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Abstract: In the paper, we develop some numerical schemes including finite difference scheme
and finite volume scheme for the fractional Laplacian operator, and apply the resulted numerical
schemes to solve some fractional diffusion equations. First, the fractional Laplacian operator can
be characterized as the weak singular integral by a integral operator with zero boundary condition.
Second, because of the solution of fractional diffusion equation is usually singular near the boundary,
we apply finite difference scheme to discrete fractional Laplacian operator and fractional diffusion
equation by fractional interpolation function. Moreover, it is find that the differential matrix of the
above scheme is symmetric matrix, and strictly row-wise diagonally dominant in special fractional
interpolation function. Third, we show finite volume scheme to discrete fractional diffusion equation
by fractional interpolation function, and analyze the properties of differential matrix. Finally, the
numerical experiments are given, and verify the correctness of theoretical results and the efficiency of
the schemes.

Keywords: fractional Laplacian; fractional diffusion equation; finite difference scheme; finite volume
scheme; weak singular integral

1. Introduction

The fractional Laplacian is a very important fractional order operator that is often used to
describe several phenomena such as the thin obstacle problem, optimization, finance, phase transitions,
stratified materials, anomalous diffusion etc, and can be defined by the following form [1-3]

—(=8)2u(x) = =F 1 ([g1*F (u(@))), 1)

where F is the Fourier transform. It can also be represented as the hypersingular integral form

—(=2)*"?u(x) = CpuP.V. - Wdy, ()

Q202" T (45

/2T ( 2%0! )
the Riesz fractional derivative [4-8]

where C;, x = . In particular, one-dimensional fractional Laplacian can be expressed as

4
~(-812u(x) = SEn(x) = oo [ wDRU() e D ()
where _Dju(x), D% u(x) are left and right Riemann-Liouville fractional derivatives of order «
respectively. When a = 2, the fractional Laplacian reduces to classical Laplacian operator. When o # 2,
the fractional Laplacian is a nonlocal generalization of classical Laplacian operator. By investigating the
literatures about fractional Laplacian operator, we find that the most of the numerical methods [9-21]
for fractional Laplace operator are based on Fourier definition (1). However, the Fourier definition
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is suitable only for the problems defined either on the whole space or periodic boundary condition.
The fractional Laplacian on a bounded domain is of great interest, not only from the mathematical
point of view, but also in practical applications. Recently, some studies have been carried out on
the fractional Laplacian with zero boundary conditions. First, based on Riesz fractional derivative,
some finite difference methods such as fractional centered difference method, weighted and shifted
Griinwald difference method, fourth-order compact method and the matrix transform method have
been developed to discrete fractional Laplacian. Second, based on fractional Laplacian operator (2),
some numerical methods have been proposed in [22-26] to discretize the fractional Laplacian operator,
and show corresponding theoretical analysis.

Fractional diffusion equation with fractional Laplacian has been successfully used to simulate
some physical phenomena such as the thin obstacle problem, stratified materials, anomalous diffusion
etc. It is usually difficult to obtain the analytical solution of the Fractional diffusion equation with
fractional Laplacian operator. Therefore, numerical methods have been playing more and more
important roles for fractional diffusion equations [4-6]. In fact, some attentions have been paid to
theory and numerical methods for the fractional diffusion equations with the fractional Laplacian
operator. The main difficulties for dealing with the fraction diffusion equation are: i) the fractional
Laplacian operator (—A)2u(x) is non-local; ii) the solutions of the fractional diffusion equation is
usually singular near the boundaryj; iii) the fractional Laplacian operator (—A)Zu(x) is a hypersingular
integral. Recently, some attentions have been paid to theory and numerical methods to solve these
difficulties. First, in order to deal with hypersingular integral representation of (—A)*/2u(x), the main
approach is to change the hypersingular integral into weak singular integral. Second, in order to
resolve the singularity of non-smooth solutions of fractional diffusion equation, several numerical
approaches [27]-[28] have been developed. In [27], non-uniform refined grids have been employed to
solve fractional diffusion equation with non-smooth solutions at the end-points. In [28], an improved
algorithm based on finite difference scheme has been employed to solve fractional diffusion equation
with non-smooth solutions. In addition, in order to deal with non-smooth solutions of fractional
diffusion equation, other numerical methods such as non-uniform refined grids, correction convolution
quadrature, and non-polynomial basis functions have also been developed, and display corresponding
theoretical analysis. However, in these works only classical interpolation method have been considered.
As far as we know, there exist few studies on fractional interpolation function [29] for the differential
equations with the fractional Laplacian operator. Because of the solution of fractional diffusion
equation is usually singular near the boundary, the fractional interpolation function is more suitable
than the classical interpolation function in dealing with the fractional diffusion equation. The main
goal of this paper is to construct some numerical schemes for fractional Laplacian operator based
on fractional interpolation function with zero boundary condition, and apply the resulted numerical
schemes to solve fractional diffusion equation with fractional Laplacian operator.

In this paper, we use mainly finite difference method and finite volume method to discretize
the fractional Laplacian and fractional diffusion equation by fractional interpolation function. First,
we deal with hypersingular integral representation of (—A)*/?u(x) as weak singular integral by
integral operator [7*(x), and show finite difference scheme by linear interpolation function to deal
with fractional Laplacian. Second, we use fractional interpolation function in the boundary region to
approach fractional Laplacian based on some lemmas, and use classical interpolation function in the
inner region. Moreover, applying resulted numerical scheme of fractional Laplacian to the fractional
diffusion equation, and we show some corresponding theoretical analysis. Third, we show also
finite volume schemes to solve the fractional Laplacian and fractional diffusion equation by fractional
interpolation function and classical interpolation function. For simplicity’s sake, we only consider
numerical scheme for uniform dissection, but, it is easy to generalize to nonuniform dissection by
similar approach.

