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Article 
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c (Central South University, Changsha410083, China) 

* Correspondence: author: E-mail address: nhtkx@126.com (K.X. Tan). 

Abstract: Based on an analysis of the spatial distribution of uranium grade in 338 boreholes of a uranium 

deposit in Xinjiang, the enrichment and spatial variation of uranium ore in two stopes of the deposit are 

discussed using multifractal theory.  The distribution characteristics of uranium ore of the two stopes are 

studied by multifractal parameters: the scaling exponent of mass ( )τ q , the scaling exponent ( )α q  of each 

sub-set and its corresponding fractal dimension ( )αf , the fractal dimension D0 and information dimension D1. 

The differences of uranium distribution in two stopes can be well quantified by using multifractal spectrum 

and multifractal parameters such as αΔ , Δf and R . After a comprehensive multifractal distribution 

analysis,10m×10m is defined as a fence unit, and the window sizes 3,6,9 ,45ε =   are set; the singularity 

exponents α of the two stopes are calculated by using this element concentration–area method. The results 

show that the multifractal theory and model can organically combine spatial structure information, scale 

change information and anisotropy information to obtain low-grade and weak mineral resources information, 

and can effectively distinguish complex and superimposed anomalies. This will provide a basis for the local 

concentration and spatial variation rules of uranium distribution and the design of the parameters of the 

leaching uranium mining well site.  

Keywords: element concentration–area (C-A); multifractal; singularity exponent; uranium ore; 

uranium distribution characteristic 

 

1. Introduction 

Nonlinear theory and complexity theory are regarded as some of the core contents of scientific 

research in the 21st century. The application of modern nonlinear theory and complexity theory, 

especially chaos theory, fractal/multifractal theory [1–4] and self-organized criticality theory, to the 

basic research of earth system science and the application of research on natural resources has shown 

good prospects [5,6]. The fractal method is an effective method for studying self-similarities or 

statistical self-similarities and describing the singularity of field values [7–9]. The fractal method can 

reveal some hidden laws from complex and irregular phenomena. A large number of research results 

at home and abroad show that it is of great significance to describe the self-similar hierarchical 

structure of objective things through various methods and reveal the similarities between the local 

and the whole in the aspects of structure, function, information, time, space and other forms of 

statistical significance. The fractal method is widely used in the fields of physics [10], minerals 

processing [11–13], uranium mining [14], medicine [15], and geotechnical engineering [16,17], and 

obtained a good application effect. In recent years, fractals have also been widely used in the 

distribution of geochemical elements; the study of the distribution law of geochemical elements is an 

important way to explore mineralization enrichment and spatial variation laws [18]. The study of the 

distribution law of geochemical elements is an important way to explore the mineralization 

enrichment and spatial variation law of elements, and the statistical characteristics of geochemical 
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element data can be used to describe the spatial and temporal distribution laws of geochemical 

elements. However, the multi-dimensional fractal method is an effective method for studying the 

distribution law of self-similarities or statistical self-similarities and describing the singularity of field 

values.  

In terms of metallurgy and geostatistics, studying the distribution of mineral deposits can 

reasonably determine the exploration network, underground engineering sampling spacing and well 

site process parameters, and improve the efficient mining and recovery of mineral resources. Many 

scholars have used fractal theory and models to study the mineral distribution characteristics of some 

mineral deposits and mining areas [19–21]. Shen et al. [22] discussed the fractal dimension 

characteristics of a gold deposit and its geological significance, and the results showed that the fractal 

dimension D could quantitatively characterize the complexity of the ore body and the degree of 

spatial heterogeneity in the gold grade of the studied gold deposit. Wang et al. [23] used the studied 

deposit to confirm that the correlation coefficients of the multifractal parameters R (spectrum 

symmetry parameter) and f are relatively higher, indicating that the spatial accumulation patterns 

are almost the same during the ore-forming process. Zhao et al. [24] showed that the geochemical 

distribution patterns can be characterized by multifractal parameters such as singular exponent α , 

as well as τ  and αΔ . Seyedrahimi et al. [25] explained that the fractal method could separate one 

phase of change based on the fractal dimension with high-concentration areas of the Au element in 

the studied deposit. Tao et al. [26] analyzed the grades of ore elements in the studied deposit using 

fractal and multifractal methods. Zuo et al. [27] collected 10 mineralized boreholes and 1 non-

mineralized borehole from the Qulong copper deposit, Tibet, western China, to identify the vertical 

distribution properties of Cu values using fractal models. The fractal methods can describe the 

distribution, mineralization, enrichment and anomalies of some mineral deposits [28–31]. These 

studies fully demonstrate the good application prospects of fractal methods and models in the fields 

of geostatistics and metallurgy.    

