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Abstract: In this paper, we study a differential operator of parabolic type with a variable and
unbounded coefficient, defined on an infinite strip. Sufficient conditions for the existence and
compactness of the resolvent are established, and an estimate for the maximum regularity of solutions
of the equation Lu = f € L(Q) is obtained. Two-sided estimates for the distribution function of
approximation numbers are obtained. As is known, estimates of approximation numbers show the
rate of best approximation of the resolvent of an operator by finite-dimensional operators. The paper
proves the assertion about the existence of positive eigenvalues among the eigenvalues of the given
operator and finds two-sided estimates for them.

Keywords: parabolic type operator; an eigenvalues; a singular numbers; separability; an unbounded
domain.

1. Introduction

Let us consider an operator of parabolic type with an unbounded coefficient

2
(Lt plyu = 2400

o —ﬁ%—q(x)u—k‘uu,yzO (1)

defined on C§’ (Q2) where O = {(t,x)| — 7w <t < 71, —c0 < x < co}. C57.(Q) is a set consisting of
infinitely differentiable finite functions with respect to the variable x and satisfying with respect to the
variable ¢ the condition

u(—m,x) =u(m,x). 2)

Let q(x) satisfy the following conditions:

i)g(x) > 6 > 01is the continuous function in R = (—o0, c0);

ii)m = sup % < o0.

|[x—t]<1

Here g(x) can be an unbounded function.

It is easy to see that the operator L admits closure in L, ()). We denote the closure also by L.

Considerable literature is devoted to the study of differential operators with unbounded
coefficients [1-18] and works cited there.

In contrast to these papers, this article deals with the existence, compactness of the resolvent,

estimates of approximation numbers, as well as the existence of an estimate

u %u
157 a0 + ||872||L2(Q) + lg(x)ullr, ) < cllLull, ) + [lull, ) 3)
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for the singular parabolic operator (1) in the case of an unbounded domain with a strongly growing
coefficient q(x) at infinity.

2. Results

Let us formulate the main results.

Theorem 1. Let condition i) be satisfied. Then the operator L 4 ul as yu > 0 is continuously invertible in the
space Lp(QY), and the following equalities

[e9)

u(t,x) = (L4+pl) = Y (n+ul) ulx) ™, (4)

n=-—oo

hold, where f(t,x) € Lo(QY), f(t,x) = of: fu(x) - €™, fu(x) =< f(t,x), ™ >, 2 =—-1,<-,->isa
n=—oo
scalar product in Ly(Q), (In + pl)u(x) = —u’(x) + (in + q(x) + p)u,u € D(I,),n = 0,£1,£2, ....

Definition 1. We say that a parabolic operator L is separable if the estimate (3) holds for all u(t,x) € D(L) .

The term "separability" was rst used in the papers of W. Everitt and M. Giertz [3]. The papers [4-8]
and the articles cited there are devoted to the issues of separability of differential operators of elliptic,
hyperbolic and mixed types, given in an unbounded domain. In this work, apparently for the first
time, the separability of the operator of parabolic type.

Theorem 2. Let conditions i)-ii) are fulfilled. Then L is a separable.
Example 1. Let q(x) = !9, —co < x < co. Then it is easy to verify that all conditions of Theorems 1-2
are satisfied. Therefore L + ul is continuously invertible and separable in Ly(Q)) as yu > 0, i.e., the following
estimate 5
ad 0
15512+ 1525 12 + 1eX*ullz < e(liLull2 + [lull2),

holds, where ¢ > 0 is any constant, || - ||2 is a norm of Lp(Q}).
Theorem 3. Let conditions i)-ii) be satisfied. Then the resolution of the operator L is compact if and only if

lim g(x) = oo. (%)
|x|—00
Definition 2. [19] Let y,, be the collection of all finite-dimensional operators of dimension < n and let A be a
linear completely continuous operator, then the numbers

Sp+1(A) = min ||A — k|22, =10,1,2,...
keyn

are called approximation numbers, where || - ||2—2 is the norm of an operator from Ly(Q) to Ly(Q2).

