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Article 

Network-Independent Grid Synchronous Stability 
Boundary and Spontaneous Synchronization 
Yu Yuan 

Sichuan Technology & Business College; yuyuan.sctbc@outlook.com 

Abstract: Spontaneous synchronization on complex networks is widespread in the real world. These 
synchronization behaviors are believed to be closely related to the network topology. However, it is difficult 
to obtain complete information in reality. Therefore, a network-independent analysis path is needed. In this 
study, a synchronized stability boundary equation is derived which is system- and disturbance-independent 
and applicable to arbitrarily coupled grids. The results also imply that spontaneous synchronization on a 
network may be network independent. These conclusions provide new research paths for network 
synchronization and analyze the synchronization stability of grids in a unified way. 
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Introduction 

The study of synchronization began with Huygens. With the rise of the study of collective 
behavior on complex systems, spontaneous synchronization in coupled systems has attracted public 
attention [1]. Synchronization in complex systems is widespread in the real world [1,2], e.g., the 
aggregation of flocks of birds and schools of fish, the flashing of fireflies, the synchronization of 
generators. 

Currently, it is widely believed that network topology is closely related to spontaneous 
synchronization [2]. In order to analyze these spontaneous synchronization behaviors, the 
interactions between individuals are first simplified into a coupled complex network, and then 
studied using the knowledge of network synchronization. However, this is actually difficult to do 
[3]. Realistic interactions are often invisible, which may lead to incorrect network topologies. The 
complexity and nonlinearity of real networks can also make topological information incomplete [4]. 
Overly large networks make clear topology modeling very difficult. Therefore, the appropriate 
solution is to construct a network-independent synchronization analysis path that identifies the 
collective synchronization and which individuals are not in this collective only by the behavior of 
each individual in the system. In this study, this is experimentally verified on a realistic grid. 

Synchronization is a prerequisite for the normal operation of a power grid [5]. Large power 
systems are complex coupled systems where uncertainties [6] and nonlinearities coexist. To analyze 
the stability of these systems, researchers have developed numerous insightful discriminatory 
methods [1,7–11], including finding stability region boundary  [12–14] and describing the 
synchronization of generators using the spontaneous synchronization conditions of complex 
networks [2]. 

Finding the stability boundary of a system is an important fundamental problem  [13,15,16]. 
The stable boundary is the union of unstable equilibrium points [17]. When an operating point is 
outside the boundary, the corresponding system is desynchronized [14]. The synchronous stability 
boundary, which is a core concept of grid stability, is closely related to many issues [18–20]. Therefore, 
studying synchronous stability boundary has a significant impact on the development of power 
systems. For decades, scientists and engineers have wanted to find an analytical equation to describe 
the boundary [12,13,21]. On the other hand, spontaneous synchronization on complex systems has 
been used to explain the synchronized operation of generators in interconnected grids [22]. Therefore, 
many studies on power system stability are based on the knowledge of synchronization conditions 
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on complex networks [2,22]. However, this scheme is sometimes considered to oversimplify real 
systems [8,22], while arguing that self-organization does not exist in the grid case [8]. 

Here, an equation is derived and visualized to describe the stability boundary of the power 
system in a unified way. This equation proves that the synchronization stability boundary is 
independent of the network and disturbances. In addition, evidence that spontaneous 
synchronization occurs only at the boundary and manifests itself as a specific spatio-temporal 
structure was found in the study. This indicates that the synchronization conditions on the network 
are also independent of the network. In this context, for potential scenarios where it is difficult to 
construct network models, this research develops new method for synchronization on complex 
networks. This will analyze the synchronization of power grids in a unified way and will be 
instructive for other disciplines. 

Stability Boundary 

The New England test system (10-gen) was tested (Figure 1). A three-phase short circuit ground 
fault occurred at 18node. (see Supplementary Material for details) 

Figure 1 shows that the synchronization stability boundary can distinguish between 
synchronized and desynchronized states and gives specific information about synchronized and 
desynchronized individuals or groups, respectively. This result suggests that the partial 
synchronization phenomenon [23–25] in which the two states coexist is caused by the loss of 
synchronization stability between these individuals or groups. The different synchronization 
patterns can be easily identified from figure. m operating points outside the boundary indicate that 
the n meta-generators are sequentially divided into m+1 synchronized groups. This can be directly 
applied to discriminate coherent generators [26]. 

