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Abstract: By utilizing a generalized version of the Madelung quantum-hydrodynamic framework that
incorporates noise, we derive a solution using the path integral method to investigate how a quantum
superposition of states evolves over time. This exploration seeks to comprehend the process through which a
stable quantum state ultimately emerges in the presence of fluctuations induced by the noisy gravitational
background. The model defines the conditions that give rise to a limited range of interaction for the quantum
potential, allowing for the existence of coarse-grained classical descriptions at a macroscopic level. The theory
uncovers the smallest attainable level of uncertainty in an open quantum system and examines its consistency
with the localized behavior observed in large-scale classical systems. The research delves into connections and
similarities with decoherence theory and the Copenhagen interpretation of quantum mechanics. Additionally,
it assesses the potential consequences of wave function decay on the measurement of photon entanglement. To
validate the proposed theory, an experiment involving entangled photons transmitted between detectors on
the Moon and Mars is discussed. Finally, the findings of the theory are applied to the creation of larger Q-bits
systems at elevated temperatures.

Keywords: quantum entanglement; photon entanglement; Q-bit; dark energy; gravitaional
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1. Introduction

The notion that quantum mechanics operates as a probabilistic process can be traced back to the
research of Nelson [1] and has endured over time. However, Nelson's hypotheses ultimately fell short
due to the imposition of a particular stochastic derivative with time-inversion symmetry, which
limited its generality. Furthermore, the results of Nelson's theory do not entirely align with those of
quantum mechanics, as demonstrated by Von Neumann's proof [2] of the impossibility of hidden
variables.

The definitive resolution to this question was provided by Kleinert [3] (refer to Appendix A),
who utilized the path integral approach to establish that quantum mechanics can be conceptualized
as an imaginary-time probabilistic process. These imaginary-time quantum fluctuations differ from
the more commonly understood real-time fluctuations. They result in a "reversible" pseudo-diffusion
behavior, which is elucidated by the Madelung quantum hydrodynamic model through the action of
the quantum potential.

The distinguishing characteristic of quantum pseudo-diffusion is the impossibility to define a
positive diffusion coefficient. This leads to a significant implication: the quantum evolution within
spatially distributed system may exhibit local entropy reduction over a certain spatial domains and
reversible deterministic evolution with recurrence time and overall null entropy variation [4].

In this study, the author investigates the quantum imaginary-time stochastic process in scenarios
where real-time random fluctuations are concurrently in play leading to irreversible quantum
evolution and possibly to decoherence and classical behavior on large scale systems. The goal of this
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work is accomplished by extending the Madelung hydrodynamic description of quantum mechanics
to its stochastic counterpart.

The primary topics encompass:

i. Elucidating the formulation of the stochastic quantum hydrodynamic equation of motion as a
consequence of fluctuations in spacetime curvature originating from the noisy background of
gravitational waves (dark energy).

ii. Exploring the path integral approach to comprehend quantum-stochastic dynamics, which
describes the progression of quantum superposition states and potentially their transition to stable
configurations.

iii. Describing stationary quantum state configurations in the presence of noise and establishing
their correspondence with standard quantum mechanical states.

iv. Defining the circumstances under which the “zero noise” deterministic limit of stochastic
theory aligns with conventional quantum mechanics.

v. Identifying the criteria that lead to the emergence of classical behavior within extensive-scale
systems.

vi. Generalizing the uncertainty principles within the context of fluctuating quantum systems.

vii. Investigating quantum entanglement, wave function decay and measurement process.

viii. Comparing the measurement process as defined by the stochastic quantum hydrodynamic
model with the perspectives of decoherence theory and the Copenhagen interpretation of quantum
mechanics.

ix. Examining experiments involving entangled photons within the context of finite time-decay
kinetics of wave functions.

x. Extension of quantum coherence to macroscopic distances in order to build up a system with
a large number of Q-bits

2. The quantum potential fluctuations induced by the background of stochastic gravitational
waves

The quantum-hydrodynamic representation of the Schrodinger equation [5-7]

. n
—lhatl// = ﬂﬁlﬁi _V(q) /74 (2.1)
_is
for the complex wave function ¥ =/ |e ", are given by the conservation equation for the mass
density |y |2
2 2 -
o lwl +0(lwl ¢ )=0 2.2)
and by the motion equation
. 1
Dje) :_;aj( (q)+vqu(n)) (2.3)
. . h, v
where g, is defined, through the momentum p; = aiS( 1) Where S at) = —Eln—* and
’ 4
where
n o1
vV, =———0,0, . (2.4)
qu 2m| l//l i | l//l

In order to introduce the effect of the metric tensor fluctuations of the space-time background,
we assume that:
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1. The fluctuations of the vacuum curvature are described by the wave function ¥vac with density
2 .

| l//V[lC | 4

2. The (dark) energy density E of the gravitational waves is proportional to | ¥/, . |2

3. Theequivalent mass of vacuum fluctuations 71,,,, is defined by the identity £ = mdarkc2 K7 |2
The stochastic gravitational wrinkles originated by the big-bang and the gravitational dynamics of
space-time, are approximately assumed to not interact with the physical system (gravitational
interaction is sufficiently weak to be disregarded).

In this case the wave function of the overall system v/, , reads

Yer =Y (2.5)

Moreover, by assuming that, the equivalent mass m,,, of the dark energy of gravitational

waves is much smaller than the mass of the system (i.e., m

vor = Mg +M = m), the overall quantum

potential (2.4) reads

n’ -1 -1
‘I“(nmz)= B 2m |l//| | Y vac | 61'61' | |4 ” Y vac |=
) “ . @6)
h _ , _ .
:_%(ll//| 1 aiai|lr//|+|l//vac| 1 aiaill//vac|+|l//| 1|anc| l ai|l//mc|ai|l//|)

Moreover, given the vacuum mass density noise of wave-length A4

2
2 2
é‘pvac(ﬂ) :| !//vac(/l) | oc cos TQ (2.7)
associated to the dark energy fluctuation wave-function
2z
%OdfCF/lé, 2.8)

it follows that the quantum potential energy fluctuations read

O = [ Mot g Vg0 AV 2.9)
14
where
h2 -1 -1 -1
5un(q,z) = _%(l Yyac | 8iai | Yyac | +| l//l |l//vac | ai | Yiac | ai | Wl)
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=—1/||— | + T | £cos— +sin—q |0. . (210
] i (2e2q) (22 qlovl| - o
W ((2zY 2 1

=—1I|| — | +|tan— 0,
) v e

For V — ®© , the unidimensional case leads to

- (e 21\ 2 )
OEqu(1) = = %J‘ ntoz(q,t)((/l) +(m”AQJ| 72N Wl}dq

tot %

1w ((2zY 27 : W (2xY
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2.11)
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In (2.11) it has been used the normalization condition I’Z(r(q@" and, on large
v

volume (V > lc3 see (2.15)), it has been used the approximation

0 2
. 2r _ _ 2z
hmiao J. nmt(q't)Lmn(Tq) W' 1 ai | l//|jdq < ntotv(7] . (2.12)
For the three-dimensional case, (2.11) leads to
- hz 2 hz 2
OFEqu2)=— k) =—1I]k 2.13
qu( %) ZmZ( ) 2m| | (2.13)

The result (2.13) shows that the energy, due to the mass/energy density fluctuations of the
vacuum, increases as the inverse squared of A _ Being so, the quantum potential fluctuations, of very
short-wave length (i.e, 4 — 0) can lead to unlimited large energy fluctuations even for vanishing noise
amplitude 7" —> 0 . This fact could prevent the realization of the deterministic, zero noise, limit (2.2-4)
representing the quantum mechanics.

On the other hand, the convergence to the deterministic limit (2.2-4) of quantum mechanics for
T — 0 is warranted by the fact that uncorrelated fluctuations on shorter and shorter distances are
energetically unlikely. Thence, the requirement of convergence to the conventional quantum
mechanics for 7 — 0 implies a supplemental condition on the spatial correlation function of the
noiseas 4 — 0.

The calculation of the shape of the spatial correlation function of noise, that we name G( 4 ),
brings a quite heavy stochastic calculation [8]. A more simple and straight way to calculate G( A1)

is obtained by considering the spectrum of the fluctuations.
2r
Since each component of spatial frequency k = o brings the quantum potential energy

contribution (2.11), its probability of happening, reads

SE,,
m f—
Play =P\ =7 r

2
(o X (214)
o _2m\ 4 oxp| - 7A,
P P2
where
h
de=N2—s (2.15)
(mkT )
is the De Broglie length.
From (2.14) the spectrum S( k ) of the spatial frequency reads
2 2
2z A kA
S(k)oc p(— )=exp|—| — | |=exp|—| — 2.16
()p(/l)p(}b} p(zj (2.16)

From (2.16) we can see that the spectrum is not white and the components with wave-length

A smaller than A, go quickly to zero. Besides, from (2.16) the spatial shape G( A ) reads
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OC”1/26)( _iz
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(2.17)

The expression (2.17) shows that uncorrelated mass density fluctuations on shorter and shorter
distance are progressively suppressed by the quantum potential allowing the realization of the
conventional “deterministic” quantum mechanics for systems whose physical length is much smaller
than the De Broglie one A, .

For the sufficiently general case to be of practical interest, where the mass density noise correlation
function can be assumed Gaussian with null correlation time, isotropic into the space and
independent among different co-ordinates, it can be assumed of the form

(2.18)

L
that, for system whose physical length £ is much smaller than the De Broglie’ one (i.e., 7 <1,

c

6w Lol (2] [t (A) st T
WEP ) Tl T\ ) T TN 2 '

On this ansatz, equation (2.3) assumes the stochastic form [9] (see appendix B)

1 a(v(q) +un(p))

m oq

reads

1

. 172
Gippy =845, ~ . +xD77&, ). (2.20)
J

where [9]

172
L h L (kT
D =| =l yp=—1 =rp =ulor 2.21)
A, 2m 2\ 2h
where 7, isa pure not zero number [9].

It is worth noting that the probability mass density function o is now defined by the

Smolukowski conservation equation stemming from (2.20) and obeys to the condition
limy_, p =1 |2 since by (2.17-18) the convergence to the quantum mechanics is warranted.

The gravitational dark energy introduces the concept of a self-fluctuating system where the noise
is an intrinsic property that does not require the presence of an environment.

