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Abstract: In the particular configuration of the scalar field K-essence in the Wheeler-DeWitt quantum
equation, for some age in the Bianchi type I anisotropic cosmological model, a fractional differential
equation for the scalar field arises naturally. The order of the fractional differential equation is

= 52%.. This fractional equation belongs to different intervals, depending on the value of the
barotropic parameter; when wx € [0,1], the order belongs to the interval 1 < g < 2, and when
wx € [—1,0), the order belongs to the interval 0 < § < 1. In the quantum scheme, we introduce the
factor ordering problem in the variables (), ¢) and its corresponding momenta (Ilq, I1), obtaining
a linear fractional differential equation with variable coefficients in the scalar field equation, then the
solution is found using a fractional power series expansion. The corresponding quantum solutions
are also given. We found the classical solution in the usual gauge N obtained in the Hamiltonian
formalism and without a gauge. In the last case, the general solution is presented in a transformed
time T(7), however in the dust era we found a closed solution in the gauge time 7.

Keywords: fractional derivative, fractional quantum cosmology; K-essence formalism; classical and
quantum exact solutions

1. Introduction

Fractional cosmology is a new line of research born approximately twenty years ago based on
fractional calculus (FC). The FC is a non-local natural generalization to the arbitrary order of derivatives
and integrals. Non-local effects occur in space and time. In the time domain, a non-local description
becomes manifest as a memory effect, and in the space domain, it manifests as non-homogeneous
similarity structures [1-3]. During the last decades, FC has been the subject of intense theoretical
and applied research, almost in all areas of the sciences and engineering, from the point of view of
the classical and quantum systems [4-14], recently new studies on FC have been made [15-18]. This
is because, the FC describes more accurately the complex physical systems and at the same time,
investigates more about simple dynamical systems [19,20]. The general relativity could not be the
exception, in [21-31] the importance of FC and its potential applications in cosmology was introduced.
In [32] the FRW universe was presented in the context of the variational principle of fractional action.
In this new cosmological formulation, the accelerated expansion of the universe can be attributed
to the fractional dissipative force without the need to introduce any kind of matter or scalar fields,
similar results are obtained in [33,34]. In [35], the concept of fractional action cosmology was applied
to massive gravity, where fractional graviton masses are introduced.

Unlike the previously described formalism to obtain fractional cosmology, in [36] it is mentioned
that by quantifying different epochs of the K-essence theory, a fractional Wheeler-DeWitt equation in
the scalar field component is naturally obtained. Recently, such an equation was solved for some epochs
in the FRW model and communicated in [37]. In this work we present the continuation of our previous
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investigation, in this case, we will analyze the Bianchi type I, which is the anisotropic generalization of
the flat FRW cosmological model. In the quantum scheme, we introduce the factor ordering problem
in the variables (€, ¢) and its corresponding momenta (I, I1y), obtaining a fractional differential
equation with variable coefficients in the scalar field equation. The solution is found using a fractional
series expansion [38,39], generalizing our previous work [37].

This paper is organized in such a way: in Section 1, we give a brief review of fractional calculus and
the main ideas of the K-essence formalism; in Section 2, we construct the Lagrangian and Hamiltonian
densities for the anisotropic Bianchi type I cosmological model, considering a barotropic perfect fluid
for the scale field in the variable X. We found the classical solution in the usual gauge N obtained in
the Hamiltonian formalism, and without a gauge. In the last case, the general solution is presented
in a transformed time T(7), however in the dust era we found a closed solution in the gauge time T;
in Section 3, the quantization of the model for any era in our universe is done and present particular
scenarios, too. In this section, we introduce the factor ordering in both variables; finally, in Section 4,
the conclusions are given.

2. Brief review on fractional calculus and K-essence theory

2.1. Brief review on fractional calculus

In the theory of fractional calculus, there are some definitions of fractional derivatives;
Rieman-Liouville, Caputo, Caputo-Fabrizio, Atangana-Baleanu, to name a few, each with its
advantages and disadvantages [40-42]. In this work, we use the Caputo fractional derivative of
order 7, defined by using the Riemann-Liouville fractional integral [1]

recovering ordinary integral, when ¢y — 1. The Caputo fractional derivative of order v > 0 of a
function f(t), then, is defined as the fractional order integral (1) of the integer order derivative

t (n)
gD?f(t)_I(ﬂ—v)OD?f(t)—r(nl_ly)/o (th)gT)n+ldr, @)

withn —1 <y <neN=1,2,.,and vy € R is the order of the fractional derivative and f (") are the
ordinary integer derivatives, and I'(x) = f0°° e~*t¥~1dt, is the gamma function. The Caputo derivative
satisfies the following relations