Compared with traditional geostatistics methods, fractal methods are linked to the concepts of 

self-similarity, reformation, and scaling laws in physics, which can measure the complexity and 

inhomogeneity of spatial structure and physical processes and the probability distribution of masses, 

and can also effectively portray the complex context of mineral distribution within a deposit, with 

areas of mineral enrichment formed by local superposition [32]. Shen [33] investigated the fractal 

characteristics and geological significance of the gold grade distribution of a gold mine in Xinjiang in 

detail. Kusák [34] discussed how to describe the drainage patterns of the Blue Nile Basin in Ethiopia 

using the fractal method. The geochemical distribution patterns and migration characteristics of the 

major and trace elements can be well demonstrated by the multifractal method and multifractal 

parameters [35]. Based on the model of multifractals, scholars have used many methods to calculate 

the distribution singularity exponent of geochemical elements to separate the geochemical anomalies 

from the background. Xiao et al. [36] proposed a novel batch sliding window (BSW) based on the 

singularity mapping method to improve the accuracy of the calculation of singularity exponent. 

Wang et al. [37] discussed U-statistics and singularity mapping as two efficient approaches for the 

separation of geo-anomaly and background. Liu et al. [38] presented an efficient method that 

combines a sequential indicator co-simulation with local singularity analysis to identify uncertainty 

propagation in geochemical elements’ anomalies. Xu et al. [39] presented a window-based local 

singularity mapping through a comprehensive analysis of multiple parameters, including the 

average concentration calculation algorithm. Mohammadi et al. [40] used U-statistics and the fractal 

concentration–area model for the separation and detection of anomalous areas of the background. 

Wen et al. [41] made a summarization to the C-A, concentration–distance (C-D), spectrum–area (S-

A), multifractal singular-value decomposition (MSDV) methods, and the presented multifractal 

model is meaningful for the anomaly separation of the geochemical elements.  

Although many studies show how to use multifractal and its parameters to describe the spatial 

distribution law of geochemical elements, few studies focus on how to transform macroscopic 

regional element content distribution into calculable mass distribution. As a strategic energy source, 

uranium is the most valuable source of natural wealth in the world, and it is also an extremely 
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relevant resource for China [42]. In this paper, the coordinates of the boreholes of the studied deposit 

are marked in detail to obtain an accurate floor plan of the distribution of uranium ore grade of the 

deposit. The gray-scale map of uranium-ore-grade value is further obtained, and the fractal 

characteristics of uranium ore distribution in NO.11 and NO.12 stopes are obtained by further 

analysis and calculation. The local enrichment information of uranium ore content is also extracted. 

This has certain significance for the research on metallogeny and mineral resources’ exploitation, 

including mineral rock structure, a description of mineral deposit and ore body characteristics, 

mineral resources’ distribution simulation, element enrichment and agglomeration laws, and mineral 

resources’ information. 

2. Preliminaries and Method  

2.1. Fractal theory 

In fractal theory, if the mass of a set is uniformly distributed, we have Equation (1): [8] 

1( )
D

N r
r

  or ( )
( )

log
log 1
N r

D
r

 , (1)

where r  is the ruler of the measure, ( )N r is the number of boxes of the measure, and, given that 

the mass is uniformly distributed, each section of mass can be expressed as 

i iP rα= , (2)

where α is the scale exponent. 

For the non-uniform fractal object, to reflect the non-uniformity of its mass, we use the q-order 

moment q

i

i

p of mass to represent the boxes’ number N , which be weighted. To reflect that the 

length of the ruler is not uniform, we assume that this mass number N (or q-order moment) is not 

proportional to Dr−  but is proportional to 
( )q
r

τ
; that is, 

( )qq

i

i

p r
τ  , (3)

and 

1
log

( )
log(1 )

N
q

i

i

p

q
r

τ =− =


, (4)

where ( )qτ  can be called the scale exponent of the mass moment (q-order). 