3. The Langevin-Schrodinger equation from the Stochastic Madelung quantum Hydrodynamics

Generally assuming for the stochastic case, the complex field

S(q4)

/2 .
exp|li——|, 3.21
P . (3.21)

1
Y(qr) = Prar)

where close to the deterministic limit of quantum mechanics we can utilize the identity

Pros )1/2 = am |, it follows that the quantum-hydrodynamic equations (2.2-4) reads
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. 1d 1 1
G =——-0.8 =a,ai5+z(aiajs)ajs =0, (at5+;ajsajs
(3.22)

m m|y| /

leading to the partial stochastic differential equation

1 o1
==—0 (V(q) _2__81'6]' |y |+xS _ql/quj/zm’fDl/zf(z)}

o1
mo,S +0,50.8 = _(v(q) _%ma]@j |y | +xS —qu/quj/zmchl/zém + CmJ . (3.23)

Equation (3.23) leads to the Langevin-Schrodinger equation, by observing that, for system of

L
physical length £ (such as /1— < 1), p obeys to the Smolukowski conservation equation (see
(o

Equations (C.24-27) in appendix C) that reads

llmiﬁ0 (th(q,t) +0; (n(q,t) <g> ) + Qdiss(q,t) )

2“(,‘
(3.24)
=lim, (a,n +0,nd; + Oy, ) =0
C
where Prgs) = IW(q, pt )d3p (see (C.21, C.22-7) in appendix C) and
0
k(k)
oD, = 0°C Nap, 3h
Qdi“(q,t) :I l¢++i O™ @P1) d*’p. (3.25)
2 Op, n!',>  op,..0p,
[ —
( k—terms )
In fact, since close to the deterministic limit of quantum mechanics it holds that
limic_) <g>=gq, (3.26)
where <....> stands for the mean value, and
) 2
lim,  p=y|, (3.27)
——>®0
c
it follows that
1 1 QdiSS( 1)
O lwl=—=0;lw|8:S ———|w|0,0,S +——"=. (328)
m 2m 2w

Equation (3.28) with the help of (3.23), leads to the generalized Langevin-Schrodinger equation
(GLSE) that for time-independent systems reads

. n’* 12 172 172 Qs 4
—iho, |y |= %61.81.1// —| Viy) +Const+kS—q/'"q "mxD""¢,, +ZW 7 (3.29)
Close to the deterministic limit of quantum mechanics (i.e., microscopic system with physical
length £ much smaller than A_) itis possible to characterize the ability of the system to dissipate
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by the semiempirical parameter ¢ defined by the relation [9] lim = & =lim;_,, 21{—; . On this

—0
]’C

ansatz, the realization of the quantum mechanics is warranted (see Equation (2.20)) by the condition

lim , a= 0. In this case, it can be readily seen that the GLSE (3.29) reduces to the Schrodinger
Z_)O
equation.
When the parameter ¢ remains quite high close to quantum limit such as
lim, a=aq,. (3.30)
ZAO
Equation (3.29) converges to the quantum Brownian motion. In fact, under condition (3.30) and
by utilizing dimensional considerations, the following identities apply:

2
. . L h . 5 kT
L [lim D=1 — | — =10 L/— =0 3.31
%—)0 m’T—>0 }/D(lcj 2m n/LT—>O 7D 4h ( )
; e 2kT 87 _
II. hmi_)o K=lim,_,a D = m}/DLZ = finite , (3.32)
ﬂ“C
. lim (3.33)

Qd' =0
L—)O isS( g1 )
C

Q’iss( qt) . .
—T > can be disregarded in (3.29)

| /]

L
and close to the deterministic limit (i.e., 7 < 1) it follows the conventional Langevin equation for

Dt
Thus, by (3.32-33) being| % |<q S|, the term
74

c

the quantum Brownian motion

2
limy,_, ihd,y = —g—maiaiw + (V(q +KS—q g *meD"?E  + C)(,// . (334)

i

4. The quantum path integral motion equation in presence of stochastic noise

The Markov process (3.21) obeys the Smolukowski integro-differential equation for the Markov
probability transition function (PTF) [10]

P(q.qy|t+7,t,)= J.P(q,z|r,t)P(z,q0|t—tO,t0)d’z 4.1)

—00

where the PTF P(q,z| 7,1 ) represents the probability that a quantity of the probability mass density
(PMD) p(q,t) atinstantt, in a time interval 7, in a point z, is transferred to the point g [10].
The conservation of the PMD p in integral form shows that the PTF generates the displacement of

a vector (| q, t)—(z,0) according to the rule [10]

p(q,t)=fP(q,z

1,0)p,.0)d z (4.2)
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Generally speaking, for the quantum case, equation (4.1) cannot be reduced to a Fokker-Planck

equation (FPE), since the quantum potential V,, (p) OWnsa functional dependence by P, ;) and

the PTF P(q.qolt+7.ty) is non-Gaussian (see Appendix C) .

Nonetheless, if the initial distribution g, is stationary (e.g., quantum eigenstate) and is

close to the long-time final stationary distribution p,, of the stochastic case, it is possible to assume

that the quantum potential is constant in time as a Hamilton potential following the approximation

2
——(—)(a 0,1 Py += (a nPryy)) ) 43)

Being in this case the quantum potential fixed and independent by the wave function, the PMD
p the stationary long-time solution is given by the Fokker-Plank equation

0
0, > — P 10)F0,P 400 =0 (4.4)

where

1 n 1 2)] D
v=——0 [(q) g (a 0,11 Py )+~ (a 1Py y)) D—anznpeq@a

mKk

leading to the final equilibrium of the stationary quantum configuration

, LA P Lo 21,25 _
E Vig)~ 4m q qlnpeq(q)_'_a( qlnpeq(q)) +3 smp, =0 (4.6)

In Appendix D the stationary states of linear systems obeying to (4.6) are shown. The results
show that the quantum eigenstates are stable and maintains their shape (with a small change of their
variance) when subject to fluctuations.

4.1. Evolution of quantum superposition of states submitted to stochastic noise

In order to determine the evolution of quantum superposition of states, that are not stationary,
(not considering fast kinetics and jumps) we have to integrate the stochastic differential equation
(2.20) that eliminating fast variables reads

LZ
_7/1)8 ha ((q) (88 Inpg.)+= (8 lnp(qt)) nﬂ/g / fm 4.7)

As shown below, this can be done by using the discrete approach with the help of both the
Smolukowski integro-differential equation (4.1) and the associated conservation equation (4.2) for the
PMD p.

We integrate the SDE (4.7) by using its 2nd order discrete expansion
2

N 1 1 d Atk 172
Gt = =0 (V(qk) +Vaul p,, tk))Atk E—_— (V(qk) +un(qu,rk))T+D AW, (48)

where
9 =494 ) 4.9)
At =t —1, (4.10
AW, =W —W (4.11)

(tk+1) (1)

where A, has Gaussian zero mean and unitary variance whose probability function

P(AW, ,At ), for At, =At V k,reads
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AW,?
4At

limy, o P(AW, At )=lim,, o (47DAt)"" exp—

1 (Qk+l_ <Gp41 >)2

=limy,_o (47DAt) " exp—

4At D

4.12)

. 2
- <q, >
(an G~ <4k >At_2kAt2J

= (47zDA1f)_V2 exp— A

where it has been introduced the midpoint approximation
7. - Di+1 T 9k
=
2

D

7
and where

V

) au g 1)

)

LoV,

mk

<G >=—

oqy,
and

1 d 5(‘/@ ) P Vaung ),tk))
2mic dt aq,

are the solutions of the deterministic problem:

1
—0 (V + )At -
K\ “ mic di
By using standard manipulations [3], from (4.12), the PTF reads
P(q,q0.11 ) = P(q,,q0 |1 =1,,0) = limy,_,, P(q,,,q, | nAL,0)

<G >=-

1 d

V

<Gy =gy > — @ Py, 1)

=limy, I [T day P gy qiy | Ak —1)A1)

—00

= llmAt—>0 {

1 & - At
-——Y<qg, ,>ANg ——
) - °D ; i P 4D
Hk:l I dq,

—00

}(47[DAI )_m exp

_Ar
4D k=1

s

k=1 )

2
9 — 49k

A At
exp— —

= ]]. Dq exp 1D

do

1 & -
— ) <qg,,>A
{ 2Dkzz; i1 Qk:|

o< _(?,H >
0.y

q q
1 . 1
expj‘ﬁ<q>(q”dq I(quxp—ﬁ

90 qo

—0; (‘/(‘Ik) +

n

<, >

n
ZDWAWk <Gy > ()

) < gy >

jdt(c']2+ <§>"+2Dd, < g >)
fo

(4.13)

(4.14)

(4.15)

At

)_

2

V

i ) . (4.16)

9x — 4k~

Sl

(4.17)

where it has been introduced the discrete PTF ®(q,,q,_, | Af,(k —1)At ) that reads
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‘<‘7k-1 >[qk Atqk 1)
At ?
limy, o Py, Gy | AL( k= 1)) = limy, o (47DAL) " exp— k[ S} < >
2D| 1|\ A (4.18)
2l 5p0< ,ék*l >
L 0 i
- At . B 0<q, >
=limy, o (42DA) " exp-—| (G = <Gy >) +2D—=
At—>0( ) P iD (qk—l -1 ) 3,
Before proceeding further, we observe that, generally speaking, since the quantum potential is
a function of the PMD
Pt )= J' P(q,. 90| 1,0)p(90,0 gy, (4.19)

—o0
the evolution of equation (4.8) depends on the exact sequence of the noise inputs D'"?A%), and,
therefore, also on the discrete time interval of integration. This behavior can be easily verified by
performing the numerical integration of (4.8). The vagueness of the problem can be analytically

0< g >(<4e>)

identified by the fact that, <g, , >(<,>) and depend on p(q,,kAt) and

<G>

oqy

P( i1 (k+1) At ), that define the quantum potential values V,, () Vo i)
k+1

, unknown at the
time instant (k—1)Af .
Although there is no general solution to this problem, in the limit of small speed ¢, and small

noise amplitude, it is possible to proceed by successive steps of approximation since the existence of
the deterministic limit (see appendix E)

limy,_yo limy, o dy =limy, o <Gy >=< g > (4.20)
warrants that, for sufficiently short time interval Af, the speed change is small enough to have that
<Gp >
&:1+<g> (4.21)
<qg, >
with <&><1, and that
< >+ < . <&> .
<g, > Gics %> _ g > 1+——|=<g, > (4.22)
2 2
Therefore, by starting from the zero order of approximation < q;k >=< g, >, there exists a
kT

sufficiently small noise amplitude, as well as small diffusion coefficient D =y, :7 , to obtain

the PTF by successive steps of approximation where the starting zero one reads

(g g, | At (k—1)at)

2
- A <G >+<qpy > 0<q, >+< gy >
= (4zDAt) " expé _[q-k L i j L p2<d i

i 2 04y
r 2 ) ) (4.23)
_ 0<qg, >+< >
_ (472'DAZ‘) 172 expﬂ LG m<ge > (1+ <&> D qk . k-1
4D 2 0qy

-1/2 At . . 2 .
= (47zDAt) expE —(qk_l— <Gy >) +2D0, | <q;, >}

which can be used to find the zero order of approximation of the PMD 7 at the next instant k
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11
(Deg kat)= | @ | at,(k—1)at) (k—1)at )d 424
P (G (GG | AL, P Qi Gy (424)

and find the approximated zero-order quantum potential at the instant k that allows to obtain

1 n* 1 2
- S(0) (0) (0)
<q > _——8qk (V(qk)—4 (ﬁqaqlnp (qk,tk)+2(8qlnp (qk’tk)) D (4.25)

mK

Thence, at the next order of approximation, the PTF and the associated PMD read, respectively,
(g g |80 (k=1)a1)

- At
=(47DA) " exp—| | g, -
( ) P iD L/

2
<g >V 1< > L p0< S0y <g > (4.26)
2 0y

<G> +<g >
2

- At
= (47DAt)" exp—| —| g e
( ) p4D i1

2
] +2D(8qk <> 40,  <d, >)

and

PV (g kat)= [ @V (qq. | a(k=1)a1) p(qy . (k=1)at g, (427)

—0o0

that leads to the mean velocity
B >V=—"10a |v " (o0 Inp" o, tnpm ’ 4.28
<4k > T ke | ) g T g P (qk,tk)+§( gMP g ) - (428)
Thence, repeating the procedure, at successive u-th order of approximation (u=2, ,3, ....... r) we
obtain

" (qq | 1k =1)a1)

0<g >" Vi< >
+pLd - Gic (4.29)
2 0q_y

2
§ Al [ <g " V<>
=(47DAr) " EXPE - gy - I it

. (u-1) . 2
g > <G>

2

N -12 At . < (u-1) .
= (47TDAt) e.xpﬁ - qk—l +D(aqk < qk > +6qk_1 < qk—l >)

and

P (q kat) = J' P (g, q | At (k=1)at) p( g, (k—1)at Mg, (4.30)

—00

1 n* 1 2
5ol (u) (u)
<q > aqk (V(qk) (8q8qlnp (qk’tk)+ (aqlnp (qk’tk)) JJ,(4.31)

mK - _m

so that the final PTF @ “/(q,,q, | At,(k—1)At) reads
(g, q | ALk =1)at ) =lim, @ (q,,q, | ALk —1)At)
g <G> (4.32)
2

2
~ -1 At . c () ; '
= (47TDAI) expE —[qkl ] +D(8qk <G> 740, | <Gy >)
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It worth noting that the convergence of (4.32) generally depends by the chaoticity of the classical
trajectories of motion of the system, by the amplitude of the noise 7 and by the discrete time
interval Af.

