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1. Introduction

Let A be a Banach algebra with involution *. An element a in A has core inverse if there exists
some x € A such that ax? = x, (ax)* = ax,a = xa’. Such x is unique if it exists and is denoted by a®.
The core inverse was extensively considered in the context of Banach algebras, e.g., [1,6,17-19,26].

An element a in A is EP (i.e., an EP element) if there exists some x € A such that ax? = x, (ax)* =
xa,a = xa?. Evidently, a € Ais EP if and only if there exists x € A such that a?x = a,ax = xa, (ax)* =
ax if and only if there exists x € A such that ax?> = x, (xa)* = xa,xa* = a if and only if a € A* and
(aa*)* = aa® ([2,16,23-25,27]). Here, a € A has group inverse provided that there exists x € A such that
ax? = x,ax = xa,a = xa®. Such x is unique if exists, denoted by a*, and called the group inverse of a.

An element 4 in a Banach *-algebra A is *-DMP (i.e., *-DMP element) if there exist m € N and
x € A such that ax? = x, (ax)* = xa = ax,a™ = xa"™ 1. As is well known, a € A is *DMP if and
only if a" € A1is EP for some m € N (see [6,11,13]). In [21], Mosic and Djordjevic introduced and
studied the gDMP inverse for a Hilbert space operator using its generalized Drazin inverse and its
Moore-Penrose inverse.

The motivation of this paper is to introduce and study a new kind of generalized inverse as a
natural generalization of EP and *-DMP elements mentioned above. Let A7 = {x € A | Jlim I

x| W= 0}. As is well known, x € A7 if and only if 1 + Ax € A is invertible for any A € C.
Definition 1.1. An element a € A is generalized EP (i.e., generalized EP element) if there exist x,y € A such that
a=x+yx'y=yx=0,x¢e AisEP, y ¢ AT

Recall that 2 € A has g-Drazin inverse (i.e., generalized Drazin inverse) if there exists x € A
such that ax? = x,ax = xa,a — a®>x € A™! Such x is unique, if exists, and denote it by ad. AS it
is well known, a has g-Drazin inverse if and only if 4 has quasi-polar property, i.e., there exists an
idempotent p € Asuchthata+p € A~ ! and ap € A7 (see [3]). In Section 2, we investigate
polar-like characterizations of generalized EP elements. We prove that a € A is generalized EP if
and only if there exists a projection p € A (i.e., p> = p = p*)such thata+p € A~!,ap = pa and
ap € AT

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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In Section 3, we are concerned with additive properties of generalized EP elements. The necessary
and sufficient conditions under which the sum of two generalized EP elements is a generalized EP
element are investigated by using orthogonal and commuting perturbations.

An element a € A has generalized core-EP inverse if there exists x € A such that

x = ax?, (ax)* = ax, lim ||a" — xa"*1||7 = 0.
n—oo
The preceding x is unique if it exists, and denoted by a®. Let a,b € A have generalized core-EP
inverses. Recall that a <@ b if 1a® = ba® and a®a = a®b. We refer the reader to [4] for properties of
generalized core-EP inverses in a Banach *-algebra. Finally, in Section 4, the generalized core EP-orders
for generalized EP elements in a Banach *-algebra are characterized. The properties of core-EP orders
are thereby extended to wider cases.

Throughout the paper, all Banach *-algebras are complex with an identity. An element p in A is a
projection provided that p> = p = p*. We use A® and A® to denote the sets of all generalized core-EP
invertible and generalized EP elements in .A. The commutant of 2 € R is defined by comm(a) = {x €
R | xa = ax}. The double commutant of a € R is defined by comm?(a) = {x € R | xy = yx forally €
comm(a)}.

2. Polar-like Characterizations

In this section, we present a polar-like property for EP elements in a Banach *-algebra. The related
characterize of EP elements are thereby derived. We begin with

Lemma 2.1. Let a € A. Then the following are equivalent:

(1) a € A®,
(2) There exists x € comm(a) such that

ax® = x, (ax)* = ax,a — xa> € A,

(3) There exists x € A such that

ax? = x, (ax)* = xa,a — xa> € A,

Proof. (1) = (2) By hypothesis, thereexistz,y € Asuchthata =z+y,z'y =yz =0,z € AisEP, y €
Al Set x = z®. Then zz® = z®z by [27, Lemma 3.4]. Hence z®y = z®2z®y = z®(22®)*y =
z®(z®)*(z*y) = 0. We check that ax = (z+y)z® = 2zz®,xa = z®(z + y) = z®z;ax> = (z+y)(z®)? =
2(z®)? = z® = x,xa? = z®(z + y)? = z®22 = z. Therefore (ax)* = (2z®)* = zz® = ax,ax = z2z® =
z2®z = xa,xa> —a=z—a=—y € AM

(2) = (3) This is obvious.