The outline of the paper is as follows. In Section 2, we present the finite difference scheme to deal
with the fractional Laplacian by fractional interpolation function, and apply the resulted numerical


https://doi.org/10.20944/preprints202310.1306.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 October 2023 doi:10.20944/preprints202310.1306.v1

30f23

schemes to solve some fractional diffusion equation. In Section 3, we present the finite volume scheme
to deal with the fractional Laplacian and fractional diffuse equation by fractional interpolation function,
and show corresponding theoretical analysis. In Section 4, the numerical experiments are made, and
the results verify the efficiency of the schemes. Finally, some conclusion and discussion are given in
Section 5.

2. Finite difference method for fractional Laplacian and fractional diffusion equation

Some difference schemes have been designed to discrete fractional Laplacian operator based
on Riesz fractional derivative, including shifted Griinwald formula, second-order weighted, shifted
Griinwald-Letnikov difference formulas and fractional central difference scheme. However, little
attention was paid to approximate the hypersingular integral definition by fractional interpolation
function. In this section, we show finite difference scheme for fractional Laplacian and fractional
diffusion equation with zero boundary condition by fractional interpolation function. Here, one key
idea is to deal with hypersingular integral representation of (—A)*/2u(x) as weak singular integral.

2.1. Finite difference scheme for fractional Laplacian

Under the zero boundary condition: u(x) =0, x € R/Q, Q) = [a, b], it follows from [12] that the
fractional Laplacian can be expressed as

(~8)*"u(x) = Cra e T (2), ©

where
T (x) :/Q|x—y|1*“u’(y)dy, O<a<2a#l, @)
- /an x — gl (y)dy, o = 1. )

For a positive integer N, weseta =xg < x1 <xp < ---<xy=bhj=x;—x;_1,1=12,--- N, I =
(xj,l,x]-), j =1,2,---,N. For simplicity’s sake, we only consider numerical scheme for uniform

dissection on interval () = [—1, 1]. For non-uniform dissection on interval () = [a, b], we can also obtain
the numerical result by similar approach. Define linear interpolation function of u(x), x € [x;_1, X¢] as
Ty i (x) ie.
X — X X — X1 Up — Uk
Ty u(x) = ————up_q + —————uy, (mypu(x)) = 1 = —. (6)
Xk — Xk—1 Xk — Xk—1 2 X~ Xk-1

It follows from central difference scheme that fractional Laplacian (3) can be expressed as the
following form

T (xiy1) — T (xi1)
2h

(—A)ﬁ/zui =Ciu +Ciq 7(‘7“)3/“(6) W2 )

Now, we consider numerical scheme for weak singular integral (4). Let x = x,,, 0 < a < 2, o # 1.
Then, the integral operator [J*(x,) can be expressed by

T = [yl )y + [y ) )y ®

a
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We use 71y xu(x) to approximate 1 (x) on every interval [x;_1, x|, and substituting (6) into (8) can yield

! LR
T (xn) = Ty (xn) = Z/ (xn = y)" " (i pu(y)) dy + Z — x) ' (myu(y)) dy

k=171 k=n+1"%k 1
- Tk 1—a k 1—a

:25:(”;{,1/ (xn —y) "y + 2 Oxty 1/ (y —xn)'dy 9)
k=1 2 I k=nt1 T

:Nflbii biiluk
= hrx—l

where

(R U
e I R
,1 <.
22—«

When a = 1, the integral operator J*(x,) can be expressed as

%) = [ e~ ) ey + [ nly ) )y (10

Substituting (6) into (10) can yield

n

T (xn) = Ty (xn) E In(x ) (T gu(y dy+ Z / Y — Xn) nl,ku(y))’dy
k=1"%k-1 k=n+1"%k-1
:k;(sxukf%/xk: n(x, —y)dy + 7;15,(14,( 1/: In(y — x,)dy (11)
N by = byk
= = - 5 Uk,
where

(I+Dhin(l+1)h —lhInlh —h,1 > 1,

by — (I+1)hIn(l+1)h—h,1=0,

PTY (1) In(=1h) —h,1 = -1,
(=Ih)In(=Ih) = (=1 = 1)hIn(-1 —1)h—h,] < —1.

It follows from numerical schemes (7), (9) and (11) that fractional Laplacian operator can be
approximated by

(—A)Y2u(x;) ~ Claj(xH_l) jh“(xi_l),

2h
1b2 ® b b2 ® +b2 o
:Cl,zxz i—k+1 i—k hazkl 1k2uk10<a<2,“7&1’ (12)
=1 2
1N= by g —big —bi_jq + by
:72 i—k+1 1k2h21k1+lk2“k10€:1- (13)

The solution of fractional diffusion equation is usually singular near the boundary. In order
to resolve the singularity of non-smooth solution of fractional diffusion equation, some numerical
methods have been designed to discrete fractional Laplacian operator based on non-uniform refined
grids. However, little attention was paid to fractional interpolation function to deal with fractional
problems. In the section, we use fractional interpolation function to discrete fractional Laplacian
operator.
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Lemma 1. [30] Let 0 < aq < ap < - - - &yy. Then, we have (x — x¢)", i =1,2,--- ,n is linearly independent.