Nonetheless, the existence of the deterministic limit of quantum mechanics warrants the

existence of the basin of convergence of (4.32) in the lim (T, At ) —0.
If, given the discrete values of (T,At) , " oscillates and lim, ., ®") cannot be precisely

determined within the framework of a numerical procedure, we can regularize the PTF P by
taking its mean values starting from the #-th order of approximation such as

u

P =lim,_,, Regl{®™ | =1lim P 433
e Re g {7} ) (4.33)
Finally, the PMD at the K -th instant reads

P (g kat)= [ @7 (g q, | at(k—0at) p(q, . (k—1)at Mg, ,. (434)

—00

leading to the velocity field

1 h?

N _
<4 > = mKaqk(V(qk) Am

1 2
() ()
(6q8qlnp (e, 4 )+§(6qlnp (4,4 )) B (4.35)

Moreover, the continuous PTF reads

P(q.qy | 1=15,0) =limy,_,, @ 7(q,.q,|nAL,0)

=limy, J [Ty dge @ (@ | ALk =1)ar)

2
- . 2
) [Qk qk—lj +<qk_1 >(oo)

q
1 & - © At At
= J.(quxp{—ﬁz< iy >() Aqk}exp—ﬁ z . (o)
% k=1 k=1 0<qy >

0y,

(4.36)

T I Lt .2 .
= expv|‘5<q>(q,,) dq J'Q)qexp—ﬁj‘dt g +<q> +2D0, <q>

90 90 T

5 (™) : ()

. o) <q > +<qg, >

where< g, _, >(®)= 9 > Gt
The general solution, given in the recursive formula (4.36), can be applied also to non-linear

system that cannot be treated by standard approaches [11-14].

4.2. General features of relaxation of quantum superposition of states

In the classical case, the Brownian process described by the FPE admits the stationary long-time
solution

1t 1t

P(q,q . |t=t gt s )=lim NexpB I <q >(q,( ) dq' = NexpB I K(q')dq' (4.37)

hlo

- q—x

1 oV,
where K(q )=—— (e)
mK

leading to the canonical expression [3]

t1 1 I
P(q,qy|t—1y.t,)= epr‘EK(q’)dq' I@qexp—ﬁjdt(qz+K2(q)+2D8qK(q))(4.38)
qo

9 Iy
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)
(qt)

(4.37) since it depends on the specific relaxation path p,, ) of the system toward the steady state

Generally speaking, in the quantum case (4.36), < g >(® cannot be given in a closed form

which significantly depends on the initial conditions Plaiy) 7 <q > o) and, therefore, on the initial

time f;, when the quantum superposition of states are submitted to fluctuations.
Besides, from (4.8) we can see that g, depends by the exact sequence of inputs of stochastic

noise since, in classically chaotic systems, very small differences can lead to relevant divergences of
the trajectories in a short time. Thus, in principle, different long-period stationary configurations
Plgi=n) (i€, eigenstates) can be reached whenever starting from identical superposition of states.

Being so, in classically chaotic systems, the Born’s rule can be applied also to the measure of the single
quantum state.

Evenif LKA, UA

qu »itis worth noting that, in order to have finite quantum lengths A.and

ﬂqu (necessary to the have the quantum-stochastic dynamics of Equation (4.7) and the quantum

decoupled (classical) environment or measuring apparatus) the non-linearity of the system-
environment interaction is necessary: Quantum decoherence, leading to the decay of superposition
states, is significantly promoted by the widespread classical chaotic behavior observed in real systems

On the other hand, a perfect linear universal system would maintain quantum correlations on
global scale and would never allow the quantum decoupling between the system and the measuring
apparatus necessary for the measure process (see § 4.8). It should be noted that even the quantum
decoupling of the system from the environment would be impossible, as quantum systems function
as a unified whole. Merely assuming the existence of separate system and environment subtly
introduces a classical condition into the nature of the overall supersystem.

Furthermore, since the connection (B.11 ) between the PMD and the MDD holds only at leading
order of approximation of ¢ (i.e, slow relaxation process and small amplitude of fluctuations), in
the case of a large fluctuation (that can occur on time scale much longer than the relaxation one)
Prgs)qs) canmake transitions not described by (4.36) even from a stationary eigenstate to a generic

superposition of states. In this case a new relaxation toward different stationary eigenstate will

follow: The PMD Prgs) (434) describes the relaxation process occurring in the time interval

between two large fluctuations, rather than the entire evolution of the system towards a statistical
mixture. Because of the long-time-scale of these jumping processes, a system composed of a large
number of particles (or independent subsystems) gradually relaxes towards a statistical mixture, with
its distribution determined by the temperature dependence of the diffusion coefficient.

5. Emerging classical mechanics on large size systems

Is matter of fact that, if the quantum potential is canceled by hand in the quantum hydrodynamic
equations of motion (2.1-3), the classical equation of motion emerges [7]. Even if this is true, this
operation is not mathematically correct since it changes the characteristics of the quantum
hydrodynamic equations. In fact, doing so, the stationary configurations (i.e., eigenstates) are wiped
out because we cancel the balancing force of the quantum potential against the Hamiltonian one [15]
that establishes the stationary condition. Thence, an even small quantum potential cannot be
neglected into the deterministic quantum hydrodynamic model (2.2-2.4).

Conversely, in the stochastic generalization it is possible to correctly neglect the quantum
potential in (2.20, 4.7) when its force is much smaller than the force noise @ such as

1
| =0V p) <] @, ) | that by (4.7) leads to
m

Lov e £y, 2V kT 2 Y 501
m e 2 NP5, 2h "D o) '

(o
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and hence, in a coarse-grained description with elemental cell side Ag, to

172
. L h L |kT
P = ’"K(Ij(yf) an) NS5 602

where L[ is the physical system length.

Besides, even if the noise @ ,,r, has zero mean, the mean of the quantum potential

fluctuations V, ,¢) = &S is not null so that the dissipative force —kgq () in (6.22) appears.

Therefore, the stochastic sequence of inputs of noise alters the coherent evolution of the quantum
superposition of state. Moreover, by observing that the stochastic noise

7@:@2 < (5.03)

L
grows with the size of the system, it follows that for macroscopic systems (i.e., 7 —> 20), condition
(o

(5.01) is satisfied if

Loy,

o [ OVt )| < (5.04)

Actually, in order to have a large-scale description, completely free from quantum correlations,
we can more strictly require
1

—o.V
m ! qu(piq))

lim
——®©
/IC

) 1
=lim, \/adiu( o) OVt o)) =0 (5.05)

e
C
Thus, by observing that for linear systems

lr2p < Necp <2, (5.06)

it straight follows that they cannot lead to the macroscopic classical phase.
Generally speaking, stronger the Hamiltonian potential higher the wave function localization
and larger the quantum potential behavior at infinity. This can be easily proven by observing that

given the MDD
| Poeep—2%., (5.07)

k
where P (q) is a polynomial of order k, in order to have a finite quantum potential range of

3
interaction, it must result k <—. Therefore, linear systems, with k =2, own an infinite range of

action of quantum potential.
A physical example comes from solids owning a quantum lattice. If we look at phenomena on

intermolecular distance where the interaction is linear, the behavior is quantum (e.g., the x-ray
diffraction), but if we look at macroscopic properties since the Lennard-Jones potential goes to zero
to infinity and the quantum range of interaction is finite (see § 5.1) the classical behavior can emerge
since (e.g., low-frequency acoustic wave whose wavelength is much larger than the linear range of

interatomic distance).
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For instance, for gas phases with particles that interact by Lennard-Jones potential, whose long-
distance wave function reads [16]

- 1
G2 et (5.8

the quantum potential reads

, o o1 1 B )
lim, s Vou p) = limy o %marar lw = 2T " 4 (5.09)
leading to the quantum force
_ , noo 0 1 R
llmrﬁoo_arvqu(P) = llmqﬁoo ﬂar marar | 4 |: %arrarar ; = _ZZF =0, (5.10)

so that by (5.01, 5.05), the large-scale classical behavior can appear [17-18] in a sufficiently rarefied
phase (see § 5.1-2).
It is interesting to note that in (5.09) the quantum potential is at the basis of the hard sphere potential

a
of the “pseudo potential Hamiltonian model” of the Gross-Pitaevskii equation [19-20] where 4— is
T

the boson-boson s-wave scattering length.
By observing that, in order to fulfill the condition (5.05) we can sufficient require that

T 1
1
[r | =0Vt gy krag) dr < 0 Vo0 , (5.11)
0

so that it is possible to define the quantum potential range of interaction A, as[17-18]

qu
-1
J.r | aivqu(p(q)) Lrﬂ,w dr
A =12 =1l 5.12
qu (4 |a 1% ¢t qu ( )

qu(piq)) Lr=ic,9,¢)

i
that gives a measure of the physical length of the quantum non-local interactions.

For L-] potentials the convergence of the integral (5.11) for r — () is warranted since, at short
distance the L-J interaction is linear (i.e., lim,_,,V, oc q2) and

90 "quiniq))

V

. -1
llmr—)O r | a qu( p(q))

i

lro.0)< © (5.13)

5.1. Lindemann constant for quantum lattice to classical fluid transition

For a system of Lennard-Jones interacting particles, the quantum potential range of interaction
Ay reads

d 0 3

1 A (A

A, = dg+ 2} —dq=d+—0(—0j (5.14)
1 ;'; ;'l.q“ 3\d

where d =1, (1+ & ) is the distance up to which the interatomic force is approximately linear (

& =—)and where 7, is atomic equilibrium distance.
K
0
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An experimental confirmation of the physical relevance of quantum potential length of interaction
comes from the quantum to classical transition in crystalline solid at melting point when the system

passes from a quantum lattice to a fluid amorphous classical phase.
Assuming that, in the quantum lattice, the atomic wave-function (around the equilibrium

distance r;, ) spans itself less than the quantum coherence distance, it follows that at the melting point

its variance equals ﬂ,qu —r.

at transition

{wave function variance}
[21

On these assumptions, the Lindemann constant L. = ] reads
To
ﬂqu -7
L. = and it can be theoretically calculated since
"o
i 4 Y (2
A =n|(l+e)+—| ——— | |=r|(l+&)+=| — (5.15)
w | (1+¢) 3{r0(1+3)] o| (1) 3(@ ]
. . A
that, being typically € =0,05+0,1 and — = 0,8, leads to
"o
2‘qu )
L. =—=0,217+0,267 . (5.16)

More accurate evaluation, making use of the potential well approximation for the molecular

interaction [17-18], leads to lqu =1,2357 r, and to the value of L. =0,2357 for the Lindemann

constant that well agrees with the measured ones, ranging between 0,2 and 0,25 [21].
5.2. Fluid-superfluid *He transition
Since the De Broglie distance A, is a function of temperature, its influence on the fluid-

superfluid transition in monomolecular liquids at very low temperature, such as for the *He ,can be

detected. The treatment of this case is detailed in ref. [17-18] where, for the *He -*He interaction,
the potential well is assumed to be

V(r) = O<r<o (5.17)
V(r)=-0,82 U o<r<o+2A (5.18)
V(r):O o+2A<r (5.19)

where U=10,9k, = 1,5><10_22 J is the Lennard-Jones potential deepness, where

A=1,54x 107" m and where o + A = 3,7 x 107'° m isthe mean “He -*He atomic distance.