Figures 1.(b), (c), and (e) show that the synchronization stability boundary can discriminate the 
stability of multiple swings for multiple generators in real time, which is a difficult and important 
problem [27]. For n-1 operating points of n generators, the system is considered to be out of global 

synchronization if any of the operating points 
( , , )δK L KLu u

 is outside the boundary and far from 

the other operating points (
( ) ( ) ,0εσ δ σ δ εΔ Δ −>> < < Δt i t i t

, where Δt  is the fault duration) 
(Figure 1(b) and Figure 2(a)). The moment the operating point crosses the boundary (Figure 1(c)) is 
the moment of loss of synchronization (Figure 1(e)). The results of numerical experiments in Figure 
1.(d) and (e) fit well with the results shown in Figure 1.(b) and (c). 

Similar results are obtained on 3-generator test system (3-gen) by the same steps (see 
Supplementary Material for details). New England test system and 3-gen are two completely 
different network systems, but both apply the same boundary equation. These results show the 
validity of the boundary to discriminate the synchronization stability of the grid, and also 
demonstrate that the synchronization stability boundary is independent of the network topology. 

iu  is the port bus voltage Per Unit of the ith generator, and )arctan(2= ii ωδ  is the angle of 
rotation rate of the ith generator. iω  is the rotor speed Per Unit of the ith generator. 

0≥−= LKKL δδδ
. Note that iδ  is not a phase. By the definition of synchronization, 

nδδδ === 21  . 
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Figure 1. Stability boundary. 

(a). Visualisation of the boundary. The stability boundary (blue surface) and 
( ) ( ) ( )0,,,,0,,,,0 lkklkkll uuuu δδ  (pink surface) together enclose the stability domain. The boundary 

equation is 2cos 1δ= = − L
K L KL

K

u
u u

u
. 

(b). Synchronization stabilization discrimination. At st 154.0=Δ  and st 155.0=Δ , 
respectively, this boundary strictly discriminates synchronization stability. The plane kl uu =  is 

not shown. At st 154.0=Δ , all generators maintain synchronization stability. At st 155.0=Δ , the 
system is partially synchronized. The meta-generators are sequentially divided into 4 groups. 

(c). Multiswing stabilization discrimination ( st 155.0=Δ ). Numbers 9 and 10 indicate period 

mT  after the fault, and sdT 1= (see Methods for details). The system is destabilised in the time 
interval ( )ss10,9 . The figure shows the trajectory of ( )2,121 ,, δuu . The operating point crosses the 

boundary at the time of instability, and klδ  rapidly increases after the voltage changes . 

(d) and (e) are the results of numerical experiments. The maximum value of iδ  is represented 

by the pink curve and the minimum value by the blue curve. maxmin δδδ ≤≤ i . (d), iδ  of all 
generators are close to each other and have approximately the same rate of change. (e), in time 

interval ( )ss 10,9 , minmax -δδ  becomes sharply larger. 
Regarding the synchronization, one different assumption than before  [20]: the system requires 

the synchronous power 

2

′

′
=u

KL

u
P

Z
 to maintain synchronous stability, and the synchronous power 

is provided by the coupling power 

2

Δ

Δ
=u

KL

u
P

Z
 within the system, KLZ  is the impedance between 

the Kth and Lth meta-generators (see Supplementary Materials for details). Here, the coupling role 
is replaced by specific physical quantities and is variable. The amplitude (voltage in this case), which 
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has been long neglected in the past for simplicity [28], actually plays a decisive role in synchronization 
stability. 

2cos 1, 0, 0,
3
πδ δ  = = − > ≥ ∈   

 L
K L KL K L KL

K

u
u u u u

u  
(1)

Eq.(1) is the analytical equation for the synchronous stability boundary. Specifically, when 

0δ >KL , the set where 
=L Ku u

 is the isolated stability domain [12]. This may explain why 
symmetric networks have better synchronization capabilities [22]. 