(3) = (1) By hypotheses, we have z € A such that az? = z, (az)* = za,a — za®> € AT Then
(za)* = ((az)*)" = az. In view of [25, Lemma 2.1], az = za. Set x = aza and y = a — aza. We claim
that x is EP. Evidently, we verify that zx? = za(za’z)a = za’za = aza = x,xz*> = azaz?> = az*> = z,xz =
azaz = zaza = zx, (xz)* = (azaz)* = (az)* = az = (aza)z = xz. Therefore x € A is EP.

By hypothesis, a(1 — za) € A7, By virtue of Cline’s formula (see [3, Theorem 15.1.14]), y =
a —za? € AT Moreover, we see that x*y = (aza)*(1 — az)a = a*(az)* (1 — az)a = a*(az)(1 — az)a =
0,yx = (a — aza)aza = a(a — za®)za = 0. This completes the proof. [J

We are ready to prove:

Theorem 2.2. Let a € A. Then the following are equivalent:
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(1) a € A®. ,
(2) There exists a projection p € comm(a) such that a+p € A~ and ap € AT,

Proof. (1) = (2) In view of Lemma 2.1, there exists x € comm(a) such that ax?> = x, (ax)* =
ax,a — xa> € A7 Let p = 1 —ax. Then p = p?> € comm(a) and a + p = a + 1 — ax. We check that
(a+1—ax)(x+1—ax) =ax+a(l —ax)+ (1 —ax)x+ (1 —ax) = 1. Likewise, (x + 1 —ax)(a+1—
ax) = 1. Thena + p € A~!. Additionally, ap = a — a?x € A%, as desired.

(2) = (1) By hypothesis, there exists an idempotent p € comm(a) such thata+p € A~! and
ap € A7 Setx = (1 —p)(a+ p)~L. Then x € comm(a) and ax*> = a(1—p)(a+p)2 = (1—p)(a+
p)a+p)2=(1-p)a+p)~! = x. Moreover, we verify that a — a’x = a —a?(1 —p)(a+p)~' =
a—(a+p?Q—-p)la—p)t=a—(a+p)(1—p)=apc A asdesired. O

Corollary 2.3. Every generalized EP element in a Banach *-algebra is the sum of three invertible elements.

Proof. Leta € A®. In view of Theorem 2.2, we have p?> = p = p* € Asuchthatu :==a+p € AL
Then a = u — p. Obviously, —p = # — % It is easy to verify that

(1—2p)2_}
2 4
and so 19
() =201-2p).
2
Thereforea:u+#—%, as desired. [

Theorem 2.4. Every Hermitan periodic element (i.e., a* = a and a* = a* for some distinct k,1 € N) in a
Banach *-algebra is generalized EP.

Proof. Assume that a* = a and a* = a* for some positive integers k,I(k > ). Then a' = aF =
ak=D+l = ... = gD+ and so @' = (al)kflﬂ. Choose m = I(k —1). Then a —a™*! € A™.
According to the Dirichlet Theorem, there exists a prime k such that k = sm + 1 for some s € N. One

easily checks that
a—aa™ e AM
aa™ — aa2m —_ (a _ am+1)am c Anil,
LmZm o aa?)m — (Ll o am+1)a2m c Anil,

aa—Dm _ gasm — (11 _ um+1)a(s71)m c Anil,
s—1 . . . .
Therefore a — a* = a — ¥ ! = ¥ (aa™ — aa@+tV)™ € A" Setn =k — 1. Thena — a™*1 € A",

i=0
In view of [9, Theorem 3.5], there exists some e" ™! = ¢ € Z[a, %] such that

wi=a—e¢€ Z[%](a’“rl —a) C AL

Thus, ea = ae. Let g = ¢"~'. Then g% = ¢?"~! = ¢"*1e" 2 = ¢"~1 = g € comm(a). Since a = a*, we
see that g = g*. Since a —e € A" and ea = ae, we see that a" ! — g € A" Setp = 1 —gq. Then

Pz = p* = p € comm(a). One easily checks that

At =" e p= (@ )+ Te AT
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Since n — 1 = k is prime, we see thata + p € A~1. Moreover, we have that

A" tpo= "N 1-g)=[a"" —q)(1—9q)
c Aml.

