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Abstract: In this paper, a mathematical and physical interpretation of the length and the angle of the catenary
curve made by the anchor chains was implemented, and the safety of an anchored vessel was reviewed. So far,
holding force has been calculated approximately when the angle of the catenary curve of the anchor chain to
the seafloor is 0°. In this study, the holding force equation was strictly derived for the case of anchor dragging.
In addition, the equations for the angle and length of the catenary curve were mathematically derived when
the anchor dragging occurs. The holding force equation derived in this paper are expected to help provide
guidelines in vessel design or increase the safety of anchoring.
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1. Introduction

Unlike the cars that can park on the ground, vessels are impossible to be fixate on the sea. One
of the safest ways to secure a vessel on the sea is to use an anchor, except by mooring. Anchors can
hold a vessel that weighs more than 1,000 times its own weight. When a vessel is anchored, its safety
is determined by the difference between the frictional force by the anchor and the various external
forces acting on the vessel. When an anchor is dropped on the seafloor, the weight of the anchor
makes it dig into the floor. Then, the frictional force of the anchor is greatly increased. Holding Force
is defined as the maximum static frictional force of the anchor [1,2].

The holding force is one of the important indicators for the safety of the anchored vessel.
However, the holding force is a physical quantity that is hard to analyze because it deals with friction
on the seafloor, the big and complex shape of the vessel that makes it difficult to estimate the external
force, various catenary curves change the magnitude of the anchor chain’s tension, and so on.
Estimating the holding force is known to be difficult, so most of the anchor’s holding force is usually
measured by actually dragging anchors on the seafloor [3]. Nevertheless, theoretical and
experimental studies on the holding force have been conducted occasionally in the field of geological
oceanography and hydrodynamics. Shoji (1975) theoretically analyzed the holding forces between
tension and the shape of the catenary [4], and Moharami and Shiri (2018) carried out a reliability
evaluation of the anchor’s holding force by the catenary curve [5]. O’Neill and Randolph (2003)
examined the changes in holding force according to the seafloor composition and the angle of anchor
fluke through model experiments [6]. Okazaki and Hirai (2011) studied the development of a
prediction system in which operators check the expected situation of anchor dragging in missionary
work [7]. Liu et al. (2012) derived the holding force motion equation through model experiments on
the dragging of anchors on the seafloor [8]. Ren et al. (2016) studied the holding force in three stages
according to the shape of the anchor when the seafloor composition was sand [9]. In addition, various
studies and designs on anchoring have been conducted [10-20].

In a general situations, the safety of the anchored vessel can be controlled by adjusting the
released length of anchor chains. However, in harsh environments such as typhoons, it is difficult to
secure the safety of the vessel just by controlling the released length of anchor chains. If the net

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202310.1302.v1
http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 October 2023 doi:10.20944/preprints202310.1302.v1

external force caused by the winds, currents, and waves exceeds the holding force of an anchor,
anchor dragging occurs. Then the vessel eventually leaves the anchoring point and then strands on a
sandbank or collides with other vessels. When a typhoon is about to invade, vessels usually deviate
far from the expected route of the typhoon or select a less dangerous area to anchor. However, the
judgment on the anchoring area and the vessel’s safety after anchoring still depend on the experience
of the operators. Jung and Kong (2009) investigated 62 maritime accidents that occurred during the
invasion of Typhoon Maemi (category 5) in Jinhae Bay, the Republic of Korea, in 2003, then published
the results as a manual for the anchored vessels in 2009 [21]. Other researchers simulated the anchor
dragging of vessels under bad weather, including typhoons, or presented guidelines by studying
them based on real situations [22-25].

The holding force of an anchor is a complicated function related to the shape of the anchor
chain’s catenary curve generated by the external forces. Therefore, it is not sufficient to study
independently the frictional force of anchors using geological oceanography or the external forces of
vessels using fluid dynamics. It can be said that a given system can be properly understood only by
considering the physical relationship between the external forces of the vessel and the holding force
of the anchor, which are transmitted by the anchor chain. In this study, we estimated the conditions
in which the anchor dragging occurs, and then calculated the holding force theoretically.

The contents of this paper are as follows. In section II, we described the forces of an anchored vessel
as a physical system. In section III.1, we derived the tension and the length of the anchor chain, as
functions of depth and tangential angle between anchor chain and seafloor. In section III.2, we derived
the equations such that the length of the chain’s holding part and the tangential angle. Then in Section
II1.3, we derived holding force equations for the cases with or without holding part. Finally, in section
IV, we summarized and discussed the results.