§DY(f(t) +g(1)] = GDYf(t) +5D7g(t). ®)
$D7c = 0, where c is a constant. 4)

The Laplace transform of the function f(t) defined in the ordinary case is given by

LIf)] = [ (et = F(s) ©

then, the Laplace transform of the Caputo fractional derivative (2) has the form

LISDT ()] = 7F(s) - 3 s7-1 0 0), ©
k=0
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where f(¥) is the ordinary derivative. Another definition which will be used is the Mittag-Leffler
function [43-45],

n

Ey o (z) = ;0 m (x, o>0), @)

for o = 1, we have one parameter Mittag-Leffler function

o n
B(®) =B = L iy >0 ®)
Another special cases are in [44,45]
Ei(£z) = €%, E»(z) = cosh v/z, Epq(—2z%) = cosz,
Boa() = T, Epy(-2) = M ©)

Laplace transform (5) of the Mittage-Leffler function is given by the formula

st pm+o—1p(m) _ o mist
/0 PR (et it = (e (10)
Consequently, the inverse Laplace transform is
1gX—0
71[(5;”-;51)%1} = IR (dat), (11)

This expression will be very useful to obtain analytical solutions of fractional differential equations
using the Laplace transform.

2.2. K-essence fractional in the Bianchi I scenario.

One of the fundamental problems of cosmology is to find an explanation consistent with
experiments for the accelerated expansion of the universe. Many proposals to tackle this task suggest
modifying the general relativity theory. A recent proposal suggests unifying the description of dark
matter, dark energy and inflation, employing a scalar field with a nonstandard kinetic term, known as
K-essence theory. Usually, the action of the K-essence models [46-51] can be written as

1
S= / d4x\/—g(2R+f(¢)g(X) +£mutter>/ (12)
¢ being the determinant of the metric, R the scalar curvature, f(¢) an arbitrary function of the
dimensionless scalar field ¢, X = —% §""V,u¢pVy¢ the canonical kinetic energy and Lygtrer is the

corresponding Lagrangian density of ordinary matter. So, performing the variation of the action (12)
with respect to the metric g,y and X, the field equations are obtained

G — f(¢) [ngyfpvvfl’ﬂng;W} = Tw, (13)

0, (14)

f((P) ngyvy(P + gXvaXVF(P] + jl'(); |:Q - ZXQX:|

where, we have assumed that 877G = 1 and a subscript X denotes differentiation with respect to X.
K-essence was originally proposed as a model for inflation; and then, as a model for dark energy, along
with explorations of unifying dark energy and dark matter [52,53].

Last set of field equations (13) and (14) are the results of considering the scalar field X(¢) as part
of the matter content, i.e. Lx 4 = f(¢)G(X), with the corresponding energy-momentum tensor

doi:10.20944/preprints202309.1221.v1
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Tad) = F(9) [GxVupVup + G (X)gpu]. as)

Also, considering the energy-momentum tensor of a barotropic perfect fluid,
Tp(t(le) = (P(p + P(p)uyuv + Pq)gyv, (16)

with u;, being the four-velocity satisfying the relation u,u" = —1, py the energy density and P the
pressure of the fluid. To simplify, we are going to consider a comoving perfect fluid, whose pressure
and energy density corresponding to the energy moment tensor of the field X are

Pp(X) = f(9)G,  pp(X) = f(9) 2XGx — 7], (17)
thus the barotropic parameter wyx = Zgg for the equivalent fluid is
_ g
“X T 2XGx— G (19

Notice that the case of a constant barotropic index wx (with the exception wx = 0) can be obtained by

the G function
1+wy

G =X7%x . (19)

At this point we can choose

1 1
p— ttwx

P— Xlx p— .
g ’ 2wy “X = o1

(20)

With this, we can write the states in the evolution of the universe resumed in the table 1.

Table 1. States of the universe’s evolution according to the barotropic parameter wy.