Hence (ap)"~! € A", and so ap € A"!. Therefore a € A® by Theorem 2.2. []
We are ready to prove:

Theorem 2.5. Let a € A. Then the following are equivalent:

(1) a € A®.
(2) There exists x € comm(a) such that

(ax)* = ax,a — a®x € AT,

Proof. (1) = (2) This is obvious by Lemma 2.1.
(2) = (1) By hypothesis, there exists some x € comm(a) such that (ax)* = ax,a — a’>x € AT,
Set s = xax. Then z € comm(a). We check that

2

a—a‘s = a—axaxa
= (1+ax)(a—a’x)
c Aqm‘l/

s—s’a = xax — xaxaxax
= x(a—a?x)x + xax(a — a’x)x
c Aqnil.

as — (as)? = (a — a%s)s € AT,

Let

N

1 o0
e (n2 ., L
g =as— (as)”,z 21{2—1(

As in the proof of [3, Lemma 15.1.2], we have an idempotent e € comm?(az) such that az — e € AT,

> (49(4q — 1)*1)k,e =as — (2as — 1)z

We easily check that
(a+1—as)((s+1—as) =1+ (a—a’s)(1—s)+ (s —sa).
Hence,
a+l1—e = (a+1—as)+(as—e)c A1,
a(l1—e) = (a—a’s)+a(as—e)c A

Since a € comm(as), we have ea = ae. As (ax)* = ax, we see that (as)* = as. This implies that g* = g,
and then z* = z. Therefore e* = e. In light of Theorem 2.2,a € A®. O

Theorem 2.6. Let a € A. Then the following are equivalent:

(1) a € A®,

(2) There exists a projection p € comm(a) such that
1—p € adaand pap € AT,

(3) There exists a projection p € comm(a) such that

pap € (pAp)™ and (1— p)a(1 —p) € (1 —p)A(1—p)) .
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Proof. (1) = (2) By virtue of Theorem 2.2, there exists a projection p € comm(a) suchthatu :=a+p €
A~1and ap € A% By using Cline’s formula, we have pap € A7 Moreover, (1 — p)a = (1 — p)u,
and then u~!(1 — p)a = 1 — p. Similarly, a(1 — p)u~! =1 — p. Accordingly, 1 — p = a(1 — p)u=2(1 —
p)a € aAa, as required.

(2) = (3) As pap € AT, we see that pap € (eAe)?"!. Write 1 — e = ara for some r € A. Hence,
1-pa(l—-p)Q—-p)ral—p) =1—p = (1 —p)ar(l — p)a(l — p). Therefore (1 —p)a(l —p) €
(1-p)AQ1 - p))fl, as desired.

(3) = (1) By using Cline’s formula, we have pa,ap € A7 Since (1 — p)a(l —p) € ((1—
p)A(1— p))_l, we have some b € Asuch that (1 —p)a(l—p)b(1—p) =1 —-p)b(1—pla(l—p) =
1 — p. This implies that

(a+p)(1=pb(1—p)+p)=a(l—p)b(1—p)+ap+p=1+apec A"

Analogously, ((1—p)b(1—p)+p)(a+p) =1+pa € Al Accordingly,a+p € A" andap € AT,
thus yielding the result. [

Corollary 2.7. Let a € A. Then the following are equivalent:

(1) a € A®,

(2) There exists a projection p € comm(a) such that
1—p€aA() Aaand pap € AT

Proof. (1) = (2) This is clear by Theorem 2.6 as a.Aa C a. A Aa.
(2) = (1) By hypothesis, there exists a projection p € comm(a) such that

1—peaA()Aaand pap € Admil,

Write 1 — p = ax = ya for some x,y € A. Then1 — p = ax = ax(1 — p) = axyz € aAa. This completes
the proof by Theorem 2.6. O

An element a € A has generalized core-EP inverse if there exists x € A such that

x = ax?, (ax)* = ax, lim ||a" — xa"+1||% =0.

n—o0
the preceding x is unique if it exists, and denoted by a®. We use A® to stand for the set of all
generalized core-EP invertible element a in A. We refer the reader to [4] for more properties of the
generalized core-EP inverse in Banach *-algebra. We say that 2 has dual generalized core-EP inverse if
a* € A® denote aq = ((a*)®)". We now derive

Theorem 2.8. Let a € A. Then the following are equivalent:

(1) a € A®.

(2) a € A% and a™ is a projection.
(3) a € A® and a® = a°.

(4) a e A°NAg and a® = ag,.

Proof. (1) = (2) This is obvious by Lemma 2.1.

