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Abstract: The three-dimensional Ising model on the m xn X1 cubic lattice with the screw boundary
condition along the X direction and the periodic boundary conditions along both Y and Z directions is
exactly solved by using the 2""-dimensional representation of the rotation group in 2mn-dimensions,
similar to the Kaufman’s spinor approach in two dimensions. The exact partition function is obtained
from two sets of 2"~ ! eigenvalues of the 2""-dimensional transfer matrix V corresponding to the
even and odd eigenvectors, respectively. Such the eigenvalues are determined by the angles of the
2mn-dimensional rotation associated with V.
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The Ising model has been widely studied for understanding the order-disorder phase transitions
in many physical or chemical systems since its establishment by Ising’s research director, Wilhelm
Lenz, in 1920 [1]. It is known that one-dimensional (1D) Ising model does not possesses a phase
transition to a ferromagnetic ordered state at any temperature [2]. However, this result seems not
to be generalized to higher dimensions [3]. In Ref. [4], Kramers and Wannier located the transition
point in 2D Ising model by using the dual transformation and determined the critical temperature.
In 1944, Onsager successfully solved the 2D Ising model by the operator algebra and obtained the
exact partition function in the thermodynamic limit [5]. Later, Kaufman gave the complete eigenvalues
of the 2D Ising model by spinor analysis [6]. Since then, a great deal of effort has been devoted to
exploring the exact solution of 3D Ising model. Recently, we have exactly solved the 3D Ising model
with the screw boundary condition along the X direction and the periodic boundary conditions along
both Y and Z directions by employing the Onsager’s approach [7]. The critical temperature and some
thermodynamic quantities have been calculated in the thermodynamic limit. We note that under this
kind of boundary conditions, the Hamiltonian along the Y direction is fully equivalent to an operator
(physical quantity) along the the X direction. Therefore, the 3D classical Ising model can reduce
to the 1D quantum Ising system through the transfer matrix method and operator renormalization.
Eventually the 3D Ising model can be exactly diagonalized.

In this work, by employing the spinor approach, we compute the exact partition function for
the 3D Ising model in terms of the complete eigenvalues of the 2""-dimensional transfer matrix V.
From Ref. [7], we have the following expression for the partition function of the 3D Ising model on a
mxnXx] cubic lattice imposed by the screw boundary condition along the X direction and the periodic
boundary conditions along both Y and Z directions

Z = [2sinh(2H)]"™"/2tr(V Vo V3)!, (1)
where
Vi = exp(Hy XY o707 ) = exp(HiHy),
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where 0 and o7 (= +1) are the spin components on the site r and the transfer matrix V = V1V, V3. H
and H* are given by

1
H* = 5 Incoth H = tanh~! (e 2H). 3)
From the expression of V;, we can see that the Hamiltonian along the Y direction: —HHy =
—Hy Y, ofo -+ 07, 1074, which is regarded as a operator along the X direction. This is the

key to solving exactly the 3D Ising model [7].
Following the Kaufman’s spinor analysis in two dimensions [6], we define

mn

Ipp 1 = 0"Q® - 0°QARI---QI=P,
! mn (4)
Iy, = ' ®---QdYRQARI---RI=Q,,

r

where 1 < r < mn, [ and c*¥* are the 2 x 2 unit matrix and Pauli matrices, respectively. Obviously, I'
are the 2""-dimensional matrices, and satisfy a set of canonical anti-commutation relations

[Tk + Tkl = 26y, (5)
which form the Clifford algebra. From Eq. (4), we have

F=ikQ,=1I®I® - I --®],
=00} 0 B=1RI® -0l -1,

(Trzﬂarz = —iP,1Q, for 1 <r<mn-—1,
070 mn = iP1Qunotoy - - 0y = 1P1QuinU, 6

z x X Z — _ip Q ( )
Orem%im—1""" 419 rtm&r

for 1<r<m(n-1),

z X X z

T mnYr +mn—1 Ur+m(n71)+10'r+m(n71)
= iPrQ,er(n,l)U for 1<r<m.
Note that o, = o, /*. Therefore,
Vi = IIY " exp(—iHiPry1Qr) exp(iHi PLQunl),
_1 .
V, = H:n:(’f )exp(—lHQPH_mQr) (7)
x [TgZy exp(iH2 P Qpym(n—1)U),
V3 = :n:nl exp(iH*P,Qy).