[wx [ o« ] G(X) | State of evolution |
1 1 X Stiff matter
1 X2 Radiation
-0 | o0 X", m— oo Dust like
-1 0 1, f(p)=A=cte Inflation
—1I 1 % Inflation like
-2 -1 4%/? Inflation like

We are interested in the four-dimensional fractional cosmology in the scenario of k-essence within
the anisotropic background, precisely the Bianchi type I, whose metric has the line element g,5, which
can be read as

ds* = —N?(t) dt? + A%(t) dx® + B>(t) dy* + C*(t) d2?, (21)

where N(t) is the lapse function, the functions A(t), B(t) and C(t) are the corresponding scale factors
in the (x,y, z) directions, respectively. Moreover, in the Misner’s parametrization, the radii for this
anisotropic background have the explicit form

A= eﬂ+ﬁ++\/§ﬁ_’ B— €Q+/5+*\/§/3—/ C= (3072/5'*', (22)

where the functions in the radii are dependent on time, () = Q)(t) and B+ = B+(t). In this point, we
notice that the line element (21), in the time dv = Ndt reads as

dsz o _dTZ + ez(Q(T)+ﬁ+(T)+\/§ﬁ*(T)) dxz + 62(Q(T)+/8+(T)_\/§:B*(T)) dy2 _|_ eZQ(T)_4/5+(T) dZZ, (23)
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and employing the form of the functional G = X*, and the following quantities
=44 grr=g"—1 Gx = aX*! Oxx = a(a—1)X*?
dT th/ TT 7 7 ’
9l =" (d —Thdo) = — (9" +30¢),  Xu™ = "Xy = —X'¢/,
!
X:%((P/)Z/ ((])/)ZZZX, X/:(PI‘PHI (P//:i;,
then the Equation (14) is written as ,
aX 1 (9" + 300¢") +aa — 1)X*2X'¢' + (20 — 1)X”‘£anf =0, (24)
which can be transformed into
d 602 1
— (InX+ —" +Lnfa | = 2
dr(” Tttt ”f) 0 )
and in turn integrated, resulting
Q(1)
[FE@)dp=var [ xtar, (26)

where A is an integration constant and has the same sign as f(¢). In the gauge N = 2471 the right
side is

[ £ @) =24v20 (1), @7)

where {; is the initial time for the a scenario in the universe. At this point, we can introduce some
structure for the function f(¢) and solve the integral.

When we consider the particular mathematical structure for the function f(¢) = p¢™ or f(¢) =
pe™? with p and m constants, the classical solutions for the field ¢ in quadratures are

[y e ST, f@) = pets -2
o(x) = gle) +{ EP LIV ], J@)=pp om= 2 2

Bon[pp VA fe B TdT],  fg)=pe, m A0,

pEVIA [ T f@)=p, m=o.

The complete solution to the scalar field ¢ depends strongly on the mathematical structure of the scale

30
factor ()(7) in the a scenario in our universe. In the gauge N = 24¢2-1, these solutions are

20

(BB VoA (1)) T, f@) = pg", m# -2

o(t) = plt) + 4 EXP 2ap = V2R (t- 1), F(@) =pp2, m=—2ua 29)
o in [k VIR (- 1) f(g)=pemt, m#0,
24p Za \/ﬁ(t — ti) f((l)) =p, m= 0,

where t; and ¢(t;) are the initial time and the scalar field in this time for the a scenario in the universe.
In what follows, we do the calculations to obtain the scale factor in some cases.

3. Lagrange and Hamilton formalism

Introducing the line element (21) of the anisotropic Bianchi type I cosmological model into the
Lagrangian (12), we have
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L) =3¢ {6?\; — 6% — 6% — f(¢) (;)a ($)™ N_2“+1} ) (30)

Using the standard definition of the momenta ITx = 2% where g are the coordinate fields g# =
(Q), B+, $), we obtain the momenta associated with each field

_ 12 3q, o _ 3o NIlg
I_IQ - Ne Q, Q =e€ 12 7
12 . _an NIT
Iy = 3QIB:|:/ :B:t = —€ 30 12i"
1
1\* 2a . . o [2¢ TI, (=T
= —fi0) (3) e o=ones [T e

and introducing them into the Lagrangian density, we obtain the canonical Lagrangian as L ,,onical =
Iggh — NH = Ilgg" — H. When we perform the variation of this canonical Lagrangian with
respect to N, % = 0, we obtain the constraint H = 0. In our model, this is the only constraint
corresponding to the Hamiltonian density, which is weakly zero. So, the Hamiltonian is