Obviously, if the set is of uniform mass, its q-order moment q

i

i

p will be proportional to
qrα

, 

while, for the non-uniform set, the scale exponent of the mass moment is ( )qτ , and the scale 

exponent ( )α q  of each subset and its corresponding fractal dimension ( )f α  are derived as 

Equations (5)-(10). For each segment, the number of boxes covered by boxes with scale r will be: 

( )( ) fd r αρ α α −⋅ , (5)

where ( )dρ α α  is the number of sets in segmentdα . For q

ip , we can obtain 

( )( )q f q

ip r r dα αρ α α−= ⋅  . (6)

It can be obtained by combining equations (3) and (5)  

( ) ( ) ( ( ))q q q f qτ α α= − . (7)
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It is not difficult to prove that the curve ( )f α  is a convex shape, and it can be further obtained 

that the slope value of the function ( )f α  is the order of the q-order moment. Therefore, there is 

( )d
q

dq

τ
α= . (8)

Equation (7) shows that if the scale exponent ( )qα  and its corresponding dimension ( ( ))f qα  

are given, the scale exponent ( )qτ  of its q-order moment can be obtained. Otherwise, if ( )qτ  is 

known, the scale exponent ( )qα can be known by Equation (8), and then ( )f α will be determined by 

Equation (7). 

The highest point of the curve ( )f α  is an extreme point, the slope of this point is 0df dα = , 

and the value of the function ( )f α   of this point can be obtained from Equation (6) 

( ) ( ( ))o f oτ α− = , (9)

the value ( ( ))f α ο  is the fractal dimension D0 of the set. 

If the box with size r  is used to measure the fractal set, Shannon's information is proportional 

to log(1 )r . If the fractal dimension of the set is D1, then its information is log(1 )r  times of D1, i.e., 

11
1 log(1 ) log(1 )

N

i i

i

P logP
I

D
r r

=

− ⋅

= =


 , (10)

where D1 is called the information dimension. 

For the uniform fractal object,  

1
iP

N
= ,  (11)

Then, 

11
1 0log(1 ) log(1 )

N

i i

i

P logP
I

D D
r r

=

− ⋅

= = =


,  (12)

that is , for the uniform fractal object, information dimension D1 is the same thing as fractal dimension 

D0 

For the non-uniform fractal object, we should consider the q-order moment q

i

i

p of mass, 

similar to definition (10) of information dimension D1; the generalized Renyi dimension Dq is defined 

as 

1
log

1
log(1 ) 1 log(1 )

N
q

i
q i

q

P
I

D
r q r

== =
−


. (13)

Combining Equations (4) and (13), we obtain [8] 

( )
1q

q
D

q

τ
=

−
,  (14)

qD  is defined by Equation (13) obviously including 0D  and 1D . Taking q=0 in Equation (13), 

0D  is the fractal dimension; taking q=1, and using Robita's rule for the limit 1q → , we can obtain the 
information dimension D1. Therefore, the difference between 0D  and 1D  reflects the uniformity of 

the fractal. By combining the equations given in this paper, we can calculate the special values of 

( ), ( ), ( ( ))q q f qτ α α  and
qD , which could help us judge and analyze the characteristics of the fractal 

object. 
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2.2. Overview of the ore deposit 

The studied uranium deposit belongs to the sandstone uranium deposit controlled by interlayer 

oxidation zone, in Yili Basin, Xinjiang, China. It is the first in-service mine to have carried out a series 

of experimental works, and has become the first uranium production base of underground leaching 

and mining in China. Accordingly, a relatively complete underground leaching technology system 

has been established [43], which has made important contributions to the production of natural 

uranium in the country. The sandstone uranium resources, which had been regarded as "dull ore" in 

the past, have become a kind of ground-leachable uranium resource. In recent years, the sandstone-

type uranium resources discovered and proved in the north have been increasing, and the resource 

reserves have exceeded the hard rocks in the south. Many scholars have discussed the characteristics, 

reserves and pore characteristics of uranium sandstone in Xinjiang, China [44]. 

The studied deposit is located in the western section of the southern slope belt of the Yili Basin 

[45], and its tectonic position belongs to the east of the Yili microplate, which is sandwiched between 

the Kazakhstan plate and the Tarim plate. Yili Basin is a large meso-Cenozoic intermountain 

depression basin. Its basement is composed of Proterozoic and Paleozoic, and its cap beds are 

composed of Triassic, Jurassic, Cretaceous, Tertiary and Quaternary. The geological map of uranium 

deposits in the mining area is shown in Figure 1. 

 

Figure 1. Geological map of uranium deposits in Yili Basin and adjacent areas. 

