applied successfully to a wide range of problems.
Formally, it is a one-parameter deformation of the ordinary exponential and logarithmic functions as

follows )
ex(x) = (V1+x2x2 +xx)* (2.1

K _ a—K
Ine(x) = % 2.2)

The x-exponential and x-logarithm for the case 0 < ¥ < 1 can also be written as

ex(x) = e(iarcsinh(xx)) (2.3)
Ing(x) = %sinh (K(ln(x))) (2.4)
Some of the basic properties of the x-exponential are as follows:

ex(x) € C*(R) (2.5)
%e,((x) >0 2.6)

42
(1) >0 2.7)
ex(—00) = 0F 2.8)
ex(+00) = 400 (2.9
ec(0) =1 (2.10)
ex(—x)ex(x) =1 (2.11)

For a real number r, the following property holds

[ex (x)]" = ex/r(rx) (212)

Similarly, the x-logarithm has following basic properties:

In,(x) € C®°(R™) (2.13)
2 ine(x) >0 @14)
d2

s Ing(x) <0 (2.15)
Inc(0%) = o0 (2.16)
Inc(1) =0 (2.17)

Iny (+00) = +o0 (2.18)

Inc(1/x) = — Ing(x) (2.19)
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For a real number r, the following property holds
I, (x") = ringe(x) (2.20)
For any x, y€ R and |x| < 1, the k-sum is defined as
xéy =xV1+x2x2 + y\/l + x2x2 (2.21)
which is equivalent to
xéy = %sinh(arcsinh(;cx) + arcsinhxky) (2.22)
The two important relations based on x-sum, useful for our discussion are:
K
ex(x®y) = ex(x)ex(y) (2.23)
K
Ini (xy) = Ing(x) B Ing (v) (2.24)
Finally, we define x-Laplace transform and its inverse as
Fe(s) = Li{f(£)}(s) :/0 f(B)lex(=t))dt (2.25)
1 fetio Be(s)lec(t)]®
f(t) = LY Fe(s)}(t) = Kl 5o (2.26)

©2mi c—ico /1 + K212
The ordinary Laplace transform and its inverse are recovered in the limit x — 0.

3. Calculation of Microcanonical Entropy

In this section, we calculate the microcanonical entropy for the cases of canonical ensemble and
isothermal-isobaric ensemble using x-statistics. Let us first start with the canonical ensemble (one
variable case) and then move to the isothermal-isobaric ensemble (two variables case) to explicitly
generalize the procedure.

3.1. Canonical Ensemble

We start by establishing a relation between x-entropy (Sx) and x-deformed partition function (Zy)
in the canonical ensemble. First, the probability distribution in the ordinary statistics is given by
g_ﬁEi
pi=—%

(3.1)

Analogously, in the xk-deformed statistics, we can write this in terms of x-deformed exponential and
partition function as

pi = =L PE (32)

Now, using the definition of entropy, we obtain!?

K
i

1 Asusual, wehave Y ,;p; = land (E) = ¥, p,E; = U
2 Wesetkg = 1in this paper


https://doi.org/10.20944/preprints202310.1874.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 October 2023 doi:10.20944/preprints202310.1874.v1

40f9
In the limit x — 0 we recover the ordinary statistics as
S=InZ+pU (3.4)
The partition function is given as the Laplace transform of the density of states as
Ze(B) = | p(E)es(—BE)E (3

To write it in the form of inverse x-Laplace transform (Eq.(2.26)), we introduce a change of variable as
€ = BE and introduce a dummy parameter {. Then, the x-partition function is given as the x-Laplace
transform of the density of states as

Z(B,0) = || ple/p)lex(—e)ode (6
=1
Inverting the equation, we obtain the density of states as
1 petio Zu(B ) lex(e) ‘
E)= —/ e 4 3.7
p( ) 271 Je—ico V14 K2e2 e=BE ( )
Using Eq.(3.3), we can write this as
1 c+ico eK(SK) 1 ctioo eS ‘

E ag = — ——d 3.8
o(E) =i ) e, (3.8)