The current analysis for synchronous stability on a network requires the creation of a network 
coupling matrix and then the master stability equation [29]. This approach is mainly applicable to the 
case where the network topology is complete. In contrast to previous reports [2,12,13], Eq.(1) is 
independent of the network topology, system parameters, perturbations and the number of the 
subsystem. This shows that the stability boundary is independent of these factors. This provides the 
basis for the applicability of Eq.(1) to different grids(see Supplementary Material). Also this case 
demonstrates that synchronization of complex networks can be analyzed even without coupling 
matrix. These conclusions are proved by numerical experiments on different standard arithmetic 
models. (Figure 1(d), (e) and Supplemental Material Figure S4). 

Eq.(1) has a variant as follows: )
2

-
-1arccos(=

K

LKcr
KL u

uu
δ . 

When 
,K Lu u

 are sufficiently close [30], the stability margin of the Kth and Lth generator 

angle rate difference 
δ cr
KL  also tends to 0. This indicates that the system may already be in a critical 

state during normal operation. In this case, even if the difference in the values between Kδ
 and 

δL  
is small, it takes only a very small perturbation to make the system asynchronous [31,32]. As LK uu -  

becomes larger, the stability margin 
δ cr
KL  increases. This explains the counterintuitive nature that 

the system has better synchronization stability when either highly symmetric(
=L Ku u

) or highly 
asymmetric [5,33]. 

As a result, Eq.(1) allows a unified analysis of the synchronization stability of the grid and 
provides a new understanding of synchronization. 

Synchronization is a pervasive topic in other disciplines such as social networks, biological 
systems, brain neural networks and other physical systems [1]. In many cases, it is impractical to 
model a network with a clear topology. Here, the synchronization-stabilizing boundary equation for 
real networked systems, independent of network topology, is developed. This helps to open up new 
avenues for synchronization studies. For example, synchronization on networks can be studied with 
the help of the boundary by mapping changes in network topology to changes in operating points. 
Boundary equations in other fields may have different forms, which require further research. 

Spontaneous Synchronisation 

In order to study the process of desynchronization, the trajectories of the operating points near 
the critical point are investigated and found to exhibit a special spatio-temporal structure. 

(a). ( )iδσ  is the standard deviation of δ. ( )iδσ  started to fall at 0.147s and rose by 1300% at 
0.155s when the system became unstable. 

(b). In the 21 δδ −  plane, the operating points were in "decelerated motion" and appeared to 
be crossing the potential barrier before they reached the boundary. The elliptical area marks the 
position of the potential barrier. From 0.147s onwards the interval between operating points 
decreased in the direction of increasing tΔ  (shaded area). 
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(c). In the 21 uu −  plane, the graph is a ring structure which appears at the same time as the 
potential barrier. The potential barrier and the cycle were the results of the self-organizing behavior 

in the 
δ δ−K L  and 

−K Lu u
 planes, respectively. 

Modulus of the order parameter is ∑
1=

)exp(
1

=
n

j
jiN

R δ  [34]. R  and 
( )σ δi  are closely related. 

When 0=)( iδσ , 1=R , the system is perfectly synchronized. 

The decrease in 
( )σ δi  from the highest point indicated that in the vicinity of the critical point, 

the system spontaneously directs the velocity of the subsystem to the mean value to increase R  
(Figure 2(a)). This can be interpreted as a spontaneous synchronization effect due to system coupling  
[7,34]. As the stability boundary is approached, the system self-organizes itself towards synchronous 

evolution [22]. Since 
( )σ δi  is discontinuous on the boundary, it may also lead to R  discontinuity 

(Figure 2(a)). Meanwhile spontaneous synchronization causes R  to increase whether the running 
point crosses the potential barrier inward or outward. This indicates that the self-organizing behavior 
makes R  inconsistent in different directions. This is similar to the hysteresis phenomenon of 
explosive synchronization [35,36]. 

 

Figure 2. Boundary effects, with increased fault duration tΔ  from 0.140s to 0.154s ( std 001.0=)(Δ
), and the trajectory of the disturbed operating point near the boundary. The arrow shows the 
direction of increase of tΔ .( the 18node three-phase short circuit to ground fault). 