2. Materials

Vessels usually anchor to secure fix their position on the sea. When an external force such as wind
acts on the vessel, the anchor with chains resists external force through friction on the seafloor. In
normal cases, the external force and the frictional force are in equilibrium with each other. However,
when the external force increases, the anchors and chains receive upward forces derived from the
catenary shape of the chain, so the frictional force due to the anchor and chains is reduced. Moreover,
if external force exceeds a threshold, the anchor and chains on the seafloor cannot play their role, and the
anchor dragged eventually.

Figure 1 shows the shapes of catenary curves according to the magnitude of the external force
acting on an anchored vessel. The process in which the anchor dragging is as follows.

Dragging Anchor Process
- (D If an external force is applied to a vessel, the curve made by anchor chains divided into the catenary part -
and holding part.
(2) When the external force increases to a critical value, the length of holding part decreases to 0.
(3) If the angle between the chain and the seafloor increases by the external force, then the anchor’s normal
~ force decreases due to the vertical component of the tension. When the external force reaches to a critical
value, the anchor dragging occurs.

If the frictional forces generated by the anchor and the holding part of chain are insufficient to
the external force, the anchor dragging occurs even if the length of the holding part is not 0.
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Figure 1. shape of catenary curve on an anchored vessel according to the external forces.

Figure 2a shows all forces acting on a vessel. If we neglect the vertical motion of a vessel caused
by a wave, we can consider only the horizontal forces because all vertical forces are canceled out of
each other. Figure 2b shows horizontal forces, i.e., external force (F,,;), horizontal components of
tension T, frictional force on seafloor f.

Buoyancy force of ship

External force

—
(a)
Weight of ship
Buoyancy force of chain
Buoyancy force &
Normal force of anchor
Frictional force e i i
et e Tension 7 Weight of chain '
x I Seafloor
Weight of anchor
T F,

I Seaﬂoor_

Figure 2. Forces acting on anchored vessel system: (a) All forces are expressed, (b) Horizontal
components are need to considered.
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Table 1 shows the all the forces constituting these three horizontal forces and the independent
variables that determine them. In most cases, the external force F,,;, the horizontal tension T,, and
the friction force f are balanced with each other, so anchor dragging does not occur. However, in
the extreme situation, if the external force is bigger than the frictional force, anchor dragging occurs,
and the system moves as shown in Equation (1) according to Newton’s second law.

Table 1. Constituting forces and variables of horizontal forces.

Forces Constituting Forces Variables
F,ina : wind-driven force v, : wind speed
Foxt Frurrent : current-induced hydraulic force v, : current speed
Eyave : drift force by wave h :wave height
(x, z) : position of vessel (origin: anchor)
T, T, : horizontal component of tension [ :length of catenary
0 : angle

fa : frictional force by anchor
f f. : frictional force by anchor chains

fs : frictional force by sinker

Fexe — f
Asystem = m (1)

Let the holding force H be the maximum static frictional force generated by the anchor and the
chains on the seafloor. When there is no anchor dragging, the external force must be smaller than the
holding force. However, the external force exceeds the holding force when the anchor dragging
occurs. Equation (2) shows the relationships between the forces whether the anchor dragging occurs
or not.

{Fext =T, =f <H ,noanchordragging )

Fooe 2T, = f =H ,atanchor dragging

3. Analysis of Holding Force

3.1. Tension of Catenary Curved Chain

The tension acting on a catenary curved chain depends on the weight per unit length of the
chain. Figure 3 is a diagram showing the three forces: (1) A4l is the weight of infinitesimal length Al
of the chain with a weight per unit length is 4, () tension T, and T, act on both ends of the Al.
According to Figure 3, the horizontal component and vertical component of the T; and T, must
satisfy the Equation (3).

{Tlcos@1 = T,cos0, = constant ,X — component 9
T;sinf; + AAl = T,sing, ,Z — component

; A is the weight per unit length, Al is the infinitesimal length of chain, T; and T, are tensions
acting on both ends of the 4l


https://doi.org/10.20944/preprints202310.1302.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 October 2023 doi:10.20944/preprints202310.1302.v1

I Seafloor

Figure 3. Tension acting on a small length Al in the catenary

With some calculations, we could drive Equations (4)~(6) the vertical coordinates z of the vessel,
the length [ of the catenary part, and the horizontal tension T, for tangential angles 6, respectively.
For the derivation of the equations, refer to Appendix A.