(2) = (1) Since a € A%, there exists x € comm(a) such that ax?> = x,a —a’x € Al By
hypothesis, a™ = 1 — ax is a projection. Hence, (ax)* = ax. In view of Lemma 2.1, a € A®.

(1) = (3) Since every EP element has core inverse, it follows by [4, Theorem 1.2] thata € A®;

hence, a € A%. By the uniqueness of the g-Drazin inverse of a, we have a® = a%.
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(3) = (1) Since a € A®, there exists x € A such that

ax? = x, (ax)* = ax, lim ||a" — xa"| | = 0.
n—oo

By hypothesis, x = a%, nd then x € comm(a). This implies that lim,_,« ||(a — xa?)"| |% = 0, and so
a — xa*> € A Therefore a € A® by Theorem 2.5.

(1) = (4) By the discussion above, a € A® and a® = 4. Dually, we have aq, = ((a*)4)" = a? =
a®, as desired.

(4) = (1) Since a € A®, it follows by [4, Theorem 1.2] that there exist x,y € A such that

a=x+yxy=yx=0,x¢c A®, yc AT

By hypothesis, x® = a® = aq ((a*)®)". Hence, [a*(x®)*]* = a*(x®)*. This implies that (x®a)* =
x®a. We easily check that
x®a = x®(x+y)
x®x + x®xx®y
x®x + x®(x®)*(x*y)
x®x.

Then (x®x)* = x®x. In view of [27, Theorem 2.2], x € A®. Accordingly, a € A®, as asserted. [

Corollary 2.9. Let A € B(X). Then the following are equivalent:

(1) A € B(X)e.
(2) AecB(X)and AA®A € B(X) is EP.
(3) A€ B(X)?and ASA*AA™ = 0.

Proof. (1) = (2) In view of Theorem 2.8, A € B(X)“. By hypothesis, there exist X, Y € B(X) such that
A=X+Y,X'Y=YX=0,X e B(X)isEP, Y € B(X)™!

In view of [24, Corollary 5], X = AA®A. Hence, AA®A € B(X) is EP.
(2) = (1) In view of [24, Theorem 4], there exist unique X, Y € B(X) such that

A=X+Y,X'Y=0,YX=0,Xe BX)* YeBXx)™,

Explicitly, X = AA®A. By hypothesis, X is EP. Therefore A € B(X)®.
(1) = (3) Clearly, A € B(X)“. By hypothesis, there exist X, Y € B(X) such that

A=X+Y,X*Y=YX=0,X € B(X)isEP, Y € B(X)™!
By virtue of [24, Corollary 1], X = A2A®_ Therefore
X*Y = (AA®)" (A — A2A®) = 0.

Hence,
AA@A*A(I — AA@) =0.

ACPA*AAT =0.
(3) = (1) In view of [24, Theorem 1], there exist unique X, Y € B(X) such that

A=X+Y,YX=0,X € B(X)isEP, Y € B(X)™

Explicitly, X = A2A®. By hypothesis, X*Y = 0. Therefore A € B(X)®. O
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3. Additive Properties
In this section, we are concerned with additive properties of generalized EP elements. Let

. iy . . a1 a
a,p*> = p € A. Then a has the Pierce decomposition relative to p, and we denote it by ( all au ) .
21 Aax
p

We now derive

a b

Lemma 3.1. Let p be a projection, a € (pAp)d and x = < 0 4

> . Then x € A) is generalized EP if and

only ifa,d € A are generalized EP and

E ananb(dd)n+2 =0,
n=0

OZO: (ad)n+2bdnd7'c —0.
n=0

Proof. = Since x € A®, it follows by [4, Theorem 1.2] that x? € A®. In this case, (x¥)® = (x®)4
and x® = (x%)2(x?)®. In view of Theorem 2.8, x® = x?. By virtue of [8, Theorem 2.1], we can write

x®© = ( ; : >,and SO (x©)d = ( ; * >Thls 1mpl1es that (xd)® = ( ; : ).ObViOL‘lSly,WQ

*

d
have x? = < aO z ) , where

= Z(ad)n+2bdnd7r+ Z anaﬂb(dd)n-i-z —Ildbdd.
n=0 n=0

In light of [26, Theorem 2.5], a?,d? ¢ A® and (ad)”z = 0. This implies that 4z = 0. Since x? e Ag,
then (x4)* € A)®. It follows by [26, Theorem 2.5] that ((d*)4)"z* = 0, and so z(d¥)™ = 0, i.e., zd™ = 0.