Self-organizing behavior emerges from the interactions of these generators, leading to parameter 
changes, which are reflected in the perturbation trajectories at the operating point. When the 
conditions are correct, the trajectories emerge with a marvelous spatio-temporal structure. Although 
spontaneous synchronization has been used to understand the synchronous operation of generators 
[22], this structure has not been reported due to its elusive hiding near the critical point. Due to the 
presence of constraints, the perturbed trajectories of all the meta-generators take on this structure at 
the same time (Figure 3). This suggests that self-organizing behavior occurs simultaneously 
throughout the system. 
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Figure 3. Fitting results for perturbed trajectories of a 12-node trajectory of disturbed operating points 

after a three-phase short circuit to ground fault. ( std 02.0)( =Δ ). 

Spontaneous synchronization is considered to be the onset of network synchronization [1]. 
Currently, spontaneous synchronization is considered to be closely related to network topology [37]. 
Here, experimental results show that spontaneous synchronization occurs on the synchronization 
stability boundary. (Figure 2 and Figure S7). For coupled network systems, this strong correlation 
indicates that the location where spontaneous synchronization occurs is also determined in 

δ− −K L KLu u
 by Eq.(1) [2,22]. This may indicate that the mechanism of spontaneous 

synchronization is not necessarily related to the network topology, i.e., synchronization on the 
network may be independent of the network [29,38,39]. This will challenge the traditional perception 
of synchronization in networks. At the same time, it also implies that there may be a potentially close 
relationship between the critical stability of the dynamical system and the Self-organized behavior. 

The behavior of the operating point near the boundary is very complex. For example, it does not 
always result in the formation of a potential barrier (see Figure S6). The reasons for this difference, or 
rather, the specific conditions for the formation of this particular structure of potential barrier and 
more information awaits further research. 

Dynamic Processes at Disturbed Operating Points in the Coordinate System 
δ− −K L KLu u

 

Of greater concern to power system decision makers is how much stability margin is left in the 
disturbed system. 
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To understand the behavior of the power system after a disturbance and to calculate the critical 
clearing time (CCT) and the controlling unstable equilibrium point (UEP), it is necessary to study the 
perturbation trajectories consisting of running points. 

In the expressions, (i) denotes the ith meta-generator, and . The subscripts u 

and ω denote the coefficients of the meta-generators at tui Δ−  and ti Δ−δ , respectively. T ′Δ  is 
the starting fault duration at which self-organised behaviour occurs at the disturbed operating point. 

To make it easier to show the details, klδ  in the picture uses the angle system. 0δ  and 0u  are the 
initial values when 0=tΔ . a  and V  denote the acceleration and velocity of the operating point 
about tΔ , respectively. 

a. The projection of the disturbed trajectory in the tΔ−1δ  plane, fitted using the equation . 

( ]TtitiVt
ia

i ′,0∈),(+*)(+*
2

)(
= 0

2 ΔΔΔΔ δδ ω
ω  

b. The projection of the disturbed trajectory in the tu Δ−1  plane, fitted using the equation . 

( ]TtiutiVt
ia

u u
u

i ′,0),(+*)(+*
2

)(
= 0

2 ΔΔΔΔ ∈  

c. The projection of the disturbed trajectory in the 
tΔ−2,1δ

 plane, fitted using the equation 

( ]TttVt
a

kl
kl

lkkl ′,0∈,*+*
2

=-= 2 ΔΔΔΔδδδ . Notably, 2,1δ
 descended at st 28.0=Δ . 

d. The projection of the disturbed trajectory in the 21 δδ −  plane, fitted using the equation 

,where 1, >> δδδ alk . 

e. The projection of the disturbed trajectory in the 21 uu −  plane, fitted using the equation 

. 

Figure 3.a and 3.b show that the operating points move with a uniformly variable speed before 
the system becomes unstable. 

Contrary to intuition [40], 12δ  suddenly dropped at 0.28Δ =t s  (Figure 3.c). This anomaly 
suggested that the system appears to have a tendency to maintain its own stability. 

Figure 3.d and E show that the perturbed trajectories of the subsystems of the coupled system 
are linearly correlated in the stability domain. This indicates that for a determined power grid, each 

perturbed trajectory has almost the same 
′iT ( For the 3-gen system, %6.2≤

)′,′min(

′-′

βα

βα

TT

TT

ΔΔ

ΔΔ
 in Table 

S1). The effects of perturbations are global, reflecting the challenges of controlling the stability of 
complex systems [41–43]. 