Ty A A
z=—= [cosh (—x + sinh 1tan9) - sec@] (4)
7 T,
Lel. o (A .
l=—= [smh (—x + smh‘ltanG) - tanB] )
7 T,
. A 12— 2z2 .
* 7 2\zsecd — ltanf ©)

3.2. Holding force before Anchor Dragging: Fe,e =T, < H

Anchor is usually dropped into a sea to keep a vessel in place. If an anchor alone is not enough
to secure the vessel, concrete sinkers may be added to the anchor increase the holding force. Figure 4
compares two cases that represent the shape of the catenary part when a sinker exists. Figure 4a
represents the case that tangential angle 6 between the catenary part of anchor chain and the seafloor
is 0°. Then the chain of length [, is divided into a holding part of length d and a catenary part of
length [ = I, — d. Figure 4b represents the case that there is no holding part. In this case, angle 0 is
bigger than 0°.

(a)

Hy = ugwq
Hs = psws
He = pcA(dy + d)

Hcl HS

Hale— d, Sinker ____ d—4

Seafloor
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Hy = taw; 7i_

H; = ps(wg — Tytan®)

Seafloor

Figure 4. Holding force according to the shape of the catenary: (a) 6 = 0°(d = 0); (b) 8 > 0°(d = 0)

Equations (7) and (8) show the length d of the holding part and the angle 6 between the
catenary and the seafloor using T, and z as independent variables. For the derivation of the
equations, refer to Appendix B.

swhere there is the holding part: d = 0 (6 = 0°)

d= lO — |z2 + TZ (7)

* where there is no holding part: d = 0 (6 > 0°)
01l AL (/11)2 2(12—z2) 422 o
= an o1, T 2 \T, T2 (1Z = 22) ®)

Now, consider the holding forces by anchor, sinker, and chain. Because the sinker is connected
to the catenary curved chain, the normal force of the sinker is changed by the shape of the curve.
However, the normal force of the anchor is constant, so the holding force due to the anchor is a
constant value, as in Equation (9).

©)

Hy = pugwy,

; Ug is holding coefficient of anchor,

w, is weight of anchor in the water.
Equation (10) shows the holding force of chains, is proportional to the length of the chains lying
on the seafloor.

He = pewe = pcA(d + dy), (10)

; Hc is holding coefficient of chain,
w, is weight of chains lying on the seafloor,
A is weight of chains per unit length,
d, is length of the chains between anchor and sinker,

d is length of the holding part
Finally, as shown in Equation (11), the holding force of the sinker is proportional to the normal
force of the sinker. In this case, the normal force of the sinker is reduced due to the vertical component
of the tension.

Hs = ps(ws — Ty tand), (11)

; Us is holding coefficient of sinker,

doi:10.20944/preprints202310.1302.v1
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ws : weight of sinker in the water,
T, :horizontal component of tension
Thus, total holding force on the system can be written as in Equation (12).
H=Hy+H + Hg = pigw, + uA(d + do) + ps(ws — Ty tanb) (12)

3.3. Holding Force at Anchor Dragging: Fe,e =T, = H

When the external force, tension, and holding force are balanced with each other (i.e., Foyr =
T, = H), anchor dragging occurs. Therefore, by putting T, = H and substituting T, in Equations (6),
(11), and (12) with H, we could derive holding force equations (13), and (14) when the anchor
dragging occurs.

A 12—z 13

" 2\ zsecH — ltanf (13)

H= /"awa + /"sWs + ﬂc’l(d + dO) (14)
1+ pstan6

When the chain is released sufficiently, the length of the holding part d is greater than 0,
resulting in the tangential angle of 0° between the chain and the seafloor. Anchor dragging may also
occur in this case. Equations (15) and (16) show the length of the holding part d and the holding
force H at the moment of the anchor dragging where the holding part exists. For the derivation of
the equations, refer to Appendix C.

* where there is the holding part: d = 0 (6 = 0°)

d=1ly+pz— A +pDz2+ 24 + uclo)z (15)

H=21A+puA [lo +pez— (A +uDz2 +2(A+ uclo)z] (16)

; A= (HaWo + pUsWs + picAdg) /A

The length of the holding part d should not be negative in Equation (15). Thus in this case, it
can be considered as the tangential angle 6 between the chain and the seafloor is greater than 0°.
Equations (17) and (18) show the tangential angle 6 and the holding force H at the moment of the
anchor dragging where the holding part does not exist. The information of Equation (15)~(18) is that
anchor dragging can occur in both cases with or without holding part. For the derivation of the
equations, refer to Appendix C.