Because U? = 1 and [U, V] = 0, the eigenvalues of the transfer matrix V are classified by the U = 1
or -1 sector. We note that V3 is the representative of a rotation with the angles %Or =iH*1<r < mn.
Similarly, V; and V; are also the representatives of plane rotations depending on U. For simplicity,
we first diagonalize V2 because V7 has the rotation angles 6,. As soon as the eigenvalues of V? are
obtained, we immediately know those of V, i.e. the square roots of the eigenvalues of V2.

We note that V2, VZ and V2 are described by the following mn x mn matrices:

[ b c —Uct ]
ct b ¢
ct c
) , ®
ct b c
| —Uc ct b ]
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a
where a = cosh(2H*)I — sinh(2H*)c¥, b = cosh(2H;)I, ¢ = isinh(2H1)0~, d = cosh(2H)I, e =

isinh(2H,)o~, and o* = (¢* £io¥)/2.
Obviously, V? = V2V}V? is a k-circulant matrix

ao a a2 Gmn—1
kayn—1 a0 @ - A2
kamn—2 kawy—1 a0 - Amn-3 (11)
kaq kay kaz - -- ap
with k = —U. The eigenvalues and eigenvectors of k-circulant matrix have been widely investigated

in the literatures. If k = 1 or -1, the k-circulant matrix is called as the circulant or skew circulant matrix,
respectively.

OUu=-1,ie. k=1.

The eigenvectors of V2 have the form

leTzr
4r
1 € ‘Pzr ;
. L, e=em, 1<r<mn (12)
v mn :
€2rmn1{r2r

Here, ¥», is an eigenvector of the 2-dimensional matrix

Rpy = g+ 0162 + ape¥ + -+ -+ a1 €2 (M1=1)
{Cdez" + cTee2r(m=1) + bee2m pete2rm(n—1)
_|_Ce+€27[m(nfl)+ﬂ + C+d€27(mn71) + bd}a (13)
Dy, —iCyr  —Bor +iAy,
*BZr - i-AZr DZr + iCzr !
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where
Ay, = cosh(2H; ) cosh(2H;) sinh(2H*)
— sinh(2H ) cosh(2H,) cosh(2H*) cos 22
— cosh(2H; ) sinh(2H,) cosh(2H*) cos 2%
+sinh(2H; ) sinh(2H,) sinh (2H*) cos 2711,
By = sinh(2H;) cosh(2H,) cosh(2H*) sin 27
+ cosh(2H; ) sinh(2H,) cosh(2H*) sin 2%
+sinh(2H ) sinh(2H,) sinh (2H*) sin 2711
C» = sinh(2H;) cosh(2H,) sinh(2H*) sin 22
+ cosh(2Hj ) sinh(2H,) sinh(2H*) sin 22
+sinh(2H, ) sinh (2H,) cosh(2H*) sin 2211,
D,, = cosh(2H;)cosh(2H;) cosh(2H*)
— sinh(2H; ) cosh(2H,) sinh(2H*) cos 27
— cosh(2H;) sinh(2H,) sinh(2H*) cos %%

+ sinh(2H; ) sinh(2H, ) cosh(2H* ) cos 2L

mn

which completely coincide with Eq. (19) in Ref. [7]. Because the determinant of ay, is 1,i.e. D? + C? —
A2 - B2 =1,its eigenvalues can be written as exp (2,82 ), #2r = £1, which can be seen as the sign of
the rotation angle ¢y, and ¢y, is determined by [7]

%trzxzr = %(e@r + e~ %) = cosh &, = Doy,
sinh &y, cos 1, = Ay,

cosh(2ay,) sinh &y, sin o, = By,
sinh(2ay, ) sinh §, sin gy, = Cy,.