A nonzero s-numbers of (L + uI)~! will be numbered in descending order, taking into account
their multiplicity.

We introduce the following counting function N(A) = Y 1is a number of s; greater than A > 0
sE>A

of the operator (L + AI)~!1. As is known, singular numbers (s-numbers) are recovered from their
counting function [20].

Theorem 4. Let the conditions i)-ii) and (*) are fulfilled. Then the estimate
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¢! i A*%mes(x ER: (Jn]+q(x)) <c A1) <NQ) <

n=—oo

A 2mes(x € R : (|n] +q(x)) < 1AL, ®)

[e9)

<c
n

\‘I Mg

hold for N(A) of the operator (L 4+ AI)~!, where ¢ > 0 is any constant, mes is the Lebesgue measure.

It follows from Representation (4) that if the s is a singular point of (L + uI)~!, then s is the
singular value of one of the operators (I, + ul )_1, n = 0,%£1,£2, ... and vice versa. We denote by
ska(k =1,2,...) the singular values of (I, + uI) ™!, n =0,£1,£2,..as u > 0.

Now, we separately consider the case n = 0. In this case the operator (Io + ul)u = —u"(x) +
(q(x) + u)u will be a self-adjoint and positive definite operator. Therefore, according to the results
of [11], it follows that sy g = Ay o, where Ay g are the eigenvalues of the operator (Ip + ul) L.

From here and from Theorem 4 we can obtain some important properties of the eigenvalues of
the operator (1).

Corollary 1. Let conditions i) and (*) be satisfied. Then
a) there exists a sequence of positive eigenvalues of the resolvent of the operator (1);
b) the following two-sided estimate holds for N (A) of this sequence

c_l)x_%mes(x ER:q(x)<cAT<NQ) < c}\%mes(x €R:q(x) <c1AY, (6)
where ¢ > 0 is any constant.

Example 2. We will show estimates of the positive eigenvalues of the following operator

ou d%u

+ (|x| + 1) u + pu,u € D(L), u > 0.
Here the coefficient q(x) = |x| + 1 is chosen so that N(A) can be easily calculated.
Now, using Corollary 1 and inequality (6), we obtain the following two-sided estimate

-1
<M< Sk=1253 .,

2 =

k3 k3

where ¢ > 0 is any constant, Ay o are positive eigenvalues.
This shows that estimates (5) and (6) can be effectively used to derive asymptotic formulas for the
eigenvalues.

3. The Existence of A Resolvent

Lemma 1. Let condition i) be fulfilled and y > 0. Then the inequality

(L4 pD)ullz = (6 + p)[ull2, )

holds for all u € D(L), where || - || is a norm in Ly(QY).

Proof. Since the operator L has a real coefficient, it suffices to prove estimate (7) for real-valued
functions. We compose the scalar product < (L + ul)u,u >,u € Cg (Q). Integrating by parts, we
obtain

1L+ pDullz > (6 + p) 2.

Due to the continuity of the norm, the last estimate is true forall u € D(L). O
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It is easy to verify that the operator (1) can be reduced using the Fourier method to the study of
the following operator

(In + ulu(x) = —u"(x) + (in+ q(x) + p)u,u € D(L),n =0, £1, £2, ....

We present a series of assertions that reduce questions about the existence of a resolvent and
separability of the operator I, + uI with an unbounded coefficient g(x) to the case of an operator with
bounded coefficients.

Take a set of non-negative functions { ¢; } from C§°(IR) such that ; (p]2 =1,suppe; C A;, L]J A; =R,

where Aj = (j—1,j+1),j € Z [4,17].

Extend g(x) from A, to the whole R so that its extension g;(x) is a bounded and periodic function
of the same period.

Denote by [, ; + I the closure of the operator

(Lnj+ ul)u(x) = —u"x + (in + q;j(x) + p)u
is defined on C§°(R) .
Lemma 2. Let the condition i) be fulfilled. Then the following estimates
[ (Lnj + uDulla > (6 +p)llullz,n =0,£1,£2,...,j € Z; 8)
(g + il)ully > [n] -l = £1,22, ., j € Z, ©)
hold for all u € D(l,,j), where || - ||2 is a norm in Ly(R).