® where there is no holding part: d = 0 (6 > 0°)

- +Vhn? -y
0 =tan™! (+> (17)
H= HUaWq + UsWs + #c’ldo
L4 (—n +VII? = 52) (18)
S =

; 2= (Al + Buy)? — A%z2, 1 := B(Al + Bu,), L = B? — A%z? with
A= (UaWo + psws + pucAdo) /2, B = (I* — 2%)/2

Table 2 shows the ratio of holding force using Equation (14) according to the holding coefficients
of the anchor (sinker) and the tangential angle between the anchor (sinker) and the seafloor. By
Dove’s experiment, it is known that the holding force decreases by 1/4 where 6 = 5°, and decreases
by 1/2 where 6 = 15° [5,26]. However, we can see Dove’s results are consistent only if the holding
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coefficient is about 4 in Table 2. This inconsistency means that the prediction of the decreasing ratio
of the holding forces only by the tangential angle 6 can give us inaccurate information because the
holding force depends on two factors: 8 and pu, (us).

Table 2. Holding force ratio according to holding coefficient of anchor, and tangential angle between
anchor chain and seafloor.

Holding coefficient of anchor (sinker)

H>/Ho-0) 2 4 6 8 10 12
5° 851 740 655 588 533 487
10° 739 586 485 414 361 320
15° 651 482 383 318 271 237
20° 578 407 314 255 215 186

Tangential angle ¢ 25° 517 349 263 211 176 151
between 30° 464 302 224 177 147 126
anchor chain and seafloor ~ 35° 416 263 192 151 124 106
(degree) 40° | 373 229 165 129 106 090
45° 333 200 142 111 .090 076
50° 295 173 122 .094 077 .065
550 259 148 104 .080 .065 .055
60° 224 126 .087 067 .054 045

4. Discussion

We comprehended the safety of vessels by studying the holding force acting on anchored
vessels. The holding force of an anchor is strictly analyzed by mathematical and physical approach,
which has been known as a difficult problem in the field of shipbuilding engineering or navigation.
In order to predict and prevent the anchor dragging in extreme situations such as typhoons, this
paper mathematically and physically analyzes the tension of the anchor chain deducing the catenary
curve equation and holding force of the anchor, then strictly comprehends the relationship between
tension and holding force.

The force acting on the anchor was analyzed, and the horizontal component of tension was
newly derived as a function of the depth of the sea, the length of the catenary part, and the angle with
the seafloor (Equation (6)). Moreover, the holding force for a sinker attached vessel was analyzed.
The anchor chains transmit the external force to the sinker (anchor). When the external force exceeds
the threshold, the anchor dragging occurs in both cases with or without the holding part of anchor
chain. If there is not a holding part, the holding force decreases due to the decrease of normal force
of the sinker (anchor). In this case, to make the anchor and the sinker play their intended roles, it is
necessary to increase the number of released anchor chains. However, as the length of released anchor
chain increases, the radius of movement of vessels increases, so the risk of collisions with other vessels
or structures may increase. Therefore, increasing the safety of anchored vessels by controlling the
amount of released chain should be adjusted according to the situation. In this study, the angle
between the holding part and the seafloor, length of the holding part, and the holding force are
systemically derived (Equations (15)~(18)).

With these results, we could provide more symbolic equations describing the anchor dragging
moments, instead of the convention of using inaccurate approximation values. The holding force
equations derived in this paper could provide the more accurate ways for a vessel design, and the
improved guides for preventing anchor dragging. In the future, if additional research is conducted
on various anchor dragging cases, the safety of anchored vessel in a harsh environment may be
further comprehended.

doi:10.20944/preprints202310.1302.v1
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Appendix A: Forces at a Catenary Curve

In the catenary part, when A is the weight per unit length of catenary part, weight of
infinitesimally small length, Al,is AAl. Let T; and T, be the tensions acting on both ends of 4!, and
let the angles be 6,, 8, at both ends to horizontal, respectively, then the horizontal components of
the two tensions must be the same, but the vertical components are different by A4l (see Figure 3).
Then,

{Tlcosﬁ1 = T,cosf, = constant ,X — component Al
T;sinf; + AAl = T,sinf, ,Z — component (A1)
Hence,
Adl = d(Tsing) (A2)
Thus,
Adl = 1\/(dx)? + (dz)? = /1 + z"2dx (A3)
d(Tsing) = d(Tcosptang) = d(T,tang) = T, dz’ (A4)
; T, = T cos@ = constant, z’' = dz/dx = tang
Then,
M1+ 2z%dx =T,dz' (A5)
A d dz' (A6)
R X = ———
T V1 + z'2
If both sides are integrated with respect to x and z’,
— x = sinh™1z’ — sinh~1z] (A7)
Ty
; Zo =tan @,
! : /1 . -1,/
z" = sinh| =— x + sinh™"z;
Ty
2 ) (A8)
= sinh ( — x + sinh™" tan 9)
T
The vertical coordinates of the vessel can be derived as shown in Equations (A9) by integration of
Equation (A8).
e vertical coordinate of the anchored vessel
T A I
= [cosh ( — x + sinh™! tan 9) — sec 9] ; general case
A Ty
z= (A9)
L [ h < i x)] ;0=0
7 |cos T, ;0=

The length of the catenary part is derived through integration as shown in Equation (A10).