In the studied deposit, we selected stopes No. 11 and No. 12 as research objects, with a thickness 

of 13.4 m to 27.0 m and an average thickness of 19.5 m. The mineralization is controlled by the 

interlayer oxidation–reduction transition zone, which extends along the front of the oxidation zone 

in the plane as a serpentine strip, and in the profile, has a short head and long tail curl or long head 

and short tail curl. The ore deposit is divided into two parts: coil head and wing. The length of the 

ore body in coil head part in No.11 and No.12 stopes ranges from 45 m to 205 m, with an average of 

115 m. The ore body in the wing part is mainly the upper wing ore body, with a length of from 50 m 

to 587 m, with an average of 204 m. The ore body is buried from 110 m to 240 m, the occurrence is 

basically the same as that of the sand body, and the dip angle is 5° to 15°. The thickness of the ore 

body ranges from 0.5 m to 12.3 m, with an average of 3.7 m. The thickness of the coil head ore body 

ranges from 1.1m to 12.3 m, with an average of 5.0 m. The thickness of the upper wing ore body 

ranges from 0.5 m to 5.5 m, with an average of 2.7 m. The ore grade varies greatly from the coil head 

to the wing. The ore grade of the coil head ranges from 0.015% to 0.142% with an average of 0.086%. 

The ore grade in the wing ranges from 0.015% to 1.521%, averaging 0.090%. The area of stopes No. 

11 and No. 12 of the studied deposit is 233,657 m2, and the total number of boreholes is 338, among 

which, the No.11 stope has an area of 10,7102 m2, with 161 boreholes; No.12 stope has an area of 

126555 m2, with 177 boreholes. The boreholes of the deposit are arranged in a determinant (or 

formation), with rows spaced from 25 m to 40m apart, most of which are from 25 m to 30m apart. The 
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boreholes’ distribution of the two stopes is shown in Figure 2 . Based on the geological data, the 

average grade isogram of uranium ore revealed by borehole logging in the No. 11 and 12 stopes of the 

deposit is shown in Figure 3. 

 

Figure 2. Distribution and arrangement of test boreholes of the studied ore deposit. ( No. 11 stope is 

on the right, No.12 stope is on the left). 

 

Figure 3. Average uranium grade isogram revealed by borehole logging of the deposit. ( No.11 stope 

is on the top, No.12 stope is on the bottom. Unit: percentage). 
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3. Results and discussion 

The ore grade of an ore body in a mining area can be seen as the combined product of geological 

and mineralization processes in the area, with each geological and mineralization action potentially 

leading to the enrichment or depletion of certain trace elements in the rock, and the superposition of 

such repeated mineralization in space will eventually form a complex spatial distribution pattern of 

trace elements with multiple fractal distribution characteristics[22,23,27,29]. Combined with the 

distribution characteristics of 338 boreholes in the No. 11 and No. 12 stopes of the studied mining 

area, the multifractal detrended fluctuation analysis method and Equation (6), Equation (8), Equation 

(12) and Equation (14) are used to analyze and calculate the uranium grade value, and the multifractal 

parameter diagrams shown in Figures 4 and 5 can be obtained. 

 
 

(a) (b) 

  
(c) (d) 

Figure 4. Analysis results of average grade of uranium ore in No.11 stope by multifractal method. (a) 

uranium ore average grade ln ( ) ln( )qX ξ ξ  map; (b) uranium ore average grade 
qq D  map; (c) 

uranium ore average grade ( )q qα  and ( )q f q  map; (d) uranium ore average grade ( )fα α
map. 
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(a) (b) 

 
(c) (d) 

Figure 5. Analysis results of average grade of uranium ore in No.12 stope by multifractal method.  

(a) uranium ore average grade ln ( ) ln( )qX ξ ξ  map; (b) uranium ore average grade 
qq D  map; (c) 

uranium ore average grade ( )q qα  and ( )q f q  map; (d) uranium ore average grade ( )fα α
map. 

In this paper, the multifractal method is used to analyze the spatial distribution characteristics 

of uranium grade in the studied deposit. Based on the further analysis of the multifractal spectrum 

function ( )f α and its parameters in Figures 4 and 5, the relevant parameter values of the multifractal 

spectrum, as shown in Tables 1 and 2, can be calculated. 