Proof. Let u(x) € C5°(R). Then the equality
< (Iyj+pDu,u >= / (=" (x) + (in + qj(x) + p))u) adx. (10)

holds.

From here and using the Cauchy-Bunyakovsky inequality, we obtain inequalities (8) and (9) for
all u € C§(R). Since the norm is continuous, it follows that inequalities (8) and (9) are valid for all
/RS D(ln,]) O

Lemma 3. Let the condition i) be fulfilled. Then the operator 1,, ; + uI continuously invertible in space Ly(R)
asu > 0.

Proof. It follows from inequality (9) that || (I, ; + pl Y~ Mulps2 — 0 as |n| — oo. Therefore, it suffices to
prove the lemma for any finite n(n = 0, £1, 2, ...). Next, repeating the calculations and arguments
used in the proof of Lemma 2.2 in [18], we obtain the proof of Lemma 3. O

Lemma 4. Let the condition i) be fulfilled. Then the estimates
a) || (I + pD) sz < 5t
b) || %(ln,]- + ) Moo < —L—, hold for (L, ; + ul) =, where ¢ > 0 is any constant.
(0+p)2

Proof. The proof of estimate a) of Lemma 4 follows from Lemma 2. By Inequality (8) we get

1

m||(ln,j+ﬂl)““2 > ||| (11)

do0i:10.20944/preprints202310.0355.v1
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From Equality (10) we have that
< Gy D> | > [ (1P o+ g(x) + )l (12)

Hence and using Cauchy inequality, we have

1t + D2 - a2 > (o[

Hence, using Inequality (11), we obtain
c
m”(ln,j"‘ﬂl)””% > [|u'||3-

Hence and by virtue of the definition of the norm, we obtain the proof of estimate b)
of Lemma 4. [

Let
Kuf =Y oj(lyj+ul) ' oif, f € CF(R),
{j}

where {¢;} is a set of non-negative functions from Lemma 2.
Now, using the properties of the operators (I, ; + pI )~1,j € Z, we prove the existence of the
resolvent of the operator I, + uI. To do this, we act by the operator I, +- uI on K, f

(In + ul)Kuf = f — Buf,

where B, f = {Z} @ (In,j + yI)_1f+2{)% go;-%(ln,]’ + ul)Lgif.
j j

Lemma 5. Let condition i) be fulfilled and yy > 0. Then the equality
(In + pDKuf = f = Buf

where B, f = {Zi (p;-’(ln,j +ul)7lf+2 {2} (p;-d%(ln,]' + ptl)_lq)jf.
] ]

Proof. Acting on K, f by the operator [, + I, we obtain

(In+ pDKuf = (b D) L @i+ o) 7 pif = Y j(lu+ pD) (b + p) " @if = Buf.  (13)
{ {3}
Since on the support ¢; the coefficients of the operators I, + ul and I,,; + ul coincide,
hence the equality

(In + pI)(Lyj + 1) " oif = ojf.

Hence, using equality (13) we obtain

(In +ul)Kyuf = %G’)]Zf — Byf.
j

Since ) (p]z = 1, from the last equality we get
{}

(In+pD)Kuf = f = Byuf (14)
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Lemma 6. Let condition i) be fulfilled. Then there exists a number pg > 0 for the operator By, such that
|Bull2—2 < 1 forall u > po, where || - ||2—s2 is the norm of the operator B, acting from Ly (Q) to L ().

Proof. Using Lemma 4 and repeating the calculations and reasoning used in the proof of Lemma 3.2
in [8] and Lemma 9 in [17], we obtain the proof of Lemma 6. [

Lemma 7. Let the function q(x) satisfy condition i), then the inequality
[+ pDullz = 0+ p)llull2

holds for any u € D(l,).