When a high degree of accuracy of the results is not needed, 0=KLa . The following expression 

can be derived:
[ ]

ni
iaa
iVaV

T KL ,,3,2=,
)()1-(

)(1)-(-2
=′ 

ωδ

ωδΔ  

This can be used to easily and quickly check the stability margin of the system after a disturbance 
[44]. By approximating ′ΔT  as the CCT [21,44], the coordinates of the critical stable operating point 

( , , )δcr cr cr
K L KLu u  and critical rate of the meta-generator l  in the current system can also be estimated 

[45]. 
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2
tan=

1-

-)
2

-
arccos(

=)(+′)(+′
2

)(
=

)
2

-
-1arccos(=′=

)(+′)(+′
2

)(
=

0
2

0
2

cr
Lcr

L

K

LK

cr
L

K

LK
KL

cr
KL

u
ucr

i

a

b
u
uu

LTLVT
La

u

uu
TV

iuTiVT
ia

u

δ
ω

δδ

δ

δ

δ

ω
ω ΔΔ

Δ

ΔΔ

 

In summary, the CCT and UEP can be calculated using only information about the rotation rate 
[11], but considering only a single information source may result in more errors. Theoretically, using 

′ΔT  directly as the CCT would also lead to a conservative result. (Extended Data Table 1 can be 
referenced for more details). 

The equation of motion for R is: [ ]∑
n

j
j ti

N
tR

1=
)(exp

1
=)( ΔΔ δ . 

The current power system is receiving an increasing number of renewable energy sources. These 
sources are connected to the power grid via inverters, which may change the inertia of the system 
[46–48], complicating the coefficients. This issue should be further studied. 

On a finer scale, the operating points near the stability boundary exhibit unusual behavior 
(Figure 2). 

When 

2

2 ( ) 0
( ) ω

δ = <
Δ
Ld a i

d t  and δa  is constant, the trajectories exhibit a marvelous spatio-

temporal structure (Figure 2(b) and (c)). Due to the constraint 
( ]* , 0,δ δδ δ ′= + Δ ∈ ΔK La b t T

 and 

the same ′ΔT , the perturbed trajectories of all meta-generators simultaneously exhibit this structure. 

Conclusions 

In this study, a graceful stabilizing boundary equation that accurately describes an ideal 
synchronous stabilizing boundary is derived. Since the physical quantities in the equation are 
independent of the network, it is universally applicable to almost any power network. Therefore, the 
synchronization stability of the grid can be analyzed in a uniform way. It is also shown in a seminal 
way that the mechanism of synchronization may not be linked to the network topology and 
parameters. The experimental data are derived from simulations of the IEEE standard arithmetic 
models. The self-organizing behavior at the operating point demonstrates the existence of 
spontaneous synchronization on the boundary of the synchronization stability domain, which helps 
to confirm the argument that spontaneous synchronization is directly equivalent to synchronization 
stability. Additionally, the self-organizing behavior suggests the existence of a new explanation for 
the origin of the grid synchronous stability boundary. The concise mathematical tools, simple and 
universal methods, and ability to assess synchronization stability by simply monitoring the voltage 
and angular velocity provide great convenience for engineering applications. It is also demonstrated 
that synchronous stability studies of other coupled systems without clear network details can be 
performed by finding the correct parameters to directly derive the stability boundary while 
eliminating the need to construct elaborate network models. Finally, the behavior of the real system's 
operating points near the boundary is still very complex. It is still difficult to accurately predict these 
results, such as the specific conditions and duration of the occurrence of potential barrier structures, 
which require further exploration. 
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Methods 

Power-Grid Datasets 

Here, I describe the sources of data for the two power-grid networks considered (3-generator 
test system (3-gen) and New England test system (10-gen) [5,49,50]. 