X
lzf 1+ z"%2dx
0

x A
= J 1 + sinh? (T_ x + sinh~1 tan 0) dx
0

X

doi:10.20944/preprints202310.1302.v1
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* A
= f cosh <— x + sinh~! tan 9) dx (A10)
0 T
¢ length of the catenary part
Lel . (4 o
— [smh ( — x + sinh~! tan 6) — tan 6] ; general case
A T,
l= (A11)
E[h(ix)] ;0=0
- |sin T, ; 0=

Now, we can obtain a general formula for horizontal tension using the relationship between z =
z(x, 8) and [ = I(x, 8) by combining Equations (A9) and (A11).
Since, cosh?t —sinh?¢ = 1 is satisfied for any t

Az 2 A 2
- (= = Al12
<Tx +sec9> (T +tan9) 1 (A12)

X

Finally, T, is summarized as shown in Equation (A13).

¢ Horizontal Tension of the catenary

. A 12—z
* 7 2\ zsech — ltand

Appendix B: before anchor dragging

(A13)

In normal cases where no anchor drag has occurred, Let the length of the holding partbe d, then
from Equation (A13) we can get following equations about d, and 6.

¢ where there is the holding part: d > 0 (6 = 0°)

Ty (lp—d)? —2%] (B1)

2T,
d=1,- 22+sz (B2)

¢ where there is no holding part: d = 0 (6 > 0°)

T—A 12—z B
i)

zsecl — ltan @

A 12 _ 52
zsec = Ltan g + & —27) (B4)
2T,

By squaring Equation (B4) using sec?6 = tan?6 + 1,

tan?6 + “tang + il Gk 39 AR B5

any T an AT? ol (B5)

b tant) A1 (/u )2 2(12-z2) 422 36
= tan ZTx 2 Tx sz (lz _ ZZ) ( )

Appendix C: at the Moment of Anchor Dragging

The horizontal part of chain’s tension and the anchor’s holding force are as Equations (C1)~(C2).
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A 12-72
T = 2 (zsec@—ltan(—) ) (C1)
4 = HaWa t HsWs + ucA(d + do) ©2)
1+ pugtand
When the anchor dragging occurs, the horizontal tension T,, and the holding force H of the system
should be equal.
* where there is the holding part: d = 0 (6 = 0°)
l, — d)? — 72

H=21 % = UgW, + psWs + i A(d + dy) (C3)
(lo—d)? — z* = 2z(ucd + A) (C4)

; A= (HgWq + psWs + pucAdy) /A

d? —2(ly + poz)d + (13 — 22 —242) =0 (C5)
If the solution of Equation (C5) is substituted for Equation (C2), then,

d=lo+pez—{J (1 +p2)z? + 2(4 + pclo)z (Co)
H =214+ uAd
(C7)
=AA+uA [lo + ez — (A + p2)z2 + 2(A + uclo)z]
; A= (HaWe + psWs + picAdg) /A
* where there is no holding part: d = 0 (6 > 0°)
From equations (C1)~(C2),
A 1?2 — 72 Wt pgws + picAd, cs
~ 2\ zsec —ltand | 1+ pustané (C8)
A _ B €9
1+pustan@  zsecd — ltand (©9)
;A= (UgWq + usWs + UeAdg) /A, B = (I —2%)/2
A(zsecO — ltanf) = B(1 + pu,tan 9) (C10)
(Al + Bug)tan 6 + B = Azsecf (C11)
By squaring Equation (C11) using sec? = tan®6 + 1,
(Al + Buy)?tan? @ + 2B(Al + Bug) tan 8 + B2 = A?z%(tan? 0 + 1) (C12)
[(Al + Buy)? — A%z%]tan? 6 + 2B(Al + Bug) tan @ + (B? — A%z2) =0 (C13)

If the quadratic equation solution of Equation (C13) is substituted for Equation (C2) and solved, we
can get 6, and H at the moment of anchor dragging, as shown in Equations (C14)~(C15).
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I +VII? - EX
9 = tan‘1< * = ) (C14)

UaWq + UsWs + .ucAdO
—11+VII? —EX (C15)
1+ us =

H =

; Z:= (Al + Buy)? — A%z2, Il := B(Al + Buy), X = B? — A%?z? with
A= (UgWo + ugws + ucAdg) /2, B = (I* —2%)/2
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