Lemma 2. [30] Given n + 1 different interpolation points xo, x1,- -+ , xp and 0 < a1 < ap < - - - ay. Let

(x_xo)al (x_xo)’XZ (x_xo)’xi (x_xo)’xn
(xl — xo)’xl (xl — xo>"‘2 e (xl — xo)"‘i e (x1 _ xo)’xn
Di(x) =| (xi-1 —x0)" (xi-1—x0)* -+ (xi1—x0)% -+ (xi1—2x0)" |,
(Xi41 —x0)™  (xip1 —x0)*2 -+ (x4 —x0)% -0 (xip1 —x0)™
(2tn — x0)™ (xn —x0)® oo (xn—x0)% o+ (xn—x0)™
and
(x1 —x0)™  (x1 —x0)*2 .-+ (x1 —x0)™
(x2 —x0)"  (x2—x0)* -+ (x2—x0)"
(le —_ xo)‘xl (xn —_ xo)“Z - (xn _ xo)‘xn

Then, the fractional interpolation function p,(x) can be expressed as the following form
n
pn(x) = Y Li(xi)f (xi),
i=0
where, fractional interpolation basis function is expressed as

(P,

n
1-) Li(x),i=0.
i=1

li(x) =

Because of the solution of fractional diffusion equation is usually singular near the boundary, we
use fractional interpolation function p,(x), x € [xg, x1] U [xy_1, xN] and use classical interpolation
function I, (x), x € [x;_1,%;],i=2,3,--- ,N—1:

In(x) = i@ij(x)f(xij),x €] 2<i<N-1,
L
Y. 5(x)f () x € [x0, 1,
Pn(x) = =20

M-

Li(x)f(xnj), x € [xn-1,2n],

j=0

where, l}(x) is classical interpolation basis function, and
Yo =Xx10 < X11 <0 < Xy = Xy,

X1 = X0 < Xjp <o <Xy =%,2<i<N-1,

XN—1 = XN0 < XN1 < -+ < XNn = XN-
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We use fractional interpolation function to approximate u(x) on x € [xp, x1] U [xn_1, xN] and use
classical interpolation function to approximate u(x) on every interval x € [x;_1,x;],i =2,3,--- , N — 1.
When 0 < & < 2,a # 1, weak singular integral (8) can be approximated by

Xl

J“(Xn) z‘7;;%(3614) :/ Xn — 1 “ El xll dy+2/ 1 ’X El (X Xk]
Xe—1

Xo

c Y [ L)y [ ) )y
k=n+1"%k-1 j=0 XN-1 =0
When a« = 1, weak singular integral (10) can be approximated by
T ) % T (6) = [ n Zl ey + 3 [ inte ) (S 0tV
RY) k-1 j=0
N-1 xp m n
+ Z / — xn)( 2 xk] ) dy+/ ) Z XN] dy
k=n+1"%k-1 j=0 j=0

For simplicity’s sake, we use the following fractional interpolation function and classical
interpolation function to approach u(x) i.e.

x — x0)" x — xg)M

Tl 11 (X) :(hTO)m +(1- %)uo,x € [xo,x1], (14)
XN — X XN — x)%

Tl NU(X) (N;T)urvq +(1— (Nh%)uwfx € [xn-1,XN], (15)

(x — xp) (x — x_p)
(xk—1 — k) (k=1 — X2

(2 — x) (x — x—1)
(xk—2 — k) (Xg—2 — Xx—1)

X — Xj— X — Xj—
(ik —~ xi_iigxk — ];kfz)uk,x €L x,2<k<N-1. (16)

0t (x) = 2+ )“kfl

It is easy to obtain

x —xg)11
(7gqu(x)) = al%&cul\]_%, x € [xo,x1], (17)

(xny —x)a1

(7o Nu(x)) = a4 o) (5xuN_%, X € [xN-1,%XN], (18)
(NZ,ku(x)), = 53(”]‘7% + (%uk—l (x - xkf%)rx € [xk—ll xk]lz <k<N-1, (19)
here ug = — (5 s
where o Uy = m( xuk+% - xuki%).
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Suppose u(x) € C*[xg, x1] U [xy_1,XN], We use 714, 1u(x), 7y, nu(x) to approximate u(x) on
the two small interval [xo, x1] U [xy_1, xn] and 71 xu(x),2 < k < N — 1 to approximate u(x) on the
interval [x;_1, x¢]. When a # 1, substituting (14)-(16) into (8) can yield

7o) % T ) = [ o =)' )y + 3 /x“x»:—y)l*“(nz,ku<y>>’dy

N-1

+ Z / (y — 2)'* (rrapuly dy+/ y—x)! (T, nu(y))'dy
k=17 ¥k—1
1 _ N\l _ wy—1 N _ 1—a _ ay—1
=gty [ ) sy [ ) (20)
N k 1-a "k 1—a
+E§uk71/ (xn —y) "dy + Z Juk 1/ (y — xn) " "dy
k—1 k=n+1 k-1
n Xp a - X a
+25§uk71/ (o =)' (y = x_g )y + ): Jﬁum/_ (y—x)"(y —x,_1)dy
k=2 -1 2 k=n+1 k-1 2
N N
o g Uk — Uk o Uk — 2uq + U2
=) b = Y aiz T
k=1 k=1
N-1 BZ*A71A727A N 2= _pg2—a g2
_ n—k ha—{17 1 g + Z @k anhak 1l Tk U
k=1 k=1
where
a1 1 1—a a1—1
s [ = ) o)y k= 1,
p2a = ! N 1-a a1—1 _
n—k gt | W) Ty —an) Ty k=N
> XN-1
%
by "%, 1 <k<N,
and