Definition and Diagram of Symbols 

 

Figure 1. Schematic diagram of the power system operating coordinate system 
), ωδU（

. 

a. Synchronised system operation before disturbance, 121 ==== nωωω  and

niii ,,2,1,
2

)arctan(2 === πωδ
. The magenta dot indicates the operating point of the generator:

), ωδU（ . 

b. The angle of rotation rate of the subsystems differ after the disturbance. LK uu , are the per 

unit voltage of the port bus of the Kth and Lth generators, respectively, 
0≥−= LKKL δδδ

is the 

difference in the angle of rotation rate between the Kth and Lth generators. uΔ  is defined as the 
coupling potential difference between generators Kth and Lth (yellow dotted line between Cyan 

dots). Correspondingly, u′  is constructed to describe the synchronous potential difference between 
generators Kth and Lth (solid blue line between magenta square dots). 

Extensive interconnections between generators would make stability analysis very difficult(see 
Figure  S1). To solve this problem, the concept of a meta-generator is introduced here. At moment t, 
the instantaneous values of the n generators system ( ), ( )), (1,2,..., )（u δ′ ′ ∈i it t i n are arranged in 

descending order by ωδ , relabelled, and then reconstituted as the n meta-generator system 

( ), ( )), (1,2,..., )（ δ ∈i iu t t i n . 

Data Sources and Experimental Procedures 

In this study, the New England test system and 3-generator test system (Figures S4,S5,S6) were 
used. The two models are simulated separately using a simulation software package. Here, the fault 
was set as a three-phase short circuit to ground. The disturbed operating point of each generator was 
calculated. To observe the movement pattern of the disturbed operating points, the parameters of the 
control elements are set to 0. 

In advance, the fault location was fixed, and the fault duration Δt  was set. This experiment 
simulated the rotation rate ( )ω′i t  and port bus voltage ( )′iu t  of the ith generator after different 

disturbances. Then, the angle of rotation rate of the ith generator ( )δ i t  was calculated. Δt  was 

increased in a fixed step length and ( )′iu t , ( )δ i t  were calculated again until the system was 
destabilised. The faulty position was replaced, and the above steps were repeated. 
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Subsequently, ( ), ( )), (1,2,..., )（ δ′ ′ ∈i iu t t i n  was arranged and relabelled as 

( ), ( )), (1,2,..., )（ δ ∈i iu t t i n . This was then averaged as follows: 

The mean of ( ), ( )), (1,2,..., )（ δ ∈i iu t t i n  over [ ]0,T  was found:
0

1 ( )τ τ= 
T

i iu u d
T

 

and 
0 0 0

1 1 1( ) ( ) ( ) ( ) ( )δ δ τ τ δ τ δ τ τ δ τ δ τ τ δ δ= = − = − = −  
T T T

KL KL K L K L K Ld d d
T T T

. 

The mean of ( ), ( )), (1,2,..., )（ δ ∈i iu t t i n  over [ ], +m mT T dT  was also found: 

1 1( ) ( ) , ( ) ( ) , ( ) ( ) ( )δ δ τ τ τ τ δ δ δ
+ +

= = = − 
m m

m m

T dT T dT

i m i i m i kl m k m l mT T
t d U t U d t t t

dT dT . 
There are 

several definitions of mean, and the simplest, i.e., the arithmetic mean, was used here. 
This work added adjacent meta-generator data ( , , )δK L KLu u and ( ( ), ( ), ( ))δK m L m KL mu t u t t  to 

the coordinate system δ− −K L KLu u  to assess the system stability (Figure 1(b)) and time intervals 

of instability ( ), +m mT T dT  (Figure 1(d)). 

An expression was fitted with Δt  as the independent variable and , , , ,δ δ δK L K L KLu u  as the 
dependent variable (Figure 3). The critical clearing time (CCT) and the unstable equilibrium point 
(UEP) were then calculated. 

Near the boundary, ( ) , ,σ δ δi i iu was calculated at a finer scale. 

Derivation of the Boundary Equation 

As shown in Figure 1,
2 2 2 cosδΔ = + −k l k l klu u u u u

,
22 (1 cos )δ′ = −k klu u

. 

Following the form of power in electricity 
2

=UP
R

, the coupling power 
2

Δ

Δ
=u

KL

u
P

Z
 is 

defined to characterise the coupling between the meta-generators. To describe the energy required 
for the generator to maintain synchronous stability, the synchronous power is constructed: 

2

′

′
=u

KL

u
P

Z
. KLZ  is the impedance between the Kth and Lth meta-generators. 

