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Abstract: This article presents the impact analysis of space harmonics (SH) presence on a single-

sided three-phase linear induction motor, along with a comprehensive parametric investigation. 

The presence of SH often reduces the LIM performances. The electromagnetic phenomena are 

governed by Maxwell's equations associated with equivalent circuit modelling. The chosen 

mathematical model uses 2D formulation with magnetic vector potential A. The model 

implementation is performed with finite element method on Gmsh-GetDP free platform. The 

electromagnetic thrust is calculated in current excitation case by a numerical model (FEM) with and 

without term generating SH in order to highlight the effect of SH. The adaptation to voltage supply 

operation is obtained by equivalent electric circuits (EEC), through calculation of the operational 

impedance. The main objective of the study consists in a comparative exploration of SH presence 

using two numerical models (single and multi-harmonics), and an assessment of parameters effect 

on space harmonic presence and various machine characteristics such as thrust, efficiency, and 

power factor. The motor’s characteristics (ie: thrust, efficiency and power factor) strongly depend 

on parameters such as the pole pair number and conductivity. Improving the operation and 

maximizing the performances of such a machine for a given specification requires the use of 

optimization algorithms.  

Keywords: linear induction motor; space harmonics; numerical and analytical models 

 

1. Introduction 

Linear motors have been used in rail transport and in many industrial applications. Compared 

to other types, the single-sided linear induction motor can be used because of its simplicity and low 

construction cost, they are widespread and meet the industry’s requirements. It is therefore not at all 

surprising that it is still the subject of much research aiming to improve its modeling and optimizing 

its design. Despite its manufacture and implementation simplicity, the modeling and calculation of 

different quantities of the linear induction motor are not easy tasks. This is mainly due to the magnetic 

field which contains a continuous spectrum of space harmonics [1], and the non-linear character of 

materials. The requirement for precision, within the design process requires the use of accurate 

numerical methods [2–4]. 

In the design of a linear three-phase induction motor, we are generally confronted to the choice 

issue of the physical and geometrical parameters [5]. It is therefore essential to go through 

electromagnetic modeling, using field theory to develop equations that governs the linear induction 

motor [6,7].  

In a classical rotating induction motor, one tries to produce a magnetic field owning only one 

space harmonic. In contrast with this, the condition cannot be obtained in a linear induction motor 

(LIM) which presents a continuous spectrum of space harmonics [1,8]. Space harmonics (SH) 

generally have a negative effect on the machine, reducing speed, efficiency and power factor and 
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increasing losses, and machine heating. Research works on this question evoke often the SH problem 

without studying the problem itself [5,6]. Few works deal with this problem; rare references have 

tried to treat and reduce the effects of space harmonics by designing specific windings, modifying 

the geometry of the machine [9,10], position of the slots, frequency and complex phasors of the 

currents [8]. On the other hand, this issue has been well studied in the case of rotating machines [11–

13]. 

A numerical program using finite element method can be used to model the electromagnetic 

behavior of the machine [14]. Assumptions can be made to consider a “perfect” sinusoidal travelling 

wave in the air-gap such in rotating induction machine by introducing the slip on the conductivity of 

the secondary. This is so-called single space harmonic model. However, due to the non-periodic 

geometry of the stator armature, the air-gap flux density is not periodic. Considering the exact 

formulation of eddy currents in the secondary by introduction the convective term 𝑣 × 𝐵 considers 

fully the non-periodic behavior of the device and lead to more accurate results. Free Finite element 

software platform Gmsh-GetDP [15] is used to perform electromagnetic simulation. Connection to 

equivalent electrical circuit allows to deal with operation at imposed voltage supply that gives 

classical performances according to the speed of the secondary [16]. 

First, the thrust according to the speed generated by the LIM in real case taking in account the 

term responsible of SH presence is compared to the ideal case. Effect study of different parameters 

such as the pair pole number (𝑝)and the conductivity (𝜎) on the (SH) presence are done in order to 

show those reducing and those accentuating the effect. The LIM thrust, power factor and efficiency 

are then studied according to the important parameters. 

