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suitable for solving large-scale matrix equations. It is theoretically proved these methods converge to
the solution or least square solution of the matrix equation. The numerical results show that these
methods are more efficient than the existing algorithms for high-dimensional matrix equations.
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1. Introduction

Consider the linear matrix equation
AXB =C, 1)

where A € R"*?, B € RT*" and C € R™*". Such problems arise in linear control and filtering theory
for continuous or discrete-time large-scale dynamical systems. If AXB = C is consistent, X* = ATCB'
is the minimum Frobenius norm solution. If AXB = C is inconsistent, X* = ATCB? is the minimum
Frobenius norm least squares solution. When the matrices A and B are small and dense, direct methods
based on QR-fraction are attractive [1,2]. However, for large matrices A and B, iterative methods
have attracted much attention [3-7]. Recently, Du et al. proposed the randomized block coordinate
descent (RBCD) method for solving the matrix least-squares problem Xg}Rng , |C — AXB||F without

strong convexity assumption in [8]. This method requires that matrix B is full row rank. Wu et al. [9]
introduced two kinds of Kaczmarz-type methods to solve consistent matrix equation AXB = C: relaxed
greedy randomized Kaczmarz (ME-RGRK) and maximal weighted residual Kaczmarz (ME-MWRK).
Although the row and column index selection strategy is time-consuming, the ideas of these two
methods are suitable for solving large-scale consistent matrix equations.

In this paper, randomized Kaczmarz method [10] and randomized extended Kaczmarz method
[11] are used to solve consistent and inconsistent matrix equations (1) by the product of matrix and
vector.

All the results in this paper hold in the complex field. But for the sake of simplicity, we only
discuss it in the real number field.

In this paper, we denote AT, AT, r(A), R(A), ||Al|r = \/trace(ATA) and (A, B)r = trace(A”B)
as the transpose, the Moore-Penrose generalized inverse, the rank of A, the column space of A, the
Frobenius norm of A and the inner product of two matrices A and B, respectively. For an integer
n > 1,1let [n] = {1,2,---,n}. We use I to denote the identity matrix whose order is clear from
the context. In addition, for a given matrix G = (gij) e R™*", G;., G, Omax(G) and opmin(G),
are used to denote ith row, jth column, the maximum singular value and the smallest nonzero
singular value of G respectively. Let E; denote the expected value conditional on the first k iterations,
that is, E¢[-] = E[-|io, jo, i1, j1, - ik—1, jx_1), where is and js(s = 0,1,...,.k — 1) are the row and the
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column chosen at the sth iteration. Let the conditional expectations with respect to the random
row index be Ei[-] = E[-|io, jo, i1, j1, ---» ik—1, jk—1, ji) and with respect to the random column index be
EL[-] = E[lio, jo, i1, j1, - ik-1, jk—1, ix]- By the law of total expectation, it holds that E¢[] = Ei[EL[]].

The organization of this paper is as follows. In Section 2, we will discuss Kaczmarz method
(ME-RBK and ME-PRBK) for finding the minimal F-norm solution (A*CB") of the consistent matrix
Eq. (1). In Section 3, we discuss the extended Kaczmarz method (IME-REBK) for finding the minimal
F-norm least-squares solution of the matrix Eq. (1). In Section 4, some numerical examples are
provided to illustrate the effectiveness of our new methods. Finally, some brief concluding remarks are
described in Section 5.

2. The Randomized Block Kaczmarz Method for Consistent Equation

At the kth iteration, Kaczmarz method selects randomized a row i € [m] of A and does an
orthogonal projection of the current estimate matrix X onto the corresponding hyperplane H; =
{X € RPX”AL:XB = Ci,:}/ that is

min ||X x(k HF sit. Ai.XB = C;, 2)
XeRP<q 2

The Lagrangian function of the conditional optimization problem (2) is
L(X,)Y) = f||X Xk ||F+<YA XB—-C;.), 3)

where Y € R1" is Lagrangian multiplier. By the matrix differentiation, we get the gradient of L(X,Y)
and set VL(X,Y) = 0 for finding the stationary matrix:

VxL(X,Y)| gy = XEFD — X0 4 ATyBT =0,
4)
VyL(X,Y) |X(k+1) = Ai,;X(kH)B —-C;.=0.

