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Abstract: Due to the complexity of the microstructure of porous media, it is of great significance to explore the 
heat transport mechanism in porous media in many engineering applications. In this study, an expression for 
effective thermal conductivity (ETC) of porous media with randomly distributed damaged tree-like bifurcation 
networks is derived based on the theory of thermodynamics and fractal features of tree-like bifurcation 
networks. We investigate the effect of heat conduction and heat convection in porous media with randomly 
distributed damaged tree-like bifurcation networks on the ETC of the porous media. It is found that our fractal 
model is in good consistency with the existing available experimental data. In addition, the influence of the 
micro-structural parameters of the model on heat transfer in the porous media have been analyzed in detail. 
The research results can provide significant theoretical guidance for the development and design of heat 
transfer systems. 

Keywords: effective thermal conductivity; heat conduction; heat convection; damaged tree-like 
bifurcation network 

 

1. Introduction 

The ETC is an important parameter to quantify the heat transfer characteristics in porous media. 
The prediction of the ETC of porous media is widely used in thermoelectric materials, porous 
building materials, the chemical industry, petroleum exploitation, and other fields [1–6]. It is well 
known that porous media is usually composed of pore space and solid matrix, and its microstructure 
is extremely complex and disordered. Therefore, it is difficult to describe it with a conventional way. 
The fractal geometry theory can be used to characterize the pore characteristics of porous media when 
the microstructure of porous media has self-similar characteristics [7] and provides a new idea to 
explore the transport problem in complex and disordered porous media [8–10]. At present, many 
scholars have used fractal theory to explore gas flow [11–13], gas diffusion [14–16] and seepage 
characteristics [17–19] in porous media. Furthermore, heat transfer in porous media can also be 
studied by fractal geometry theory [20–22]. For example, Xiao [23] proposed an ETC model with 
microscale effect based on the fractal characteristics of porous media. Shen et al. [24] established an 
equivalent ETC model of three-phase unsaturated porous media based on fractal theory by using 
thermoelectric simulation and capillary bundle model, and discussed the influence mechanism of 
liquid saturation and porosity on the ETC of porous media.  

Due to the unique transport characteristics of the tree-like bifurcation network structure, it has 
attracted the interest and attention of a large number of scholars, and it has been widely used in 
related practical applications, such as microelectronic chip cooling systems and production 
engineering etc. [25,26] Chen and Cheng [27] discussed the difference between traditional parallel 
pipes and rectangular tree-like bifurcation networks in the process of heat convection by comparing 
them. They found that, compared with the traditional parallel pipes, the rectangular tree-like 
bifurcation networks can significantly improve the heat dissipation performance of the pipes. Based 
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on the self-similarity characteristics of tree-like bifurcation networks, Yu and Li [28] studied the ETC 
of composites embedded with tree-like bifurcation networks. The results show that the ETC of each 
component embedded in the tree-like bifurcation networks have a significant influence on the ETC 
of the composite. Based on the fractal characteristics of pore diameter and crack size, Zhang et al. [29] 
derived the expression of ETC of saturated dual porous media. However, the above research only 
focuses on the symmetric tree-like bifurcation networks and does not involve the damage of branches 
in the tree-like bifurcation networks. Miao et al. [30] based on the fractal self-similarity of the tree-
like bifurcation networks, studied the heat transport and fluid flow. Based on the research of Miao et 
al. [28], Xiao et al. [31] studied the effect of the roughness of the pore surface on the ETC of the 
damaged tree-like bifurcation networks. The model considered the effects of roughness and damaged 
structure of the pipeline on ETC, but the effects of heat convection caused by liquid flow are not 
considered. On this basis, Shao et al. [32] proposed a ETC model of porous media embedded with a 
damaged tree-like branching network considering the influence of roughness based on the 
characteristics of damaged tree-like bifurcation networks and the effects of heat convection and heat 
conduction on the ETC of porous media are analyzed respectively. The model assumed that a single 
damaged tree-like bifurcation network is embedded in the porous media. However, in reality, porous 
medium are usually composed of tree-like bifurcation networks that conform to fractal scale 
distribution. Xia et al. [33] studied the influence of heat convection caused by liquid flow on ETC by 
establishing the joint expression of heat conduction and heat convection in a tree branch network 
with rough surfaces. But the damage of branches in the tree-like bifurcation networks is not taken 
into account in this study. 

In the above briefly literature research, the current research on the damaged tree-like bifurcation 
network did not consider the pore structure of the main pipe with random distribution, and the 
research considering the randomly distributed structure did not meditate the effect of heat convection 
caused by fluid flow on the ETC. As a result, we will talk about heat conduction and heat convection 
in the composite, which is made up of porous media that has bifurcation networks that resemble 
damaged trees and are scattered at random. A fractal model of ETC will be built and the influence of 
microstructural parameters of the composite on thermal transport will be studied. The result can help 
in understanding the heat transfer mechanism of porous medium with the damaged tree-like 
bifurcation networks. 