1
N _ 3] _sedgr o 9 b1 12(2a—1) 2871\ =T o
H=—¢ 21 20—1 114 — 115 — 117 | — 12« . )
21 ¢ [1th ~ 10 112 | @ “F(9) 7z (32)
3.1. Exact solution in the gauge N = 24e7-1
Using the Hamilton equations for the momenta IT,, = — 37135 and coordinates ¥ = BBTH,,' we have
. 6(a—1)
O = 2 w1l (33)
. _6(04—1)Q
Br = —2¢ 3101, (34)
. 6(a—1)
B = —2¢ =TOrL, (35)
. oa—1 204%1 ﬁ
= —24 ( > ", (36)
! )
. 6(ax—1) _6@a-1)
o = g B0 U 1R i), 7
Iy = 0, = I14 = p+ = constant, (38)
1
: 12 (2% INZ=T _on oy f
Iy = —— I f 1=, 39
¢ « ( P ) ¢ f ¢ (39)

solving the equation (39) using (36), we have Iy = py f i, with p, an integration constant. With this
result and taking into account the equation (36), we get

a—1
[ fEag= 24(”"’2 ) (t=t), (40)

that is, similar to (27), previously obtained, when was solved a Klein-Gordon like equation, directly.
Using the Hamiltonian constraint and the solution to equation (39) found previously, we have

.
20 pae—1
a—1) —1 2
e*(’éa ! [H H%r _1—[2_} _ 12(2a — 1) (P ) , 1)

14 o
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then, the solution for the momenta becomes
HQ = ;704 t + PO/ (42)

1
(‘X 1) 204204 1 2a—1

where the constant 17, = == m

, and pg are constants of integration, that introducing in

the equation for (), we get the equation for the () function

aQy 61 sy 6(a—1)

o T2 2T X (ot +pg), ez T :T(ﬂat +2pot+p1) (43)

whose solution becomes

a- 20 —1 {6(04

—D(
o= ™| 2T (et +2p0t+p1>}, (44)

and the solution for the scalar field is given by the equations (29). The solutions for the anisotropic
function B+ are given by

Balt) = b u—Dpr g |IFP O_W] (45)
+(t) = b+ — ’
24(x — 1)17a\/m Mat + po + M
B 20— 1 P+ _(8)
=t~ (g ) o = (550 ) @

where

Se(t) =nat+pot VA,  and Ay = pi—1ap1 > 0.

According to the last expressions, the radii associated with the Bianchi I have the following behaviour

p++fl_ o=
6(a —1) [ Zy(t)) Hevie .
A(t) = eXFPrVE- = éa — (z 8) (7at® +2pot+p1)| . (47a)
TS )
_ 6(a—1) (X A "
B(t) = 1B V3B _ [ é{x —3 <Z+ ) (Uatz + 2pot + p1) , (47b)
_ a—1 (t Zﬂam 6(13;7:1
C(t) =2+ = [ é{x — 1) <2+8> (11at* + 2pot + p1) , (47¢c)
and the volume of this universe V(t) = ABC = ¢3? being,
201
6(x—1 “



https://doi.org/10.20944/preprints202309.1221.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 19 September 2023 doi:10.20944/preprints202309.1221.v1

8of 19

v v
300000
250000
200000 |
4x10% -
150000 [
100000 3x10%F

50000
2x108 |

L L L Lot L L L L T
1 2 3 4 5 60 70 80 90 100

Figure 1. Volume of the universe into the radiation and Dust age, respectively, according to the table 1,
we choose pp =2 and p; = 1.

Where we have graphed on different time scales in each scenario, in both cases the volume is
increasing.
3.2. Exact solution without gauge N in the time T

For this case, the Hamilton procedure is not adequate, then we shall use the Hamilton-Jacobi
procedure in order to find the solutions for the remaining minisuperspace variables, which arises

by making the identification w = II, in the Hamiltonian constraint (32), H = 0, taking
S(Q, B+, ¢) =Sa(Q) + S (B+) +S—(B-) + Sp(¢) which results in

) -GG ) (@)

=0. (49)
Separating this equation, we have

el G) () e

with (34, a separation constant. The solution in the variable ¢ is,

20—1
20
1

~ B _ F2(P) = pof(9), (51)

= =

2
Y

II
¢ Ag

where S(¢) = py [ f % (¢) d¢, obtaining similar results in the Hamilton procedure.

