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Abstract: The three-dimensional Ising model on the m×n×l cubic lattice with the screw boundary

condition along the X direction and the periodic boundary conditions along both Y and Z directions is

exactly solved by using the 2mn-dimensional representation of the rotation group in 2mn-dimensions,

similar to the Kaufman’s spinor approach in two dimensions. The exact partition function is obtained

from two sets of 2mn−1 eigenvalues of the 2mn-dimensional transfer matrix V corresponding to the

even and odd eigenvectors, respectively. Such the eigenvalues are determined by the angles of the

2mn-dimensional rotation associated with V.
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The Ising model has been widely studied for understanding the order-disorder phase transitions

in many physical or chemical systems since its establishment by Ising’s research director, Wilhelm

Lenz, in 1920 [1]. It is known that one-dimensional (1D) Ising model does not possesses a phase

transition to a ferromagnetic ordered state at any temperature [2]. However, this result seems not

to be generalized to higher dimensions [3]. In Ref. [4], Kramers and Wannier located the transition

point in 2D Ising model by using the dual transformation and determined the critical temperature.

In 1944, Onsager successfully solved the 2D Ising model by the operator algebra and obtained the

exact partition function in the thermodynamic limit [5]. Later, Kaufman gave the complete eigenvalues

of the 2D Ising model by spinor analysis [6]. Since then, a great deal of effort has been devoted to

exploring the exact solution of 3D Ising model. Recently, we have exactly solved the 3D Ising model

with the screw boundary condition along the X direction and the periodic boundary conditions along

both Y and Z directions by employing the Onsager’s approach [7]. The critical temperature and some

thermodynamic quantities have been calculated in the thermodynamic limit. We note that under this

kind of boundary conditions, the Hamiltonian along the Y direction is fully equivalent to an operator

(physical quantity) along the the X direction. Therefore, the 3D classical Ising model can reduce

to the 1D quantum Ising system through the transfer matrix method and operator renormalization.

Eventually the 3D Ising model can be exactly diagonalized.

In this work, by employing the spinor approach, we compute the exact partition function for

the 3D Ising model in terms of the complete eigenvalues of the 2mn-dimensional transfer matrix V.

From Ref. [7], we have the following expression for the partition function of the 3D Ising model on a

m×n×l cubic lattice imposed by the screw boundary condition along the X direction and the periodic

boundary conditions along both Y and Z directions

Z = [2 sinh(2H)]mnl/2tr(V1V2V3)
l , (1)

where
V1 = exp(H1 ∑

mn
r=1 σz

r σz
r+1) ≡ exp(H1Hx),

V2 = exp(H2 ∑
mn
r=1 σz

r σz
r+m) ≡ exp(H2Hy)

= exp(H2 ∑
mn
r=1 σz

r σx
r+1 · · · σx

r+m−1σz
r+m),

V3 = exp(H∗ ∑
mn
r=1 σx

r ) ≡ exp(H∗Hz),

(2)
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where σx
r and σz

r (= ±1) are the spin components on the site r and the transfer matrix V ≡ V1V2V3. H

and H∗ are given by

H∗ =
1

2
ln coth H = tanh−1(e−2H). (3)

From the expression of V2, we can see that the Hamiltonian along the Y direction: −H2Hy =

−H2 ∑
mn
r=1 σz

r σx
r+1 · · · σx

r+m−1σz
r+m, which is regarded as a operator along the X direction. This is the

key to solving exactly the 3D Ising model [7].

Following the Kaufman’s spinor analysis in two dimensions [6], we define

Γ2r−1 ≡
mn

︷ ︸︸ ︷

σx ⊗ σx ⊗ · · · ⊗ σz
︸ ︷︷ ︸

r

⊗I ⊗ I · · · ⊗ I ≡ Pr,

Γ2r ≡
mn

︷ ︸︸ ︷

σx ⊗ σx ⊗ · · · ⊗ σy
︸ ︷︷ ︸

r

⊗I ⊗ I · · · ⊗ I ≡ Qr,

(4)

where 1 ≤ r ≤ mn, I and σx,y,z are the 2 × 2 unit matrix and Pauli matrices, respectively. Obviously, Γk

are the 2mn-dimensional matrices, and satisfy a set of canonical anti-commutation relations