Table 1. Multifractal spectrum parameter values of average grade of uranium ore in No. 11 stope at 

0 1q = ± ∞， ， . 

q  ( )qτ  
d

dq

τ
α =

 
( ) ( )f q qα α τ= −  qD  

−∞  maxqα  2.60 0 2.60 
0 -1.98 2.12 1.98 1.98 
1 0 1.87 1.87 1.97 
+∞  min

qα  1.68 0 1.68 
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Table 2. Multifractal spectrum parameter values of average grade of uranium ore in No. 12 stope at 

0 1q = ± ∞， ， . 

q  ( )qτ  
d

dq

τ
α =

 
( ) ( )f q qα α τ= −  qD  

−∞  maxqα  2.64 0 2.64 
0 -1.92 2.05 1.92 1.92 
1 0 1.86 1.86 1.91 
+∞  min

qα  1.52 0 1.52 

3.1. Multifractal spectrum and multifractal parameters 

It can be seen from Figure 4(a, b) and Figure 5(a, b) that the average uranium grade in the two 

stopes of the deposit has obvious scale invariance when [ 50,50]q∈ − , ln( ) [ 5.6, 0.6]ξ ∈ − − , which shows 

obvious multifractal characteristics. The relationship between the generalized Renyi dimension Dq 

(include D0 and D1) and order q is shown in Figure 4(b) and Figure 5(b); it is obvious that Dq changes 

with the change in q. Furthermore, in Figure 4(c) and Figure 5(c), we can obtain the relationship 

between ( )q qα  and ( )q f q  and, from that, we determined the multifractal spectrum 

parameter values of the average grade of uranium ore at 0 1q = ± ∞， ， ; the multifractal spectrum 

parameter values are shown in Tables 1 and 2. The following results are obtained: 
maxα  in No.11 

stope and No.11 stope are 2.60 and 2.64, respectively; 
minα  in No.11 stope and No.12 stope are 1.68 

and 1.52, respectively; 
maxf in No.11 stope and No.11 stope are 1.98 and 1.93 respectively’ 

maxf

represents the value of D0. All the results in Tables 1 and 2 prove that there are some differences in 

the distribution of uranium ore in the two stopes, which require further analysis. In fractal theory, if 

the mass of a set is uniformly distributed, only one scaling exponent α and its corresponding fractal 

dimension D0 are needed to describe it, while for the set with non-uniform mass, new parameters 

should be determined to reflect the non-uniform structure. As can be seen in Figure 4(b) and Figure 

5(b), the average grade fractal dimension and information dimension of uranium ore in the No.11 

stope are 1.98 and 1.87, respectively, while those in the No. 12 stope are 1.92 and 1.83, respectively. 

The difference between D0 and D1 reflects the non-uniformity of fractal, and indicates that the 

mineralization in the No.11 stope is more uniform. If there is a high grade value of the ore body, it is 

more likely that the ore body is rich. In Figure 4(d) and Figure 5(d), we can also learn the singularity 

exponent α of the average grade of uranium in the two stopes of the deposit changes in a wide 

range, and the multifractal spectral function ( )f α  is not a point on the plane f α , but basically 

presents a continuous distribution, and reaches the maximum in 2.15α = and 2.05α = , 

respectively. This also further confirms the existence of multifractal characteristics of uranium 

distribution in this deposit. 

In addition, the multifractal spectrum curves of uranium grade in the two stopes are both convex 

and asymmetric images, which indicate that the uranium ore in this deposit has undergone the local 

superposition of different sources and different degrees in the process of mineralization. 

According to Figure 4(d) and Figure 5(d), the multifractal spectra ( )f α  of the average grade of 

uranium in the two stopes show different degrees of asymmetry, and the singularity exponent 2α =

divides the spectral function curve ( )f α  into two parts. The 2α <  part indicates that the content of 

chemical elements is enriched; the 2α >  part indicates that the content of chemical elements is 

depleted; 2α =  reflects the normal background distribution. Therefore, according to the spectral 

function curves of Figure 4(d) and Figure 5(d), the average grade of uranium in the two stopes is 

enriched to a certain extent. 

If the value of the right end point of the multifractal spectrum ( )f α  is higher than that of the 

left end point, and its shape is like a right hook, this means that there are more small values, that is, 

the probability of being in the region of low value is higher than that of being in the region of high 

value. On the contrary, if the multifractal spectrum has a left hook shape, the large value is dominant. 
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It can be seen from Figures 4 and 5 that the multifractal spectrums of the average grade of uranium 

ore in both stopes are right-skewed, and this means the large grade value is dominant. 