2. Linear Induction Motor Modeling 

A schematic representation (Figure 1) illustrate a linear induction motor of 𝑁௘ primary slots 

wounded to obtain 𝑝 pole pairs winding. The secondary often composed by aluminum conductive 

and back-iron plates, which takes the place of the rotor in rotating induction machines.  

A kind of characteristic speed 𝑣௦ is defined as follows: 𝑣𝑠 = 𝐿𝑓/𝑝 

where: 𝐿 is the characteristic length attached to the LIM, which represents the total armature length. 𝑓 is the supply frequency. 

The primary moves at a speed v and a relative speed (𝑣𝑟 = 𝑣 𝑣𝑠⁄ ) is introduced.  The product 𝐿𝑓 represents in a way, the synchronous speed 𝑣௦  of a periodic motor with period. The quantities 

and the results bellow are studied and given according to the relative speed 𝑣𝑟. 

 

Figure 1. Generic design of LIM. 

The simplified model considers single space harmonic of the magnetic vector potential (𝐴) 

assumed sinusoidal. The slip 𝑠 is introduced as for rotating induction machines. Two-dimensional 

time harmonic formulation using magnetic vector potential is adopted for field calculation. 

a. Model 1: single-harmonic 
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This model considers that the air-gap flux density is periodic and owns one space harmonic, 

neglecting the effect of all space harmonics. Equation (1) is to be solved by FEM, where the 

conductivity of the secondary is multiplied by the slip 𝑠 = 1 − 𝑣௥  as for induction machines: ∇. (ଵఓ ∇ 𝐴௭) = −𝐽௦ ൅ 𝜎𝑗𝑠𝜔𝐴௭   (1)

b. Model 2: multi-harmonic 

In this model, air-gap flux density harmonics are considered as they are created by the stator 

winding. A Lagrangian formulation allows to express field equations line a frame of references linked 

to the stator armature. Due to the smooth geometry of the secondary, no diffraction occurs and 

therefore all the physical quantities have the same time frequency [17,18]. The eddy currents in the 

secondary (conductive plate) are due to movement (𝑣 × 𝐵) and transformation ( ௗௗ௧) term. In 2D time 

harmonic formulation, yields: ∇. (ଵఓ ∇ 𝐴௭) = −𝐽௦ ൅ 𝜎 ቀ𝑗𝜔𝐴௭ ൅ 𝑣௫ డ஺೥డ௫ ቁ    (2)

where 𝐽௦ is the current density in the slots due to the stator currents. 

3. 2d Finite Element Modelling 

Two-dimensional finite element modeling is used to solve the two formulations models 1 and 2 

which governs the electromagnetic phenomenon given by magnetic vector potential 𝐴. Free software 

Gmsh-GetDP is chosen to implement the two formulations issued from Model 1 and Model 2. The 

interesting idea is that the two models can be written in the same formulation by setting the 

parameters to: 

Model 1: 𝑣 = 0  and 𝜎 = 𝑠. 𝜎ை 

Model 2: 𝑣 = 𝑣௫ and 𝜎 =  𝜎ை 

This is highlighted in the following screenshot of the formulation part of the code. 

 

In the Model 1, the filed equation is quit standard Poisson’s equation usually solved in electrical 

machines. The stiffness matrix is symmetrical definite positive. The storage of the matrix needs the 

upper non-zero terms and the diagonal. The resolution of the final system is easy and fast. Many 

resolution methods can be used. The case of Model 2, is quite different. Due to the convective term 𝑣. ∇𝐴, the stiffness matrix generated with the formulation is not symmetrical. The storage of the whole 

matrix is needed. Therefore, the resolution time (CPU) is much higher than for Model 1. Especially 

for high values that lead to high values of magnetic Reynolds number 𝑅௠ =  𝜇𝜎𝑣௫𝐿ை that leads to 

numerical perturbations if the characteristic length 𝐿଴ is too high. The mesh size must be adapted 

and refined so that these numerical perturbations vanishes. 