2. Fractal Characteristics of Porous Media 

The primary objective of this study is to develop a mathematical model that accurately 
represents ETC of porous media with randomly distributed damaged tree-like bifurcation networks. 
It is postulated that a significant quantity of impaired tree-like bifurcation networks are uniformly 
dispersed inside porous media, with the primary diameters of said networks following the principles 
of fractal scaling. Refer to Figure 1(a). 

  
(a) (b) 

Figure 1. (a) Schematic diagram of porous media with randomly distributed damaged tree-like 
bifurcation networks; (b) Schematic diagram of a single damaged tree-like bifurcation network. 
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Therefore, the total number N of tree-like bifurcation networks with the diameter scale L larger 
than or equal to the diameter of main channel  d଴ can be expressed as [8]:  N(L ≥ d଴) = ቀୢబౣ౗౮ୢ ቁୈ౜  (1)

where d0max is the maximum diameter of the main channels, and Df is fractal dimension of the main 
channels. The Df can be obtained by [8]: D୤ = D୉ − ୪୬ ம౜୪୬(ୢబౣ౟౤/ୢబౣ౗౮)  (2)

where ϕ୤ is areal porosity, d଴୫୧୬ is the minimum diameter of the main channels, D୉ is Euclidean 
dimension. D୉ = 2 in two-dimensional space and D୉ = 3 in three-dimensional space. Since there 
are many tree-like bifurcation networks in the porous media, Eqs. (1) can be regarded as a continuous 
and differentiable function. The number of main channels with sizes ranging from d଴ to d଴ + ∆d can 
be calculated by differentiating with d଴ based on Eqs. (1) [8–10]: −dN = D୤d଴୫ୟ୶ୈ౜ d଴ି(ୈ౜ାଵ)dd଴  (3)

where −dN > 0 , the negative sign of the Eqs. (3) indicates that the number of main channels 
decreases with the increase of the diameter of main channels. Therefore, when d଴ is equal to the 
minimum diameter of the main channels, the total number of main channels in porous media can be 
expressed as [8]: N୲(L ≥ d଴୫୧୬) = ቀୢబౣ౗౮ୢబౣ౟౤ቁୈ౜  (4)

Dividing Eqs. (3) by Eqs. (4), we have [8–10]: −dN/N୲ = D୤d଴୫୧୬ୈ౜ d଴ି(ୈ౜శభ)dd଴ = f(d଴)dd଴  (5)

where f(d଴)is the probability function for pore size distribution and can be given by [8]:  f(d଴) = D୤d଴୫୧୬ ୈ౜d଴ି(ୈ౜ାଵ)  (6)

According to the basic theory of probability theory, Eq. (6) should meet the normalization 
condition, please see Ref[18]. 

Eqs. (1)-(6) describes randomly fractal distribution of tree-like bifurcation networks shown in 
Figure 1(a). In the following, we will introduce geometric structure of the single damaged tree-like 
bifurcation network (see Figure 1(b)), which is made up of "point to line" Y-shaped networks. In our 
model, we suppose that each branch in the bifurcation networks is regarded as a cylindrical tube, and 
the roughness and the thickness of the tube wall are ignored [26]. Figure 1(b) illustrates the utilization 
of l୩and d୩ to denote the length and diameter, respectively, of the kth branching level (where k 
ranges from 0 to m).The network bifurcation number, denoted as m, represents the maximum 
number of branches that occur in a network. At each level of the network, every tube undergoes a 
bifurcation, resulting in the formation of n new tubes. In order to elucidate the geometric 
configuration of a bifurcation network resembling that of a tree. Next, we proceed to present two 
scale variables, namely the length ratio α and the diameter ratio β[34]. α = ୪ౡశభ୪ౡ   (7)

β = ୢౡశభୢౡ   (8)

So we obtain: l୩ = l଴α୩  (9)d୩ = d଴β୩  (10)

where l଴ and d଴ are the length and diameter of the 0th branching level, respectively.  
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In order to consider an asymmetric tree-like bifurcation network, we assume that p channels of 
the kth branching level have been damaged, but the other parts of the network are intact. For example, 
If a branch of the tree-like bifurcation network is damaged in Figure 1(b), the damaged part will not 
generate new branches and the undamaged part will not be affected. 

These equations above provide a theoretical basis for the analysis of heat transfer in the porous 
media with randomly distributed damaged tree-like bifurcation networks. 

3. Fractal Model of Effective Thermal Conductivity of Porous Media 

3.1. The effective Thermal Conductivity of Heat Conduction 

In general, the heat transport process in the damaged tree-like bifurcation networks is different 
from that in the symmetric tree-like bifurcation networks.  