ΓlΓk + ΓkΓl = 2δlk, (5)

which form the Clifford algebra. From Eq. (4), we have

σx
r = iPrQr = I ⊗ I ⊗ · · · ⊗ σx ⊗ I ⊗ I · · · ⊗ I,

σz
r = σx

1 σx
2 · · · σx

r−1Pr = I ⊗ I ⊗ · · · ⊗ σz ⊗ I ⊗ I · · · ⊗ I,

σz
r+1σz

r = −iPr+1Qr for 1 ≤ r ≤ mn − 1,

σz
1 σz

mn = iP1Qmnσx
1 σx

2 · · · σx
mn ≡ iP1QmnU,

σz
r+mσx

r+m−1 · · · σx
r+1σz

r = −iPr+mQr

for 1 ≤ r ≤ m(n − 1),

σz
r+mnσx

r+mn−1 · · · σx
r+m(n−1)+1

σz
r+m(n−1)

= iPrQr+m(n−1)U for 1 ≤ r ≤ m.

(6)

Note that σ
x,y,z
r+mn ≡ σ

x,y,z
r . Therefore,

V1 = ∏
mn−1
r=1 exp(−iH1Pr+1Qr) exp(iH1P1QmnU),

V2 = ∏
m(n−1)
r=1 exp(−iH2Pr+mQr)

×∏
m
k=1 exp(iH2PkQk+m(n−1)U),

V3 = ∏
mn
r=1 exp(iH∗PrQr).

(7)

Because U2 = 1 and [U, V] = 0, the eigenvalues of the transfer matrix V are classified by the U = 1

or -1 sector. We note that V3 is the representative of a rotation with the angles 1
2 θr = iH∗, 1 ≤ r ≤ mn.

Similarly, V1 and V2 are also the representatives of plane rotations depending on U. For simplicity,

we first diagonalize V2 because V2
3 has the rotation angles θr. As soon as the eigenvalues of V2 are

obtained, we immediately know those of V, i.e. the square roots of the eigenvalues of V2.

We note that V2
1 , V2

2 and V2
3 are described by the following mn × mn matrices:













b c −Uc+

c+ b c

c+ b c
. . .

. . .
. . .

c+ b c

−Uc c+ b













, (8)
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




















d

m+1
︷︸︸︷

e

m(n−1)+1
︷ ︸︸ ︷

−Ue+

. . .
. . .

. . .

e+ d e
. . .

. . .
. . .

−Ue e+ d
. . .

. . .
. . .

−Ue
︸︷︷︸

m

e+
︸︷︷︸

m(n−1)

d






















, (9)









a

a
. . .

a









, (10)

where a = cosh(2H∗)I − sinh(2H∗)σy, b = cosh(2H1)I, c = i sinh(2H1)σ
−, d = cosh(2H2)I, e =

i sinh(2H2)σ
−, and σ± = (σx ± iσy)/2.

Obviously, V2 = V2
1 V2

2 V2
3 is a k-circulant matrix











a0 a1 a2 · · · amn−1

kamn−1 a0 a1 · · · amn−2

kamn−2 kamn−1 a0 · · · amn−3
...

...
...

. . .
...

ka1 ka2 ka3 · · · a0











(11)

with k = −U. The eigenvalues and eigenvectors of k-circulant matrix have been widely investigated

in the literatures. If k = 1 or -1, the k-circulant matrix is called as the circulant or skew circulant matrix,

respectively.

(I) U = −1, i.e. k = 1.

The eigenvectors of V2 have the form

1√
mn









ǫ2rΨ2r

ǫ4rΨ2r
...