When the system is synchronized, the meta-generators are not in balance and are still coupled (
0, 0, 0δ ′= = Δ = − ≠KL K Lu u u u ). When the system is disturbed, δKL  increases from 0, ′u  

increases from 0, and Δu  changes. When the coupling power between the two meta-generators is 
sufficient to provide synchronous power, i.e., ′ Δ≤u uP P , the system is synchronous and stable. 

Conversely, when ′ Δ>u uP P , there is not enough coupling power to maintain synchronization, and 

the system is unstable. It is observed that 1 1′

Δ

′
= ⇔ =

Δ
u

u

P u
P u

. The set of points where 
uu Δ=′

 

is the synchronous stability boundary. 

In summary, ( ), , 1δ
′

= =
ΔK L KL

u
f u u

u
 is the system stability boundary equation. When 

1
′

<
Δ
u
u

, the system is stable. When 1
′

>
Δ
u
u

, the system is unstable. Geometrically, 

( ), , 1δ =K L KLf u u  describes a curved surface that, together with 

( ) ( ) ( )0, , , ,0, , , ,0δ δL KL K KL K Lu u u u , encloses a stable domain. In summary, the boundary equation 
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2cos 1δ= = − L
K L KL

K

u
u u

u
 can be found, where 0, [0, ]

3
πδ≥ ≥ ∈K L KLu u . The coordinate 

system δ− −K L KLu u  is established, and the boundary is visualized(Figure 1). 
To determine the stability of a power system of n generators, only n pairs of variables 

, , (1,2,..., )δ ∈i iu i n
 are needed, which are physically meaningful and easily obtainable. 

Fitting of Operating Points to Trajectories 

The intersection of the disturbed trajectory with the stability boundary is the unstable 
equilibrium point (UEP), and the failure time of the operating point along the disturbed trajectory to 
reach the UEP is the CCT. To calculate these important results, it is necessary to fit the disturbed 
trajectory to the kinematic expression in the , )（ ωδu  coordinate system. The variables of the 
operating point obtained from the simulation are fed into commercial software to fit the expression 
of the disturbed operating point. 

Operating Point Behaviour on the Boundary 

( )
δ
Δ
KLd

d t
 is the derivative of δKL  of the meta-generators with respect to Δt . Near the boundary, 

the derivative of 
( )
δ
Δ
KLd

d t
 of the partial meta-generators changes from positive to negative (Figure 3). 

For this unusual phenomenon, on a finer scale, ( ), ( )), (1,2,..., )（u δ ∈i it t i n  is calculated 

sequentially for different Δt . The standard deviation of δi  is calculated separately (Figure.2):

( )
( )

( )
2

1 1
( )

,
δ μ δ δ

σ δ μ δ= =

−
= =
 
n n

i i i
i i

i in n
. 

a and b correspond to New England test system, generator disturbed instability process 
Schematic diagram of the disturbed trajectory of the operating point crossing the boundary after a 
three-phase short-circuit ground fault at 12-node and 18-node in node IEEE39 with gradually 
increasing ∆t, respectively. (∆t increases from 0.04s, until destabilization) 

The expressions for the disturbed operating points of the meta-generators and generators have 
the same form before and after permutation. 

a. The projection of the disturbed trajectory in the  plane. The result of the fit is 

, and the adjusted R-
squared value is 1. 

b. The projection of the disturbed trajectory in the  plane. The result of the fit is 

 and the adjusted R-squared value is 
0.99905. 

c. The projection of the disturbed trajectory in the  plane. The result of the fit is 

 and the adjusted R-squared value is 
0.9993. 
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d. The projection of the disturbed trajectory in the  plane. The result of the fit is 

 and the adjusted R-squared value is 1. 

e. The projection of the disturbed trajectory in the  plane. The result of the fit is 

 and the adjusted R-squared value is 0.99981. 
The 18-node three-phase short-circuit ground fault, increase in fault time tΔ  from 0.140s to 

0.154s, and the trajectory of disturbed operating point near the boundary. The arrow shows the 
direction of increase of tΔ . The generator has the same barrier and attractor as the meta-generator. 

a. In the 3432 δδ −  plane, running points appear to cross the barrier before they reach the 
boundary, and the elliptical area marks the position of the barrier. From 0.147s onwards the interval 
between running points decreases in the direction of increasing tΔ  

b. In the 3432 uu −  plane, the graph is presented as a critical state local attractor, which appears 
simultaneously with the synchronous barrier. The ellipse indicates the position of the attractor. The 
graph of the trajectory of the run point from 0.147s onwards is shown as an attractor (in the shaded 
area). 