According to the Fourier’s law and the thermal-electrical analogy technique, for a single 
damaged tree-like bifurcation network, the thermal resistance of the damaged tree-like bifurcation 
network can be written as [32]: 

r୩   = ସ୪బ஛ౢ஠ୢబమ {ቂଵି൫஑/୬ஒమ൯ౡቃା(ಉ/౤ಊమ)ౡభష౤షౡౌ ൣଵି(஑/୬ஒమ)ౣషౡశభ൧}(ଵି஑/୬ஒమ)   (11)

where  λ୪ ,is the thermal conductivity of the fluid, n  is the branching number of the tree-like 
branching network, m is total numbers of branching levels, P is the numbers of damaged channels. 
With the help of Eqs. (4) and (11), the reciprocal of total thermal resistance of the entire randomly 
distributed damaged tree-like bifurcation networks can be calculated by the following relation. 

1
Rk

= − න 1
rk

 dN
d0max

d0min

= λlπd0max
2Df(1 − ϕf)

4l0(2 − Df) (1 − α/nβ2){ቂ1 − ൫α/nβ2൯kቃ + (α/nβ2)k

1 − nିkP ൣ1 − (α/nβ2)mିkା1൧}  (12)

Then, the equivalent length of a single damaged tree-like bifurcation network, lୣ, can be written 
as [32]: lୣ = ∑  ୫୩ୀ଴ l୩ = l଴ ଵି஑ౣశభଵି஑   (13)

The total volume of the a single damaged tree-like bifurcation network, V, can be expressed as 
[32]: V = ∑  ୩ିଵ୧ୀ଴ n୧V୧ + ∑  ୫୧ୀ୩ ൫n୧ − n୧ି୩p൯V୧  = ஠ୢబమ୪బସ ଵି൫୬ஒమ஑൯ౡଵି୬ஒమ஑ + ஠ୢబమ୪బସ (nβଶα)୩൫1 − nି୩P൯ ଵି൫୬ஒమ஑൯ౣషౡశభଵି୬ஒమ஑   

= ஠ୢబమ୪బସ ቂଵି൫୬ஒమ஑൯ౡቃା൫୬ஒమ஑൯ౡ൫ଵି୬షౡ୔൯[ଵି൫୬ஒమ஑൯ౣషౡశభ](ଵି୬ஒమ஑)   (14)

where V୧ is the volume of the single pipe in ith branching level. In the present study, we consider the 
singularly impaired tree-like bifurcation network as an exemplary model characterized by a solitary 
conduit exhibiting a consistent volume. The ETC of the single channel that is equivalent to the entire 
network is equivalent to the ETC of the entire network. Hence, utilizing Equations (13) and (14), the 
effective cross-sectional area of the individual tree-like bifurcation network, denoted as aୣ,can be 
determined [32]: aୣ = ୚୪౛ = ஠ୢబమସ ଵି஑ଵି஑ౣశభ ቂଵି൫୬ஒమ஑൯ౡቃା൫୬ஒమ஑൯ౡ൫ଵି୬షౡ୔൯[ଵି൫୬ஒమ஑൯ౣషౡశభ](ଵି୬ஒమ஑)   (15)

Due to the distribution of the diameter of main pipes conforms to the fractal scaling law, the 
effective cross-sectional area of the total porous media can be calculated from Eqs. (2), (4) and (15): 
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Ae = − න ae dN
d0max

d0min= πDfd0max
2(1 − ϕf)

4(2 − Df) 1 − α
1 − αmା1

ቂ1 − ൫nβ2α൯kቃ + ൫nβ2α൯k(1 − nିkP)[1 − ൫nβ2α൯mିkା1](1 − nβ2α)    
(16)

When m=0, n=0 and p=0, the effective cross-sectional area is equal to total cross-sectional area of 
main channels, A଴,: 

A0 = πDfd0max
2(1 − ϕf)

4(2 − Df)  (17)

The area of the complete cross-section of the media, A, according to the notion of porosity, Aୟ, 
is determined by: 

Aa = A0

ϕf
= πDfd0max

2(1 − ϕf)
4(2 − Df)ϕf

 (18)

Likely, the thermal resistance of the media matrix of porous media, Rୱ, is given Fourier’s law by 
can be as follow:  

Rs = le
Aaλs൫1 − ϕf൯ (19)

where λୱ is the thermal conductivity of the media matrix.  
According to the Fourier’s law, the ETC of the randomly distributed damaged tree-like 

bifurcation network part, Kୢ,ଵ , and the ETC of the media matrix part, Kୢ,ଶ , can be respectively 
described as[32]: Kୢ,ଵ = ୪౛୅౗ୖౡ  (20)

Kୢ,ଶ = ୪౛୅౗ୖ౩  (21)