20—1
(2

20 A— %
The specific values of the constants are py = [Aﬂ and A, = % (%) 1 in terms of
the o parameter.

The other equations are read as

2 _
(B2)' = gersgesd, e
2
dsi"'_ — [2, S+ZS+:|:€+B+, (53)
dp+
2
(Z;—) — 2, S_—s_ +0 ., (54)

where Elz are separation constants and s+ integration constants. On the other side, recalling the
expressions for the momenta we can obtain solutions for equations (52), (53) and (54) in quadrature;
for the variable () and for & # 1,
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3.3. Case for a # 1
In this particular case, we have
30) a0
dr=12——° , R=02 4R, (55)
J2 4 25T
¢
and for the anisotropic variables,
(56)

/
ABy = $%/640(7)

For solving equation (55), we employ the transformation in the time variable dT = e%-1%T and

6(a—1) _1) 6a=1)
U=1r+ 63) e 12 g0, dU = 834, 6§Z_Pe 21 240, resulting

6(04—1)0
T — 19827 dQ 22« —1) dU
i @ DBV

and the solution is 402 3
lx J—
T—Tp= —2 (VU— VU ),
T w-ne ( 0)

then for the () variable, we have
20—1

2 o | 6(a=T)
am-u | (Fe=pr-m f8) - ()] &

and the time transformation becomes

[ tp-1) B\ o]
dT_Km_l)(TTOH\/Zg) (%)] T, (58)

To obtain the solutions in the time T, for the anisotropic functions B+ (T), we solve the integral

dar

/6_3Q(T)dT = /e_éézj)Q(T)dT:/ 2
(a=1) uo> _(L)z

14
(ﬁzaMT‘TO” 2] (%
22 p(a—1)
420 — 1) (Za 3(2a-1)) (T—To) +/mo—¢
= (=) Ln ez(a D , 59)
then, the anisotropic functions (56) become
Zz(tx 1)
(T- To) + —/L
1) Vo ' (©0)

Bu(T) = pu(Ty =22 Dy | 1
: 3 Ha=1) f(z(: 11)))(T To) + \/Ho + ¢
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and the scalar field (28), takes the form
(B2 VAT —T)| ¥, f(@) =pg", m# -2,
o(T) = ¢(T;) + Exp [Piﬁ\/ﬁ(T - Ti)} , f(d) =pp=2", m=—2a, (61)
20 [gp VAT - T, F(@) = pem?, m A0,
pEVIMT ~T)), flg)=p, m=0,

On the other side, the only state when the time T = T, corresponds to the scenario, « — oo, which
is calculated below.

3.3.1. Dust scenario, & — oo

For this particular case, we have

2 3
B ly U 2%

then the volume function becomes

2
_ ly U A%
V(T)—V0{<8(T—To)+ %> () } (63)

and the anisotropic functions are

0,2 rg’(r—ro)+\/17—/z | o

Bu(t) = Be(w0) F 5 5Ln | 4
3/ %
5 (T—7)+Ho+¢
We can see that the scalar field constant £ is huge, the anisotropic function goes to constant, and the

anisotropic model can be isotropic one. We rewrite the corresponding solutions in the scalar field (28),
for this scenario

[V2A(r - )], £(9)
Exp [‘/27(7 - TO)] c fl9) = m= 20,
[V -T)|,  f(9)
V2 (7 - ), £(9)

¢(1) = ¢(10) + (65)

4. Quantum Regime

The WDW equation for these models is obtained by making the usual substitution Iy = —ifidgu
in (32), and promoting the classical Hamiltonian density in the differential operator applied to the
wave function ¥(Q), B+, ¢), HY = 0; we have

12—l KA N °Y N 0°Y
002 9p%  9pE

C122a-1) ( 2¢! )21‘1 29" e o (66
« af(¢) - B
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This fractional differential equation of degree p = 52%;, belongs to different intervals, depending on
the value of the barotropic parameter [37]. We can write this equation in terms of the § parameter, we
have

002 " apz Tapz | T B \aflp agP

For simplicity, the factor e~32~A)2 may be the factor ordered with Il and f~ =T (¢) may be the factor

1
> 2 2 a—=1 \ -1 B
h2e—3(2—B)0 Ik O S ‘P] _ (2)) hﬁiT =0. (67)

ordered with % in many ways, we employ it might be called a semi-general factor ordering, which,

in this case, would order the terms 6_3(2_ﬁ)0ﬁ2 as —e~32-P)-Q)Q 7 ~Q0y, = —3(2-H)Q 82
Qe 32-P9, where Q is any real constant that measures the ambiguity in the factor ordering in the

variables () and its corresponding momenta. For the other factor ordering, we make the following
calculation which, in this case, would order the terms g (9) ;;ﬁ ,
f Za T ( )

choose g(¢) = ¢°, similarly to f(¢) in the classical case, that is

where in the particular case we

PSP N L L
fET(9) ¢ 847/3/24) P72 = fo ((P)agbﬁ +FE(9) W‘P app72’ (68)
where the Caputo fractional derivative of [ a?;g/zz 4)5} becomes [1],
cB/2 s _ I'(s+1) s—B/2
Thus, the equation (68) is rewritten as
1 I o ob _ I'(s+1) Ry oB/2
f 20‘1(4))47 aqﬁ;/g‘PW - f 2“1(4))W+f 2a1(4))4) F(S—l—l 5/2)4) agbﬂ/z
B L oP L I'(s+1) Y oB/2
= f= 1(4’)@ +f =T(9) I(s+1-p/2) 9gP/2 (70)