Po— (14102 (4= (1+1)*

>0,
a2 — 3—«u 27— &
l (P = (=1 (S (D (-1
B ,1<0.
3-a 2—n
When « = 1, weak singular integrals (10) can be approximated by
1
7o) % T ) = [ InCen =) )y + 5 [ s = ) rasat)
’ -1
+k§r1Ak 1 Y — %) (mru(y dy+/ Y — 20) (7T (1)) dy
h”l 5 u% /xo In(x, —y)(y — x0)"1~ 1dy+ T 15 Nf% /X:\il ln(]/*xn)(y*xw)“lfldy (21)
N-1 % )
+k§25xuk’%/xkﬂ In(x, dy+k;+]&u 1 /H In(y — x,)dy

n

xp Xk
+25fuk,1/( In(x, —y)(y —x,_ 1 Ydy + Z uy 1/ ln(yfx,,)(yfxi%)dy

k=2 k-1 k=n+1 k-1

N N
AU —Ugq g — 2ug 1 +Ug
=Y by + Y Ay —

k=1 h k=1 hZ
Nl E,,, 7?7,,, _ N o,y —2a, —ay,_
_ k ; k—1 g + 2 k — hkz 1 k—2 u,
k=1 k=1
where
le X1 —1
- In(xy —y)(y — x0)"dy, k=1,
hlll 1 X
by = X1

N
P / In(y — xx)(y — xn)" 'y, k= N
h XN-1
b, x, 1 <k<N.
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and
I+ %)[(u Dhin(l +1)h — lhInlh — h] + = ! ]nlh(lh)z - %m(l +Dh((I+1)h)? + i(((l +1)h)?2 — (Ih)?),1>1,
1+ %)[(l+ Dhin(l+1)h—h] — 7ln(l + 1)/1((1 +1)h)? + i((z +1)h)%,1=0,
o= (z+%)[( ) In(=1h) — 1] + ;ln( ) (—1h)?2 — i(fzh){z: -1,
(I+ )= In(=1h) = (~1 = hIn(~] = 1)h — }]
+% ln(—lh)(flh) - %m(fl —Dh((=1 - 1)) + i(((fl — D)2 — (=Ih)?),1 < —1.
It follows from schemes (7), (20) and (21) that fractional Laplacian operator can be approximated
P P pp
by
(,Am/zul,C W
—Cpa kil b *biz:kzgabz e BT 2 +Cia k):l 0 2 :,;%“2%:1?72 —a s B 0<a<2 atl, (22)
N=1p; bi g —bj_j_1 +b;_ 1 N=lg 20; j +2a;_ a_
:;k; k1 k2h k-1 k-2, +;k21 k1 kZh k-2 k-3, oo =1 (23)

2.2. Finite difference scheme for fractional diffusion equation

In the last subsection, we show two numerical schemes of fractional Laplacian operator based on
interpolation function (6) and (14)-(16). In the subsection, we apply the numerical schemes to solve the
following fractional diffusion equation:

pu(x) 4+ (=A)2u(x) = f(x),x € Q,0 < a <2, (24)
u(x) =0,x € O (25)
Let U = [uy,up,--- ,un-1], F = [f(x1), f(x2), -, f(xNn-1)], and I is the unit matrix. First, applying

numerical scheme (12)-(13) of fractional Laplacian operator to fractional diffusion equation (24)-(25),
we can obtain the following discrete numerical schemes:

Cl,rx
2h“*

ull + SAU=F0<a<2 a#1, (26)

A“U=F, a=1, (27)

h

when 0 < a < 2, a # 1, then

2037 — 2027, i = j,

o - =1,
Al =0 V=0 i =1,
2—u 2—n 2—n 2 &g f
ka by b by S i—j=k>1,
b, — bz"‘—bz LD, i = k< -,

when « = 1, then

20, — 2bg, i = j,
by—bri—j=1,
A={ bs—byi-j=-1,
bpy1 — b — b1+ b2 i—j=k>1,
bjp1—b x—bj1+bppi—j=—-k<-1
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Second, applying numerical scheme (22)-(23) of fractional Laplacian operator to fractional
diffusion equation (24)-(25), we can obtain the following discrete numerical schemes:

Cia
U+ o2 AU =F0<a<2,a#l, (28)
yIU—l—%A”‘U:F,a:l, (29)

when 0 < a < 2, & # 1, then

26278 — 202 42227 —4a3Y, i =,
B% ® b2 "‘—i—uz @ 211%_"‘+3a2_”‘ i—j=1,

Af;»: 132 * b%z“ 3a2_1"‘+2a2 & _ g2 Si—-j=-1,
b,;ri‘ e BB a2 2 - ik,
o [/ [/ - ; : —
bo o -0 =0T+ 0T 2+a k+1_2“ X +2a 1—aik72,z—]——k<—1,

when & = 1, then

%(Zbl 2bo) + 1 o3 Qa1 —4a0), i =
a ?(2 A) @(1 72a1+3a0),zf]:1,‘
A = ?(A 3—boo)+ ﬁ(f?)a,l +2111,2 —a_3),i—j=-1,
@(hkﬂ — b = b1+ ben) + ﬁ(ﬂkJrl =24y + 2051 —ar_p),i—j=k>1,
L2( ki1 — bk —bgg + b ) + zlﬁ(ﬂkarl —2a 4241 —a g o)i—j=—-k<-1

Theorem 1. When a1 = 1,0 < & < 2, a # 1, the matrix A% is a symmetric matrix, and strictly row-wise
diagonally dominant.