3.2. Multifractal spectrum parameters analysis of uranium grade 

After analyzing the basic features of the multifractal spectral function curve ( )f α , the practical 

significance of the spectral function ( )f α  image features is further analyzed by the parameters[27–

29]. Therefore, the parameters of each multifractal spectrum are calculated according to the fractal 

spectral function ( )f α , as shown in Tables 1–3. 

Table 3. Multifractal spectrum parameters of average grade of uranium ore. 

stope     
NO.11 2.12      0.74 0.19      0.48 0.26 -0.30 
NO.12 2.05      0.72 0.34      0.56 0.16 -0.56 

3.2.1. The opening width of multifractal spectrum ( αΔ ) 

The parameter max min( )α α α αΔ Δ = − reflects the singularity and uniformity of the 

distribution of the research object on the whole measure. The larger parameter αΔ , the more uneven 

the distribution of the research object, and the greater the singularity. As can be seen from Table 3, 

the average uranium-grade fractal spectrum parameters of stope 11 and 12 are 0.74 and 0.72, 

respectively. The opening width of the fractal spectrum of stope 11 is greater than that of stope 12, 

which means that the distribution of uranium grade in stope 11 is more singular. The internal 

structure of uranium ore in this area is more complex, and uranium ore is more likely to be enriched, 

which is consistent with the distribution of mean uranium grades in the two areas of the deposit 

revealed in Figure 3 (the isogram reveals that the average grade value of uranium ore in stope 11 is 

higher than that in stope 12), suggesting that multiple fractals can quantitatively characterize the 

spatial distribution pattern of the anomaly, reflecting its spatial coverage and geometric properties. 

3.2.2. The width LαΔ  of the left half and the width RαΔ  of the right half of the curve ( )f α  

In general, the multifractal spectrum curve ( )f α  is completely symmetric, but the 

superposition of any low-content region or high-content region will affect the symmetry of the 

spectrum curve, resulting in the left or right deviation of the curve ( )f α .The curve ( )f α  is 

bounded by 0α  (the highest point of singularity exponent of ( )f α ), and αΔ  will be divided into 

two parts. The left part length is 0 minL Lα α α αΔ Δ =（ - ）  and the right part length is

max 0R Rα α α αΔ Δ =（ - ）; their lengths have practical significance. When L Rα αΔ < Δ , the spatial average 

density difference between the high-value parts of chemical elements is larger; when L Rα αΔ > Δ , 

this indicates that the lower-value part of chemical elements has greater spatial singularity. 

According to the data in Table 2, the average-grade multifractal spectrum curves ( )f α  of 

uranium ore in both stopes are satisfied, L Rα αΔ < Δ , indicating that the high content of uranium is 

more singular than the low content of uranium in the whole deposit. 

3.2.3. The spectral height difference fΔ  of the curve ( )f α  

The inhomogeneity and complexity of the spatial distribution of chemical element content can 

be analyzed by analyzing the spectral height difference fΔ  in the multifractal spectral curves ( )f α . 

According to the data in Table 2, the parameters fΔ  of the average grade of uranium ore in the two 

stopes are 0.19 and 0.34, respectively, and the fractal spectrum curves both show a left hook shape, 

indicating that the content distribution of uranium ore elements in the deposit is dominated by higher 

values. 

0α αΔ fΔ RαΔ LαΔ R
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The discussion of the shape characteristics and parameters on the multifractal spectrum ( )f α  

of the two stopes is helpful to summarize the spatial distribution and enrichment rule of uranium 

grade, and to estimate the uranium element value and deposit reserves. 

3.2.4. The skew coefficient R of the multifractal spectrum 

In the calculation of multifractal spectrum, the skew coefficient R is defined as Equation (15) 

[46]. 

0 min max 0

max min

( ) ( )α α α α

α α

− − −
=

−
R  (15)

According to the definition of Equation (15), the skew coefficient [ 1,1]R∈ − ; when 0R < , the 

multifractal spectrum is left-hooked; when 0R > , the multifractal spectrum is right-hooked; when

0R = , the multifractal spectrum is bell-shaped. When 1R→ , this represents that there are more areas 

where the mass of the fractal is dense. When 1→ −R , this means that there are more sparse areas of 

mass distribution. The data in Table 3 show that the multifractal spectrum deflection coefficients R 

of uranium ore grade in stopes 11 and 12 are -0.30 and -0.56, respectively, both of which are less than 

0, indicating that the multifractal spectrum is left-hooked and there are not many densely distributed 

areas of uranium ore in the two stopes. Moreover, 0.30 0.56− > − , indicating that the uranium ore 

grade distribution in stope 11 is more densely distributed than that in stope 12. 