By the first equation of (4), we have X(k*1) = x (k) AZ:YB T, Substituting this into the second equation
of (4), we can get Y = —ﬁ(cn — A;. XU (BTB)*. So the projected randomized block Kacmarz
i ll2
(ME-PRBK) for solving AXB = C iterates as
AT

xk) = x®) 4 Tk, — A, x0B)Bt ()
A3

However, in practice, it is very expensive to calculate the pseudoinverse of large-scale matrices. Next,
we generalize the average block Kaczmarz method [12] for solving linear equations to matrix equations.

At the kth step, we get the approximate solution X¥*1) by projecting the current estimate X ()
onto the hyperplane H;; = {X € RP*[A; X (k) B.; = C;;}. Using the Lagrangian multiplier method,
we can obtain the following Kaczmarz method for AXB = C:

k
AL(Ci, — A X )B;,]-)Bf]- ©
1A II311B. 13

xk+1) — x(k) 4

Inspired by the idea of average block Kaczmaz algorithm for Ax = b, we consider the average block
Kaczmaz method for AXB = C respect to B.

n (C;,— A;.X®B, )BL
X+ = x () | g | : e’y @)
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n
where A is stepsize and v}‘ be the weights that satisfy v}‘ >0and ), v;.‘ =1.1f v;.‘ = HfBﬁQZ , then
j=1
A Al
x(k+1) — x (k) > (G — Ay XWB)BT. ®)
IBIIE [l4s: 112
Seta = W > 0, we obtain the following randomized block Kaczmarz iteration
F
XU = x0) 4 L _ AT ((cl-,: - (A,-,:X(’G)B)BT) k=0,1,2,..., )
1Az "
1A, 113

where i is selected with probability p; =

A The cost of each iteration of this method is 4q(n + p) +
F

p + 1 — 24 if the square of the row norm of A has been calculated in advance. We describe this method
as Algorithm 1, which is called the ME-RBK algorithm.

Algorithm 1 Randomized Block Kaczmarz Method for AXB = C (ME-RBK)
Input: A € R"*P, B € RT*",C € R"™*", X(0) = € RPX1

1: fork=0,1,2,...,do

2. Pick i with probablhty pl( ) =

1A
431 en?lofr(?rpute X = x¢ ||A Hz ]l ((Ci’: B <Ai’:X(k))B)BT>

A, Hz

Remark 1. Note that the problem of finding a solution of AXB = C can be posed as the following linear least
squares problem

erE?qZHAXB C|2 = rnln ZHA XB—C;.|5 (10)

Define the component function
1
fi(X) = 511 4i:XB = Cis[|3,

then differentiate with X to get its gradient
Vfl(X) = Az?::(Ai,:XB - Ci,:)BT

Therefore, the randomized block Kaczmarz method (9) is equivalent to one step of the stochastic gradient decent

method [13] applied to (10) with stepsize ||A Tk
2

First, we give the following lemma whose proof can be found in [8].
Lemma 1. [8] Let A € R™*? and B € R1*" be any nonzero matrix. Let
M ={Mec RP*T |3y e R™"s.t. M = ATYBT}.
For any matrix M € M, it holds
IAMBI[? > 0750 (A)o7in (B) | MIIZ.

Remark 2. M € M means that M. ; € R(AT),j=1,2,...,qand (M;.)T € R(B),i =1,2,...,p. In fact,
M is well defined because 0 € M and ATCB' € M.

In the following theorem, with the idea of the RK method [10], we will prove that Algorithm 1
converges to the the least F-norm solution of AXB = C.

doi:10.20944/preprints202310.0686.v1
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Theorem 1. Assume (0 < a < W IfEq. (1) is consistent, the sequence { X(X)} generated by the ME-RBK

method starting from the initial matrix X(©) € RP*9 in which X:(?) € R(AT),j=1,2,...,qgand (Xi(?))T €
R(B),i = 1,2,...,p, converges linearly to AYCB" in mean square form. Moreover, the solution error in
expectation for the iteration sequence X*) obeys