By posing that at superfluid transition the de Broglie length reaches the “He -*He atomic
distance and reads

o<A. <o+2A, (5.20)
we have, for ZC < 0, that the ratio of superfluid/normal 4He density is about null, while for

/16 ~ 0 + 2A we have almost 100% of superfluid 4 He . Therefore, at the condition

/16=\/§LV2=0+A, (5.21)
(kaic )
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when the superfluid/normal *He density ratio is at 50%, it follows that the temperature 75, , for
the *He mass of My, = 6.6x107%" kg, reads
e

2 2 —68
T50%=2h( 1 j _ 2><1,21713><10 _ 1 _ =192k (522
mk\o+A)  6.6x1077 x1,38x107% (1,3x10~

that well agrees with the experimental data in ref. [22] of about 1,95 °K .

On the other hand, since by (5.20) for 4, = o+ 2A all the couples of “He falls into the quantum
state, the superfluid ratio of 100% is reached at the temperature

Tioos =~ ﬁ( 1

o+2A

mk
well agreeing with the experimental data in ref. [22] of about 1,0 °K .

2
j =0,92 °K (5.23)

Moreover, by utilizing the superfluid ratio of 38% at the A -point of “He , the transition
temperature 7, reads

2 2

T, = 21 ( ! j =2,20 °K (5.24)
mk \ o +0,76A

in good agreement of the measured *He superfluid transition temperature of 2,17 °K .

It's worth noting, as a final remark, that there are two ways to establish quantum macroscopic
behavior. One approach involves lowering the temperature, which effectively increases the De
Broglie length. The second approach is to enhance the strength of the Hamiltonian interaction among
the particles within the system.

As far as it concerns the latter, it's important to note that the limited strength of the Hamiltonian
interaction over long distances is the key factor that allows classical behavior to manifest. When we
examine systems governed by a quadratic or stronger Hamiltonian potential, the range of interaction
associated with the quantum potential becomes infinite, as illustrated in equation (5.44) consequently,

achieving a classical phase becomes unattainable, regardless of the system's size being A, = ®©.

In this particular scenario, we exclusively observe the complete manifestation of classical
behavior on a macroscopic scale within systems featuring interactions that are sufficiently weak,
weaker even than linear interactions, which are classically chaotic. In this case, the quantum potential
lacks the ability to exert its non-local influence over extensive distances.

Therefore, classical mechanics emerges as a decoherent outcome of quantum mechanics when
there is a fluctuating spacetime in play.

5.3. The coarse-grained approach
Given the PMD current J ) = p(q,t)qj(,) , that reads

. mL?
Ticqr) = Py, :_/{ Aot 0; (V(q) +un)+w(q,z,T)J
(5.25)

1 1/2 ,
= _P[ﬂai (V(q) +un)+Djk é:k(t)j

The macroscopic behavior can be obtained by the discrete coarse-grained spatial description of
(5.25), with local cell of side [ , that as a function of the j-th cell reads [23]

mL? ”
dx; =— 4o D' jmXm) (®mkv’< +D,, Vau, )dt + D" X 1) i ) AWis (5.26)

where
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x, =0 (5.27)
i = Py :

Vi =Vi ) (5.28)

Vo =Vautng ) (5.29)

O =D, ), (5.30)

where
. -6
limy_y 1" <D ;, @) >=< By B ) (1) Flio-jy- (5.31)

where E k—j) is the spatial correlation length of the noise, where the terms O ke D’ ko D" i and

(qu are matrices of coefficients corresponding to the discrete approximation of the derivatives
m

0
—— at the j-th point.
gy
Generally speaking, the quantum potential interaction V,, , stemming by the k-th cell, depends

by the strength of the Hamiltonian potential V, W)

By setting, in a system of a huge number of particles, the side length [ equal to the mean
intermolecular distance £, we can have the classical rarefied phase if £ is much bigger than the
quantum potential length of interaction ﬂqu (that by (5.12)) is also a function of the De Broglie length).

Typically, for the Lennard-Jones potential (5.10) leads to
Vot ) s n* L KT |mkT 1

lim - ~ =0, (.32
4 L 3 3 qu 3
” - T oq mA qu p h 2 q
/Iqu un

so that the interaction of the quantum potential (stemming by the k-th cell) into the adjacent cells is

null and (DZ;Z is diagonal. Thus, the quantum effects are confined into each single molecular cell

domain.
Furthermore, being for classical systems £ > 4, U ﬂqu it follows that the spatial correlation

length of the noise reads G ;_;, o 5kj and the fluctuations appears spatially uncorrelated in the

macroscopic systems

Conversely, given that for stronger than linearly interacting systems ﬂqu — 0 and the
quantum potential of each cell extends its interaction to the other ones, the quantum character
appears on the coarse-grained description.

As shown in §5.2, by using the stochastic hydrodynamic model (SQHM) it is possible to derive
descriptions for dense phases where quantum effects appear on macroscopic scale.

5.4. Measurement process and the finite range of non-local quantum potential interaction

Throughout the process of measurement, consisting of “deterministic” conventional quantum
interaction between the sensing component of the experimental setup and the system being
measured, the interaction ceases when the measuring apparatus is moved to a significant distance
away from the system, well beyond the distances A, and /1q .
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The interpretation and handling of the "interaction output" are subsequently managed by the
measuring apparatus, typically involving a classical, irreversible procedure characterized by a clear
arrow of time. This procedure ultimately yields the macroscopic measurement result.

Nonetheless, the phenomenon of decoherence plays a pivotal role in the measurement process.
It allows for the emergence of a large-scale classical framework that ensures genuine quantum
isolation between the measuring apparatus and the system, both before and after the measurement
event.

This quantum-isolated state, both initially and finally, is essential for determining the conclusion
of the measurement and for gathering statistical data from a set of independent repeated
measurements.

It's worth emphasizing that within the framework of the stochastic quantum hydrodynamic
model (SQHM), the standard condition of moving the measured system to an infinite distance
before and after the measurement isn't sufficient to guarantee the independence of the system and

the measuring apparatus if either 4, =0 or 4, =o0.

5.5. Minimum measurements uncertainty of quantum systems in fluctuating spacetime background

Any quantum theory that is capable of describing the evolution of a physical system at any order
of magnitude of its size must necessarily explain how the properties of quantum mechanics transform
into the emergent classical behavior at larger scales.

The most distinctive laws of the two descriptions are the minimum uncertainty principle of quantum
mechanics and the finite speed of propagation of interactions and information in local classical
relativistic mechanics.

If at a certain distance L:I , which is smaller than 4., a system fully conforms to the

"deterministic" conventional quantum mechanical evolution such that its subparts do not have a
distinct identity, then in order for the observer to obtain information about the system, it must be at
least as far apart from the observed system (both before and after the process) as the distance 41

(see Appendix F). Thus, due to the finite speed of propagation of interactions and information, the
process cannot be performed in a time shorter than

ys
Armin>—qoc£oc 20

c ¢ (2mc*kT)?

Moreover, given the Gaussian noise (2.21) (with the diffusion coefficient proportional to kT'),

(5.33)

we have that the mean value of the energy fluctuation is 5E(T )= 7 for degree of freedom.

o 2 .
Thence, a non-relativistic (mc” >>kT ) scalar structureless particle of mass m owns an energy
variance AE

AE ~(<(mc® +3E;, ) —=(mc® ) >)"* =(<(mc® )’ +2mc*SE —(mc* ) >)"?

(5.34)
=~ (2mc* < SE >)"* =(mc*kT )?
from which it follows that
2 1/2
AEAt > AEAT,, o (mcKL) ™2y o o, (5.35)

C

It is worth noting that the product AEAT is constant since the growing of the energy variance
with the square root of T is exactly compensated the equal decrease of the minimum acquisition
time7 .

The same result is achieved if we derive the uncertainty relations between the position and
momentum of a particle of mass m.

If we acquire information about the spatial position of a particle with a precision

AL> L. (5.36)
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1/2
)

the variance Ap of its relativistic momentum ( pﬂ Pu =mc due to the fluctuations reads

Ap z(<(mc+%)2 —(me )* > )"? =(<(mec )* +2mSE —(mc )* > )?
c (5.37)
~(2m < SE > ) =(mkT )"*
and the uncertainty relation reads
ALAp > £,(mkT )’* oc A (mkT )* ) oc [2h (5.38)

Equating (5.38) to the uncertainty value such as
h
ALAp > £, (2mkT )"* = 5 (5.39)

or

(2mc’kT ) L, 1
AEAt > AEAT,, = 1 = > (5.40)
C

A
it follows that L’q = 2\75 , that represents the physical length below which the quantum

entanglement is fully effective and the minimum (initial and final) distance between the system and
the measuring apparatus.

As far as it concerns the theoretical minimum uncertainty of quantum mechanics, obtainable from
the minimum uncertainty (5.35, 5.38) in the limit of zero noise, we observe that the quantum
deterministic behavior (with A, — 00) in the low velocity limit (i.e., ¢ — 0 leads to the equalities

Az =—2 undefined (5.41)
" 2e2

AE =(mc*kT J/* =2 % undefined, (5.42)
£ = Ao (5.43))

12
Ap =(mkT )/* = ? -0 (5.44)

but the products C

AEAt > AEAT, . = g (5.45)
ALAp > £, ( mkT )" =§ (5.46)

remain finite and constitutes the minimum uncertainty of the quantum deterministic limit.
It is interesting to note that in the relativistic limit, due to the finite light speed, the minimum
acquisition time of information in the quantum limit reads

£
At,. =—1 0. (5.47)
C

The output (5.47) shows that it is not possible to carry out any measurement in the deterministic
fully quantum mechanical global system since its duration is infinite.
Moreover, if we localize the system in a domain of physical length AL < L; , we can satisfy the

choice (5.36) by increasing the temperature, and since the minimum uncertainty is independent by
the temperature, it follows that the minimum uncertainty relation (5.46) generally holds.
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Since non-locality is confined in domains of physical length of order of and information

ZC
2\2
about a quantum system cannot be transferred faster than the light speed (otherwise also the
uncertainty principle is violated) the local realism is established on the coarse-grained macroscopic

physics (where the domains of order of /163 reduces to a point) while the paradox of the “spooky

action at a distance ” is limited on microscopic distance (smaller than —=) where the quantum

22
mechanics fully realize itself.
It must be noted that for the low velocity limit of quantum mechanics the conditions ¢ — o0
and 4. —oo are implicitly assumed into the theory and leads to (apparent) instantaneous

transmission of interaction at a distance.
It is also noteworthy that, in presence of noise, the measure indeterminacy has a relativistic

kT

correction since AE = ( mc*kT [l + 5 j )% leading to the minimum uncertainty in a quantum

4mc
system submitted the gravitational background noise (T > 0)

2 T 1/2 172 172
1 (me*kT )2, )(1+ szj h[H ij

V2 e )

2

AEAt > (5.48)

4mc 4mc*

and

172

A, kT h kT

ALAp > —= (ka(1+ - )= 14— (5.49)
22 4mc 2 4mce

that can become important for light particles (with m — 0) but that for the conventional quantum

mechanics for 7" = () leaves the uncertainty relations unchanged.

5.6. The stochastic quantum hydrodynamic model and the decoherence theory

In the context of the SQHM, in order to perform statistically reproducible measurement
processes and to warrant that the measuring apparatus is fully independent of the measured system
(free of quantum potential coupling before and after the measurement), it is necessary to have a global
system with a finite length of quantum potential interaction.

In such a case, the SQHM indicates that due to the finite speed of transmission of light and
information, it is possible to carry out the measurement within a finite time interval. Therefore, a
finite length of quantum potential interaction, and the resulting decoherence, are necessary
preconditions for carrying out the measurement process.

The decoherence theory [24-29] does not attempt to explain the problem of measurement and
the collapse of the wave function. Instead, it provides an explanation for the transition of the system
to the statistical mixture of states generated by quantum entanglement leakage with the environment.

Moreover, while the decoherence process may take a long time 7, for a microscopic system, the

decoherence time for macroscopic systems, consisting of n microscopic quantum elements, can be

T
very shortoc ~< However, in the context of the decoherence theory, the superposition of states of
n

the global universal wave function still exists (and remains globally coherent).