Based on Fourier's law and the series-parallel model, the ETC of porous media with randomly 
distributed damaged tree-like bifurcation networks, Kୢ , can be composed of the randomly 
distributed damaged tree-like bifurcation network part, Kୢ,ଵ, and the media matrix part, Kୢ,ଶ, which 
can be described as[32]: Kୢ = Kୢ,ଵ + Kୢ,ଶ = ୪౛୅౗ ቀ ଵୖౡ + ଵୖ౩ቁ  (22)

Inserting Eqs. (12), (13), (18) and (19) into Eqs. (22), the ETC of porous media with randomly 
distributed damaged tree-like bifurcation networks, Kୢ, can be calculated as:  Kd =  1 − αmା1

1 − α
λlϕf(1 − α/nβ2)൝ቂ1 − ൫α/nβ2൯kቃ + ൫α/nβ2൯k

1 − nିkP ቂ1 − ൫α/nβ2൯mିkା1ቃൡ + λs(1 − ϕf) 
(23)

3.2. The effective thermal Conductivity of Heat Convection 

The derivation of the ETC of porous media with randomly distributed damaged tree-like 
bifurcation networks is presented in Section 3.1. However, the convective heat transfer between the 
fluid and the wall is a significant factor in the process of heat transport within porous media. This 
section primarily focuses on the determination of the ETC associated with heat convection Kୡ୴.  

According to Chen and Cheng [27], The fluid dynamics within the tree-like bifurcation networks 
exhibit laminar flow, and it is seen that the Nusselt number remains constant across each layer.. 
Therefore, the coefficient of heat convection, H୰, can be expressed as [27]: 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 27 October 2023                   doi:10.20944/preprints202310.1785.v1

https://doi.org/10.20944/preprints202310.1785.v1


 6 

 

H୰ = ୒୳⋅஛ౢୢ   (24)

The characteristic length of the pipe, denoted as d , is equivalent to the diameter of the pipe. Nu 
is the Nusselt number which means the ratio of heat convection to heat conduction. Therefore, the 
heat convection coefficient of the ith branching level of the tree-like bifurcation network, H୧, can be 
obtained as [27]: H୧ = H଴βି୧  (25)

where H଴  is the heat convection coefficient of the single main pipe of the tree-like bifurcation 
network, which can be written as [27]: H଴ = ୒୳⋅஛ౢୢబ   (26)

where d଴ is the diameter of the 0th branching level. According to Newton cooling formula, the flow 
of the heat convection of a single main pipe, q଴, can be written as: q଴ = H଴sୱ,଴ΔT  (27)

where ΔT is temperature difference. sୱ,଴ is the heat convection area of a single main pipe of the tree-
like bifurcation network, which can be determined by: sୱ,଴ = πd଴l଴  (28)

where l଴ is the length of the 0th branching level. According to Chen and Cheng [25] the temperature 
difference between tree-like bifurcation networks at different levels is invariable. Then, by means of 
Eqs. (25), (26), (27) and (28), the flow of the heat convection of the undamaged part of the single 
damaged tree-like bifurcation network before the kth branching level, Δqଵ,ୟ, can be modified as [32]: Δqଵ,ୟ = ∑  ୩ିଵ୧ୀ଴ n୧H୧sୱ,୧ΔT           = πd଴l଴H଴ΔT ∑  ୩ିଵ୧ୀ଴ n୧βି୧α୧β୧           = Nuπλ୪l଴ ଵି(୬஑)ౡଵି୬஑ ΔT   (29)

where sୱ,୧ is the heat convection area of the ith branching level in the tree-like bifurcation network. 
Likely, the flow of the heat convection of the damaged part of a single damaged tree-like 

bifurcation network , Δqଶ,ୟ, can be modified as[32]: Δqଶ,ୟ = ෌ ൫n୧ − n୧ି୩p൯୫୧ୀ୩ H୧sୱ,୧ΔT           = πd଴l଴H଴ΔT ෌ ൫n୧ − n୧ି୩p൯୫୧ୀ୩ βି୧α୧β୧           = Nuπλ୪l଴(nα)୩(1 − nି୩P) ଵି(୬஑)ౣషౡశభଵି୬஑ ΔT  (30)

With the aid of Eqs. (29) and (30), the flow of the heat convection of a single damaged tree-like 
bifurcation network with smooth surfaces, qୟ, can be calculated as [32]:  qୟ  = Δqଵ,ୟ + Δqଶ,ୟ        = ∑  ୩ିଵ୧ୀ଴ n୧H୧sୱ,୧ΔT + ෌ ൫n୧ − n୧ି୩p൯୫୧ୀ୩ H୧sୱ,୧ΔT        = πd଴l଴H଴ΔT ∑  ୩ିଵ୧ୀ଴ n୧βି୧α୧β୧ + πd଴l଴H଴ΔT ෌ ൫n୧ − n୧ି୩p൯୫୧ୀ୩ βି୧α୧β୧        = Nuπλ୪l଴ ଵି(୬஑)ౡଵି୬஑ ΔT + Nuπλ୪l଴(nα)୩(1 − nି୩P) ଵି(୬஑)ౣషౡశభଵି୬஑ ΔT   (31)