Proof: WhenI > 0, a%_“ satisfy blz_‘" =’ l"‘l,al2 = —uz_*lfl. Then, we have
— 2 — 2
b5 — b% Y =0, — b2 x % =207 311% —3a® T+ 2a —a=5",
o 2—uw 2—u 2— zx o 2—04 2— tX 2—n
by — b —=b by =0 b =0T 0T,
o 2 a _ 2—«a o 2—a
“k+1 2”k Jr2’1k 1~ % 2—”k+1*2’1k +2“k1*’1k2

Thus, A% is a symmetric matrix.
Now, we prove the matrix A® is a strictly row-wise diagonally dominant. Let

Go=ap f—2ay 420 —ay = (k+2)7" = 2(k+ 1) +2(k—1)>" — (k—2)* "
Ge=be f —by = b by = (k42— (k1) = (k= 1" + (k—2)> "

Then ¢ = ¢_y, & = C_j. Let

fx) = (x4+2)7* —2(x +1)> 4 2(x —1)2% — (x —2)27%, (30)
folx) =(x 42— (x+ 1) = (x = 1) " 4 (x —2)*7". (31)
Then
1) =Q-a)(x+2)"* —2(x+ )" +2(x =) — (x —2)' ]
=Q2-a)[((x+2)" =2+ D) 2 = (T =2 - )T+ (0 - 2)1 )], (32)
5(x) = (2—a)[(x+2)" (x+1)1“" — (=D (x—2)1Y)
Q-)[((x+2)" = x4+ D)) = (x =D = (x=2)'7)). (33)
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Let g1(x) = x1 7% —2(x = D)1"% + (x —=2)17%, go(x) = (x — 1) % + (x — 2)1~*. Then
filx) = 2-a)[g1(x+2) —g1(x)], fo(x) = (2—a)[g2(x +3) — g2 (x)].
It follows from [5] that g1(x + 1) > ¢1(x). Thus g1 (x +2) > g1(x). It follows from (32) that
fix) > 0. (34)

In the same method, we can obtain f}(x) > 0.
It follows from (30)-(31) that ¢ = f1(k), & = fa(k). According to (30)-(31) and (34), we obtain
Gk >0, & < Cxpq1 and & > 0, & < &y1. It follows from Taylor formula that

lim (x27% —2(x + 1) +2(x +3)%7% — (x +4)%7%)

X—00
_ 1 2—a (1 _ 1 2—a é 2—a é 2—u
= lim x*%(1 2(1+x) +2(1+x) (1+x) )
o 2w 2—w 1 3(2—a) 1. 42 —w) 1
= lim x (1 2(1—1—7—1—0(;))4—2(14—7—&—0(;)) (1+ N —&—O(x—)))
1
—1; 2—a (=) —
7xlgr.}ox O(xz) =0,
and
}g%o(x27a _ (x+ 1)27u¢ _ (x+3)270¢ + (x _,'_4)270()
= lim x>~ *(1— (1+ 1)2*”‘ -1+ g)”‘ +(1+ é)2*"‘)
X—00 X X X
o 2-u 1 32—a) 1 42— a) 1
= lim x (1-(1+ +O(E))f(1+ . +O(?))+(1+ . +O(P)))
1
13 2—u il Y
—xh_rgox O(xz) =0.
According to (34), we get lim ¢ =0, lim ¢ = 0.
k—o0 k—o0
Let A;; = 2b; — 2by + 2a1 — 4ay. Then
N-1 —N+2
Yo A=) b —bg—bq+b g ota =20 (20 4 —aj
k=1 ki k=1
N=2
+ Y bis1 — b — beq + b_p + ap — 205 + 20 — a5
k=1
—o00
<Y b —b g —bo b ta gy —20 4 +20 g —a_j
k=-1

+oo
+ ) biyr — b — bgq + g + agq — 20 + 201 — a_
k=1

<2b1 — 2by + 2a1 — dag = Aj;.

This ends the proof. O
In similar method, the matrix A* is also a symmetric matrix, and strictly row-wise diagonally
dominant.

3. Finite volume method for fractional diffusion equation

In this section, we show finite volume method for fractional diffusion equations with zero
boundary condition. Here, one key idea is to deal with hypersingular integral representation of
(—A)*/?u(x) as weak singular integral.
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3.1. Finite volume method based on a linear interpolation function

We take the integration of fractional diffusion equation (24) over a control volume [x; 1/, Xi11,2],

which leads to
Xit1/2 " " Xit1/2
i / U(x)dx + Coa( T (xi01/2) — T (xi-1/2)) = / Fx)dy, 0<a <2, a#1, (35
i—1/2 i—1/2
Xit1/2 1 Xit1/2
p [ (T (a2 = T (i 2) = [ fds e =1 (36)
Xi_1/2 us Xi_1/2

We use 711 xu(x) to approximate u(x) on the interval [x;_1, x;]. When 0 < a < 2, & # 1, the integral
operator J*(x,1,2) can be expressed by

) . noorx i
T r) = FeConn) = 32 [ =) @yt 8 [ ) Gsn)) dy
k=1"%k-1 k=n+2"%k-1
n+1/2
+/ (v — Xns12) " (mpuly dy+/ (Y — Xn1/2) " (e (y)) dy (37)
Jxn *nt+1/2
-yt
= h
N-1 bz bz—u
_ n— h“ {l—k—l g,

o~
Il

1

where

(I+143)27% — (14 3)2"

>
5 2—u 420,
2—n —
b =1 =Y
7 IN2—a _ (7 _1_1\2—a
(=P = (-1
2—uw

When a = 1, the integral operator J%(x,1,2) can be expressed by

T (xny172) = Ty (Xut1/2) Z/ n(xyi1/2 — y) (mxu(y))'dy + + Z / (y = Xur172) (meu(y))'dy
-1

k=n+2"%k-1
n+1

+/x 1n4+1/2 In(y = 2nsry2) (T (y)) dy+/ In(y — xy41/2) (mxu(y)) dy (38)

*n+1/2

N
o U — Ug—1
= Z byk h

k=1
_ N bnfk - bnfkﬁ u
,]{;7}’ X
where
1 1 1 1
(l+1+%)hln(l+1+%) — (4 )i+ )k =1 > 1,
- (I+1 15) n(l+1+12)h h1=0,
(=il =g =hi= =
(=1 = ) In(=1h) = (=1 = DhIn(=1 =1 = )b~ < ~1.
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Let U = [uy,up, -+ ,un_1),F = [fx”l/z f(x)dx, fxz“/zf(x)dx,- o ,fo’l/z f(x)dx]. Then, applying