We easily check that
atz = ananb(dd)n-i-Z,
}’l0=00
zd™ = Y (ad)n-&-Zbdndn.
n=0

Thus, we have

E ananb(dd)n-&-z =0,
n=0

E (ad)n+2bdnd7r —0.
n=0

In view of Theorem 2.8, a,d € A®, as desired.
<= Since a,d € A are generalized EP, it follows by Theorem 2.8 that al,dl e A®N Ag- Inview

d
of [8, Theorem 2.1], x € A% and x? = ( aO ;d ) , where

7 = OZO; (ad)n+2bdndn+ OZO: anaﬂb(dd)n—l-Z_adbdd
n=0 n=0
= —a'bd’.

We easily check that a7z = 0 and zd™ = 0. In light of [26, Theorem 2.5], x¢ € A®. In this case,

(x)® ( (a)®  —(a!)oz(d%)® )
0 (d?)® ‘
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Thus, we have

x® = ()2 ()

2
a?  —a%bd? (ah)®  (a?)®alpd?(d?)®

B 0o a 0 (d%)®
_ (a®)*  —(a%)?bd? — a®b(d")? (a)®  (a%)®abd?(d?)®
- 0 (d%)? 0 (d*)®
a® —glpgdd
- 0 de )

This implies that x® = x4. According to Theorem 2.8, x € A is generalized EP. [J
Lemma 3.2. Let a,b € A be generalized EP. If ab = ba = a*b = 0, then a + b is generalized EP.

Proof. In view of Theorem 2.8, 4,b € A®, 4® = 4% and b® = b¥. Since a*b = 0, we have b*a = 0.
By virtue of [5, Theorem 3.4], we have (a +b)® = a® + b®. Clearly, (a + b)? = a? + b, and then
(a+b)® = (a + b)?. By using Theorem 2.8 again, a + b is generalized EP. [

We come now to the demonstration for which this section has been developed.

Theorem 3.3. Let a,b,a"b € A be generalized EP. If a’"ab = a”"ba = a”a*b = 0, then the following are
equivalent:

(1) a+b € Ais generalized EP.
(2) (a+b)aa? € Ais generalized EP

(a+b)"aa®(a+b)"aa’b(a™b?)" 2 = 0,

138

0
((a +b)aa®)"+2ba™ (a" + b")a™b™ = 0.

)
Il

13

n=0

Proof. Let p = aa’. By hypothesis, p"bp = (1 — aa®)baa® = (a"ba)a® = 0. So we get
- a 0 o bl bz
p p

. a + b by
a+b< 0 as+ by >p

Here, a; = aa? and by = aa®baa® = baa?. Then

Hence

a1 + by = (a +b)aa”.

Moreover, we see that

(a1 +b1) = (a+Db)aa,
(a1 +b1)* = (a+b)4aa?,
(a1 +b))" = 1—(a+b)(a+b)aa

Also we have ag = aa”™ and by = a"ba”™ = a”b, and so

ag+by=a"a+a"b.
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Then we check that ) ) .
(ag+by)! = a™(a'+b"),
(aq + b4)d = a”bd,
(LZ4 +by)" = 1-— abbA.

Clearly, a”a is generalized EP. By hypothesis, a”b is generalized EP. Further, we see that
(a”a)(

(a”b)
(a”a)*

AN
~
oy
~—
|

0,
0,
(a™b) = 0.

—
N

3
::

SN—
|

In view of Lemma 3.2, a4 + by is generalized EP.
In light of Lemma 3.1, a + b is generalized EP if and only if a; + by is generalized EP and

(a1 4 b1)" (a1 + b1) by ((ag + bs)?)" 2 = 0,

Y
TZO:OO
Y (a1 +b1)®) " 2by(ag + by)" (ag + bs)™ = 0.
n=0

Therefore a + b is generalized EP if and only if (a 4 b)aa® is generalized EP and

(a+ b)"aa®(a + b)"aa®b(a™b%)" 2 = 0,

= 3
gM%M&B

((a +b)%aa®)"+2ba™ (a" + b")a™b™ = 0.
This completes the proof. [

Corollary 3.4. Leta,b,a”™b € A be EP. If a”ba = 0, then the following are equivalent:

(1) a+b € Ais generalized EP.
(2) (a+b)aa* € Ais generalized EP and

(a+b)"aa*(a +b)"aa*b(a”"b*)"*? = 0,

18

0

((a +b)%aa®)"*+2ba™ (a" + b™)a™ b = 0.
0

3
Il

r18

n

Proof. Since a« € A is EP, we see that a”a = a”a* = 0. Therefore we complete the proof by
Theorem 3.3. O

Lemma 3.5. Let a,b € A be generalized EP. If ab = ba and a*b = ba*, then the following are equivalent:

(1) a+b € Ais generalized EP.
(2) 1+ ba? € Ais generalized EP.