ǫ2rmnΨ2r









, ǫ = e
iπ
mn , 1 ≤ r ≤ mn. (12)

Here, Ψ2r is an eigenvector of the 2-dimensional matrix

α2r = a0 + a1ǫ2r + a2ǫ4r + · · ·+ amn−1ǫ2r(mn−1)

= {cdǫ2r + c+eǫ2r(m−1) + beǫ2rm + be+ǫ2rm(n−1)

+ce+ǫ2r[m(n−1)+1] + c+dǫ2r(mn−1) + bd}a

=

[

D2r − iC2r −B2r + iA2r

−B2r − iA2r D2r + iC2r

]

,

(13)
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where
A2r = cosh(2H1) cosh(2H2) sinh(2H∗)

− sinh(2H1) cosh(2H2) cosh(2H∗) cos 2rπ
mn

− cosh(2H1) sinh(2H2) cosh(2H∗) cos 2rπ
n

+ sinh(2H1) sinh(2H2) sinh(2H∗) cos
2(m−1)rπ

mn ,

B2r = sinh(2H1) cosh(2H2) cosh(2H∗) sin 2rπ
mn

+ cosh(2H1) sinh(2H2) cosh(2H∗) sin 2rπ
n

+ sinh(2H1) sinh(2H2) sinh(2H∗) sin
2(m−1)rπ

mn ,

C2r = sinh(2H1) cosh(2H2) sinh(2H∗) sin 2rπ
mn

+ cosh(2H1) sinh(2H2) sinh(2H∗) sin 2rπ
n

+ sinh(2H1) sinh(2H2) cosh(2H∗) sin
2(m−1)rπ

mn ,

D2r = cosh(2H1) cosh(2H2) cosh(2H∗)
− sinh(2H1) cosh(2H2) sinh(2H∗) cos 2rπ

mn

− cosh(2H1) sinh(2H2) sinh(2H∗) cos 2rπ
n

+ sinh(2H1) sinh(2H2) cosh(2H∗) cos
2(m−1)rπ

mn ,

(14)

which completely coincide with Eq. (19) in Ref. [7]. Because the determinant of α2r is 1, i.e. D2
r + C2

r −
A2

r −B2
r ≡ 1, its eigenvalues can be written as exp(µ2rξ2r), µ2r = ±1, which can be seen as the sign of

the rotation angle ξ2r, and ξ2r is determined by [7]

1
2 trα2r =

1
2 (e

ξ2r + e−ξ2r ) = cosh ξ2r = D2r,

sinh ξ2r cos η2r = A2r,

cosh(2a2r) sinh ξ2r sin η2r = B2r,

sinh(2a2r) sinh ξ2r sin η2r = C2r.

(15)

Here, it must be emphasized that when H2 = 0 or H1 = 0, Eqs. (15) and (14) with a2r = H∗ become Eq.

(89) in Ref. [5] or Eqs. (51) and (52) in Ref. [6]. Let 2a2r = iδ2r, we get the normalized eigenvectors of

α2r

Ψ
µ2r
2r =

1√
2

[ √
1 + µ2r sin δ2r sin η2re−iθ2r

−µ2r

√
1 − µ2r sin δ2r sin η2reiθ2r

]

, (16)

where θ2r =
1
2 arctan(cot η2r/ cos δ2r). Therefore, the 2mn−1 exact eigenvalues of V2 are

(λ−)2 = eµ2ξ2+µ4ξ4+···+µ2mnξ2mn = e∑
mn
r=1 µ2rξ2r , (17)

where only an even number of µ2, µ4, · · · , µ2mn can be allowed to equal -1 [6]. In other words, only

those eigenvalues remain in which an even number of the rotation angles ξ2r appear with a minus

sign.

If µ2 = µ4 = · · · = µ2mn = 1, we have the maximal eigenvalue

(λ−
max)

2 = e∑
mn
r=1 ξ2r . (18)

(II) U = 1, i.e. k = −1.

The eigenvectors of V2 have the form

1√
mn









ǫ2r−1Ψ2r−1

ǫ2(2r−1)Ψ2r−1
...

ǫmn(2r−1)Ψ2r−1









. (19)
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Here, Ψ2r−1 is an eigenvector of the 2-dimensional matrix

α2r−1 = a0 + a1ǫ2r−1 + a2ǫ2(2r−1)

+ · · ·+ amn−1ǫ(2r−1)(mn−1)

= {cdǫ2r−1 + c+eǫ(2r−1)(m−1) + beǫ(2r−1)m

−be+ǫ(2r−1)m(n−1) − ce+ǫ(2r−1)[m(n−1)+1]

−c+dǫ(2r−1)(mn−1) + bd}a

=

[

D2r−1 − iC2r−1 −B2r−1 + iA2r−1

−B2r−1 − iA2r−1 D2r−1 + iC2r−1

]

.