X1/2 X14+1/2 AN-3/2
numerical scheme (37)-(38) of the integral operator J*(x,,,1,2) to fractional diffusion equation (24)-(25),

we can obtain the following discrete numerical schemes:

_ Cio ~
uBU + DG AU =F0<a <2, a#1, (39)
n 1 AXTT _
BU+ —A"U=F a=1, (40)
where
[ 6h/8 h/8 0 0 0 0 1
h/8 6h/8 h/8 --- 0 0 0
0 h/8 6h/8 --- 0 0 0
B= e
0 0 0 -+ 6h/8 h/8 0
0 0 0 .-~ h/8 6h/8 h/8
| 0 0 0 0 6h/8 h/8 |

When 0 < & < 2, « # 1, then
2037 — 207, i =,
- byt —2b5 4+ bR i =1,
Af=Q P20 i =, (41)
bé*“ — zz@j‘ i j=k>1,
bt 205 b i = k< 1.
—k —k—1 T Y k-2
When a = 1, then

2 —2b_1, i =],
b1 —2bp+b_q,i—j=1,

Aij = b1 —2b_y+4+b3i—j=-1, (42)
by —2by_1 + by, i—j=k>1,
b g —2b 1 +b joi—j=—-k<-1

Theorem 2. For 0 < & < 2, a # 1, the matrix A% is strictly row-wise diagonally dominant.
Proof: When I > 0, b?* satisfy b?* = b*,*,. Then, we have
2— 2—a _ 2— 2—
b —2b5 " + b7 % = bt — 207" + b7,
2— 2— 2-a  _ 2— 2— 2—
bivara = Uity =012 = Uk50 = Vliian = 05000 =050 0 =05 0

Thus, A% is a symmetric matrix.
Now, we prove the matrix A® is a strictly row-wise diagonally dominant. Let
2

ok =bf s —bE S =it — b s = (k+3/2)77% =3(k+1/2)> " +3(k—1/2)** — (k—3/2)**.

Then ¢, = c_j. Let

flx) = (x+ 2)2_”‘ —3(x+ 1)2_"‘ + 3(x)2_”‘ —(x— 1)2_"‘. (43)
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Then

F1(0) = @[ +2)' % =30+ 1) 43— (x 1)
= 2=+ =20+ DI A1) — (1) =2 (= 1)), (44)

Let g(x) = x!7% —2(x — 1)1"% 4 (x — 2)17%. Then f’(x) = (2 — a)[g(x + 1) — g(x)]. It follows from
[5] that g(x +1) > g(x). Thus g(x +2) > g(x). It follows from (44) that

F(x) > 0. (45)

It follows from (43) that ¢, = f (k). According to (43) and (45), we obtain ¢, < 0, ¢x < cxyq. It follows
from Taylor formula that

lim (x)L —3(x — 1)A +3(x — 2)/\ —(x— 3)/\)

= lim (1301 - D30 - 2t (- DY)
—rim 130+ 2 vo(hn 30+ 2 rothy —ar R oy we
— Jim x*0( %) = 0.

X—s00 x2
According to (46), we get klim ¢, =0.
— 00

When [ > 0, ¢; satisfy ¢; = c_;. Thus, A* is a symmetric matrix. Let A;; = 2(3/2)2~% —2(1/2)?%
Then

N-1 _ —N+2 N-2
Al] Z Cp + Z Ck
k=1k#i j=— j=1
—00 —+o0
< 2 cx + Z Ck
j=—1 j=1
< 2(3/2)2—o¢ - (1/2) All

This ends the proof. O

3.2. Finite volume method based on fractional interpolation function

In the subsection, in order to resolve the singularity of non-smooth solution of fractional diffusion
equation, we use fractional interpolation function to discrete fractional diffusion equation.

Suppose u(x) € C*[xg, x1] U [xn_1,XN], We use 7Ty, 1u(x), 7y, nu(x) to approximate u(x) on
the two small interval [xq, x1] U [xy_1, xn], and mp,u(x),2 < k < N — 1 to approximate u(x) on
the interval [x;_1,x¢]. Let x = x,,11/2, 0 < a < 2, a # 1, the integral operator J*(x,11,2) can be
expressed by

X,

T (xur172) = Ty (Xus1/2) = /XO1 (r1/2 =)' (Magaue(y)) dy + Z/ © (rarrgz =)' (o)) dy

Tk—1

n4+1/2
+/ (Y = Xur172)" " (rrapuily dy+/ (Y = xng1/2)' " () dy

*n+1/2
= Tk 1-a !’ 1-a i
+ T[N ) ) dy+ [N @ ) g () dy
k=n+2"Yk-1 IN-1

N N
= Z pre Hie — M1 + Y g2 U — 21 + Ug— (47)
- n—k  pa—1 n—k a1
k=1 k=1
N—1§2—a _ §2—a N 2—a _ 52—« 2—a
_ bn—k n—k—1 U+ Z an—k 2an—k—l + an—k—z u
- Ja—1 k Ja—1 ks