2
. a

E {Hx(k) —A+CB+H1 < ot HX(O) —A+CB+‘

HAZ',:H%
.
lAl%

where p =1 — 2Bl o (A)o2. (B), and i € [m] picked with probability p;(A) =

HAH% min mi

Proof. Fork =0,1,2,...,by (9) and Ai,;AJrCBJrB = C; . (consistency), we have

x4 _ atcpt = x®) 4 SAL(Ci. — A, x®B)BT — AtCB?

||Az,
= (x® — atcB") —

44
AT
1A 113"

A;.(x® — ATcB")BBT,

then

2
X&) — atept|2 = Hx(k> - A*CB*H + IATA;. (X% — AtCB)BBT |2
. A,

1A 1I3

2
= (x®) — AtcBt, AT A (X®) — ATCB")BBT) .

It follows from

o 4|| A (x® — ATcBYBBT |}
”:2 2 | A; (X(k) — AYCB")BBY |3 (by trace(uu”) = |lu||3 for any vector u)
= 2“3”2 7 14;.(X®) ~ ATCBYBIE (by "Bl = |Bull2 < [1Bllallull),
and
HAZ'%H?XUC) — AtCBt, AiT;Ai,;(X(k) — ATCBY)BBT);

| 2u trace(BT(X A+CB+)TA1.T,:A1»,:(X(1<) _ A*CB")B)( by trace(MN)  trace(NM))

|Aza||2| (X" — ATCB")BJ13
that

2 2a —a?||BJ?
X0+ — AtCBYE < | x® — atcEt|| - "‘HI:‘”Z“ZHAZ-,«X(“ — A*CB")BJ3.
i:ll2

By taking the conditional expectation, we have
211B]|2
2B 4y x - atct)?
HAi,: ||2

20 — o?|| B|)3
IANIZ

e -} < o wocs -

= [[x® 7A+CB+H12C = |A(X® — AtCBY) B2,

doi:10.20944/preprints202310.0686.v1
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By X0 € M and ATCB' € M, we have X(¥) — ATCB' € M. Noting AT, = ATL;, it is easy to show

that X() — A*CB* € M by induction. Then by Lemma 1 and 0 < & < we can get

2
I1Bl13”

a—a?|B|3 ,

b [ - e e - e -2 ka0 e

Al
20 — o2||B|3 By
={1- ﬁ‘fmn A)0gin(B) HX(k) - A+CB*H . (12)
1A]F P

Finally, by ((12)) and induction on the iteration index k, we obtain the estimate ((11)). O

Remark 3. By the similar approach as used in the proof of Theorem 1, we can prove that the iterate X%
generated by ME-PRBK (5) satisfies the following estimate

E l:HX(k) _A‘rCB‘rHIZ::| < ﬁk ‘X(O) —AJFCB*‘ 2,
2 2 2 2
where p = 1 — M. The convergence factor of GRK in [14] is pgrx = 1 — M. It is
IANZ1BII2 Al (IBlE

obvious that ) )
% (A ) Umin ( B)

min

~
pcus 2, |ATFIBI
2

I1BII3 1813

1=y 1= Ly 1= 5

and p < pgrg when WZF <a< HTZF' This means that the convergence factor of ME-PRBK is
2 2

the smallest and the factor of ME-RBK can be smaller than that of GRK when a is properly selected.

3. The Randomized Extended Block Kaczmarz Method for Inconsistent Equation

In [11,15,16], the authors proved that the Kaczmarz method does not converge to the least squares
solution of AX = b when AX = b is inconsistent. Analogically, if the matrix Eq. (1) is inconsistent, the
above ME-PRBK method dose not converge to A*CB'. The following theorem give the error bound of
the for the inconsistent matrix equation.