(15)

Here, it must be emphasized that when Hy = 0 or H; = 0, Egs. (15) and (14) with a5, = H* become Eq.
(89) in Ref. [5] or Egs. (51) and (52) in Ref. [6]. Let 2ay, = id5,, we get the normalized eigenvectors of

X2y
Hor _ 1 \/1 + Upy sin by, sin nzre”ezf (16)
2 \ﬁ —Hor \/1 — Hor sin dy, sin Uzrelezr

where 05, = 1 arctan(cot 1,/ cos 65,). Therefore, the 27"~ exact eigenvalues of V2 are
(A*)Z — eﬂ262+ﬂ4l§4+-.-+]42mn§2mn — eZ;”:"l }‘»Zr(fzy/ (17)

where only an even number of py, j4, - - -, Homn can be allowed to equal -1 [6]. In other words, only
those eigenvalues remain in which an even number of the rotation angles ¢,, appear with a minus
sign.

If yo = pa = - -+ = pomn = 1, we have the maximal eigenvalue

(Amax)? = e 2. (18)

Mmu=1,ie k=-1
The eigenvectors of V2 have the form

doi:10.20944/preprints202309.1401.v1
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Here, ¥5,_1 is an eigenvector of the 2-dimensional matrix

N1 = g+ alezr_l + ﬂ2€2(2r_1)
4.4 amnile(Z”*l)(’”"*U
— {Cd€2r—l 4 ctec2r—1)(m-1) 4 bee@r—1)m
_pete@r=1m(n—-1) _ ot (2r—1)[m(n—1)+1] (20>
—ctde(2r—1)(mn-1) —|—bd}a
Dy 1 —iCy1 —Bpyq+iAx1
—Byr—1—iAy-1  Dy-1+iCy

We note that ay,_1 are completely consistent with ay, if 2r — 1 are replaced by 2r. Therefore, we have
another set of 2""~1 eigenvalues of V2

(/\+)2 — M 813Gt Fpomn—18omn—1 — oLy Hor—182r—1 (21)

with the allowed sign combinations. The maximal eigenvalue reads

(Ahax)? = eEra o, (22)
We have obtained the complete eigenvalues (A~)% and (A1)? of V2. Therefore, the exact partition
function of the 3D Ising model with the transfer matrix V is

zmn

[2sinh(2H)|""/2 727 Al

[2sinh(2H)]"™"/2[T (A7) + (A1)

%[2 sinh(ZH)]m”lm{H;’Zzl (2 cosh %§2r) (23)
+ 17 (2sinh 585 ) + [T (2 cosh 582,—1)

+ T2} (2sinh é§2r71)}/

Z

which is similar to that of the 2D Ising model [6]. Here the summations are performed over the allowed
configurations of pip, py, ++ , Yomn iINA™ and p1, pz, - -+, Pomn—1 N AT

From Egs. (14) and (15), we can see that all the &y, and &p,_1, except oy = &, are positive.
However, ¢ has different behavior in comparison with the other ¢,. Because

cosh §y = Dy = cosh[2(H* — H; — Hy)], (24)
¢o changes sign at the critical point H* = Hy + H [7], i.e.
sin(2H) sin(2H; +2H,) =1, (25)

which fixes the critical temperature T.. Therefore, when mn is large enough, except in the vicinity of
the critical point, we can take ¢z, = &11(1 <7 < mn —1),and

G = 61 forT < T, (26)
—¢1 forT > T..
As a result, we have
/\éax _ 1 * forT < T; (27)
Aax 2(Hi+H=H")  for T > Te,
[2sinh(2H)]~"™1/27 = ™ (2cosh L&y, 1) (28)

~ <A$ax)l forT > T,

doi:10.20944/preprints202309.1401.v1
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and
[2sinh(2H)| /27 = T (2cosh by 1)
+ T (2sinh 46,1)
= [I™ (2cosh §&p1) (29)
(14T tanh[562,-1))]
~ 2Mta)! for T < T..

We can see from the equation above that the maximal eigenvalue of the 3D Ising model has two
degeneracy for T < T, in the thermodynamic limit, i.e. A, = Aqax-

In summary, we have exactly solved the 3D Ising model with the suitable boundary conditions by
the spinor approach. Two sets of exact eigenvalues and eigenvectors are derived. The exact expression
for the partition function is also presented. We note that this exact solution is completely consistent
with that by the operator algebra [7]. When the interaction energy in the third dimension vanishes, i.e.
H; = 0or Hy = 0, the Onsager’s exact solution of 2D Ising model is recovered immediately. Therefore,
the correctness of the exact solution of the 3D Ising model is guaranteed.

This work was supported by the Sichuan Normal University and the "Thousand Talents Program"
of Sichuan Province, China.
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