Similarly, the heat convection area of the undamaged part of a single damaged tree-like 
bifurcation network before the kth branching level, ΔSଵ,ୟ, is: 
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ΔSଵ,ୟ = ∑  ୩ିଵ୧ୀ଴ n୧sୱ,୧           = πd଴l଴ ∑  ୩ିଵ୧ୀ଴ n୧ α୧β୧           = πd଴l଴ ଵି(୬஑ஒ)ౡଵି୬஑ஒ   (32)

The heat convection area of the damaged part of a single damaged tree-like bifurcation network, ΔSଶ,ୟ, is: ΔSଶ,ୟ = ෌ ൫n୧ − n୧ି୩p൯୫୧ୀ୩ sୱ,୧           = πd଴l଴ ෌ ൫n୧ − n୧ି୩p൯୫୧ୀ୩ α୧β୧           = πd଴l଴(nαβ)୩(1 − nି୩P) ଵି(୬஑ஒ)ౣషౡశభଵି୬஑ஒ   (33)

The calculation of the heat convection area of a single damaged tree-like bifurcation network, 
denoted as Sୟ, may be performed using equations (32) and (33).  Sୟ  = ΔSଵ,ୟ + ΔSଶ,ୟ        = ∑  ୩ିଵ୧ୀ଴ n୧sୱ,୧ + ෌ ൫n୧ − n୧ି୩p൯୫୧ୀ୩ sୱ,୧        = πd଴l଴ ∑  ୩ିଵ୧ୀ଴ n୧ α୧β୧ + πd଴l଴ ෌ ൫n୧ − n୧ି୩p൯୫୧ୀ୩ α୧β୧        = πd଴l଴ ଵି(୬஑ஒ)ౡଵି୬஑ஒ + πd଴l଴(nαβ)୩(1 − nି୩P) ଵି(୬஑ஒ)ౣషౡశభଵି୬஑ஒ

  (34)

Based on the fractal scaling law of the diameter distribution of the main pipes, the total heat flow Qୡ୴ and the total heat convection area, Sୡ୴, can be obtained by respectively integrating the individual 
heat flow, qୟ, and the individual heat convection area, Sୟ.  Qୡ୴  = − ׬ qୟ dNୢబౣ౗౮ୢబౣ౟౤         = − ׬ Nuπλ୪l଴ ଵି(୬஑)ౡଵି୬஑ ΔT+Nuπλ୪l଴(nα)୩(1-nି୩P) ଵି(୬஑)ౣషౡశభଵି୬஑ ΔT dNୢబౣ౗౮ୢబౣ౟౤         = Nuπλ୪l଴ ቂଵି(୬஑)ౡଵି୬஑ + (nα)୩(1 − nି୩P) ଵି(୬஑)ౣషౡశభଵି୬஑ ቃ d଴୫ୟ୶ୈ౜(d଴୫୧୬ିୈ౜-d଴୫ୟ୶ିୈ౜)ΔT        

 (35)

Sୡ୴  = − ׬ Sୟ  dNୢబౣ౗౮ୢబౣ౟౤        = − ׬ πd଴l଴ ଵି(୬஑ஒ)ౡଵି୬஑ஒ +πd଴l଴(nαβ)୩(1-nି୩P) ଵି(୬஑ஒ)ౣషౡశభଵି୬஑ஒ   dNୢబౣ౗౮ୢబౣ౟౤        = πl଴ ୈ౜ୈ౜ିଵ ቂଵି(୬஑ஒ)ౡଵି୬஑ஒ + (nαβ)୩(1 − nି୩P) ଵି(୬஑ஒ)ౣషౡశభଵି୬஑ஒ ቃ d଴୫ୟ୶ୈ౜(d଴୫୧୬ଵିୈ౜-d଴୫ୟ୶ଵିୈ౜)        
 (36)

According to Fourier’s law, the thermal conductivity of heat convection caused by fluid flow in 
the porous media, kୡ୴, is [32]:  kୡ୴ = ୕ౙ౬ୗౙ౬౴౐ಌ౐  (37)

where δ୘ is the thickness of the thermal boundary layer of thermal convection caused by fluid flow 
is mainly related to the characteristics of the fluid. 