(20)

We note that α2r−1 are completely consistent with α2r if 2r − 1 are replaced by 2r. Therefore, we have

another set of 2mn−1 eigenvalues of V2

(λ+)2 = eµ1ξ1+µ3ξ3+···+µ2mn−1ξ2mn−1 = e∑
mn
r=1 µ2r−1ξ2r−1 (21)

with the allowed sign combinations. The maximal eigenvalue reads

(λ+
max)

2 = e∑
mn
r=1 ξ2r−1 . (22)

We have obtained the complete eigenvalues (λ−)2 and (λ+)2 of V2. Therefore, the exact partition

function of the 3D Ising model with the transfer matrix V is

Z = [2 sinh(2H)]mnl/2 ∑
2mn

i=1 λl
i

= [2 sinh(2H)]mnl/2[∑(λ−)l + ∑(λ+)l ]

= 1
2 [2 sinh(2H)]mnl/2{∏

mn
r=1(2 cosh l

2 ξ2r)

+∏
mn
r=1(2 sinh l

2 ξ2r) + ∏
mn
r=1(2 cosh l

2 ξ2r−1)

+∏
mn
r=1(2 sinh l

2 ξ2r−1)},

(23)

which is similar to that of the 2D Ising model [6]. Here the summations are performed over the allowed

configurations of µ2, µ4, · · · , µ2mn in λ− and µ1, µ3, · · · , µ2mn−1 in λ+.

From Eqs. (14) and (15), we can see that all the ξ2r and ξ2r−1, except ξ2mn ≡ ξ0, are positive.

However, ξ0 has different behavior in comparison with the other ξr. Because

cosh ξ0 = D0 = cosh[2(H∗ − H1 − H2)], (24)

ξ0 changes sign at the critical point H∗ = H1 + H2 [7], i.e.

sin(2H) sin(2H1 + 2H2) = 1, (25)

which fixes the critical temperature Tc. Therefore, when mn is large enough, except in the vicinity of

the critical point, we can take ξ2r = ξ2r+1(1 ≤ r ≤ mn − 1), and

ξ0 =

{

ξ1 for T < Tc

−ξ1 for T > Tc.
(26)

As a result, we have

λ−
max

λ+
max

=

{

1 for T < Tc

e2(H1+H2−H∗) for T > Tc,
(27)

[2 sinh(2H)]−mnl/2Z ∼= ∏
mn
r=1(2 cosh l

2 ξ2r−1)

∼ (λ+
max)

l for T > Tc,
(28)
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and
[2 sinh(2H)]−mnl/2Z ∼= ∏

mn
r=1(2 cosh l

2 ξ2r−1)

+∏
mn
r=1(2 sinh l

2 ξ2r−1)

= ∏
mn
r=1(2 cosh l

2 ξ2r−1)

·[1 + ∏
mn
r=1 tanh[ l

2 ξ2r−1)]

∼ 2(λ+
max)

l for T < Tc.

(29)

We can see from the equation above that the maximal eigenvalue of the 3D Ising model has two

degeneracy for T < Tc in the thermodynamic limit, i.e. λ+
max = λ−

max.

In summary, we have exactly solved the 3D Ising model with the suitable boundary conditions by

the spinor approach. Two sets of exact eigenvalues and eigenvectors are derived. The exact expression

for the partition function is also presented. We note that this exact solution is completely consistent

with that by the operator algebra [7]. When the interaction energy in the third dimension vanishes, i.e.

H1 = 0 or H2 = 0, the Onsager’s exact solution of 2D Ising model is recovered immediately. Therefore,

the correctness of the exact solution of the 3D Ising model is guaranteed.

This work was supported by the Sichuan Normal University and the "Thousand Talents Program"

of Sichuan Province, China.
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