Theorem 2. Assume that the consistent equation AXB = C has a solution X* = AYCB*. Let X*) denote the
kth iterate of the ME-PRBK method applied to the inconsistent AXB = C + W forany W € R™*" starting from

the initial matrix X(©) € RP*T in which XS-)) € R(AT),j=1,2,...,qand (Xlgl?))T €R(B),i=1,2,...,p.
In exact arithmetic, it follows that

1—p* |WB'|)2
1—p |Al2

N 2 2
E [Hx(” —A*CB*M gpkHX(O) —A*CB*HF+ ) (13)
Proof. Set H; = {X|A;XB = C;}, H; = {X|A;XB = C; + W;}. Let Y denote the iterate of the PRBK
method applied to the consistent AXB = C at kth step, that is

T

o A; o
Y = X(k) + ||A‘l" 2 (Ci,: - Ai,:X(k)B)B+'
Z/ 2
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It follows from

T

AT
(v — AfcBt, X+ — atcBhy = (v — ATCBT, ||A"~”2wiB*>F
i:12

A
= trace ((B+)TWT L (Y A+CB+)>

= trace WTA YB— 4 A+CB B(BTB)Jr =0
1A, 115

and

& (k+1) T . gt HTWT 4. ATW.BT_ L [wiB*
HX — H HA .W,B H = trace | (B")'W; A;.A;.W;B =
F A N AR Al
14i:12 i ll2

that
[ — atet] = [y - atcst[+ x40 -

LWty

—ly- A*CB*H .
H IA; ||2

(14)

By taking the conditional expectation on both sides of (14), we can obtain

+112
g — atest|] = g |y - atcst|f] + £ [V L2
Eq [HX AtCB M —E, [HY AtCB M Y E L
2 2 + 2
< (1—M) X(">—A+CB+H2+”WBZ||F
| Al1%|B]|2 AR

The inequality is obtained by Remark 3. Applying this recursive relation iteratively, we have

[WE|I;

E [HX(k“)—A*CB*m < pE [HX( — ATcBY| } AR

< p?E [HXk 1) A*CB*H } (0+1 >HWB+H§

| Al
) 2 WBH ||
Spk+1 X(O) _A+CB+HF+(pk+.”+p+1)H”14H2HF
F
) _ k1 (WBH2
_ okt HX(O) —A+CB+H n 1o i
Fiol-p AR

This completes the proof. [

Next, we use the idea of randomized extended Kaczmarz method (see [16-18] for details) for
solving the least squares solution of the inconsistent Eq. (1). At each iteration, Z(®) is the kth iterate of
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ME-RBK applied to ATZBT = 0 with the initial guess Z (©), and X is one-step ME-RBK update for
AXB = C — Z®). we can get the following randomized extended block Kaczmarz iteration

z(k+1) = 7 (k) A.;(((ALz®)BT)B),

[lA: ]Hz
(15)
(k+1) — x (k) (k+1) (k) T
X + HA HZ ((C (‘Al,:X )B)B )r
1|12
where « > 0 is the step size, and i and j are selected with probability p; = ”H f;HQZ and p;(A) = ”HIZ"J#Z,
F

respectively. The cost of each iteration of this method is 41(q + m) + m + 1 — 2n — q for updating Z*)
and (49 +1)(n + p) + 1 — 2q for updating X (k) if the square of the row norm and the column norm
of A have been calculated in advance. We describe this method as Algorithm 2, which is called the
ME-REBK algorithm.

Algorithm 2 Randomized Extended Block Kaczmarz Method for AXB = C (ME-REBK)

Input: A € R"*P,Bc RT*",C e R™", X0 =0ec RP*9,20) =C
1: fork=0,1,2,...,do
2 Pick j with probability p;(A) = | Aﬁ”Z
5 Compute 210 = z1¥ — HZA (AT 2)BT)B)
]
2|4 Hz

4. Pick i with probablhty pl( i ]“2
5:  Compute X (k1) — x(k ”A B (( i Zi(l.(ﬂ) - (Ai,:X(k))B)BT)
74, :

6: end for

Theorem 3. Assume 0 < a < Let {Z0)} denote the kth iterate of ME-RBK applied to ATZBT = 0

B H2
starting from the initial matrix Z(0) € R"™" in which Z:(?) €C,;+R(A),j=12,...,nand (ZZ.(?))T €
(Ci)T +R(BT),i =1,2,...,m. Then {ZX)} converges linearly to C — AA*CB* B in mean square form, and
the solution error in expectation for the iteration sequence X\*) obeys

Mz (C— AAtCB'B) H } < o Hz (C— AATCB'B )‘

. (16)