Proof. Lemma 7 is proved in exactly the same way as Lemma 2. [

Lemma 8. Let the condition i) be fulfilled. Then the operator 1, + ul is continuously invertible in Ly(R) as
W > po > 0 and the inverse operator satisfies the equality

(In + D) ™" = Ku(I = By) ™"
Proof. The proof of Lemma 8 follows from representation (14) and from Lemmas 5, 6 and 7. [

Lemma 9. [21] Let the operator L + pyl bounded invertible for yg > 0 in Ly(Q) and the estimate ||(L +
ul)ul|2 > cl||ul|2 holds for allu € D(L) as u € [0, ug|, where ¢ > 0. Then the operator L : Ly(Q2) — Ly(Q2)
also bounded invertibility.

Proof. Proof of Theorem 1. It follows from Lemma 8 that
k .
ue(t,x) =Y (In+ ul) 7L fy(x) - e (15)

n=—k

is a solution of
(L+ ul)ug(t, x) = fi(t, x),

ug(—7t,x) = ug (7, x),

k .
where fi(t, x) L2, f(t,x), filt,x) = ¥ fu(x)-e™,i? = —1. From Lemma 1 we get that
n=—k

J(t2) =t (1, )l < G Ufe(t ) = o 3) 2 = 0

ask,m — oo.
Hence it follows that the sequence uy, is fundamental, therefore, due to the completeness of the
space L(Q)), we have

ug(t, x) =N u(t, x) (16)

as k — oo.
Using equalities (15) and (16), we obtain
u(t,x) = (L+pl) " f(tx) = Y (bt pl) ™ fu(x) - ™ (17)

n=-—oo

is a strong solution to the following problem

(L+puhu= f,u(—m,x) = u(m,x) (18)

do0i:10.20944/preprints202310.0355.v1
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for any f(t,x) €)Ly(Q).

Definition 3. A function u € Ly(Q) is called a strong solution to Problem (18) if there exists a sequence
{u(t, x)} C Cg () such that

[ug —ull2 = O, [[(L + pl)ux — fll2 — 0
as k — oo.

Hence, it is easy to verify that formula (17) is an inverse operator to the closed operator L + ul.
According to Lemmas 1, 9 and equality (17), we have that Theorem 1 is valid for all y¢g > 0.
Theorem 1 is completely proved. [

4. Separability

To prove the separability of the operator L + pI(i > 0), we first prove several lemmas.

Lemma 10. Let conditions i)-ii) be fulfilled. Then the estimates

- 1 ,
[(Ly,j + pI) "2z < D +1,42,..,j € Z; (19)
) 1 .
||<li’l,] + ‘MI) H2_>2 S m,n = O,il, th,,] S Z, (20)
]

hold, where q(x;) = minq;(x)
JCEA]'

Proof. The proof of estimate (19) follows from Lemma 2. We prove inequality (20). It is easy to see
that from inequality (12), we obtain

| < U+ > | > [ (q0) + ) uPx
Hence, using the Cauchy inequality, we have
[T+ pDull2 = ((q;(x7) + ) ]2, (21)

h (%) = minag;
where g;(x;) irélg%(x)

From the construction of the segments, it follows that on the segment g;(x) = g(x). Therefore
qi(xj) = ;IéiAQLI(x) = q(x;).

j
Now, using the last equality, we obtain from Inequality (21) that

[(Tj + pDull2 = (9(x;) + p) 2,
This inequality proves the estimate (20). O

We now give some auxiliary estimates for the resolvent of the operator I, + ul,n =0, £1,£2, ...

Lemma 11. Let the conditions i)-ii) be fulfilled and y > 0 be such that ||By||2—2 < 1. Then the inequality

1q(x) (In + pI) a2 < c(p) - S{l}f g(x) @i ((Lnj+uD) 30 (22)
]
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holds.

Proof. Let f € C5°(R). Then, using Lemma 8 and taking into account the properties of the functions
¢;(j € Z), we have

j+1 2
IIq(x)(ln+u1)f||%§{Z})/ kilq(x)qvk(ln,k+u1>’1<pk(1—Bu)’lf dx.
]Aj ==

From here and using the inequality (a + b + ¢)? < 3(a? + b? + ¢?), and also by the method of [17]
(Lemma 3.7), we obtain the estimate (22). O

Lemma 12. Let the conditions i)-ii) be fulfilled. The the estimate
1g(x)(In + pI) 22 < ¢ < o0,
holds, where ¢ > 0 is any constant.