The triangular elements fit to any two-dimensional geometric configuration, which allows a 

simple discretization of the device. The mesh generated by the finite element program with the Gmsh 

software uses a triangular linear element mesh that is refined in the regions that need accuracy and 

wide in the other regions as shown in Figure 2. 
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Figure 2. 2D mesh of linear induction motor of 36 slots. 

The problem is solved using GetDP software to perform the implementation of the models. 

Figure 3 shows the representation of the magnetic flux density vector 𝑩 derived from the calculated 

magnetic potential vector 𝑨 (Eq. 3) in a part of the motor in each node of the mesh. It can be seen 

that the magnetic circuit channels the flux lines. 

 

Figure 3. Distribution of magnetic induction field 2D. 

The data (Table 1) of each region for both, geometrical (dimensions) and physical (permeability 𝜇 and conductivity 𝜎) properties of the studied device are introduced.   

Table 1. Design parameters of the Lim. 

Designation Symbol Value 

Inductor length 𝐿௣ 730 𝑚𝑚 

Rail thickness 𝐷௔௟ 3 𝑚𝑚 

Air-gap length 𝑔 2 𝑚𝑚 

Relative permeability of the Back iron 𝜇௥ 4416 𝐻/𝑚 

Relative permeability of the primary armatures 𝜇௔௥ 4416 𝐻/𝑚 

Number of turns 𝑛௦ 100 

Number of phases 𝑚 3 

Number of pole pairs 𝑃 6 

Electric conductivity of plate (Aluminum) 𝜎 32,3 . 10଺  𝑆/𝑚 

Number of slots  𝑁𝑒 36 

Frequency 𝑓 50 𝐻𝑧 

Phase current 𝐼௔௕௖ 1 𝐴 

Phase voltage 𝑉௔௕௖ 230 𝑉 

Thickness of back iron 𝐷௜௥ 5 𝑚𝑚  
Width of slot 𝐿ௗ 10 𝑚𝑚 

3.1. Current Density Source Calculation 

To calculate the magnetic field and eddy current distribution in each region, the primary current 

density in the slots of a two-pole single-layer three phase winding is defined by a connection matrix 
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𝐶଴ that links the phase currents and the stator slots. The expression given below is related to one pole 

pair and can be duplicated 𝑝 times for a 𝑝 poles pairs winding to obtained the whole connection 

matrix 𝐶 . 
𝐶଴ = ൥1 0 00 1 00 0 −1  −1 0 0     0 −1 0   0 0 1   ൩     (3)

when the single-layer winding machine is supplied by sinusoidal three phase currents, the ampere-

turns (𝑁𝐼) in the slots can be calculated by: 

(𝑁𝐼)௞ = 𝑁௧𝐶 ൥𝐼௔𝐼௕𝐼௖ ൩ ;       𝑘 = 1. . 𝑁௘   (4)

where 𝑁௧ is the number of turns per slot and 𝐼௔, 𝐼௕, 𝐼௖ denotes the phase currents.  

The stator current density 𝐽௦(𝑥, 𝑦) in the slots and used in (1) and (2), is defined as the sum of slot 

current densities due to the ampere-turns in the slots. 

4. Connection with Equivalent Electric Circuit 

In this paper, a simplified equivalent electric circuit (EEC) is considered to evaluate the 

performances of the machines under a voltage supply [19,20]. Neglecting the iron losses and 

assuming the first harmonic hypothesis, the used EEC is shown on Figure 4.   

 

Figure 4. Condensed equivalent diagram of a linear induction. 

where  

- 𝑅𝑠 is the stator resistance which can be determined by classical analytical formula, 

- 𝐿1 is the primary inductance (i.e., the magnetizing inductance), 

- 𝑁′2(𝑠)  is the leakage inductance expressed in the secondary frame which depends on the slip, 

- 𝑅ᇱଶ(𝑠) is the equivalent resistance expressed in the secondary frame which depends on the slip. 

Finally, 𝑍𝑜𝑝 is the equivalent operational impedance of the machine in the hypothesis of mono-

harmonic model. Such model can be used in connection with single harmonic model (Model 1). In 

case of Model 2, no need to go in details for 𝑍௢௣ . The most important thing is to determine the 

operational impedance and evaluate the stator current with the circuit model. 