Proof. (1) = (2) In view of [5, Theorem 3.4], 14 a“b € A and
(1+a%p)? = a™ + a®a’(a + b)“.
Then
(1+ab)(1+a%)? = a™ + (1+a%b)aa’(a + b)?

a”™ + aa’(a +b)(a + b)*
= 1—aa¥(a+b)".
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In view of Theorem 2.8, aa“ are (a + b)™ are projections. Then (1 + a?b)(1 + a?b)? is a projection, and
sois (14 ab)™. Therefore 1+ a?b € A is generalized EP by Theorem 2.8. Since ab = ba, it follows by
[3, Theorem 15.2.12] that a%b = ba?, and so 1 + ba? is generalized EP.

(2) = (1) Since 1 +a%b = 14 ba? € A is generalized EP, it follows by Theorem 2.8 that
1+ a% € A% and (1 + a“b)™ is a projection. In view of [28, Theorem 3.3], 2 + b € A? and

(a4b)* = (1 +ab)%a + b7 (1 + aa™ ") 1a”
Since (1 — a”bb?)(1 + aa™b%) = 1 — a™bb*, we have
(1 —a™bb*) (1 + aa™b?) ™' =1 — a™bb".
Then we check that

(a +b)(1+b)?
= (a +b)(14a%b)? + (a +b)a™b* (1 + aa™b%) 1
= aa®(1+ab)(1+ adb) + (aa™b? + a™bb?) (1 4 aa™b?) !
aa®(1+ a“b) (1 +a%b)? +1— (1 — a™bb?) (1 + aa™b%) !
aad(1+adb)(1+a b)? +1—[1—a™bb?
aa®(1+ab) (1 + a%b)? + a™bb".

Therefore
(a+b)" = 1—aa’(1+a%D)(1+ a%b)? — a™bb"
= aa® —aa®(1+a%) (1 + a%)? + a™b"
a®(14 a%b)™ + a™b™.

Hence, (a+ )™ is a projection. Accordingly, a + b € A is generalized EP by Theorem 2.8. [

We are ready to prove:

Theorem 3.6. Let a,b,a”"b € A be generalized EP. If a” ab = a”ba and a” a*b = a”"ba*, then the following
are equivalent:

(1) a+b e Ais generahzed EP.
() 1+0ba? € Ais generalized EP and

(a+b)"aa%(a + b)"aa®b(a™b™)"2 = 0,

Lr7210e

((a + b)?aa®)"2ba”™ (a” 4 b")a™b™ = 0.

3
Il

Proof. Since a™ab = a”ba, we have a(a™b) = (a™b)a. In view of [3, Theorem 15.2.12], a%(a”b) =
(ab)a”. Hence, aba® = 0. Let p = aa”. Then p™bp = (a"ba?)a = 0, and then we have

aq 0 bl bz
= b =
P p

a; + by by
b:
at ( 0 a4+b4>p

Here, a; = a%a and by = aa%baa® = (1 — a”)baa® = baa®. Then

Thus,

a1+ by = (a+b)aa® = (14 ba®)a?a®
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We verify that
(a+b1)" = (a+b)aa,
(a1 +b1)* = (a+b)aa?,
(a1 4+b1)" = 1—(a+b)(a+b)aa’.

Further, we have ay = aa”™ and by = a”"ba™ = a’b; hence,

ag +by =a"a+a"b.

Then we check that ) ) )
(ag+by)! = a™(a' +b"),
({14 + b4)d = Ilnbd,
(LZ4 + b4)7r = 1—a"bp.

Obviously, a’"a and a”b are generalized EP. Furthermore, we have

(aa)(a”b) aab = a™ba = (a”b)(a"a),
(a™a)*(a™b) = a"a*b=a"ba* =a"ba"a* = (a"b)(a"a)*,
14 (a™a)?(a™b)

1 has generalized core-EP inverse.

By virtue Lemma 3.5, a4 + by is generalized EP.
By virtue of Lemma 3.1, a + b is generalized EP if and only if a1 + b; is generalized EP and

(al + bl)”(al + bl)”bz((m; + b4)d)n+2 =0,

Melre

((111 + bl)d)”+2b2(a4 + b4)n(€l4 + b4)7[ =0.