This conundrum can be logically resolved using the solution proposed by Poincaré, which has
recently been extended to quantum systems [30]. This solution demonstrates that irreversible
phenomena can occur in a globally reversible system, since the recurrence occurs over a very long-
time interval (much longer than the lifetime of the universe). The global quantum system locally
mimics the classical behavior in a way that is indistinguishable from that one of the large-scale classic
universe. This since the recurrence time is much larger than the lifetime of the universe. For example,
the recurrence time provided by Boltzmann for a single cubic centimeter of gas to return to its initial
state has the order of many trillions of digits while the universe time has thirteen digits.
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In the context of Madelung's approach, the Wigner distribution and the quantum hydrodynamic
theory are closely connected and do not contradict each other [7]. However, the interpretation of the
global system as classical or quantum in nature is ultimately a matter of interpretation. Essentially,
we cannot determine whether the noise from the environment is truly random or pseudo-random. In
computer simulations, it is widely accepted that any algorithm generating noise will actually produce
pseudo-random outputs, but this distinction is not critical when describing irreversible phenomena.

The theory of decoherence can explain macroscopic behavior as a result of dissipative quantum
dynamics, but it cannot determine the conditions that allow for a truly classical global system. On the
other hand, the SQHM approach provides a criterion for the transition from quantum dynamics to
classical ones at an appropriate macroscopic scale without the needs of an external environment. In
addition, the possibility shown by the SQHM of having a classical global system in a self-fluctuating
space-time whose background curvature fluctuations are compatible with the quantum-gravitational
description of the universe, where gravity is considered a source of global decoherence [31-32].

From a conceptual standpoint, the SQHM theory addresses the problematic issue of
spontaneous entropy reduction in the global quantum reversible system, which is necessary for the
system to return to its initial state as required by the recurrence theorem. Furthermore, since the
quantum pseudo-diffusion evolution [33] shows that entropic and anti-entropic processes occur
simultaneously in different regions of a quantum system, the question why spontaneous anti-
entropic processes are not observed anywhere and at any time in the universe remains unsolved in
the context of decoherence theory.

In relation to this aspect, it is important to clarify that when the size of the environment is
increased to infinity, the recurrence time is pushed beyond infinity. This can be easily demonstrated
by examining what are known as free Gaussian coherent states. These states are obtained as the limit
of eigenstates of harmonic oscillators when the quadratic coefficient of the potential approaches zero,
which is equivalent to increasing the size of the system to infinity.

While we can observe the emergence of antientropic behavior in the harmonic Gaussian states
after half of the oscillating period time has passed, this behavior is never observed in the coherent
states because their period of oscillation extends to infinity. Consequently, the expansion of the
environment to infinity is a tricky mathematical procedure that eliminates the unavoidable
antientropic behavior of conventional (deterministic) quantum mechanics, which contradicts
physical evidence.

5.7. The stochastic quantum hydrodynamic theory and the Copenhagen interpretation of quantum mechanics

The path-integral solution of the SQHM (4.33-35) is not general but holds in the small noise limit,
before a large fluctuation occurs. It describes the “microscopic stage” of the decoherence process at
De Broglie physical length scale.

Moreover, the SQHM parametrizes the quantum to classical transition by using two physical

lengths, A, and ;Lqu , addressing the quantum mechanics as the asymptotical behavior for

(4
lim A, — oo . Being so, it furnishes additional insight about the measure process.

Even if the measure process can be asymptotically treated as a quantum interaction between the
system and the measure apparatus, marginal decoherence effects exist for its realization due to:

i. real decoupling at initial and final state of the measure between the system and the measuring
apparatus,
ii. utilization of classical equipment for the experimental management, collection and treatment of

the information.

The marginal decoherence is ignored or disregarded because the classical equipment is
mistakenly assumed decoupled at infinity, while the assumption of perfect global quantum
interaction (that extends itself at infinity such as limA. — o and lim 4, — o0) does not allow

the realization of such condition.

In order to describe the decoherence during the external interaction V,,,, the SQHM reads

ext’
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pj=-mKq; -0, (V +V,. +un(n) )+ me; ..r 5.50)

where
V,.=0 fort<tyut>t, +Ar (5.51)

In principle, the marginal decoherence, with characteristic time 7, , may affect the

measurement if 7, is comparable with the measure duration time A7 (the absence of marginal

effects is included in the treatment as the particular case of sufficiently fast measurement with
At
— —>0).
ta
From the general point of view, the SQHM shows that, the steady state after the relaxation
depends on its initial configuration
E,(t—ty)

|Wig)>=2 a6 " Wy, > (5.52)
n

at the moment £, , allowing the system to possibly reach whatever eigenstate of the superposition.

Given that the quantum superposition of energy eigenstates possesses a cyclic evolution, with
recurrence time T, the probability of relaxation to the i-th energy eigenstate for the SQHM model

can read

Ply >y, )=Ilimy_,, (5.53)

where N is the number of time intervals At = centered around the time instants ¢, j (with

z|4 2|2

0< fo; < T and j=1,....,N)in which the system is initially submitted to fluctuations, and N;

is the number of times the i-th energy eigenstate is reached in the final steady state..
Moreover, since the eigenstates are stable and stationary it also follows that the transition probability
between the k-th and the i-th ones reads

. N,

Since the finite quantum lengths A_and /1qu , allowing the quantum decoupling between the
system and the measuring apparatus, necessarily implies the “marginal decoherence”, it follows that
the output of the measure is produced in a finite time lapse (bigger than A7, of (5.33)) due to wave

function decay time.
As far as it concerns the Copenhagen interpretation of quantum mechanics, the measurement is
a process that produces the wave function collapse and the outcome (e.g., the energy value E, for

the state (5.52)) is described by the transition probability that reads

2
~ a;
P(l//—)l//i)=jm!lx—|, (5.55)
Z | a; I
j=1

that for the i-th eigenstate reads

Py, >y, )=03y, (5.56)
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In order to analyze the interconnetion between the wavefunction decay and the wave function
collapse, we assume, as starting point, that they are different phenomena and have independent
realization.

In first instance, we can assume that the wavefunction decay (with characteristic time 7, )
happens first and then the wave function collapse (with characteristic time 7,) during the measure
process. Without loss of generality we can assume A7, <7, < 7. < A7, and thence, in this case
it follows that

. (tot ) _ D
lszd_)OP (v >y, )= Py 5w, )P(y, >w,)
i

At
(5.57)

N, N
= (thN—mo Fl] é‘m = limN—)oo Wn

On the other hand, for the Copenhagen interpretation, the measure on a quantum state with
A7 > 7, by (5.55-7) it follows that

2
i N
By su, )= i Py Sy = timy, N
! 5 €50 N
Z| a | Az
k=1 (5.58)

The outputs (5.57-8) show that the wavefunction collapse, beyond the duration of the
wavefunction decay, is ineffective for the output of the measure. Furthermore, we can infer that, since
after the wavefunction decay the system has already reached its final steady eigenstate, the
wavefunction collapse even does not happen at all since it does not affect the eigenstates.

Being so, we can think to shorten the measure duration A7 up to the wavefunction decay time
7, without have a change in the result (5.57) for the measure, leading the relation

2
~ a .
P((//—n//n):—J i =limy_,,

Z' ay |2
k=1 (5.59)

On the other side, by considering in second instance that the wavefunction collapse 7, is much

n

-
shorter than the wavefunction decoherence such as A7, <7, <7, < A7 (ie, 4 50 ), the
T
c

final output reads
lim,,  P"(y >y, )=Ply >y, )Py, >y,)
———0
At

; e (5.60)

| a

n

2
; N .
D B e
j 2 j 2 2
"2l "2l 2l
k=1 k=1 k=1

showing that the wave function decay, due to the marginal quantum decoherence, does not affect the
measure even if it might proceed beyond the wave function collapse. More precisely we can affirm
that since the wavefunction decay does not affect the eigenstates, it does not happens at all after the
wavefunctin collapse.

Therefore, both the wavefunction collapse as well as the wavefunction decoherence happens

together only during the time of the measure A7 > A7, . . In the case of (5.60) we might shorten the

measure duration time A7 to 7, so that, being the wavefunctin decay finished at the end of the

measure, identity (5.53,5.60) leads also to
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(tot) | an |2 . n
P (l//_)l//n)= t :llmN—>oo_
2
Zl a |
k=1 (5.61)

The proof of (5.61) can be validated by the numerical output of the motion equation (4.7).

The SQHM through identity (5.61) furnishes the linkage between the wave function collapse and
the wave function decay generated by the marginal decoherence possibly showing that they are the
same phenomenon.

5.8. Moon-Mars measurement of photons entanglement

Since the time of wave function decay is an important factor in the measuring process, the output
of quantum entanglement experiments is necessarily influenced by this factor. While it is challenging
to precisely measure the time it takes for information to transfer itself via entangled photons in a
laboratory, this parameter can be more accurately controlled in experiments conducted over
planetary distances.

The SQHM theory aligns with the idea that relativistic causality and quantum non-locality are
compatible, a concept that is already supported by relativistic quantum field theory. In order to check
this, we analyze the output of two entangled photons experiment traveling in opposite direction, in

/ 4 ( )

that cross polarizers oriented in the same direction following the scheme in Figure 1, where H and
V' are orthogonal directions of polarization.

The assumption that the state of the photon is defined only after the measurement leads to accept
that the photon superposition state, interacting with the polarizer, is still not fully collapsed neither
to | H > norto |V >until it is adsorbed or goes through the polarizer.

Given that in the SQHM approach the wave function collapse is not instantaneous but it takes a

finite time interval, we name them Af; and At, for the two photons, respectively.
Moreover we assume that the measurement time 7, starts at the detection of the first entangled
photon by the polarizer-photon counter system (at the time f,) and ends when the other entangled

photon is detected at the second polarizer-photon counter system (at the time ¢, =¢, +7,, ). Wealso

assume that the detection of each photon immediately happens at the end of its wavefunction
collapse.

The better way to perform the experiment is to increase as much as possible the distance £
between the two polarizer-photon counter systems. To comply with this requirement, we can think
to have the photon source on the Earth, the first polarizer-photon counter system on the Moon and
the second one on Mars.

Just for instance, we can suppose that the Moon, the Earth and the Mars are aligned each other.
In this case, it follows that the distance £ between the two polarizer-photon counter systems reads

L= ®e-mo + ®e-m and ®e—ma are the

a 0

D D
and that #, = ‘;m" +AtL, t, = ET'”“’+AI‘2 , where D,

Earth-Moon and the Earth-Mars distances respectively.
Here we assume that the detection measurement follows the quantum mechanical probability.
In order to determine the modality by which the quantum potential brings the information about the
first photon detection to the second one, we assume that
i The quantum potential interaction propagates itself at the speed of light;
ii. The quantum potential has the spatial extension equal to the physical length ﬂqu .
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At the time ? = 0 the first photon arrives and interact at the moon polarizer, at time #, = Af; its

wavefunction decays at the final measured state, the second photon arrives on mars at
D, g — D,

t = —£M M0 the quantum potential signal generated by the first photon interaction (at = 0)
c
reaches the second polarizer on Mars at the time
t = Lemo * Decna (5.63)
c
Besides, at the time
D, . —D
1, = —tma__emo | Ap (5.64)
c

the second photon on mars has decayed to its final state and measured.

Thus, assuming no superluminal transmission of information it must result
D, —D D, +D
— e-ma e-mo e-mo e-ma
t, = e +At, > "

(5.65)

Figure 1. Schematic drawing of the experimental set up: L, = laser sources, P, =Polarizers, C =

optical compensator, BBO = birefringent barium borate crystal, R, =right angle prisms, F; =

interferometric filters, D, =single photon counters, G = glass plate, B =beam splitter, see ref. [34].

and therefore,

20
At, > ZZEme =2 555 (5.66)
c

e-ma e-mo
c
Moreover, in order the two photons are quantum entangled, it must also hold that

where has to be measured by utilizing parallel not-entangled photons.