Inserting Eqs. (35) and (36) into Eqs. (37), the thermal conductivity of heat convection caused by 
fluid flow in the porous media, kୡ୴, is:  

kୡ୴ = Nuδ୘λ୪ ଵି୬஑ஒଵି୬஑ ଵି(୬஑)ౡା(୬஑)ౡ(ଵି୬షౡ୔)[ଵି(୬஑)ౣషౡశభ]ଵି(୬஑ஒ)ౡା(୬஑ஒ)ౡ(ଵି୬షౡ୔)[ଵି(୬஑ஒ)ౣషౡశభ] ୈ౜ିଵୈ౜ (d଴୫୧୬)ିଵ ଵି(ౚబౣ౟౤ౚబౣ౗౮)ీ౜ଵି(ౚబౣ౟౤ౚబౣ౗౮)ీ౜షభ  (38)

According to the research of YU et al [10], only when (ୢబౣ౟౤ୢబౣ౗౮)ୈ౜ = 0, the diameter of the main 

channels of damaged tree-like bifurcation networks, d଴, conforms to fractal scaling law. Therefore, 
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the thermal conductivity of heat convection caused by fluid flow in the porous media kୡ୴ can be 
simplified as: kୡ୴ = Nuδ୘λ୪ ଵି୬஑ஒଵି୬஑ ଵି(୬஑)ౡା(୬஑)ౡ(ଵି୬షౡ୔)[ଵି(୬஑)ౣషౡశభ]ଵି(୬஑ஒ)ౡା(୬஑ஒ)ౡ(ଵି୬షౡ୔)[ଵି(୬஑ஒ)ౣషౡశభ] ୈ౜ିଵୈ౜ (d଴୫୧୬)ିଵ ଵଵି(ౚబౣ౟౤ౚబౣ౗౮)ీ౜షభ  (39)

The average diameter, d଴,തതതതof the main channels of randomly distributed tree-like bifurcation 
networks can be obtained from Eqs. (6)[33]: d଴തതത = ׬ d଴ୢబౣ౗౮ୢబౣ౟౤ f(d଴)dd଴ = ୈ౜ୈ౜ିଵ d଴୫୧୬  ൤1 − ቀୢబౣ౟౤ୢబౣ౗౮ቁୈ౜ିଵ൨  (40)

Inserting Eqs. (40) into Eqs. (39), the thermal conductivity of heat convection caused by fluid 
flow in the porous media can be simplified again as: kୡ୴ = Nuδ୘λ୪ ଵି୬஑ஒଵି୬஑ ଵି(୬஑)ౡା(୬஑)ౡ(ଵି୬షౡ୔)[ଵି(୬஑)ౣషౡశభ]ଵି(୬஑ஒ)ౡା(୬஑ஒ)ౡ(ଵି୬షౡ୔)[ଵି(୬஑ஒ)ౣషౡశభ] ଵୢబതതതത  (41)

3.3. The total effective thermal Conductivity of Porous Media 

The construction of the thermal conductivity model for heat conduction and the thermal 
conductivity model for heat convection in porous media was carried out in sections 3.1 and 3.2, 
respectively. The present study posits that the heat transfer process in tree-like bifurcation networks 
is facilitated by both heat conduction and heat convection. In other words, the expression for the ETC 
of porous media including randomly distributed damaged tree-like bifurcation networks, Kୣ୤୤，can 
be formulated as.[32]: Kୣ୤୤ = Kୢ + Kୡ୴  (42)

With respect to Eqs. (23), (41) and (42), the ETC of porous media with randomly distributed 
damaged tree-like bifurcation networks can be written as: 

Keff = 1ିαmశ1

1ିα
λlϕf(1ିα/nβ2){൤1ି൫α/nβ2൯k൨ା(α/nβ2)k

1షnషkP
ൣ1ି(α/nβ2)mషkశ1൧} + λs(1 − ϕf)  +                    NuδTλl

1ିnαβ
1ିnα

1ି(nα)kା(nα)k൫1ିnషkP൯ൣ1ି(nα)mషkశ1൧
1ି(nαβ)kା(nαβ)k൫1ିnషkP൯ൣ1ି(nαβ)mషkశ1൧ 1

d0തതത  (43)

The dimensionless ETC of porous media with randomly distributed damaged tree-like 
bifurcation networks are defined by Kା = Kୣ୤୤/λ୪, and it can be expressed as: 

Kା = 1ିαmశ1

1ିα
ϕf(1ିα/nβ2){൤1ି൫α/nβ2൯k൨ା(α/nβ2)k

1షnషkP
ൣ1ି(α/nβ2)mషkశ1൧} + λs

λl
(1 − ϕf)  +        NuδT

1ିnαβ
1ିnα

1ି(nα)kା(nα)k൫1ିnషkP൯ൣ1ି(nα)mషkశ1൧
1ି(nαβ)kା(nαβ)k൫1ିnషkP൯ൣ1ି(nαβ)mషkశ1൧ 1

d0തതത  (44)

Eqs. (44) is the dimensionless coefficient of heat conductivity for porous media with randomly 
distributed damaged tree-like bifurcation networks. It is also a theoretical model, which can be used 
for analyzing the effect of structural parameters of tree-like bifurcation networks (d଴തതത, α, β, n, m, P, k ), 
the porosity, ϕ୤, the thermal conductivity of porous media matrix, λୱ, and the thermal conductivity 
of fluid,  λଵ, on dimensionless thermal conductivity coefficient. In Eqs. (44), all parameter have the 
clear physical meaning and there is not any empirical constant. 