The perturbed trajectory of the generator shows the same result at the same time. 
a. The same boundary equation applise to the 3-gen system. 4-node sets the location of the 

operating point after a three-phase short-circuit ground fault. 
b. Results of the multiswing instability for Δt=0.245s. 
c and d are the results of the 4-node three-phase ground fault simulation, respectively. It is 

synchronization at st 244.0=Δ , out-of-Sync at st 245.0=Δ , and out-of-Sync in ( )ss 5,4 . 
Fitting results for perturbed trajectories for the 4-node trajectory of disturbed operating points 

after a three-phase short-circuit ground fault.. 

a. The projection of the disturbed trajectory in the tΔ−1δ  plane. The result of the fit is 
( ) ( ) ( ) 9015.45497,-12.16449127.27487,263.16677

2
1 =±=±= ωω

ω cba
. The adjusted R-

squared value is 0.99997. 

b. The projection of the disturbed trajectory in the tu Δ−1  plane. The result of the fit is 

0.012981.00743)1(c0.21231,0.63292)1(b0.74225,-4.32887
2

)1(a
uu

u ±=±=±=
, and the 

adjusted R-squared value is 0.97679. 

c. The projection of the disturbed trajectory in the tΔ−12δ  plane. The result of the fit is 
0.006730.06242b0.03364,-0.01956 1212 ±=±=a , and the adjusted R-squared value is 0.99519. 

d. The projection of the disturbed trajectory in the 21 δδ −  plane. The result of the fit is 
1.21501-4.40363b0.01287, 1.05168 ±=±= δδa , and the adjusted R-squared value is 0.99925. 

e. The projection of the disturbed trajectory in the 21 uu −  plane. The result of the fit is 
0.007130.01791b0.00722,0.98731 ±=±= ννa , and the adjusted R-squared value is 0.99973. 

a. The standard deviation of δ decreases from ∆t=0.227s. It rises by 2200% at ∆t=0.245s, where 
there is an instability. 
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b. Derive )(
*)1(

)(
))1((

)( td
da

td
bad

td
d llkl

Δ
−=

Δ
+−=

Δ
δδδ

δ
δδ

 from the fitted equation (e). Due to 

the monotonicity of iδ  with respect to tΔ , i.e. 
),0(,0

)(
CCTt

td
d l ∈Δ>

Δ
δ

, 1−δa  changes from 

positive to negative and δa  changes from greater than 1 to less than 1. 
A three-phase short-circuit ground fault is set at the corresponding node. a, b, c, d, e correspond 

to the critical behaviour of the operating points after the failure of 6-node, 12-node, 24-node, 30-node 
& 36-node respectively. All the results show that near the boundary, there is always a significant 

decrease in ( )iδσ . These results demonstrate a strong correlation between synchronisation stability 
boundary and spontaneous synchronisation. 

f and g show that the behaviour of the operating points also show the phenomenon of 
synchronous barrier when faults are set at 6-node and 24-node (shaded area). 

The meta-generator operating point data 
),,( 2,121 δuu

 and 
),,( 3,232 δuu

 are substituted into 

equation 3) to obtain αT ′Δ , βT ′Δ
respectively. Substitute αT ′Δ  and βT ′Δ

 into equation 4) to obtain 

)(2 αδ Tcr ′Δ  and ,
)(3 βδ Tcr ′Δ

respectively. CCT(sim) is obtained from professional software simulation. 
)(2 simδ  and )(3 simδ  are the simulation values of 2δ  and 3δ , respectively. Notably, only a 

single piece of information from lδ  is used to calculate 
cr
iδ  here, so it adds to the error. 

Supplementary Materials: The following supporting information can be downloaded at the website of this 
paper posted on Preprints.org. 

Data Availability: All the data that support the findings of this study are available at Figshare 
(DOI:10.6084/m9.figshare.23585961). 
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