Assuming this factor ordering for the Wheeler-DeWitt equation, we get

*Y oF 0’  9%Y
—3(2—-B)Q
[ ar T%at 0B - aﬁz_]

N

24 (2IN\NET 9B 04 201 NET . [(s41) 9
_z Ly = ( ) Pp—s ¥ =0. 71
5 (o) a5 ) M meeon " 7y

Using the ansatz for the wave function ¥(Q, B+, B—, ¢) = A(Q) B (B+)B-(B-)C(¢), we obtain the
following differential equations on the corresponding variables

PA_dA 2
4ot [ s - o
2B
dﬁ; ~-;By = 0, (73)
+
d’B_
¥ea -p3B- =0, p3=p5—pi (74)

2 1,2
,a4-C I'(s+1) d¢C i ( poi >2a—l 07

¢ d4>2’Y + 1"(5 +1— 7) d¢ 2a—1 12K27 0, p=27, 0<y<1 (75)
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Figure 2. Probability density (80) of the universe dominated by Dust era, in this stage of the universe
shows that the probability density has a decay, both in () and ¢. Both are plotting with p = 0.5, vy = %,
1= 0.1.

We can see that the fractional differential equation (75) has variable coefficients, so to solve it we can
use the fractional power series [38,39], also f(¢) = py¢™, with py a constant and choosing 55 = —7,
as particular case, which implies that the parameter m = —a in sense that -y parameter is in accordance
with its original definition (see equation (75) and definition of the  parameter, or the equation in the
text after equation (76)).

Following the book of Polyanin [54] (page 179.10), we find the solution for the first equation,
considering different values in the factor ordering parameter, (we take the corresponding sign minus
in the constant p?)

— % __P pBa-na __P pBa-mo
A(Q) =e2 [ClK”<3h(l—'y)e + G, 3h(1—’y)e , (76)
/ 2
where K, (z) and I, (z) are the modified Bessel functions, and order v = % with ¢y = g = 5
the new order in the fractional derivative. However, for physical conditions we will only take the
modified Bessel K, .
The corresponding quantum solution for equations (73) and (74) are
By = agef2P+ 4 gre—r2P+, (77)
B_ = byef3P~ + be P3P~ (78)

with p2 and p? are separation constants.
The solution of the equation (75) with positive sign and f(¢) = py = constant, with zero factor
ordering, may be obtained by applying direct and inverse Laplace transform [20,37], providing

1
Pott \ 1=y /7
o=t (), = (E)FT L ocrs o

where K, is the Mittag-Leffler function (7), then, the probability density of the wave function for this
particular case becomes

2 2 00+2 +2038_ 12 P 31-7)Q| w2 (.2
%) = yZe P2p+ 203 k2 {3?1(17)6 (1=7) ] K3, (—2%), (80)
and its corresponding plot for two values in the ordering parameter Q.

Table II shows the differential equations obtained from (75), depending on the values of wx, &
and 7y
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Table 2. Fractionary equation in the field ¢ according to the barotropic parameter wy.
wyx o 0% Fractionary equation
& s+1) c ¥ o —
1 2 2iic <s+1> d§c L p
1 2 |2 ¢ +
5 3 9 dq:% T(s+3) dp3 (pg)? 1873
1 dc | I(s+1) dac —
=0 | soo | 3 4;—4) ot )d; j:24hC—0
-1 0 0 without equation
1| g 1] pide Tt abe y (peET 2 o
3 ! 3 ¢3d¢% T T+2) gl * (2”"1> 36h%c_0
T
2| L1 | 1| glakc , TG+ dbe | (P \FT P o _
3 L] (P6d¢% + T(s+3) dgé + (2‘“) 7zh%c 0
4.1. Solution to FDE associated with the different state evolutions
We write the fractional differential equation (75) as follows,
d>rc arc
T——+A—+BC=0, 0<vy<1, 81
e At 7 < (81)