doi:10.20944/preprints202310.1306.v1
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where
oq X1 _ _
-1 /x Xnp172 =y (y — x0)" Ny, k=1,
p2—a o N _ _
bk =T / Y = xug1s2)' (v — xn)" My, k= N,
hzl XN-1
b, 4,1 <k<N,
and
(43— (41450 ()45 =0 +14+5)7%)
3—a 2—a =
=< 0,1=-1,
1\3—u _1_1 o 7 g 1\2—a 7 _1_ 1\2—a
(=1-3) (I-1-3)" (=-D{(=I-37) (11))/l§_2
3—« 2-a
When « = 1, the integral operator J*(x,1,2) can be expressed by
T (xns172) = Ty (Xns172) = /X1 In(xy41/2 — ¥) (mau(y)) dy + Z / n(xu11/2 = y) (o xu(y)) dy
7x0 Yk—1
[ 0y = ) )i+ [ Iy = 02 (s )y
Jxn *n+1/2
N-1 X,
+ Z /k In(y — xuy1/2) (T2 ku(y dy+/ — Xup172) (mnu(y))'dy (48)
k=n+2"%k-1
:%bn_kuk—uk 1 +%u uk_2“kh21+uk 2
k= k=1
N bk — byk . i o - Z“i:igl +ag, ”
k=1 h k=1 h
where
0(1 1 (Xl—l
W/x In|x,41/2 — yl(y — xo) dy, k=1,
f2—w _ aq N _
i hi—1 / In|y — X, 1,0 (y — xn)" 'y, k = N
XN—-1
2
b, 1 <k<N,
and
(1+1)[ 1+1+; hln(l+1+2) T )hln(l+;1)h7h]
T2 In(I+ (1 + 3)h)? ——1n(l+l+%)h((l+1+ VP 3 (14 )2 = (4 D)1 > 1,
(1+1)[(l+1+ ;)hln(l+1+ Yh—h] — %h\ (I+1+ = )h((l+1+ %)h)2+ %((H—H— %)h)z,l =0,
a =
(4 D[((-1 - %)h)ln(( % )+ 5 In(~0)((~ i P = (=1 = 21 = -1,
(4 DI~ = )h)In((~1 = 5) b Sonin(~1 -1~ %)h—h]
(1= (= )0 = 31T =1 = (== 1= 3P+ 3 (=1 = 1= ) = (=1 = )1 < 1.
It follows from (47)-(48) that
Tit (Knv172) = Tyt (¥n-1/2) = ¥ szhf - L/ u + i G e S ;?fiiﬁz ks up, 0 <o <2ua#1,
k=1 k=1
N-1

by —2by k1 + by N a, k=30, k1 +3a, 4 2—a
k7}:74(xn+1/2)7'7];74(3(”71/2): n—k n;;l n k2uk+2 n—k n—k—1 . n—k=2 — Un— k3u x=1.

-
Il
-
-
_
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Now, we compute the integral [ il//z 2 u(x)dx. When i = 1, the integral can be approximated by

X3/2 X1 "X3/2
/ u(x)dx =/ nal,lu(x)dx+/ T pu(x)dx
*1/2 X172 X

X _ o _ 13
YRR T
X — — — — — —
o [ Gy B B
SHLSE S S WA S S S A L
2w +1 " (ag+1)20+] m 41 (ag41)20+1 24 24 12
h 1 1 h 1 1 11h h
:(57“1+1 (a1 + 1)200+1 7ﬁ)u0+(0‘1+1 T (o 1)20 T +§)u1+ﬁuz

When i = N — 1, the integral can be approximated by

Xn XN XN _
/N 1z u(x)dx:/ N2 Toay NU(X)dX + / N T N—1u(x)dx

JIN-3/2 *N-1 *N-3/2

N2 (x = an)M (x —xn)™

— /XN?I T un-—1+(1— T Yundx
XN — — — — — —

+/ N-1 (x XN)(X2 961\171)1”\]72+ (x XN)(JC2 xN’Z)uN,l X (x fol)(zx xN’Z)uNdx

™WN-3/2 2h —h 2h

—(E— ! + ! Jun + ( LI ! Ju +£u +gu —iu

T2 L (2 N TN T T (g e TN T N T g N T g

_(E, ! +71 fﬁ)u +(71 I +g)u +£u

T2 T a1l a2 N TN T T (g )2et s N T

When 1 < i < N —1, the integral can be approximated by

X X
/ k+1/2 u(x)dx :/ k+1/2 () dx

Yk—1/2 k—1/2

Uy y1dx

172 (0 = X ) (0 — xg) (2 = xpp1) (x — x%1) (2 = xx) (x — x_1)
- /XH » 212 et 12 et 212

7iu +lu +£u
Zog 1 T o ket e

Applying numerical scheme (47)-(48) of the integral operator J*(x,,11,2) to fractional diffusion
equation (24)-(25), we can obtain the following discrete numerical schemes:

C
yBU+M1—;“1A“U:F,O<a<2,zx;£1, (49)
1
uBU + EANU =F, a=1, (50)
where
[ 5h/4 /12 o - 0 0 0
h/12 11h/12  h/12 -+ 0 0 0
0 h/12 11h/12 - 0 0 0
0 0 0 .- 11h/12 h/12 0
0 0 0 - h/12 11h/12 h/12
L0 0 o - 0 h/12  5h/4 |
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When 0 < & < 2, « # 1, then

2b5% —2b* 1% — 20" a7 Y, i =],
R R
Afy=q PR 2B+ DR 4 3ag Tt = Bay ey i — = -1, (51)
72— P2—a | §2— 2— 2— 2— 2-q ;i
by f - z?k—% + bkﬁ‘ +a =3y 3 Ty ey, i—j=k>1,
PRt =207 B e = BaP 0 302 ) —a i - = k< L

when a = 1, then

%(2@0 —2b4)+ %(72110 +m), i=]j,
by —2bo+b1) + o (n — 2a0),i— =1,
Aj= %(19,1 —2b5+b3)+ 111—2(3110 —3a +ay),i—j=—1, (52)
%(I;k — 2b5_1 + beyr) + %(ak —3ag 1 +3a,p —ag3),i—j=k>1,
ﬁ(l}—k —2b_ 1+ bjo)+ %(”—k —Ba_j1+3a_ 4 o—a_y3)i—j=—-k<-1

4. Numerical example

In this section, we use above numerical schemes to solve fractional diffuse equations with
fractional Laplacian operator. First, we check the numerical errors of the numerical schemes by
fractional diffusion equation. Second, we show the spatial evolution diagram of soliton for fractional
Allen-Cahn system with zero boundary condition.