14,5113
Al

where the jth column of A is selected with probability p;(A) =

Proof. The approach of proof is the same as that used in the proof of Theorem 1, so we omitit. O

Theorem 4. Assume( < & < The sequence { X%)} is generated by the ME-REBK method for AXB = C

HBH2
starting from the initial matrix X0 € RP*" and 7(0) € R™", where X(O) € R(AT),j =1,2,...,q,
(X" € R(B),i =1,2,...,p 2\ € Cj+R(A),j = 1,2,...,nand (Z (°>) € (C;)T+R(BT),i =
1,2,...,m. For any e > 0, it holds

E [me _ A+CB*H1 e +s>k+:2— (1+e) a2||||§=ép" |z~ (c - AA+CB+B>H§

+(1+e)ko* HX(°> - A*CB*] i (17)

4,113
TAIZ

an d _ HA,]H% .
pi(A) = respectively.

where i € [m], j € [p] are picked with probability p;(A) = AR
F
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Proof. Let X(%) denote the kth iterate of ME-REBK method for AXB = C, and X**1) be the one-step
Kaczmarz update for the matrix equation AXB = AATCB'B from X, i.e

XD = x®) 4 ”A"‘ 7 T(A;.A*CB'B - A; XV B)BT.
We have
KD _ ptcpt = x0) _ atept - ”A‘;‘.”%AZAAL;(XW — AtcBh)BBT
and

X = R = S AT(C, ~ 2 - A ATCBB)BT
L.

For any € > 0, by triangle inequality and Young's inequality, we can get
HX“+D-—AiCBWF::H(X“+U-—X“+”)+(X“+U‘—AfCBUH2
F F
S(wa+n__X“+UHF*_HXQ+U__AiCB+m)2
< HX(k+1) _ X(kﬂ)Hz + ”X(kﬂ) _ A*CB*HZ

+2HX k+1) k+l H

g (k1) A*CB*H
<1+ E> [t — xtesn HF +(1+e) | RED - A*CB*H; (18)
By taking the conditional expectation on the both sides of (18), we have
[Hx (k+1) A*CB*H ] (1 + )Ex [HX(I‘H X(k“)m +(1+€)E [HX(k“) A*CB*HQ .
(19)

It follows from

2
~ 1% k+1
|ty x(k+1>HF ‘HA B AL(C;, — z*Y — ;. ATCB'B)B"
F
2
= At (B(Ci,: — 7 _ A, ATCBTB)T (G, — 25D - Ai,:AJrCB*B)BT)
i ll2 " "
«*||B|3 (k+1) tpt
< Taps =2 - mates's],

that

Hci,: —zF Ai,:A*CB*BHz
|

- 2 S
E, [Hx(km _ X(k+1)HF] < o?||BIBEE]L

||l

k 1 2
IIAII = 2

iﬁwm

AR E [Hz(k“) —(Cc- AA*CB*B)H?J .
F

doi:10.20944/preprints202310.0686.v1
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It yields

E U’X(”l) _ X“‘“)Hi} _ 2|3

< AR E[Hz(km—(C—AA*CB*B)H}ZJ

B 2
- ||z“|1|g2 k+1HZ (C— AA'CB'B )HF (by Lemma3).  (20)

By X(© — ATCBt € M, we have X(X) — A*CB' € M. Then, by using Theorem 1, we can get

2
E([|IX* ) — AtCB|2] = E¢ ||| x®) — ATCBY — ”A B SALA; (X — A*cB")BBT ]
2 F
2
<p HX(") - A*CB*‘ ,
then
~ 2 2
E MXU‘“) - A*CB*M < oE [HX(") - A*CB*HF] . 1)

Combining (19),(20) and (21) yields

[HX"“ A*CB*H } + “(X("“ x(k+l>H2] A 4o)E [Hg(m) _A+CB+H1

1 “2”3”2 k+1

<(1+3) Al HZ (C— AA*CB'B )HF

+ (1+¢)pE [HX(") - A*CB*M

1 0c2||B||2 k+1

2
<(1+3) A HZ(O)—(C—AA+CB+B)HF[1+(1+8)]