Age > 2D, ,,, +CAL, (5.67)
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The value lqu of in (5.67) can be obtained by knowing the spectral composition the photon (see

appendix G). In this case when the photon “one” interacts with the polarizer on the moon, it still is
entangled with the photon “two” traveling toward Mars.

In this scenario, photons "one" and "two" form a single quantum system that interacts with the
polarizer on the moon when photon "one" reaches it. After interacting with the polarizer on the moon,
photon "two" travels to Mars carrying in its quantum potential the information about the polarization
of photon "one". At this point, we essentially have an "entangled interaction" of the two photons with
the first polarizer.

Equation (5.66) has been derived by assuming that the decay of photon "two" to the final
measured state begins upon its arrival at the polarizer on Mars, and that the quantum potential effect,
resulting from the decay of photon "one" on the moon, starts to affect photon "two" after its arrival at
the polarizer on Mars (but not during its travel).

On the other hand, if

2D
At, < —=72.55s (5.68)
C

it means that the decay of the photon wave function on Mars into the polarizer-photon counter occurs
before the arrival of the quantum potential interaction (information) from the first photon detection
on the Moon. If the output of the measurement follows the quantum correlation law, this violates the
relativistic local causality.

Furthermore, to detect the photons entangled interaction with the moon polarizer, a counter-
experiment can be conducted by enclosing the Moon polarizer-detector in a Faraday cage (of about
300 meters long), with a diaphragm that closes as soon as the photon enters the cage and before it
reaches the Moon polarizer. The closure of the diaphragm forces the two-photon system to interact
with the macroscopic environment before interacting with the Moon polarizer. As a result, the
photons should decay into decoherent states before their detection and show stochastic polarization
states.

5.9. The quantum potential range of interaction of photon

Given the photon wavefunction
VES .[bk |wy | cosl k,q" 1d%k :jAk cos[( kg — ot )]dk (5.69)

(k—ko)*
2Ak

with Gaussian spectrum A, oc e

, the quantum correlation length

q,,]axq_] , (aqaq|w|j i
7 vl o,
A =2 il (5.70)

NN
Uyl
(q=4c.0.9)

reads (see appendix G)
Ix_l (—Ak4x) dx
Ay =22, 0 (x00)
qu c ‘(_Akélx) (5.71)
(x=2c.0.0)
1 0
=— I dx =0
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The same result is obtained if we use the superposition of the two photons fields in calculating
the quantum coherence length 4, .

This output allows the possibility that the two entangled photons undergo “entangled interaction”
when interacting with the first polarizer on the moon generating the “synchronized decay” at the
second polarizer on Mars

5.10. Extending quantum coherence to achieve a large number of entangled Q-bits

If we examine the two quantum coherence lengths, denoted as ZC and iqu ,

methodologies to extend quantum coherence over macroscopic distances and achieve a system

we can develop

comprised of a large number of Q-bits. The first proposed approach, advocated by 4., involves

lowering the temperature, a method already in use but one that imposes significant constraints on
the maintenance of quantum computers. A more intriguing possibility arises from analyzing lqu ,

where an expansion of the range of interaction of the quantum potential can be leveraged to increase
the physical dimensions of the Q-bit system.

One initial insight gleaned from this analysis is that extending the linear range of interparticle
interaction can enhance the system size at which quantum behavior remains observable.
Furthermore, given that the Hamiltonian interparticle interaction becomes more robust as it
strengthens, we can extend the range of quantum potential interaction by reducing the spatial
dimensions of intermolecular interactions. This can be achieved through materials composed of two-
dimensional structures, such as graphene, or linear one-dimensional molecules, as found in
polymers. Notably, the superconducting phase of polymers may endure even at relatively high
temperatures. Under the light of the stochastic quantum hydrodynamic theory, the superconducting
polymers research appears to be the more promising in achieving the room temperature quantum
computers. The use of linear systems for Q-bits can also gain advantage by the utilization of photon
fields since iqu infinite among entangled photons.

5.11. Conclusion

The stochastic quantum hydrodynamic model proposes a way to describe the behavior of
quantum systems in the presence of fluctuations in the physical vacuum with a fluctuating metric.
The model suggests that the spatial spectrum of noise is not white and has a correlation function with
a well-defined physical length determined by the De Broglie characteristic length. This leads to
effective quantum entanglement that cannot be removed in systems whose physical length is much
smaller than this length.

The non-local quantum interactions may extend beyond the De Broglie length up to a distance
that may be finite in non-linear weakly bonded systems.

The Langevin-Schrodinger equation can describe the dynamics of these systems, departing from
the deterministic limit of quantum mechanics.

The text is discussing the relationship between the Langevin-Schrodinger equation and the
physical length of a system. The equation is derived by considering the effects of fluctuations on
systems whose physical length is of the order of the De Broglie length. However, as the physical
length of the system increases, classical physics may be achieved when the scale of the problem is
much larger than the range of interaction of the quantum potential. This is because the long-distance
characteristics of the quantum potential and its range of interaction determine the existence of a
coarse-grained classical large-scale description.

The SQHM also shows that the minimum uncertainty during the process of measurement
asymptotically converges to the quantum uncertainty relations in the limit of zero noise. The
principle of minimum uncertainty holds only if interactions and information do not travel faster than
the speed of light, which is compatible with the relativistic macroscopic locality and the non-local
quantum interactions at the micro-scale.
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The stochastic quantum hydrodynamic model (SQHM), which suggests that the interaction of a
quantum system with its environment leads to a gradual loss of coherence and the emergence of
classical-like behavior, is compatible with the decoherence approach. In the SQHM, the quantum
potential is not able to maintain coherence in the presence of fluctuations, due to the emergence of a
drag force leading to a relaxation process known as decoherence.

This effect can be observed in macroscopic systems, such as those made up of molecules and
atoms interacting by long-range weak potentials, like in the Lennard-Jones gas phase. In such
systems, the effects of decoherence become more pronounced and the quantum behavior of the
system becomes increasingly difficult to observe as the system size and complexity increase. The
SQHM provides a useful framework for understanding the interplay between quantum mechanics
and classical behavior in such systems.

The stochastic quantum hydrodynamic model suggests that classical mechanics can arise in a
quantum system when the system is large enough and subjected to background fluctuations of the
underlying spacetime. When a quantum system's eigenstates are subjected to fluctuations, their
stationary configurations are slightly perturbed but remain stationary and close to those of quantum
mechanics.

However, when the system evolves in a superposition of states, the fluctuations cause the
superposition to relax to the stationary configuration of one of the eigenstates that make up the
superposition. This leads to the emergence of classical mechanics on a large scale driven both by

temperature, as for the fluid-superfluid transition of *He , and for the extension of the quantum
potential range of interaction as for the soli-fluid transition at melting point of crystal lattice. The
model provides a general path-integral solution that can be obtained in recursive form. It also
contains conventional quantum mechanics as the deterministic limit of the theory.

According to the stochastic quantum hydrodynamic model, decoherence is necessary for a
quantum measurement to occur and that it also contributes to the execution, data collection, and
management of the measuring apparatus. The model suggests that the phenomenon of wavefunction
collapse in the Copenhagen interpretation of quantum mechanics may align with the concept of
wavefunction decay. This decay process has its own distinct kinetics and a finite timespan associated
with it. With the premise that wavefunction decay occurs within a finite timeframe during the
measurement process, a thought experiment is conducted to scrutinize the measurement of photon
entanglement. This experiment aims to assess whether information can propagate faster than the
speed of light in the realm of quantum interactions.

The model shows that if reversible quantum mechanics is realized in a static vacuum, the
measurement process cannot take a finite time to occur.

Appendix A. Quantum mechanics as imaginary-time stochastic process

The Schrodinger equation

. n’
iho,y = —%Giﬁit// +U v
(A1)
in the quantum integral path representation, is equivalent to the FPE [76] that in the unidimensional
case reads
alP(‘]vtl data) - _aqK( q )P( a 4g.tq ) + Daqaq}?%ﬂ data) (A.2)
where the solution
P, ¢ | 1 1
_ (q) -2 '
Bt ggia) = P j Dq exl{‘ﬁj,a dt 540) +5K(q) +DK )
$(4a) qq (A3)

with
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1 ¢ 1 ¢
:limto%_oo NeXpB I < q >(L] " ) dq’ :NexpB J' K(q')dqr
9—x 9—x , (A.4)
and
K0 =9Kq) (A-5)
leads to the imaginary time 7 = it evolution amplitude
1 =i M ., B0
Yign = l//(q,O)J-Dq exp {_% 0 dz—(?q(ﬂ +V(q(r))]} p “H gt aqta)
sta) (A.6)
By comparing (A.6) with (A.2) we can see that the quantum particle subject to the potential
m _ » /]
V., ==K +— 6 K
(q) (q)
q 2 (q) q (A7)

is equivalent to the Brownian particle of mass m subject to friction with coefficient f =xm
obeying to the stochastic motion equation
. 1 172
9= _anU(q) +D )
(A.8)

/]
(q) = mKK(q) and where D =—

where 5 U .
2m

The “pseudo-diffusional” evolution of the quantum mass density |l//|2 described by the
imaginary-time stochastic process (A.8) [76 ] in the deterministic quantum hydrodynamic formalism

. 1
is described by the motion of a particle density 7, =1 |2(q,t) with velocity ¢, =—0,5, at)
m :

governed by the equations [17,19, 27]

O My +8.(n(q,)q')= 0, (A9)
D;

8S(q,) _Z (A.10)

pi = —3i(H+un ), (A11)

where, for a non-relativistic particle in an external potential,

DP; P;
H="1+V, A.12
om (7 (A12)
and
S = jdt(ﬂ— t0)~Vau) , (A.13)

where V,is the quantum pseudo—potentlal that reads

hZ
Vo= . Jn~"20.0.n"* (A.14)

qu

Expression (A.14) leads to the motion equation

q:la_sz_j(a %_W gy~ Vou ) M

1 ¢ o
_;,J;ai(v(q) )dl___'[ﬁql( ot 1/251.81.”1/2}17

(A.15)


https://doi.org/10.20944/preprints202309.1950.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 September 2023 doi:10.20944/preprints202309.1950.v1

31
and to the stationary equilibrium condition (i.e., ¢ =0)
1 t
—;jdt(al~ (Vi) =V ))=0
o (A.16)
that, by using (A.14), reads
no
AR +%n 1/28,.8,111/2 =0
(A.17)

By comparing (A.17), for instance, with the Fick equation for chemical diffusion, the quantum
imaginary stochastic process (A.8) generates a “pseudo-diffusional” process driven by the quantum
potential

un(n) o n_m&i@inm =0,0;Inn —%(61. lnn)(ai lnn) (A.18)

while the irreversible chemical diffusion is generated by the potential V) o Inn.

Both the (real time) thermal stochastic process and the quantum (imaginary time) stochastic one
show that the stationary states (i.e., ¢ = 0 )happens when the force of the “pseudo”-potential, that

accounts for the effect of the fluctuations, exactly counterbalances, point by point, that one given by
the Hamiltonian potential V.

The basic difference between the two is that, in the quantum case, more than one stationary state
(i.e., the quantum eigenstates) can possibly exist [27].

Therefore, beyond the analogy, the two processes own important differences.

For instance, the quantum “imaginary-time” diffusion, concerning the Gaussian mass-

distribution, leads to the “ballistic” expansion with the variance qu following the time law

Ag* < t?, (A.19)
while the spreading of the same initial mass distribution, submitted to thermal fluctuations, follows
the thermal expansion following the law

Ag* oct. (A.20)

It is noteworthy to observed that the “real-time” stochastic dynamics are dissipative while the
“imaginary-time” stochastic dynamics of quantum mechanics are reversible and “deterministic”. The
law (A.19) can be obtained from the limit of particle in a harmonic potential in the limit of zero
amplitude [47].