4.1. Voltage Supply And Electric Parameters Identification 

The approach adopted for the calculation of the EEC parameters uses both FEM and analytical 

method presented in this paper [21]. When the machine is supplied with a three-phase voltage 𝑉ത௦௔௕௖ given by: 𝑉ത௦௔௕௖ = 𝑉௠௔௕௖ ቂ1    𝑒ି௝మഏయ     𝑒௝మഏయ ቃ     (5)

where  𝑉௠௔௕௖ is the amplitude of the three-phase voltage. 

The calculation of the operational impedance is performed as follows:  
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- Calculate the phases fluxes 𝜑ത௔௕௖ by using magnetic vector potential in the slots and winding 

matrix. 

- Calculate the emfs: ሼ𝐸ത௔௕௖ሽ = 𝑗𝜔௦ሼ𝜑ത௔௕௖ሽ 

- Calculate the impedances with 𝑍̅௢௣௔௕௖ = ൛ாതೌ್೎ൟூ̅ೌ ್೎  

This method has been widely used for the modelling of rotating induction machines even for 

single harmonic model or multiharmonic model [22]. The operational impedances for the three 

phases are equal due to the balance of the phases in conventional induction machines. The calculation 

can be performed one of the stator phases. However, in case of linear induction the imbalance of the 

phases requires to perform the calculations on the three phases. Indeed, the phases are not balanced, 

as well as the impedances and the stator currents that are shown below [23]. 

4.2. The Phase Currents 

The stator phase currents 𝐼௔̅௕௖ for each value of the speed v can then be determined as follow: 𝐼௦̅௔௕௖ = ௏ഥೞೌ ್೎௓ത೚೛ೌ್ ೎ାோതೞೌ ್೎   (6)

The calculation of the stator currents with (6), allows to perform field calculation given by (1) 

and (2) for model 1 and model 2 respectively. This is the final right computation of field distribution 

in the machine for the considered speed at fixed voltage [24].  

At this step, performances of the machine can be calculated either by field equation (force) or 

input power (input voltage and currents)  

4.3. Force calculation  

In the two-dimensional hypothesis, the magnetic potential vector  𝑨  has a single 

component 𝐴௭ oriented along the transverse axis (𝑂௓), and its value depends only on the 𝑥 and 𝑦 coordinates. The magnetic flux density is given by the gradient of 𝑨 as follow 𝑩 = ∇𝐴௭ = డ஺೥డ௬ 𝒆௫ − డ஺೥డ௫ 𝒆௬    (7)

where 𝒆௫ and 𝒆𝒚 denote the unit vector in the cartesian references.  

The tangential component 𝐵௫  of magnetic flux density creates normal forces in the linear 

induction motor, whereas, the normal component 𝐵௬  generates the motor thrust. In a 2D 

approximation, the global Lorenz force 𝐹 is written as follows. 𝑭 = 𝐿௭ ∬ 𝑱௩  × 𝑩 𝑑𝑠 ௌ     (8)

where 𝐿௭ is the length of the machine in 𝑧-direction. In the case of time harmonic formulation, the 

complex representation of electromagnetic quantities is used. The average values of tangential and 

normal components of the force (𝐹௫  and 𝐹௬  ) are given by the following formulas (9.a and 9.b) 𝐹௫ = 𝐿௭ℛ ∬ 𝐽௭  𝐵௬∗ 𝑑𝑠 ௌ   (9.a)𝐹௬ = −𝐿௭ℛ ∬ 𝐽௭  𝐵௫∗ 𝑑𝑠 ௌ   (9.b)ℛ denotes: "real part of" 