T 2 c—ico /14 K2€2

where e.(Sx) = Zc(B)ex(e) = Z¢(B,Q) [eK(e)]é}gzl. We expand the entropy function about its
equilibrium value Sy and solve Eq.(3.8) using the steepest descent method, the result is obtained

as
50 1

p(E) =
V27SY \ 1+ 2B

where Sy is the Bekenstein-Hawking entropy, B9 = 1/ Ty with Ty being Hawking temperature, E = M

with M being the mass of the black hole under consideration and S| = (aza%f ) ) pepo /1T K2pgE?
can be understood as the Lorentz factor of special relativity. The logarithm of the density of states

gives the microcanonical entropy as

(3.9)

sz%—%m%—%ma+#%#) (3.10)

The third term in Eq.(3.10) is the relativistically corrected term. In the limit x — 0 we recover the
non-relativistic correction as given in[11,13]. Also, it is straightforward to see that

! =T2C (3.11)

where C = (9E/0T)r, is the specific heat. We, therefore, obtain the final expression for the corrected
microcanonical entropy in x-deformed statistics as

sz%—%mﬂc—%mu+ﬁ%#) (3.12)

It must be noted that for the above expression to be meaningful C > 0 which is related to the stability
of black holes.
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3.2. Isobaric-Isothermal Ensemble

We now consider the entropy correction in x-deformed statistics due to fluctuations in two
variables. For this we consider a (NPT)-ensemble, the partition function is given as

A(B,BP) = C /0 ~ /0 ~ o(E, V)e BEHPY) gEqy (3.13)

where C is a constant of appropriate dimension to make A(f, BP) dimensionless and as we will see,
the value of C is irrelevant to our calculation. Equivalently in the x-deformed statistics, this can be
written as

(B BP) =C [ [ o(E,V)lex — (BE)lex — (BPV)IEAY @14

Let us introduce a change of variables with ¢ = BE and v = PPV and introduce two dummy
parameters 77 and ¢ such that the inverse x-deformed Laplace integral is well-defined in the form of

Eq.(2.26) as follows
Be(pBr,0) = C [ [ ple/ B v/BP)lex( € lex(—) dedy| (6.15)
n=¢=1
Inverting this equation, we get
c+ico  pdtoo e.S
E,V / / — dnd 3.16
g 2m c—ico Jd—ico /T + (x€)2/1+ (x7)? 1 ge:ﬁE,'y:ﬁPV 19

where e, (Sx) = Ax(B, BP)ex(BE)ex(BPV) = Ax(B, BP,11,0) [eK(e)]”[eK('y)]ﬂr]:é:l. The above equation
is equivalent to

(E /C+ZOO /d+00 eS ( )
3.17
p 27'(1 c d—ico \/1 + (Ke)z\/l + (k)2 e=BE,y=pPV
Solving this, we get
(E, V) Cle® (3.18)
O ) VDT + (RBoEP VI + (RBoPV ) '
with D = a; S093 3PS — (959 pS0)?. Therefore, the relativistically corrected microcanonical entropy is
obtained as . 1 1
§=S—;mD-In(l+ (kBoE)?) — SIn(1+ (kBoPV)?) (3.19)

Thus, from the analysis, it is clear that corrected microcanonical entropy gets additional terms that
can be understood as the "Lorentz factors" for that particular statistical ensemble. In the limit x — 0,
we obtain the non-relativistic correction. Also, from Eq.(3.19), it is to be noted that the relativistic
corrections become appreciable only in the high-temperature limit.

4. Application to Black Holes

In this section, we apply Eq.(3.10) and Eq.(3.19) to non-rotating BTZ and AdS-Schwarzschild black
holes. It is observed that in the high-temperature limit, the relativistic corrections become appreciable.
So, we mostly focus on this limit. In the limit ¥ — 0, this reduces to the non-relativistic case.