1
T _ T(s+1) _ Pt \ 2T yp? :
where we have made the simplifications A = For1=7) and B(, ,) = £ ( 2%1) o The last linear

fractional differential equation (81), will be solved using the fractional power series [38,39]

C=) anp™. 82)
n=0
Then, the fractional derivatives are
~ Y a, Lﬂl P17 50
d”hp =1 I[(n—1)y+1] ’
2re 0 Tny+1T[(n —1)y +1] (-2}
¢ ; Li(n—1)y+1T[(n —2)y +1] ¢ : (83b)

Replacing the expressions (83) into (81), we get

= Ty +1] o1y, = Ty +1] o -
n 7 +A T —— "+B 2" = 0. 84
n;” fn—2)y+1 7 n;” -1y +1 7 0"'7)”;,” ¢ (®4)

Now, taking ¢ = n — 1 into the first and second terms, and n = ¢ into the third term of (84), we have

O (e V| VSIS (U ) o ek | DY S NI
Zzzlﬂulr[(g_l),y_'_l]‘i’ + E)WH T[fy + 1] ¢+ (ow)egoaﬂl’ . (85)

Shifting one place in the second and third summations, we have

c- C(l+Dy+1] 4y, , Dy +1] - T+ +1]
Zangl f 1)7 1]¢7+A F[l] LI1+A8221015+1 r[€7+1] (P'Y

+ Ba)0 + Blay) Y ar ¢ =0, (86)
(=1
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From last expression (86), we get (s # 0)

B T[s+1—1]B
_ (wy) (2,7)
NE AT (v + 1) s+ 1Ty +1 (87)

and the recurrence relationships between the parameters ay, is

fs + 1 — 9By Ty + 1 T[(¢ — 1)y + 1]

api1 = — ay, Ve>1. (88)
L(0+1)y+1] {F[s +1—9]Tly+1]+T[s+1]T[({—1)y+ 1]}
Some terms of this relation are
. F[S +1-— W]B(ac,'y)
T T T ATy +1
- (r[s+1 —7]3(%7))2
2 T+ T2y + 1 (s + 1+ s+ 1 — 4Ty + 1)
. [y +1 "
3 T[s+ 1JT[3y + 1] (T[s + 1 — 9]T[2y + 1] + I[s + 1]T[y + 1])
(F[S +1-— ’)’]B(a’,y)>3 (89
TE+ 1+ +1-y +1)) )™ :
0y = Ily +1]T[2y 4+ 1]

T+ T[4y + 1 (T +1—]T37 + 1 + Tfs + T2y +1])

(F[S +1- ’7] B(zx,’y))4
(T[s + 1902y + 1] + T[s + JT[y + 1]) (T[s + 1] + I[s + 1 — 9]T[y + 1])

Then, the solution of the fractional equation (81) has the form

F[S—l—l—’)’]B(a’,y) ”
Comy = M0 [1_ T[s+1]T[y+1]

(Tls+1 —fy]B(m))z
T+ T2y 1] (5 + 1] + T +1— ][y +1])

(90)

¢+ ...

For the Dust-like scenario (see table 2), « — oo and ¢y = %, then B (o1} = 24h The solution
)
associated with this fractional differential equation is given in fractional series form by,

. 1 2Mfs+3]Biy) 2(Tls + l) o
sk T 04T Tls+1]y7 ¢ +1"[5—#1](2 [s+1] [+%f)¢ o
3
2 (2r[s + 3B/ 1 ;
(25 +31B ) s,

 3y/AT[s +1](20[s + 3] + T[s + 1]y/70) (2T[s + 1] + T[s + 1] v/70)

where we employed F[%] = @ and F[%] = %,
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For the radiation stage, « = 2 and v = %, then B 22) = , the solution for the fractional
'3

differential equation is

(3r[s+ %]B(z,%))z )
4T[s + 1]T[4] (3r[s +1] +2T[s + %]r[%])

E (92)

-
+

2r(3) (arfs + 4183, )
2Ts +1] (2[5 + 4]r[4] + s + 1Ir(3]) (3T[s + 1] +2r[s + 3]r[3])

with T[] = 1.35412 and T'[4] = 0.89298.