4. Results and Discussion 

Figure 2 shows the comparison between experimental data [35–37] and ETC, Kୣ୤୤, versus the 
thermal conductivity of the media matrix,  λୱ, for different numbers of damaged channels based on 
Eqs. (43). The values of relevant parameters are all from experimental data [35–37]. In the Figure 2, 
the thermal conductivity of porous media fluid is  λ୪ = 0.5 , λୱ = 0.15 , which is given by the 
experimental data [35]. The porosity used in the experimental data of Valvano et al. is 0.0041-0.1645. 
The porosity used in the experimental data of Liang et al. is 0.1 and the porosity used in the 
experimental data of Bhattacharya et al. is 0.013-0.1645. Therefore, the porosity we selected in the 
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Figure 2 is 0.1, and the experiment data gives the length ratio and diameter ratio of the arterial 
vascular tree are 1.30 and 1.25[35–37]. So we select α=1/1.30=0.77, β=1/1.25=0.8. The structural 
parameters of pores in reality, such as the branching number of the tree-like branching network, n, 
and the total numbers of branching levels, m, are difficult to obtain in experiments. So we take m =5, n = 2,Nu = 4.93. Consistent with the experimental data, we chose the thickness of the thermal 
boundary layer as δ୘ = 2.5 × 10ିହand the average diameter of the randomly distributed tree-like 
network as d଴തതത = 1 × 10ିଶm [35–37]. The picture reveals that the ETC of porous media containing 
randomly distributed damaged tree-like bifurcation networks, as predicted using the ETC model 
described by equations (43), exhibits a notable level of concordance with the experimental findings. 
It has also been observed that the ETC exhibits a positive correlation with the thermal conductivity 
of the media matrix, while displaying a negative correlation with the number of damaged channels. 
The observed outcome can be rationalized by considering that an augmentation in the number of 
impaired channels results in a reduction of both the effective cross-sectional area and thermal 
convection area. Consequently, the dimensionless ETC experiences a decline as the number of 
damaged channels increases. 

 
Figure 2. The comparison between experimental data and ETC Kୣ୤୤  versus  λୱ  at α = 0.77, β =0.8, k = 2, m = 5, n = 2,  ϕ୤ = 0.1, λ୪ = 0.5, d଴തതത = 1 × 10ିଶm, Nu = 4.93, δ୘ = 2.5 × 10ିହ m. 

Figure 3 illustrates the relationship between the dimensionless ETC and the length ratio for 
varying numbers of damaged channels. The data presented in the figure demonstrates a positive 
correlation between the dimensionless ETC and the length ratio, indicating that as the length ratio 
increases, the ETC also increases. Conversely, there is a negative correlation between the 
dimensionless ETC and the number of damaged channels, suggesting that as the number of damaged 
channels increases, the ETC decreases. This is because with the increase of length ratio, the heat 
convection area of the bifurcation network pipeline will increase, increasing ETC. It is worth noting 
that when p=4, the dimensionless ETC hardly changes with the change of the length ratio. The reason 
for this result is that when all branches of the tree-like bifurcation networks are damaged, only the 
heat conduction of matrix part exists in porous media. The length ratio hardly influence the 
dimensionless ETC of porous media. 
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Figure 3. The dimensionless ETC K ା versus α and p at  β = 0.8, n = 2,  k = 2, ϕ୤ = 0.1,  λ୪ = 0.5, λୱ = 0.15, d଴തതത = 1 × 10ିଶm, Nu = 4.93, δ୘ = 2.5 × 10ିହ m. 

Figure 4 illustrates the impact of the diameter ratio,β, denoted as , on the dimensionless ETC for 
varying numbers of damaged channels. The rationale behind this phenomenon is that an increase in 
the diameter ratio results in a decrease in the overall thermal resistance. Consequently, the ETC 
decreases while the length ratio remains constant. It can be observed from the figure that the 
dimensionless ETC exhibits a decreasing trend as the diameter ratio increases. Additionally, it is 
observed that the dimensionless ETC exhibits a minor variation with the change in the diameter ratio 
when p=4. The aforementioned statement aligns with the result presented in Figure 4.  

 
Figure 4. The dimensionless conductivity K ା versus β and p at, α = 0.77, n = 2,  k = 2, ϕ୤ = 0.1,  λ୪ = 0.5, λୱ = 0.15, d଴തതത = 1 × 10ିଶm, Nu = 4.93, δ୘ = 2.5 × 10ିହ m. 