This dissipative-to-conservative switching of characteristics from the real to the imaginary-time
stochastic process, has an analogy in the rheology of elastic solids where the real elastic constants
describe conservative elastic dynamics while the imaginary elastic constants account for the viscous
dissipative behavior [54].

In the quantum deterministic evolution there is no loss of information with reversible dynamics:
the superposition of states (with their complex configuration) are maintained during time and never
relax to a more simple (higher entropy) stationary equilibrium configuration.

Appendix B. Stochastic Generalization of Madelung Quantum Hydrodynamic Model

In presence of curvature fluctuations, the mass distribution density (MDD) |y |2= 1 becomes

a stochastic function that we can ideally pose 71 =71 +0n where On is the fluctuating partand 7
is the regular one that obeys to the limit condition

lim, 7 =lim, o5y, (B.1)

The characteristics of the Madelung quantum potential that, in presence of stochastic noise,

fluctuates, can be derived by generally posing that is composed by the regular part un( n) (tobe

defined) plus the fluctuating one V, such as


https://doi.org/10.20944/preprints202309.1950.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 September 2023 doi:10.20944/preprints202309.1950.v1

32
n* —
_ ~_1/2 ~1/2
Vau i) ——%n 0,0 =V i)+ V. (B.2)
where the stochastic part of the quantum potential V, leads to the force noise
-0V, =mw 7). (B.3)
where the noise correlation function reads
fim < 1 B ggeraee) = m <y Bygp) >y GAI(T)0q
< w >
(400 Plap) 2(T)
& p o(r )5aﬂ
¢ (B.4)
with
oS ZE % (B.5)

L
Besides, the regular part V,, ;,, for microscopic systems (7 < 1), without loss of generality,
c

can be rearranged as

e V2 Ay NG
un(ﬁ)——%(l’l aiain )——%F@@ip +AV—un(p)+AV (B.6)

where p, ., is the probability mass density function (PMD) associated to the stochastic process we
are going to define that in the deterministic limit obeys to the condition
. . ~ . — 2
limy_yg Prg.) =limp_o it =limg o Sy [

Given the quantum hydrodynamic equation of motion (3) for the fluctuating
MDD n=n+on,

.. 1
q; =_;ai(v(q)+vqu(;,)) (B.7)
we can rearrange it as
Lo 1 w1 VS Py
q; = —;8]. Vio) +un(p) +%[p1/2 0;0;p"" — 12 00,1 : (B.8)
The term
1 1/2 ~1/2
8j [7818”0 —#761-8[-71 (B.9)
that in the deterministic case is null since
lim i =lim (n+dn)=n=p, (B.10)
——>0o0r T—0 ——>0or T—0

4 (o
generates an additional acceleration in the motion equation (B.8), which close to the stationary
condition (i.e., ¢=0), can be developed in the series approximation and reads

1 1/2 1 ~1/2 . . L
0; (Faiaip —#76,.8,.11 = A, +A1jq+....+Anjq” +O(Z)' (B.11)
Moreover, since near the limiting condition (B.10) we can pose

lim f » My = lim ii » ﬁ(q) + 5”(,1,:) =Pt e(q)én(t ) (B.12)
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2.1/2
with [im , & )=l and where £(q) is smooth with ——— finite (since A, > L#0), it
i ! 045045
follows that
lim, 0. ——00,p"-— 50"
Ea 172 Yi%iP ﬁl/Zii
ﬂ'C
~ i 1 12 12 E(q)OM 1)
= lim 06j —70,0,p"" ——50:0;p 1+2— , (B.13)
0 e p p
1 &)
= om0, _p1/2 0:0; 2,
At

_ L
Moreover, given that at the stationary condition (i.e., <gq >=lim,, v J. g 47 =0)it
p .

At
t_i
2
holds
At
ti
2
Mg yr=0) = iy <My gy >=limp_ limy, ,, — J. Mg )dT
A
2
At
li
1 2
= g yr=0) +limy_ limy, ., — _[ on,,dt , (B.14)
At Y,
t_i
2
=,y 1-0) +limy_, < 5n(,) >r)
and thus
lim <on,, > =0, B.15
T—)Oor£—>0 (1) ~(T) ( )

c

the mean < Aoj >, by (B.13) reads

lim, <Ay >=lim, lim;_, <0, (Laiai P —Laiaiﬁ”z] >
—0 ——0 P

1/2 m1/2
Ae e !
(B.16)
» 1 “(a)
=llm£_)0<5n(,) >aj “Tan aiai 2,01/2 =0

AC
Therefore, the general form of the stochastic term A0 as the zero-mean noise, with null
correlation time (see (B.4)), reads

Ay, = mKD 2E,). (B.17)

Thence, atleading order in ¢, sufficiently close to the deterministic limit of quantum mechanics

L .
(— < 1), for the isotropic case D; = D Vi, we obtain that

(o
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—ﬁa —aa va_ L oo s mep, VR AL GOl )
p1/2 i0iP 1/2 ivi = (t) ljqu Z
=(0 m/cDV2 +0,k;8 +0( )
( i+ Ok ) % (B.18)
;aj(mKD,.‘/zgwqi +KS)+0((£)2)
~9. (mKDl/zf([)qm 172 +KS)+O((/1L)2)
The first order approximation (B.18) allows to write (B.7) as the Marcovian process
.. ) 1 172
Qi) =Ky, =0, (Vig) Vg, )+ 6D
Jet) I AL qu( p) t . (B.19)
where
+00
_ 3
Prgi) = J.W(q,p,t)d p . (B.20)
where
(B.21)
where P(q,4,2,2,
equation [20]
(B.22)
of the Marcovian process (B.19).
Moreover, by comparing (B.7) in the form
.. 1 1 _
i, =0, (Vig) + Vo) + Vi ) = —5 (V(q) Vo) +AV+VS,) 23)
with (B.19), it follows that
— K[ 1 1 y
AV = 3 0,0,p" —(Tzaiainmj = kS (B.24)
m{ p n
and that
172 172 /2
Ve=6¢""q9"kD""&,,) (B.25)

Generally speaking, it must be observed that the validity of (B.19) is not general since, as shown
in ref. [79, 88-90], friction coefficient [ = mk is never constant but only in the case of linear

harmonic oscillator. Besides, since in order to have the quantum decoupling with the environment,
the non-linear interaction is necessary (see relations (5.05-06), actually, the linear case with /3
constant cannot be rigorously assumed except for the case S =0 that corresponds to the

deterministic limit of the theory, namely, the conventional quantum mechanics.

Appendix C. The Marcovian noise approximation in presence of the quantum potential

Once the infinitesimal dark matter fluctuations have broken the quantum coherence on

cosmological scale (e.g., for baryonic particles with mass 7n——I)( a@, it is enough
2

_40 4N _
T>10 40_kOK ~107'%K in order to have A< 10°m ) it follows that the resulting
m

universe can acquire the classical behaviour and it can be divided in quantum decoupled sub-parts
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(in weak gravity regions with low curvature since the Newtonian gravity is sufficiently feeble for
satisfying condition (5.02)). In this context we can postulate the existence of the classical environment.

Thus, for a mesoscale quantum system in contact with a classical environment, it is possible to
consider the Markovian process (6.28, B.23-4)

q; = ; (C.1)

. 1 ~1/2 172
, (C.2)
In presence of the quantum potential, the evolution of the MDD fz( at)’ from the initial

configuration, determined by (4.8) depends by the exact random sequence of the force inputs of the
Marcovian noise.

On the other hand, the probabilistic phase space mass density N, ) of the Smolukowski

equation

for the Marcovian process (C.2) [77] is somehow indefinite since the quantum potential, being

non-local, also depends by N (q.pi) At the subsequent instants (see (4.20-23) in § 4).
Even if the connection (B.11)

: h? 1 v 1 | " ' .
llmfeo_%aj(pl/z aiaip _ﬁITaiain :mKDj g(t) +A1jkCIk +0((Z) )

= (8jmz<Di‘/2§(t)qi + 8k1<ij)+ 0((56)2) o

IR

172 172 172 )
aj(mch émqi q, +KS)-|—0((Z) )
- 172
= mxD é(t) +8jKS
between the stochastic function ﬁ( at) and the distribution Nigr) :I_‘N(q, p,t )d3 p cannot be

generally warranted, in the small noise approximation, introduces the linkage between ﬁ( gr) and

Prar) =14 |2 (i-e., information about 71 can be obtained by knowing n and C}a) and leads to the

motion equation

. . 172
pi :_quJ(t) _al (‘/(f])+vqu(p))+mKD é([) (C5)
where un (n) in (C.5) is a function of the PMD Pras) instead of the MDD ﬁ( gr) S in (C.2).

It is worth mentioning that the applicability of (C.5) is not general but it is strictly subjected to the

L
condition of being applied to small scale systems with — <1 that, being close to the quantum
c

deterministic condition, admit stationary states (the fluctuating homologous of the quantum
eigenstates with < g, >=0). In this case, for sufficiently slow kinetics (i.e., close to the stationary

condition <g, >—>0) is possible to assume that the collection of all possible MDD 7, at)
approximately reproduce the PMD o, ;.

The Smolukowski (conservation) equation and the non-Gaussian character induced by the
quantum potential
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By using the method due to Pontryagin [77] the Smolukowski equation leads to the differential
conservation equation for the PTF P(q,z|7,t)

6,P( ade0) T 6,.P( ad0)V =0, (C.13)
In worth noting that in the stochastic case (C.13) substitutes (2.2) as conservation equation.
Moreover, in the classical case (i.e., un (n) = const =0), the Gaussian character of the PTF is

warranted by the property that the cumulants higher than two [77]

are null in the current

1 1
P(‘]vZ't,O)rVi = _f)(quh,o) Eal (‘/(q) + un(P(q:q0|l+T,lo )) ) - Ealem F’(q,ZV,O)
1 & (C.15)
(n)
+“+mzzamlm.am’lciml ........ my, P(q,z|t,0)
L~

This condition is satisfied in classical problems since the continuity of the Hamiltonian potential leads
to velocities that remain finite as 7 —> 0 leading to non-zero contribution just for first term

(yi _qz')

T
In the quantum case, since the quantum potential depends by the derivatives of

ﬁ(qt) = ﬁ(qt ) +onAy |2 +0 and since in macroscopic systems % > 1 the spatial correlation

function of noise F( A )(6.5) converges to the delta-function O( A ) (i.e., white noise spectrum (see (6.7)),

very high spikes of quantum force are possible on very close points (yi —d4; ) as 7 — 0. This behavior
can give a finite non-zero contributions even in the limit of infinitesimal time interval. In this case, in
the limit of 7 — 0, cumulants higher than two contribute to the probability transition function

P(y,q|z.t).
Such spiking quantum potential contributions grow as a function of % . For % > ] they lead to

jumping process that appear in the high order term O (( li ) ) in (B.11).
(o

The motion equation for the spatial densities
Given the conservation equation (C.6) for the phase space density N, p,t )

&Gpn) , Pap)Y
a 3

ﬁ) oo )
} migy‘%j) —+ _|l éf,n,;......l %)

N i 2 P e KK

= +— T

a o S

(C.17)

}% _|_____|*1 S dn‘lzjg}[qz:t)
1z s, WS O

Ta a. 2% Y
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(C.18)
(C.19)
(C.20)
where
no1 172
un :—%Fayayp , (C.21)
Pigr) = J.W(qxpyf)d%l?/ (C22)
by integrating it over the momenta, we obtain
o
3h . 3h . 3h
8,.[9\[07 p—ﬁaIand P=<DP>4)p I 8_d D
o %Pp
(1) n~(n)
0 liacim Naps) +..+ 1 &0 Cim ........ I Naps) (€23)
2 ox,, Conl&E ox,...0x
1 3h
+ n—terms d — O
J‘ Ox; b
that, with the condition %)i and by posing
[N p
<Gy =, (C.24)
J.Waﬁhp
leads to
(1) W An(n)
16 im Napa) N +L 0 Con 1 Nape)
2 ox. T onl&S ox,...0x
0
On—=0,n<q, >=-| p mem—=d™ p (€25)
X,