We are going to present the graphical behaviour of the wave function for the Dust-like case, in
which the solution is constrained to the variables () and ¢. This means we are going to shrink the
directions 4+ and S_. So, the wave function takes the form

¥(O,B4,B,¢) = % [clKV(Wl’Lv)e?’“ﬂ“)}x

[1 — a1¢7% +ax¢p — 1134)% + ayp? — u5<p% + agp® — a747% +agpt +...|. (93)
By restraining ourselves to the values of v = (Q +§P1 Q=10,6,2,16,p=1,7v=1s=1,p =01
and C; = 1, we see that the wave function ((93)) can be rewritten as
2 30 1 & 27
2 = ROR2(Ze3 _ el 3/2
PQg) = K <3e ) [1 a4’ s ? T manaeo?
6635528 + 3m) 4+ )7 69672960(8 + 3m) (41 1) ¥
+ 7[% ?
334430208(8 + 37) (4 + 1) (32 + 1570) T
5
2

NIN

45649723392 (8 + 371) (4 + 1) (32 4 1577) ¢
7 2
n 5m2 4
208684449792 (8 + 377) (4 + 77) (32 + 1577) (192 + 10577) "

(94)

where we have taken the cut-off order in ¢* and the a’s parameter are read from (89). In the following,
we present some plots of the probability density of the wave function, including the factor ordering
parameter Q and particular values in the parameter p, p; and the particular value to the ordering
parameter s=1. In all of them we observe that for any value of Q, the probability density decays with
respect to the scale factor, but has a different evolution in the scalar field. For small Q’s, the quantum
universe has considerable existence in the evolution with respect to the scale factor and then decays.
On the other hand, for large Q’s, this interval is small. What we can say about the evolution of the
scalar field is that at small Q’s, the scalar field appears faster than for large Q’s, which enters late, but
has existed forever.

doi:10.20944/preprints202309.1221.v1
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Q 0

(© Q =2, v =0.0669992. (d) Q =1.6, v = 0.537489.
Figure 3. Probability density (94) of the universe dominated by Dust era, in this stage of the universe
shows that the probability density has a decay in () and exhibits considerable growth for certain values
of ¢. The plots have the parameters p = 0.5, v = %, o1 =0.1

5. Conclusions

Unlike the previous work [37], in the present paper we employed a barotropic equation with
perfect fluid for energy-momentum tensor in the K-essence scalar field into the Lagrangian and
Hamiltonian formalism, obtaining the momentum of a scalar field with fractional numbers, while
the momentum of the scale factor appears in the usual way. We obtained the classical solutions for
different scenarios in the universe, employing different times (¢, T(7), 7). In the quantum scheme,
we include the factor ordering problem, and we find a fractional differential equation for the scalar
field with variable coefficients, which was solved using the fractional series expansion. With this in
mind, we visualize two alternatives in our analysis; the first one is within the traditional expectation
over the behaviour of the probability density, that the best candidates for quantum solutions are those
that have a damping behaviour with respect to the scale factor, appearing in all scenarios under our
study, without saying anything about the scalar field. The other scenario is when we keep the scale
factor, and we consider the values of the scalar field as significant in the quantum regime, appearing
in various scenarios in the behaviour of the universe; mainly in those where the universe has a huge
behaviour, for example, in the actual epoch, where the scalar field appears as background.

In other words, the interpretation of the probability density of the the unnormalized wave function
is given, when we demand that ¥ does not diverge when the scale factor A (or (2) goes to infinity, and
the scalar field is arbitrary. However, the evolution with the scalar field is important in this class of
theory and others, as it appears in some stages of the evolution of our Universe.

We briefly illustrate the main results of this work.

1. Using the K-essence formalism in a general way, applied to anisotropic Bianchi type I cosmological
model, we found the Hamiltonian density in the scalar field momenta raised to power with
non-integers, which produces in the quantum scheme a fractional differential equation in a
natural way. We include the factor ordering problem in both variables (Q), ¢) and its momenta
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(I, ITy), with the order B = 2%1/ where & € (—1,00), and it was solved in a general way, we
include two particular scenarios of our Universe.

2. We found the solution in the classical scheme employing two gauge, N = 24¢3?, for two forms
of the function f(¢) in the time t; however, when we let the Lagrange multiplier N, we need to
employ a transformed time T(7) for solving the classical equation, and only in the dust era, we
recover the gauge time 7.

3. Inthe quantum regime, when we include the factor ordering problem, the fractional differential
equation in the scalar field appears with variable coefficients, and it was necessary to use the
fractional series expansion to solve it in a general way.

4. In one of our analysis presented on the probability density, we consider the values of the scalar
field as significant in the quantum regime, appearing in various scenarios in the behaviour of
the universe; mainly in those where the universe has a huge behaviour, for example, in the
actual epoch, where the scalar field appears as a background, the quantum regime appears with
big values, but it presents a moderate development in other scenarios with different ordering
parameters Q and s.
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