Proof. From Inequalities (20) and (22) we have

g (x)(In + pI) 2oz < C(#)S{l}f 1q(x) @i ((Lnj + uI) M2z <
]

max lq(x) @)

sk,
<) qlx) +u = T < at) T

O

Lemma 13. Let the conditions i)-ii) be fulfilled. The the following estimates

llinullz < |[(In + plullz,u € D(); (23)
lg(x)ulla < c(p) - [ (B + pD)ullz, u € D(n); (24)
I =u"ll2 < e(u) - |(In + p)ull2, u € D(L) (25)

hold.

Proof. The proof of inequalities (23) and (24) follows from Lemmas 10 and 11.
Using inequalities (23), (24) and Lemma 7, we obtain

| = " ll2 = (b + pL)u — imue + () — uufl2 <

<1 + pDullz + llinullz + lg(x) |2 + lpullz < ()l (1 + phull2, (26)

c(p) > 0.
From Inequality (26) we obtain Estimate (25). O

We also note that inequality (25) and according to the definition of the norm of an operator, we
obtain

d? _
||W(ln +ul Yoz <c(p) < oo,n=0,+1,+2,.., (27)

where || - |22 is the norm of the operator B, operating from L(Q)) to Lo(Q2).
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Proof. Proof of Theorem 2. From Theorem 1 and representation (17) it follows that
ou . - ;
5 = Y. in(ly+ ul) L (x)e™,
n=—oo
Hence, due to the orthonormality of the system {¢*}""=%_ we obtain
H Hz <sup [lin(ly + D) 3021 Yo (fa()]3
{n} n=—oo
From the last inequality, using estimate (19), we have
|| ||2 < [If(t x5 (28)
where |f(£,0)3 =27 L _Ifa(0)l2:
Taking into account that (L + uI)u = f(t, x), we obtain from (28)
|| ||2 <L+ pl)ull3. (29)
Repeating the above calculations and reasoning, taking into account Lemma 12, we have
llg(x)u(t, 2)II3 < ()| (L + pl)ul?. (30)
Similarly, from representation (17), taking into account inequality (27), we obtain
2 4 —12 2 o 2 2
[l < up Iz U+ D) 2oz - £ (8 2) 2 < () (L + pullz (31)
n

where (L + ul)u = f(t,x).
Now it is easy to see that from (29)-(31), it follows that
|| IIz + || 2 5o+ la()ulla < ()L + pDulla < ) ([ Lulla + u]l2)
O
5. The Compactness of the Resolvent
We need the following lemmas to prove Theorem 3.
Lemma 14. Let condition i) be fulfilled. Then the estimate

_ 1
(L 4 D)"Yz < T n=41,4+2,.

holds.
Proof. Lemma 14 can be proved in the same way as Lemma 10. O
Lemma 15. Let conditions i)-ii) be fulfilled. Then the resolvent of the operator I, is compact if and only if

lim g(x) = o0

[x]—00
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Proof. Lemma 15 is proved in exactly the same way as Theorem 3 in [17]. O

Proof of Theorem 3. Since for each 1 (n = 0,41, £2,...) by Lemma 15 the operator (I, + uI) ™! is
completely continuous, from Theorem 1 and from the representation (17) Using well-known tricks
with the e-net, one can show that the operator (L + uI)~! is completely continuous if and only if

1im [| (L + i) " laa = 0. (32)
Now, it is easy to see that Equality (32) follows from Lemma 14 Theorem 3 is proved.

6. Estimates of Approximation Numbers (S-Numbers)

To study the singular values of the operator (L + uI)~!, we need the following lemmas. In what
follows, since by assumption the function g(x) is bounded from below, we can assume without loss of
generality that the condition q(x) > 1 is satisfied for all x € R.