O O
where < 7 so that (C.17) can be rearranged as
772 O %

e N
@%‘%% (C.26)
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where
0
~ k(k)
1 0D30, N ) 1 &0C s Navn || s
Qdiss(qt):_[ 5 - T V2 A d P
: 2 p, n!i= op,.-0p,
%,—/
( k—terms )
Cc.27
P ©27
0
) » o*C*)
:J.ai laDW(qpr) +...+i QY. gW(%PJ) d3hp
Po |2  Op, n!'y5  op,..0p,
(A —
( k—terms )
describes the compressibility of the mass density distribution as a consequence of dissipation.
Appendix D. Harmonic Oscillator Eigenstates in fluctuating spacetime
In the case of linear systems
2
_ mw 2
Vig) = TN q-, (D.1)
the equilibrium condition, referring to the stationary configuration of the eigenstates, leads to

? L 2\_ D 5
an anqlnp(q)+5( qlnp(q)) —mKE g Inp+moq (D.2)

2
that is satisfied by the solution p = p, exp {—q—z} , where p . is defined by the relation
Aq

2
n ¢ )1 s D )
1 26q anq[lnpO—A—qz +§ 6q lnpo_A_q2 ZK'?aq lnpO_A_qz +wq- (D-3)

m

For the fundamental eigenstate

q2 1 mow 4 q2
li 2 expl| — = (——j exp| — (D.4)
n/LT—)O pO p|: 2Aq2 j| 472_ h 2Aq02

from (D.3), it follows that

2 2
12 =—m2KD+mw 1+(1KDJ (D.5)
Aq 2h h 2hw

m
that close to the quantum mechanical state (i.e., D —> 0, x>0 with o> ; xD)leads to

12 = MO m’ 1<D+1m—3(1<D)2 = m_a)_m_ZKD = m—a)[l—ak—TJ. (D.6)
Ag hooo2n? 8w ) h hao
and to the distribution
mao kT 2
Peg = Po exp{—7(l—a%jq } (D.7)

where

— Lm_a)(l_ak_Tj " (D8)
P 4 ho)| '
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From (D.7-8) it can be observed that, within the limit of small fluctuations, the mass density
distribution of the fundamental eigenstate does not lose its Gaussian form but gains a small increase
of its variance following the law

kT
AG? =AG | 1+a— . D.9
=i 1+051) o
where
Agy’ :(ij . (D.10)
ma

The result (D.7) satisfies the condition initially stated in § 4.
Moreover, in presence of fluctuation, the energy E;, of the fundamental stationary state reads

« 2
Ey =<y, | H |y, >= Ip(q,t) [rgilerm;) q2+ch }dq

N
m‘»

T jqz +(n+— )ha)j|dq

24 2
172
_ho aa)kaJ- mo ox _(mo  2amkT | , d
2 2 o) PN\ T R 7
_ho omkT 1 qu
2h kT
l+a—
10)
_ho+akT ’ (D-11)

2

showing an energy increases of akT directly connected to the dissipation parameter « .
As far as it concerns the energy variance of the fundamental stationary state

AEy =<y |(E-E,) vy >, (D.12)

in presence of fluctuation, it reads

2
2 % 2
(AEO) - J’ Plat) Hf;qz +m;)q2+vqu]_(hm+2akTﬂ dg

2
omkT 2 akT
P(q 7) [aiq ) } dq

_ om 2 1 2d _ akT ? 1 a)moo ) 2 WM 4 d

- Ip(qt)[ 5} 1= - +7Ip(q,t) T+ 1 |
2 2 o 2

_ [ akT wm 4, | _3(akl

(T) et 5 Tagontaa| = )

that allows to measure the dissipation parameter ¢ by the formula

Il
§ —38

(D.13)
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AE
a2 \/g U (D.14)

3 kT

For higher eigenstates (see ref. [91]) the eigenvalues of the Hamiltonian read
o1 akT
Ej;(]+5)ha)—(1+Aj)T (D.15)
where
A 2

A= . 1 (D.16)

! (qug _quz'—1)

where quz. is the wave function variance of the j-th eigenstate and qu is the variance of the

fundamental one.
It is noteworthy to see that the parameter ¢ can be also experimentally evaluated by the

measure of the energy gap AE; = E; —E; | between eigenstates through the relation
A ho-(E., -E;)
(ACIJZ' _quz'—l) kT

1N

a=? (D.17)

Appendix E. Convergence to the deterministic continuous limit

The condition lim,, ,,lim, ,,&—0 is warranted by the existence of the deterministic
continuous limit that implies that
limp, o P(q. iy | At,(k—1)At)

=limp_,limy, (47rDAt)_V2 exp ﬁ{—(q'kl -< c?,H >)2 At+2D _8 <y > At}

277
, (ED)
- 1 ) - 2 0<q, >
=lim lim 47DAt)" exp—| — -< >) At +2D—2KL T Ay
Ar—0 D50 ( ) 4 4D (Qk—l i ) o
. - . - 2 . . ~ 2
=limy,_, At 1/25((%—1— <G >) At) = 5(llmAHo (‘Ik—l_ < >) )
and that
limy, o limy, o Gy = limy, o <@y >=<gG;_; >. (E2)

Appendix F. Quantum decoupling of the measuring apparatus at initial and final time

The preparation of the experimental measurement needs at the initial state that the system and
the apparatus are decoupled. This is commonly assumed by posing the two systems at infinity with
the tacit assumption that no interaction at all exists between them. Nonetheless, since the fully
quantum super-system acts as a whole (i.e, 4. —> ), the non-local quantum potential interaction

acts everywhere and thus even at infinite distance. Thus, the decoupling between the measuring
apparatus and the system cannot be strictly assumed in perfect quantum supersystem. Conversely,
given that the quantum potential can acquire finite range of interaction in sufficiently weakly
bounded macroscopic systems in presence of random noise, the initial decoupling can actually be
possible. Thus, it follows that the large-scale decoherence is necessarily present for performing the
process of measure.

Appendix G. The non-local quantum potential length of interaction of the photon
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In order to calculate the length lqu of the non-local quantum interaction of the photon, whose

wavefunction reads

W= .[bk |y | cos[kuq” ]d*k :J'Ak cos[(kqg—ot )]dk, (G.1)
we observe that equation (1.4) for the photon can be rearranged as
p,p"=0,8 8”S=h2w:quu (G2)
From (G.2) we can see that the quantum properties fyolr the photon are contained in the term
2 00" v .
14

Moreover, since the quantum potential length of interaction is independent by multiplicative
constants, along the direction of propagation of the photon, it reads

1
Xmax aqaq——Qﬁta, |l//|
1 c
I x |0, dx
0 lv|
o = () (G4)
1
(851841 _2atatj| V/|
P c
14
(x=2c)
- 0,0, —Clza,al) ( [ A cos kgt )dk]L [ A% cos( kg - )dk}
xo, dx
’ [JAk cos( kq—wt )dkj[IA*k cos( kq— ot )J
ﬂ'qu = ﬂ’c (o) . (G)5)
|
(anq —026,6,) [I A, cos(kq—at )J(JA*k cos( kq— ot )J
0

=

[J.Ak cos( kg — ot )][jA*k cos( kg — ot )]

(k—ko)?

2 .
where X = g —ct . Furthermore, for Gaussian spectrum A, oc e 24F it follows that

(x=A.)
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1 (k—ko)*
(6464 _26tatj Ie 2867 cos( kq—at )dk
xmax C
x O 2 dx
0 _(k*ko)
je 202 cos( kg — ot )dk
(G.6)
(x)
ﬂqu =1 :
_(k=ko)
(6‘15‘1 _clzazat] je 2047 cos( kq— et )dk
0
' (k-ko)?
_[6 20k cos( kg — ot )dk
(x=¢)
1 _(k—k0)2
(aqaq _2ataz) Ie 2042 cos( kx )dk
xmwc c
-1
x |0 I
0 * _(k—ko)z
je 286 cos( ko )dk
(x)
/1414 = /10 (G-7)
(k—ko )
1 —
(8q6q _2atatj Ie 2862 cos( kx )dk
c
0
* _(k—ko)2
je 20k% cos( kx )dk
(x=Ac)
1 A (g-et ) ,
X (8q6q _zatatje 2 elko(q—ct)
v[ x! Oy . 2 2 dx
Ak“(gq—ct)
’ e_feiko(q—cz)
D = 2o (2) (G.8)
| (gt
iko(g—ct )
(aqaq _czatatje 2 ot
0
' A% (g—ct )
€_feik0( q—ct)
(x=¢)
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) [aqaq —ga,a,je 2

x AP (kg-ot )P
e

2 eiko( q—ct)

(x=2;)

43
A2 (g—ct )2 A2 ( gct )2
T o 4 iko(g-er) ko(g=ct)y 7 2
0 e 0 4€ 0 e 0 €
+
7Ak2(q—ct)2 7Ak2(q—ct)2
’jﬁl" 1 e ) eiko(qfct) e P eiko(qfct) i
0 AP (gt ? A (g-ct )
at e 2 atezko( q—ct) 5, elko(kq—wt )ate 2
1 1
c? Ak (gt e 2 Ak (gt o)
iko(g—ct iko(g—ct
e 2 e e 2 e x)  (G9)
1 A2 (g=ct )2
_ ) iko( g—ct)
(8 94— ata,je e
a c
o Mk (g-ct )
e 2 eiko( q-ct)
(x=Ac)
A2 (gect A2 (gmct P
—ikoelko( TN (g —ct Je 2 e 2 koze’ko( et
Mgt P Mgt P
e 2 gikolg—ct) e 2 gikolg—ct)
M3 (gt ?
—ikoe'ko( TN (g —ct e 2
+
Mk (g-ct )
Xnax 2 iko(q—ct )
_ e e
J ! dx
0 AP (g-er ) AP (g-et )
M Ak* (g —ct e 2 1AK% 2
_I_
Mk (gct
e 2 eiko( g—ct)
M (gct P M3 (gct P
o0,|e 2 8,e’k0(q_”) 0, egotaet )8,e 2
1 1
¢t gl oer) ¢ agal (et
2 kolg—ct 2 iko(g—ct
e e e e () (G.10)
A2 (geet
B eiko(q—ct)
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ik Ak*(q—ct )—ky + Ak*(g—ct ) + Ak
" _ Mgt} _ (gt
I x'lo, ick,e™ o e 2 M p0e 2 dx
0 2 , 1
+= +ky -
? 83 (g-ct P O algal
o k(g - iko(q—
A=A e r e 2 o () (G11)
e 2 2
1 Ak (kg-at )
~ iko(kg-at )
(aqaq —Czﬁlﬁtje 2 ot
0
* M (kg-ot
e 2 ckolkg-ot)
(x=A¢)
Tmgr 5 —2ikyAk*(q—ct)—ky" +Ak*(g—ct )"+ Ak* .
x |0, x
0 +2ikyAk*( g —ct )+ k> +Ak* +Ak*(g—ct )
A = A () (G12)
1 Ak (get )? o
2 iko( g—ct
(6q8q—02616,)e e
ax 2 2
A" (g=ct)
e 2 eiko(q—ct)
(x=¢)
xmax
2 [ o, (At (g—ct P +AK7)  dx
(x)
0

Ay =4, (G.13)

" o, (Ak4(q—ct P+ k2
(x=2;)
‘2Ak (g—ct) dx
(x)
ﬂ’qu = ﬂ“c
‘2Ak4(q —ct)
(x=4c)
Ix_] (—2Ak4x) dx
=24 " ) (G.14)
‘(—2Ak4x)
(x=4¢)

=—J‘2Ak4dx 2jdx %
Ak
Considering the superpos1t10n of the two photons fields, the results (G.14) does not change.
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