+(1+¢)20°E MX("U - A*CB*Hi]

1 uc2||B||2 k+1

<(1+3) Hz (C— AATCB'B )H Z(l—i—e)

||A||%“ szo
2
+ (1 +8)k+1pk+l Hx(o) o A+CB+H

_ (142 — (1+¢) &2 B3
e IANZ

Hz (C— AATCB'B )Hi
(14 )Rkt HX(O) _ AJFCBJFHP'
This completes the proof. [

Remark 4. Replacing BT in (15) with BY, we obtain the following projection-based randomized extended block
Kaczmarz mathod (ME-PREBK) iteration
Z(k+1) :Z(k) HA HZA (((ATZk))BT)(B+) )
(22)
xk+1) = x(k) 4

AL ((Gie = 28 = (4, x0)B)BY) ,


https://doi.org/10.20944/preprints202310.0686.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 October 2023 doi:10.20944/preprints202310.0686.v1

10 0of 13

4. Numerical Experiments

In this section, we will present some experiment results of the proposed algorithms for solving
various matrix equations, and compare them with ME-RGRK and ME-MWRK in [9] for consistent
matrix equations and RBCD in [8] for inconsistent matrix equations. All experiments are carried out
by using MATLAB (version R2020a) on a DESKTOP-8CBRR86 with Intel(R) Core(TM) i7-4712MQ CPU
@2.30GHz 2.29GHz, RAM 8GB and Windows 10.

All computations are started from the initial guess X(0) = 0, the step size a = ﬁ, and terminated

once the relative error (RE) of the solution, defined by

IX® — X*|I?
RE= "
1217

at the the current iterate X (k), satisfies RE < 107° or exceeds maximum iteration K = 50000, where
X* = ATCB*. We report the average number of iterations (denoted as “IT”) and the average computing
time in seconds (denoted as“CPU”) for 20 trials repeated runs of the corresponding method. Three
examples are tested, and A and B are generated as follows.

e Type I: For given m, p,q,n, the entries of A and B are generated from a standard normal
distribution, i.e., A = randn(m, p), B = randn(q, n).

e Type II: Like [14], for given m, p, and ry = rank(A), we construct a matrix A by A = U;D; v,
where U; € R™*" and V; € RP*"1 are orthogonal columns matrices, D € R"1*"1 is a diagonal
matrix whose first » — 2 diagonal entries are uniformly distributed numbers in [oyin (A), Omax(4)],
and the last two diagonal entries are 0max(A), Omin(A). The entries of B are generated by similar
method with parameters g, n,r, = rank(B).

¢ Type III: The real-world sparse data come from the Florida sparse matrix collection [19].

4.1. Consistent Matrix Equation

Given A, B, we set C = AX*B with X* = randn(p, q) to construct a consistent matrix equation. In
Tables 1-3, we report the average IT and CPU of the ME-RGRK, ME-MWRK, ME-RBK and ME-PRBK
methods for solving consistent matrix. In the following tables, the item ‘>’ represents that the number
of iteration steps exceeds the maximum iteration (50000), and the item ‘- represents that the method
does not converge.

From these tables, we can see that the ME-RBK and ME-PRBK methods vastly outperform the
ME-RGRK and ME-MWRK methods in terms of both IT and CPU times regardless of whether the
matrices A and B are full column/row rank or not. As the increasing of matrix dimension, the CPU
time of ME-RBK and ME-PRBK methods is increasing slowly , while the running time of ME-RGRK
and ME-MWRK increases dramatically.

In addition, when the matrix size is small, the ME-PRBK method is competitive, because of the
pseudoinverse is less expensive and the number of iteration steps is small. When the matrix size is
large, the matrix is large, the ME-RBK method is more challenging because it does not need to calculate
the pseudoinverse (see the last line in Table 1).
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Table 1. IT and CPU of ME-RGRK, ME-MWRK, ME-RBK and ME-PRBK for the consistent matrix

equations with Type L.
m  p g on ME-RGRK ME-MWRK ME-RBK ME-PRBK
EEEES A
P w e &, am
e I
1000 200 300 2000 CIIIU > > 39793}'2 43?7(’24