We introduce the following sets

M= {u € Lp(R)  [[lu3 + [[ul3 <1},
where | - ||3 is a norm in L (R);

Mey = {u € Ly(R) : || — u" |3 + linu|3 + [lq(x)ull3 < co}:;

M1 = {u € Lo(R) : || —u"|3 + linull3 + q(x)ull3 < 53,
where ¢y > 0 is a constant number independent of u(x), n.
Lemma 16. Let conditions i)-ii) be fulfilled. Then the inclusions
M1 CMC M,
where co > 0 is a constant number independent of u(x)andn.

Proof. Letu € Mcal. Then

null3 + [[ull < I = w13 + linul3 + llgCe)ull3 + [fu]l3 <

< colll =u"lF+ || = inullz + g(x)ul?)

where ¢y = 2.
Since u € M y then it follows from the last inequality that
0

3+l < co- et < 1.

Hence M o C M. The left inclusion is thus proved.

Now, we prove the right inclusion. Let u € M. This means u € D(l, + uI). Therefore, by virtue
of Lemma 13, we have

| = w13+ llimul}3 + llg(x)ull3 < coll|taul3 + [[ull3) (33)

where ¢y > 0 is a constant number independent of u(x) and n (n = 0, £1, £2,...).
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Since u € M, the inequality ||l,u|» + ||u]|2 < 1is valid. Taking into account the last inequality
from (33), we find
= u" 17+ linul3 + lq(o)ull3 < co(lllnull3 + llu]Z) < co
From there we get that u € M, i.e, M C My,. O
Definition 4. [19] The Kolmogorov k-width of a set M in Ly(R) is called the quantity

dy = inf sup inf ||u — |2,
(W} uem Ve

where yy. is the set of all subspaces in Ly(R), whose dimension does not exceed k.

Remark 1. The Kolmogorov widths and the approximation numbers coincide in the Hilbert space L(R),
ie., Sk+1((ln)_1) = dk(M) [19].

The following lemmas hold.
Lemma 17. Let conditions i)-ii) be fulfilled. Then the estimate
Cild’k S Ska1 S Cd~k,k = 1,2,...,

holds, where ¢ > 0 is any constant, sy is a s-numbers of (I, + pl )_1, u>0,dg, d~k are Kolmogorov widths of
the corresponding sets M, M.

Lemma 18. Let conditions i)-ii) be fulfilled. Then the estimate
N(cA) < N(A) < N(c7'A)
holds, where N(A) = Y 1is anumber sy_.q of (I, + ul) =2 greater than A > 0, N(A) = ¥ 1 s a number

Sk+1>A di>A
dy greater than A > 0.

Proof. Lemmas 17 and 18 can be proved in exactly the same way as Lemmas 4.3 and 4.4 in [17]. O
Lemma 19. Let conditions i)-ii) be fulfilled. Then the estimate

c_lA_%mes(x ER:(In|+g(x)) <cIATH <N(A) < CA_%mes(x eR: (In|+4g(x)) <c A7
holds for N(A) of (I, + AI)~Y, where ¢ > 0 is a constant number independent of n,q(x) and A > 0.

Proof. Denote by L3(R, (|n] 4 q(x))) the space obtained by completing C3°(R) with respect to the
norm

2
el 3, np+q)) = (/W’I2 + (|n| +q(x)>2|u|2)dx)

R
It follows from Lemma 16. that M C L3(R, (|n| + q(x))). Hence, repeating the calculations and
reasoning used in the proof of Theorem 1.4 in [17], we obtain the proof of Lemma 19. O
Proof. Proof of Theorem 4. From Theorem 1 it follows that

e}

u(x,y) = (L+pD) ' f = Y (a4 pul)  fuly) - e™

n=—oo
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It follows that if s is a singular point of the operator (L + uI)~!, then s is a singular value of
one of the operators (I, + uI)~'(n = 0, pm1,4+2,...), and reversely, if s is a singular value of one of
the operators (I, +uI)~!(n = 0,+1,42,...), then s is a singular point of the operator (L + uI)~'.
The proof of Theorem 4 follows from the above considerations and Lemma 19. O

Corollary 1 follows from Theorems 1 and 4.
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