4.1. BTZ Black Hole

For a non-rotating BTZ black hole in 3D, the metric is given as

2 2 -1
ds? = — (12—8G3M>dt2 < B 8G3M> dr? + r*de? (4.1)
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where Gj is the three-dimensional Newton's constant and [ is related to the cosmological constant as
A = —1/1%. Thus, the Bekennstein-Hawking entropy and the Hawking temperature reads

27r 4
= 4.2
So 1G, 4.2)
T4+ G3
= = — 4-
H= 202 = 2p 0 “3)
The first law of black hole thermodynamics which reads dM = TydSy gives
dM
= — v 4.4
C=am, ~ % (4.4)
and
E=M~ S3 (4.5)
Putting these expressions in Eq.(3.10), we get (in the high-temperature limit and ignoring
constants)

S%SO—glnSo—lnS():So—glnSo (4.6)
Now, in the case of both energy and volume fluctuations, D and V reads[13]

D ~ P?S3 (4.7)
Vo~ 82 (4.8)

Therefore, the microcanonical entropy for the case of simultaneous fluctuation in energy and volume
is given by
S:SO—glnSO—lnP (49)

which in the relativistic case in the high-temperature limit becomes
9
S:SO—EIHSOHnP (4.10)

Thus, we see that the contribution of the relativistic term is pronounced in the high-temperature
limit which essentially signifies that the relativistic corrections indeed become appreciable in the
high-temperature limit of a black hole and therefore must be included in the corrected microcanonical
entropy. It is interesting to note that the second term of Eq.(4.6) is the same as the one found for
the case of non-rotating BTZ black hole when both energy and volume fluctuations are considered
simultaneously. Furthermore, close to extremality, Ty ~ 0, and the Eq.(3.10) cannot be applied and the
analysis breaks down. Therefore, we restrict ourselves to the case that is far from extremality such that
the equation holds true.

4.2. AdS-Schwarzschild Black Hole

For a d-dimensional Schwarzschild black hole, C = —(d —2)Sy and the Eq.(3.10) cannot be applied
signaling instabilities. Let us, therefore, focus our attention on the d-dimensional AdS-Schwarzschild
black hole for which the metric reads

167tG;M 72 167tG;M P2\ !
2 d 2 d 2 2 2
ds® = — <1 — (A= 2)0y 3 + lz)dt + <1 — (A= 2)0y 3 + 12> ar +rdQy_, (4.11)
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where G =d-dimensional Newton’s constant, dQﬁ_z is the metric on unit $~2 and Q);_, is the area of
this unit sphere. The temperature and entropy reads (in the high-temperature limit)

(d-2)

Ty ~ Sy (4.12)
C ~ Sp (4.13)
E=M ~ §td-1/(d-2) (4.14)

Thus, we obtain the microcanonical entropy in the high-temperature limit (ignoring constants)

d
S~ SO — m In SO — lnSQ (415)

The third term in the above expression is the relativistically corrected term and interestingly it does not
depend on the dimension d of AdS-Schwarzschild black hole. For the case of 4D AdS-Schwarzschild

black hole when both energy and volume fluctuations are taken into account with P = #, the
quantities D, T, E, and V reads (in the high-temperature limit)[13]
D ~ P83 (4.16)
T ~ PSy/? (4.17)
Vo~ sg/ 2 (4.18)
E=M~ S}/? (4.19)
Therefore, the corrected microcanonical entropy is given as
3
S = So - E In SO —InP (4.20)
while the relativistically corrected microcanonical entropy is obtained as
7
S=5)— ElnSO+InP (4.21)

So, for the case of 4D AdS-Schwarzschild black hole when both energy and volume fluctuations are
considered, the relativistic correction is twice (21n Sp) that of the case when only energy fluctuations
are considered.

5. Conclusions

In this paper, we studied relativistic correction to black hole entropy using the x-generalized
statistics which is a relativistic generalization of the Boltzmann-Gibbs statistics. We found that the
relativistic corrections are logarithmic in nature and can be understood as "Lorentz factors" for the
statistical ensemble under consideration. These relativistic corrections become appreciable only in
the high-temperature limit suggesting that while taking this limit, the relativistic corrections must be
included to get the correct entropy correction. It seems straightforward to extend these corrections to
the three variables case such as the "open" ensemble[20] following the method discussed in the paper
and is therefore not considered here but the avid readers are encouraged to do so. Thus, formally
speaking, the logarithmic corrections in the BG statistics is equivalent to the x — 0 limit of the
Kaniadakis statistics. Therefore, it seems more natural to work in this generalized statistics than the
BG statistics.

Data Availability Statement: Data sharing is not applicable to this article as no datasets were generated or
analyzed during the current study.
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