3.3. Uranium distribution information by multifractal local singularity exponent 

Q-Q plot is one of the most commonly used methods to test the statistical frequency distribution 

characteristics of elements, which can test whether the elements follow normal or lognormal 

distribution. As shown in Figure 6, the Q-Q plots of uranium-grade values in the two stopes show an 

approximate linear form, indicating that the distribution of uranium grade values basically follows a 

lognormal distribution, except for higher outliers. The data that meet the statistical normal 

distribution or lognormal distribution of geochemical elements are usually the normal values or 

background values, while, for the outliers that deviate from the straight line, the fractal distribution 

is satisfied. According to the data of the two stopes, the C-A double-log plot of uranium grade of the 

two stopes can be obtained using Equation (2), as shown in Figure 7. 

  

Figure 6. Q-Q plot of average grade of uranium ore in two stopes of the deposit( No. 11 is on the left, 

No.12 is on the right). 
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Figure 7. C-A double-log plot of average grade of uranium ore( No. 11 stope is on the left, No.12 stope 

is on the right). 

In this paper, the local singularity exponent α  in multifractal theory is used to analyze the 

uranium-grade distribution in the deposit. The local self-similarity of value α  can reveal the degree 

of singularity in the distribution of geochemical elements and the local scale characteristics of 

anomalies so as to identify and extract the abnormal regions of geochemical elements’ distribution. 

Using the local singularity exponent α  to analyze the statistical characteristics of the elements 

varying with scale in space, which is different from the traditional statistical methods, can intuitively 

distinguish different kinds of information from the background[39–41]. The singularity exponent α  

of an element indicates the information of a local enrichment region. For singularity exponent α , 

local self-similar features can be used for characterization [32]: 

2( ) αρ ε ε −∝  (16)

where α  is the local singularity exponent, ε  is the scale range, and ( )ρ ε  is the average density 

of element content within the range ε . α can be calculated by the element concentration–area (C-

A) method. 

According to the spacing between uranium holes in the deposit and the actual terrain and the 

geomorphology, 10m*10m is defined as a fence unit, and the window sizes 3,6,9 ,45ε =   are 

respectively set to calculate the average density value ( )ρ ε  of uranium grade within the range of 

square windows of different scales, ε . The singularity number of each point is calculated by fitting 

the double logarithmic map using the least square method. The slope value of the line fitted by the 

double logarithmic plot plus 2 is the singularity exponent α . The singularity exponents of two 

stopes in the ore deposit are calculated by this sliding window algorithm. Figure 8 illustrates the 

distributions of the singularity exponents of the two stopes. 
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Figure 8. Singularity exponent distribution of uranium grade value of the deposit. ( No. 11 stope is 

on the top, No.12 stope is on the bottom). 

According to the power rate-law and multifractal theory, the singularity exponent α  can 

reveal the enrichment and dilution characteristics of elements[36–38]. When 2α < , the element 

content in this region indicates enrichment, and then the element density increases with the reduction 

in the distribution range. The smaller the value α , the higher the degree of singularity will be; when 

α  is close to 2, this indicates a normal background area, indicating that this area is normal and not 

much affected by mineralization, and the element density does not change with the reduction in the 

distribution range. In this case, the elements in the corresponding area are evenly distributed; when

2α > , this indicates that the element content in this area is depleted, and the element density 

decreases with the reduction in the distribution range.  

It can be seen from Figure 7 that the abnormal concentration characteristics of uranium grade in 

the two stopes of the deposit are significant. There is a certain correlation between the uranium 

content distribution and the singularity exponent distribution in the two stopes, which can be seen 

by comparing the grade isogram (Figure 3) and singularity exponent distribution map (Figure 7). 

When 2α < , the average grade value of uranium ore is obviously larger, indicating that the high 

content value partly corresponds to the abnormal area where α  is less than 2, and there is an 

enrichment phenomenon of uranium ore in this area. However, the region where 2α >  reflects the 

uranium dilution of the uranium; the region where α  is close to 2 reveals the background field. 