Figure 5 illustrates the relationship between the ETC, Kୣ୤୤, the ETC of the randomly distributed 
damaged tree-like bifurcation network part, Kୢ,ଵ , the ETC of the matrix part, Kୢ,ଶ , and the heat 
convection ETC, Kୡ୴, with respect to the fractal dimension of the porous media. This relationship is 
examined for various numbers of damaged channels. The research indicates that there is a positive 
correlation between the fractal dimension of porous media and the ETC. Specifically, as the fractal 
dimension increases, the ETC also increases. On the other hand, the ETC of the randomly distributed 
damaged tree-like bifurcation network component falls when the fractal dimension of porous media 
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increases. The influence of the fractal dimension of porous media on ETC resulting from heat 
convection is negligible. The ETC of the matrix exhibits a decrease as the fractal dimension of the 
porous media increases. The observed phenomenon can be attributed to the positive correlation 
between the fractal dimension of pores and the porosity of porous media. As the fractal dimension 
of holes increases, the porosity of the media also increases, thereby resulting in a decrease in the 
matrix composition of the porous media. The determination of the total ETC of the porous media 
may be observed from Eqs. (41), which indicate that it is influenced by the ETC of the three constituent 
parts. The dominance of heat transmission in porous media by the heat conduction of the randomly 
distributed damaged tree-like bifurcation network component can be observed in Figure 4, as the 
fractal dimension grows. 

 
Figure 5. The ETC of each component Kୣ୤୤, Kୢ,ଵ, Kୢ,ଶ, Kୡ୴ versus D୤ and p at α = 0.77, β = 0.8, k =2, m = 5,n = 2, λୱ = 0.15, λ୪ = 0.5, d଴തതത = 1 × 10ିଶm, Nu = 4.93, δ୘ = 2.5 × 10ିହ m. 

Figure 6 illustrates the impact of the ratio between the ETC of the wall and the ETC of the fluid 
on the dimensionless ETC of the porous media, considering various fractal dimensions. Based on the 
analysis of Figure 6, it can be inferred that an increase in the ratio of ETC of the wall to that of the 
fluid results in a corresponding increase in the dimensionless ETC. It is noteworthy to mention that 
the dimensionless ETC remains consistent across various fractal dimensions, provided that the ratio 
between the ETC of the wall and that of the fluid is approximately 1.1. When the ratio is below 1.1, 
there is an observed rise in the dimensionless ETC as the fractal dimension increases. However, when 
the ratio exceeds 1.1, a decrease in the fractal dimension is associated with an increase in the 
dimensionless ETC. The relationship between porosity and fractal dimension can be elucidated by 
observing that an increase in fractal dimension corresponds to an increase in porosity. In cases when 
the ETC of the fluid surpasses that of the matrix component, an increase in porosity leads to a more 
significant involvement of tree-like bifurcation networks in the heat conduction process inside porous 
media. In contrast, if the ETC of the fluid is lower than that of the matrix, an increase in porosity will 
result in a reduction in the heat transfer area of the matrix. Consequently, the overall ETC will fall. 
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Figure 6. The dimensionless ETC K ା versus  λୱ/λ୪  and D୤ at α = 0.77, β = 0.8, k = 2, m = 5,n = 2, p = 2, , d଴തതത = 1 × 10ିଶm, Nu = 4.93, δ୘ = 2.5 × 10ିହ m. 

5. Conclusion 

This research presents the derivation of a dimensionless equation for the ETC of porous media 
including randomly distributed damaged tree-like bifurcation networks. Furthermore, the impact of 
the structural features of the porous media on the ETC is investigated. In this study, we took into 
account not only the heat conduction of the bifurcation network and matrix components, but also the 
heat convection resulting from liquid flow. Our findings indicate that when the ratio of ETC of the 
wall to that of the fluid is less than 1.1, there is an observed increase in the dimensionless ETC as the 
fractal dimension increases. Conversely, when the ratio exceeds 1.1, a decrease in the fractal 
dimension corresponds to an increase in the dimensionless ETC. The present study investigates the 
heat transfer phenomenon occurring in porous media characterized by randomly distributed broken 
tree-like bifurcation network interactions, with a focus on the dimensionless ETC. Additionally, it 
was observed that an increase in the fractal dimension results in the dominance of heat conduction 
in the heat transfer process of porous medium, namely inside the randomly distributed damaged 
tree-like bifurcation network segment. Furthermore, by a comparative analysis of the available 
experimental data and the fractal model suggested in our study, it was shown that the ETC model 
for porous media presented in this research has a favorable concurrence with the experimental data. 
The proposed model aims to enhance the understanding of heat transport mechanisms in porous 
media and offer valuable insights for a wide range of engineering applications. The omission of 
considering the impact of capillary surface roughness on the effective heat conductivity of porous 
media is acknowledged in this study. Hence, our forthcoming research will focus on investigating 
the impact of surface roughness on the effective heat conductivity. 
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