Table 2. IT and CPU of ME-RGRK, ME-MWRK, ME-RBK and ME-PRBK for the consistent matrix

equations with Type IL
mop 1 [omin(A),omax(A)] g n 12 [0min(B), Omax(B)] ME-RGRK ME-MWRK ME-RBK ME-PRBK
100 40 20 [1,2] 40 100 40 [1,2] CIPTU 4(3).6()160 13?177'1 509(3)'11 3,302(53
100 40 20 [1,5] 40 100 20 [1,5] CIITU 225%2'2 63?'597'8 9(3)%6 18?(33
1000 200 100 1,21 100 1000 50 1,21 CIITU 2225155'5 77061;5 23?47;4 18.72‘23
1000 100 50 [1,5] 200 1000 200 11,51 CIITU > > 2849%'4 2332'6

Table 3. IT and CPU of ME-RGRK, ME-MWRK, ME-RBK and ME-PRBK for the consistent matrix

equations with Type IIIL

A B ME-RGRK ME-MWRK ME-RBK ME-PRBK
IT 439278 14164.4 10993.4 38735

: T
divorce ash219% 1.15 135 0.36 0.13
divorce  astoto 1T 40198.7 17251.4 11557.4 3124.7
CPU 0.63 0.80 0.43 0.11
IT > > 6042.3 2267.0

T
ash219  ash958" > > 1.04 0.36
IT > > 5745.4 2114.2
ash219 ash958 > > 1.22 0.42

4.2. Inonsistent Matrix Equation

To construct an inconsistent matrix equation, we set C = AX*B + R, where X* and R are random
matrices which are generated by X* = randn(p,q) and R = ¢ xrandn(p,q),0 € (0,1). Numerical
results of the RBCD, IME-REBK and IME-PREBK methods are listed in Table 4-6. From these tables,
we can see that the IME-PREBK method is better than the RBCD method in terms of IT and CPU time,
especially when the % is large (see the last line in Table 5). The IME-REBK method is not competitive
for B with full row rank because it needs to solve two equations. However, when B has not full row
rank, the RBCD method does not converge, while the IME-REBK and IME-PREBK methods do.
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Table 4. IT and CPU of RBCD, IME-REBK and IME-PREBK for the inconsistent matrix equations with

Type L.
m o p g n RBCD IME-REBK IME-PREBK
o v oo ow g W
40 100 100 40 CIITU J 2427.223 2(1).7241.6
500 100 100 500 CIITU 62?997-1 7??2238 22.17263
1000 200 300 2000 CIITU 11‘22202-22 1;:22-: 59198.285

Table 5. IT and CPU of RBCD, IME-REBK and IME-PREBK for the inconsistent matrix equations with

Type II.

m p 1 [em(Ahom(A)] 4 7 72 [owm(B),omax(B)] RBCD IME-REBK IME-PREBK
0 w0 2 12 0100 40 02 oy o 0 00
100 40 20 [1,5] 40 100 20 (15] prTU ] 1612537 1891728
1000 200 100 [1,2] 100 1000 50 [12] CIPTU ] 42046;55 21231;;3
1000 200 100 [1,5] 100 1000 100 [1,5] CIgU Z 4386256?36 43302.2.50

Table 6. IT and CPU of RBCD, IME-REBK and IME-PREBK for the inconsistent matrix equations with

Type IIL.
A B RBCD IME-REBK IME-PREBK
divorce  ash2197 CII;rU z 20; 323 4?)81884
divorce  ash219 CII;FU : 191123'1 48%3%2
s o RIS s s
ash219  ashos8 0 R 2005

5. Conclusions

In this paper we have proposed a randomized block Kaczmarz algorithm for solving the consistent
matrix equation and its extended version for the inconsistent case. Theoretically, we have proved
the proposed algorithms converge linearly to the unique minimal F-norm solution or least-squares
solution (i.e., ATCB*) without requirements on A and B have full column/row rank. Numerical results
show the effectiveness of the algorithms. Since the proposed algorithms only require one row or one
column of A at each iteration without matrix-matrix product, it is suitable for the scenarios where the
matrix A is too large to fit in memory or matrix multiplication is considerably expensive.
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