4.4. Power Factor And Efficiency 

The knowledge of the input power from circuit equation and the calculation of the losses in the 

stator 𝑃௝௦ winding and secondary 𝑃௝௥ makes it possible to evaluate the efficiency 𝜂 and the power 

factor 𝑃௙  by: 𝜂 = ிೣ .௩ೣிೣ .௩ೣା௉ೕೞା௉ೕೝ = ℛ൫௏ഥೞೌ ್೎∗ (ூഥೞೌ ್೎)∗೟ ൯ି௉ೕೞି௉ೕೝℛ൫௏ഥೞೌ ್೎∗ (ூഥ ೞೌ ್೎)∗೟ ൯     (10)
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𝑃௙ = ℛ൫௏ഥೞೌ ್೎∗ (ூഥ ೞೌ ್೎)∗೟ ൯ห௏ഥೞೌ ್೎∗ (ூഥ ೞೌ ್೎)∗೟ ห   (11)

5. Results and Discussion  

The LIM, with characteristics given in Table 1, is modeled by the FEM. First, the force-speed 

characteristic calculated with the two models are presented compared and discussed. In a second 

step, a parametric study is performed to highlight the effect of some parameters on output 

performances.  

5.1. Illustration of Space Harmonics Effect 

Figure 5 illustrates the difference between force-speed curves obtained by respectively the 

single-harmonic and multi-harmonic models in case of 12 pole winding (𝑝 = 6) . The force decreases 

with the relative speed 𝑣௥ and drops to zero at synchronous speed (𝑣௥ = 1). In case of model 2, the 

force is lower due to SH presence effect and the force vanishes to zero at a speed bellow synchronous 

speed 𝑣௥ = 1 . This behavior is coherent since the model 1 considers one harmonic and uses the slip 

parameter whereas multiharmonic model accounts for the presence of all space harmonics. Some of 

them create a negative force so that the total force is zero below synchronous speed. For this model, 

we talk about synchronous speed of the fundamental wave, but in practice, there are an infinity of 

waves travelling at different speeds in the two directions.  

 

Figure 5. Force-Speed characteristics. 

5.2. Impact Of Pole Number  

In the following, all the results are presented according to the relative speed 𝑣௥ = 𝐿𝑓/𝑝 which 

means that for different pole numbers, the reference speed changes with the inverse of pole number. 

The case presented on Figure 5 is optimist because it considers 6 pole pairs. The end-effects are 

supposed to be low and negligible. If the number of poles decreases, end-effect increase and the 

distortion of the air-gap flux density is important. Figure 6 presents the Force-speed characteristics 

for the same machine with different pole numbers obtained with the two models. The geometry of 

the stator is conserved. The winding changes, and the number of slots per pole and per phase changes 

from 𝑞 = 1 for 𝑝 = 6 to 𝑞 = 6 for 2-pole winding. 

The force curves shown on Figure 6, decrease with the velocity form maximal force at standstill 

and vanishes to zero close to synchronous speed. The force obtained by model 1 is always higher 

than that obtained by model 2 because model 1 is optimist and do not consider harmonics. In 

addition, one can see that for 𝑝 = 1  the force speed characteristic has a very disturbed shape and 

very low values compared to the previsions of model 1. 

The consequence of the assumptions made by model 1 is that the performances are better in 

terms of force but also in terms of efficiency and power factor (Figures 7 and 8). One can see that the 
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shape of these curves is similar to those of induction machine and the behavior is correct. Power 

factor is low for high pole numbers as well as efficiency. Such results are to be taken with too much 

cautions because of the strong assumptions. Full model that considers space harmonics is required. 

However, it can be seen that for high pole numbers (𝑝 = 6), the results given by the two models 

are quite similar. This means that if the pole number is too high, the end-effects become negligible 

and air-gap flux density presents a pseudo-sinusoidal shape. In this case, a single harmonic model 

could be sufficient to evaluate the machine performances. 

 

Figure 6. Force-Speed characteristics for different pole numbers. 

Without SH presence (Model 1), the efficiency decreases with the pair poles number (Figure 7), 

whereas with SH presence (Model 2), the efficiency has a maximum value for 𝑝 = 3 and the lowest 

one for 𝑝 = 1 and 𝑝 = 6 (Figure 7).  