4.1. Example A

In the subsection, we apply our numerical schemes to solve the fractional diffuse equation (24)
with zero boundary conditions. We choose the function

2 THHT(s+1+ %)
flx) = \;Er(aﬂ) :

then exact solutions is given by u(x) = (1 — x2)5*3.

First, we text numerical errors and convergence rates by finite difference scheme and finite
volume scheme. Figures 1 and 2 present the numerical errors and convergence rates of the finite
difference scheme (26)-(27) and finite volume scheme (39)-(40) for 0 < & < 2, & # 1withs =6, 3, 2, 1
respectively. We observe that convergence rates of the finite difference scheme is of second-order for
u € C%(R) by Figure 1. From Figure 2, it found that convergence rates of the finite volume scheme
is higher than that of finite difference scheme, but has no more than three successive orders. Figures
1 and 2 indicate that convergence rates of the finite difference scheme and finite volume scheme is
related to & for u € C'(R).

0(+1 1 I
2Fi(— ,—S;E;xz) + (=22t u=1,
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Figure 1. The numerical errors and convergence rates of finite difference scheme

Second, we compare the numerical errors of finite difference method and finite volume method by
linear interpolation function and fractional interpolation function (#; = 0.5). Figures 3 and 4 present
the numerical errors of the finite difference method I (FDM I) and finite difference method II (FDM
II)for0 <& <2, &« #1witha =19, 1.5and s = 4, 3, 2, 1 respectively, where, FDM I and FDM 1II
represent numerical scheme (26)-(27) and (28)-(29). Figures 5 and 6 present the numerical errors of
the finite volume method I (FVM I) and finite volume method II (FVMII) for 0 < & < 2, o # 1 with
« =19, 1.5and s = 4, 3, 2, 1 respectively, where, FVM I and FVM II represent numerical scheme
(39)-(40) and (49)-(50). From Figures 1-6, we can draw the observations: the accuracy of the finite
volume method is higher than that of the finite difference scheme, and the numerical error produces
great turbulence for s = 1,2 by finite difference scheme.
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Figure 2. The numerical errors and convergence rates of finite volume scheme
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Figure 3. The numerical errors of numerical solution for FDM I and FDM II
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Figure 5. The numerical errors of numerical solution for FVM I and FVM II
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Figure 6. The numerical errors of numerical solution for FVM I and FVM II

4.2. Example B

In this subsection, we show the numerical approximations to the space fractional Allen-Cahn

equation
up = —€2(=A)*?u — f(u), (x,t) € (a,b) x [0,T], (53)
u(x,0) = ug,x € (a,b), (54)
u(x,t) =0,(x,t) € (a,b)° x [0,T], (55)
where f(u) = u3 — u. It follows from numerical scheme (22) that we can obtain the following

semi-discrete numerical scheme

dd—f =AU+ U - U°. (56)

Using implicit scheme and Crank-Nicolson scheme to semi-discrete scheme can obtain the following
fully-discrete scheme

.. n+l _qn
Implicit :% = Ut — (Y 4 aurt, (57)
. n+l _ pqmn n __ n)\3 n+l _ n+1)3 n n+1
Crank-Nicolson I .Y A w_ur- (W +L21 W) | 24l +2u , (58)
. n+l _ pqn n n+1 n n+1 n)2 n+1\2 n n+1
Crank-Nicolson II .Y v L +2U ) W+u )((ZI i C D YL +2u : (59)

In this example, we consider fractional Allen-Cahn system (53)-(55), and show the wave form of
the implicit scheme and Crank-Nicolson scheme by zero boundary condition. Consider initial value
up(x) = 1 on [—2,0] or zero elsewhere, and we simulate the numerical solution with [-10,10], T =
0.001, h = 0.1. Figures 7 and 8 display the wave form of numerical solution at the difference x and time.
Figure 9 displays the the evolution of discrete energy over time by implicit scheme and Crank-Nicolson
scheme. They also show that « affects the propagation velocity of the solitary wave. For smaller «, the
propagation of the soliton got slower, thus indicating the presence of the quantum subdiffusion.
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Figure 7. The wave forms of the numerical solution with « = 2,1.8,1.5

1 T 1 T T
g ¥ - B -a=12t=1 -8 -0-1213
09 : -©-as15t=1q 09 - © -a=151=3 1
+ 1 - -o=181=1 * @ -6 -0=18t=3
08 ] | 1 08 f q
1 1 !
0.7 1 H 0.7 [ 4
1 1 4
06 1 1 06 9
! \ 4 [
1
=05 ¢ # =05 o
04 : \ 0.4 3
v
03 ¢ ° [
02 . \
¢ o
1

-B-o0-1245

09 - ©-a-15151
- 9 -a-1815

08 4

Figure 8. The wave forms of the numerical solution with T =1,3,5
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Figure 9. The evolution of discrete energy over time

5. Conclusions

In the paper, we show the finite difference method and finite volume method for fractional diffuse
equation with smooth and non-smooth solutions. The novelty of our method is that we formulated
the fractional Laplacian operator as a weak singular integral, so as to avoid directly discretizing the
hypersingular integral. Because of the solution of fractional diffusion equation is usually singular
near the boundary, we give some numerical schemes including finite difference scheme and finite
volume scheme to discrete fractional diffusion equation by fractional interpolation function. Moreover,
it is find that the accuracy of the finite volume method is higher than that of the finite difference
scheme, and the numerical error produces great turbulence for smaller s by finite difference scheme.
Finally, several numerical examples are considered to demonstrate the validity and applicability of the
numerical scheme to approximate fractional diffusion equations.
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