Through an analysis of the singularity exponent α  distribution of uranium grade in the No. 11 

and No. 12 stopes, we found that the distribution areas of 2α <  are different. The areas of 2α <  

in the No. 11 stope are mainly concentrated in the northeast and central areas, while the areas of 

2α <  in the No. 12 stope are mainly concentrated in the northwest and central areas, indicating that 

uranium ore is relatively enriched in these areas. There are regions where 2α >  in the two stopes: 

there are small areas in the upper part of the northwestern and eastern edges of the No. 11 stope, and 

small areas on the right of the northeastern and southern edges of the No. 12 stope, respectively, 

indicating that the two stopes are relatively depleted in these areas. The area with 2α >  in stope 

No. 11 is smaller than that in stope No. 12, indicating that the depleted area in stope No. 11 is smaller 

than that in stope No. 12. In addition, area 2α =  is the area with the largest proportion of the two 

stopes, indicating that most areas of the two stopes are background areas. 

4. Conclusion 

Based on the multifractal theory, the parameter difference of multifractal reflects the structure 

of spatial distribution of mineral grade to a certain extent[22,27]. For example, fractional dimension 

D0 can characterize the degree of sample deviation from normal distribution, while other parameters, 
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such as parameters 
qD , ( )α q and ( )αf , can also reflect the non-uniformity of mineral distribution. 

After a comprehensive multifractal distribution analysis of uranium ore, we combine local 

singularities and correlations of the spatial distribution of geochemical elements, which can be used 

to extract the enrichment depletion information of geochemical elements from the anomalous values 

of local singularities. The following conclusions can be drawn: 

(1) A group of uranium-grade values and their plane distribution maps are obtained from the 

ore deposit, the uranium-grade grid data covering the area are formed by interpolating the uranium-

grade values at these points, the data are processed by ash, and the macroscopic distribution problem 

of geochemical elements is reduced to a microscopic distribution problem.  

(2) A multifractal model of uranium ore distribution is established, and the multifractal spectra 

and multifractal parameters of uranium grade in two stopes (No.11 and No.12 stopes) are obtained 

by numerical calculation. These spectral function images are almost parabolic shapes. Fractal 

dimension D0 and information dimension D1 of the uranium-grade distribution of stope No.11 are 

1.98 and 1.97, respectively, and fractal dimension D0 and information dimension D1 of the uranium 

grade distribution of stope No.12 are 1.92 and 1.91. The skew coefficient R of the uranium-grade 

fractal spectrum of the two stopes is -0.30 and -0.56, respectively. The relationship between 
qq D , 

( )q qα and ( )q f q  parameters shows that the average grade distribution of uranium ore in the 

two stopes has multi-fractal characteristics, and the differences in the multifractal parameters 

between the two areas are compared. After comparison, fractal dimension D0 and information 

dimension D1 of mining area No. 11 are both larger than the corresponding values of mining area No. 

12. Similarly, the spectral width αΔ  and the left-half spectrum width αΔ L values of stope No. 11 are 

also larger than those of stope No. 12. Moreover, the skew coefficient R of the two stopes satisfies 
0.30 0.56− > − , indicating that the uranium-ore-grade distribution in stope No.11 is more densely 

distributed than that in stope No.12. The results after comparison all show that that the singularity 

of uranium-grade distribution in No. 11 stope is greater, the internal structure of uranium ore in this 

stope is more complex, and uranium ore is easier to enrich. The multical method can effectively 

indicate the local anomalies in the geochemical elements. 

(3) Singularity exponent distribution maps of uranium grade in the two stopes are obtained 

using the element content–area method. The spatial distribution region of the calculated singularity 

exponent ( 2α < ) has a strong correlation with the uranium-grade enrichment region, and the 

singularity exponent can be used to accurately decompress and identify uranium-grade anomalies 

and background information. This is indicative for element content estimation, deposit reserve 

prediction and mineral resource information acquisition. 

In this paper, the characteristics of uranium ore distribution are described by using multifractal 

theory and a model from the perspective of statistical data analysis. The multifractal parameters of 

uranium-grade distribution are related not only to the calculation method used for the dimension, 

but also to the collection of samples. The sampling range, sampling spacing, sampling adequacy and 

local geological conditions of the used data used affect the calculation results. In view of the complex 

geological conditions and metallogenic factors, more indicators need to be explored in future studies, 

such as considering the chemical mechanism, to improve the acquisition and recognition of the 

multifractal spectrum of two-dimensional data in this method, and improve the accuracy when 

indicating anomalies in physical and chemical fields and background fields. 
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