3
Il
o

Claim 1. Assume that 1 + ba” is generalized EP. Then we see that

(ba?)(aa?) = ba? = (1 —a™)ba? = (aa?)(ba?),
(ba?)(aa?)* = (ba?)(aa?) = (aa?)(ba?) = (aa?)*(ba?),
and then
(1+ba?)(aa®) = (aa?)(1+ bat),
(1+ba?)(aa®)* = (aa?)*(1+ ba?).

By virtue of Lemma 3.5, a; + by = (1 + ba“)(aa?) is generalized EP.

Claim 2. Assume that a; + by = (1 + ba?)aa? is generalized EP. Obviously, we have a™(1 +
bat)aa® = (a™)* (1 + ba?)aa® = (14 ba?)aa%a™ = 0. It follows by Lemma 3.2 that 1 + ba? = a”™ + (1 +
ba)aa is generalized EP.

Thus, we conclude that a; + b is generalized EP if and only if so is 1 + ba?. Therefore a + b is
generalized EP if and only if 1 + ba is generalized EP and

E (a+b)"aa®(a + b)"aa’b(a™b™)*? = 0,
n=0

Y. ((a+b)%aa?)"*2ba™ (a" + b")a™b"™ = 0.
n=0

O
Corollary 3.7. Let a,b € A be EP. If ab = ba and a*b = ba*, then the following are equivalent:

(1) a+b € Ais generalized EP.
(2) 1+ ba* € Ais generalized EP.
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Proof. This is obvious by Theorem 3.6. [

4. Generalized Core-EP Orders

This section is devoted to the generalized core-EP orders involved in generalized EP elements.
We now extend [13, Theorem 4.4] as follows.

Theorem 4.1. a € A®,b € A®. Then the following are equivalent:
(1) a <®b.
(2) a® <9 p® and a®a = a®b.

(3) a®b® = b®a® and a®a = a®b.

Proof. (1) = (3) By hypothesis, we have a®a = a®b,aa® = ba®. Since a € A®, it follows by
Theorem 2.8 that a® = 4%, and then

2a®b = 2a®a = ba®a = ba'a = baa® = baa®.
Moreover, (aa®)*b = b(aa®)*, and so aa®b* = b*aa®. In light of [5, Lemma 3.2],

aa®b® = b®aa®.

Therefore
[|a® — aa®b®||
= [|a"(a®@)} T — P (a@)k |
< [a* (@®) = bF(a® )T | + ||bF — bOpk ]| [a@ )|
= |IB = bob a4
Since

lim [|B% — p@BFHL| [k =0,
k—soco

we deduce that X
lim [[a® — aa®b®||x = 0.
k—o0

Then aa®b® = a®; hence,
a®[aa®b®] = (a®)>2.

Accordingly,
a®b® = (a®)? = 4% = ba? = b®a®.

3) = (1) Since a,b € A®, then a® = a? and b® = b?. We verify that
y

ba® = b(a®)2a = b(a®)2b = b(a®)kt1pk,

h®aa® = bbh® (a@)kﬂbkﬂ = b(a®@)kt1popktl,
aa® = 4% =a®b = (a®)*PF,
bb®aa® = b@(a@)kka — (a@)kb@bk“‘l,

Then
1 1 1 1
|[ba® — bb®aa®||% < |[b|¥[[a®|[*"k[|b* — bOb T |x.

Since limy_, o, ||b* — b@bFH1| |% = 0, we have

lim ||ba® — bb@ua@“% = 0.
k— 00

This implies that ba® = bb®aa®. Likewise, 1a® = bb®qa®. Therefore ba® = bb®aa® = aa®,

as required.
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(2) = (3) By hypothesis, we have (a®)®q® = (a®)®b®. In view of [5, Theorem 3.5], (a©®)®
a%a®. Then

a2a®a® = a2a®pO®.

Hence, 2a® = a2a®b®.
On the other hand, a®(a®)® = b®(a®)®. Then a®a?a® = b®a?a®. This implies that aa® =
b®a?a®. Therefore
a®b® = (a®)2%(a’a®b®)
= (a9)*(aa®) = (a®)? = 2a®(a®)?
= (b®a%a®)(a®)? = b®a®,

as desired.
(3) = (2) In view of [5, Theorem 3.5], (a®)® = a2a®. Then we check that

(a®)®a® = 42(a®)? = a?(aa®)(a®)? = a?b(a®)3 = a*b(aa®)(a®)3
— a2b2(a@)4 - .= aQbk(a@)kH,
(a®)®p® = 42a®p® = 22p®a® = 4?b®a(a®)? = a?b@PFt1 (a@)K+2

Hence,
1
||(a®)®a® — a®)@p®||x

< ||a?||k||Bk — boBEEL||E |0 |1 R,
Since limy_, o, ||b* — b@bFH1| |% = 0, we deduce that

lim [|(2©)®a® — a®)®b® ||k = 0.
k—o0

This implies that
(a®)®a® = (a®)®bO.