Except for 𝑝 = 6, where it decreases continuously, the power factor (Figure 8) increases with 

relative speed 𝑣௥ , reaching a maximum and dropping at synchronous speed to 0.04 in the case 

without SH presence and to 0.1 in the case with SH presence. In the Model 1, the power factor has 

the maximum for 𝑝 = 1 and decrease according to the pole pairs number p, whereas in the Model 

2, as for the efficiency, the maximum is obtained for 𝑝 = 3 working velocity near the synchronous 

speed. 

 

Figure 7. The efficiency according to 𝑣௥ for different pole number. 
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Figure 8. Power factor according to 𝑣௥ for different pole numbers. 

5.3. Effect of Electrical Conductivity  

The electrical conductivity is also one property that affects the features of the LIM as shown in 

Figures 9–11. The obtained curves have classical shapes with a maximal value that depends on the 

relative speed. The thrust (Figure 9) increases with the conductivity (iron, steel, aluminum and 

copper) and presents an optimal value such for rotating induction machines. It can be expected that 

for lower conductivities, the maximum values are reached for negative speeds that are not 

represented in these figures. 

It is also seen that Model 2 gives shape of Force-speed curves below those given by model 1. The 

efficiency and the power factor (Figures 10 and 11) have not linear behavior, the SH presence reduce 

generally them but this is not always the case.  

At start-up and at low speed, the efficiency decreases with the conductivity in both models (1 

and 2), while the power factor varies in a non-linear manner. The power factor lowest value is 

obtained for the lowest conductivity for iron (2 ∗ 10଺ 𝑆/𝑚), the maximum is obtained with steel (10 ∗ 10଺ 𝑆/𝑚) and decreases with the other conductivities respectively Aluminum and Copper.  

At work velocity (𝑣௥ = 0.8 𝑡𝑜 1), conversely at low speed, according to the conductivity, the 

efficiency increases in model 1 and the power factor increase in models 1 and 2 with good value for 

copper. While the efficiency in model 2 presents a good value for steel (10 ∗ 10଺ 𝑆/𝑚)  and 

Aluminum (32 ∗ 10଺ 𝑆/𝑚) and decrease for copper and iron.  

The general behavior of the external performances of the model are conform to the physical 

phenomena observed in induction machines. This model is fast and can easily be used in future 

design processes. 

 

Figure 9. Thrust speed characteristic for different conductivity values. 
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Figure 10. The efficiency versus 𝑣௥ for different conductivity values. 

 

Figure 11. Power factor versus 𝑣௥ for different conductivity values 

6. Conclusion 

Single-harmonic and a multi-harmonics models are developed in Matlab and Gmsh-GetDP 

environment enabled a study of SH effects of a three-phase single sided linear induction motor. The 

electromagnetic thrust is calculated by FEM (model 1 and 2). The parameters’ behavior on the 

different characteristics of the machine are analyzed and discussed.  

The multi-harmonic model shows that the space harmonics are not taken into a count the single-

harmonic sinusoidal model, leading to significant errors. 

The thrust increases with the pole pairs number, with the conductivity. 

Space harmonics presence effect is related to the displacement speed 𝑣௥; it is absent or very weak 

at low speeds and significant near the synchronizing speed, thus cancelling the thrust before the 

synchronous speed and increase machine slip (s). 

Space harmonics reduce the power factor and the efficiency witch have a complex nonlinear 

correlation with the pole pairs number, they increase with the electrical conductivity.  

Increasing the pole pairs number (𝑝 = 1 𝑡𝑜 6) rise the speed, reduce the harmonics presence 

and makes the LIM behaving as an induction machine. 

At work velocity (𝑣௥ = 0.8 𝑡𝑜 1), the machine presents a good power factor for aluminum and 

copper materials and a good efficiency for aluminum materials. 

The machine parameters such as secondary conductivity and number of pairs poles phase play 

an important role in the performance of linear induction machines. Because of the complex nonlinear 

correlation between the machine parameters and the machine performance like speed, power factor 

and efficiency, it is difficult to choose directly the optimal parameters. Thus, to enhance the machine 

performances to obtain an optimal operation of such a machine for a given specification, it is 

necessary to use optimization techniques. 
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