On the other hand, we have

a®(a®)® = 1%3%° = (a®a)aa®
= b%92%0® = p(a®)®,

Thus, a®(a®)® = b®(a®)®. This completes the proof. [

The core-EP order for core-EP inverse of complex matrices was studied in [25, Theorem 4.2]. As
an immediate consequence of Theorem 4.1, we give an alternative characterization of core-EP order for
core-EP inverses as follows.

Corollary 4.2. Let A, B € C"*". Then the following are equivalent:
(1) A<®B.
(2) A® <® B®and A®A = A®B.
(3) A®B® = B®A® and A®A = A®B.

Theorem 4.3. Leta € A®,b € A®. Ifa <© b, then the following are equivalent:

(1) b e A®,
(2) b(1 —aa®) € A®.

Proof. Since a <® b, we have that a®a = a®b and 2a® = ba®. Then

aa®b = aa®a = ba®a = baa®.

do0i:10.20944/preprints202310.0393.v1
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(1) = (2) Since b(1 — aa®) = (1 — aa®)b, it follows by [28, Theorem 3.1] that

b(1—aa®))? = b1 —aa?) =b? —blaa’ = b — (baa®)*
= Vv — (aa®b)? = b* — (aa%a)? = b* — o,

We verify that
[b(1 — aa®)][b® — a®] = bb" — aa®;
[(b(1 — aa®))(b® ~a®)]" = [b(1 — aa®)] b — a°],

Moreover, we check that

(b(1 — aa®))" — (b® — a®) (b(1 — aa®))"""
= b'(1-aa®)— (b® —a®)b" (1 - aa®)
b"(1 —aa®) — b@b" (1 — aa®)
(b" — bOb" 1) (1 — aa®).

Since lim,, oo || — b@b" 1| |% = 0, we deduce that

lim || (b(1 - aa®))" — (b® —a®) (b(1 - aa®))"'||5 = 0.

n—o0

Therefore
[b(1 —aa®)]® = b® —a® = [b(1 — aa®))“.

By virtue of Theorem 2.8, b(1 — aa®) is generalized EP.
(2) = (1) Obviously, b = x + y, where x = baa® and y = b(1 — aa®).
Claim 1. x € A are generalized EP. We directly verify that x® = a® = a
Theorem 2.8, x € A®.
Claim 2. xy = yx = x*y = 0. Since aa®a = baa®, we have that a*2a® = 2a®b*. Then we

4 = x4 In view of

verify that
xy = baa®b(1l—aa®) = baa®a(l —aa®) =0,
yx = b(l—aa®)ba®a = b(1l —aa®)aa®a =0,
¥y = aa®b*b(1 —aa®) = a*aa®b(1 — aa®)

a*aa®a(1 — aa®) = 0.
In light of Lemma 3.2, b = x +y € A is generalized ED, as asserted. [

As an immediate consequence, we now improve [13, Theorem 4.5] as follows.
Corollary 4.4. Leta € A®,b € A®. Ifa <@ b, then the following are equivalent:

(1) b e Ais*DMP.
) b(1—aa®) € Ais*-DMP.

Proof. (1) = (2) By virtue of Theorem 2.8, b(1 — aa®) € A® and [b(1 — aa®)]® = [b(1 — aa®)]".
Since b € A is *-DMP, it follows by Theorem 2.8 that b € AP. Since a <©® b, we have

aa®b = aa®b = 2a®a = ba®a = baa".

In view of [28, Theorem 3.1], aa®b € AP. Obviously, aaba™ = baaa™ = 0. Set p= aa”. Then
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By virtue of [8, Theorem 2.1], ba™ € AP Hence,
[b(1 —aa®)]® = [b(1 — aa®)]P.

Therefore
[(b(1—aa®))(b(1— aa@))D]* = (b(1 — aa®))(b(1 — aa®))P.

Accordingly, b(1 — aa®) € A is *-DMP.

(2) = (1) In view of Theorem 4.3, b € A®. Then b € A® and b® = b*. Since b € A®, it follows
by [10, Theorem 2.3] that b € AP. Therefore b® = bP. Then (bbP)* = bbP. This implies that b € A is
*-DMP by [13, Lemma 2.2]. O
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