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1. INTRODUCTION AND PRELIMINARIES

Let X be a normed linear space and Y be a subset of X. If x € X, then the distance of x from Y is
denoted by d(x,Y) that is
d(x,Y)=inf{||[x —y| st.yeY}.

An element y € Y is said to be a best approximation to x € X from Y if ||x — y|| = d(x,Y). The set of
all best approximations to x € X from Y is denoted by Py (x). If for any x € X, Py(x) # @, then we say
that Y is proximinal in X. Also if for any x € X, Py(x) is singleton, therefore Y is a Chebyshev subset
of X. A sequence {y,}, C Y is called a minimizing sequence for x € X if lim, . ||x —yu|| = d (x,Y)
[4].

An element y" € Y is said to be a near best approximation to x within a relative distance p > 0 if,
lx=y"ll < (1 +p) x| = A +p)d (x,7)

where x? is a best approximation to x from Y[5]. The set of all near best approximations to x € X from
Y is denoted by Py (x).
Let {X;},.; be a family of linear spaces. Then the algebraic direct sum of the spaces X;, i.e.,

) X = {x = (Xi)jer

x; =0 forall but finitely many i¢c [ }
i€l

with the pointwise vector-space operations as follows, is a linear space,

X+y = (X +Vi)er

and
ax = (ax;);er

forallx,y € Y ;e Xjand « € Cor R[1].

Also let X and Y be linear spaces over C or R. Then the algebraic tensor product of X and Y is denoted
by X ® Y. If X’ and Y’ are the dual spaces of X and Y respectively, then forall x € X and y € Y, the
mapx®y: X' x Y — C (or R) defined by

(xoy) (f,8)=fx)gy) . feX,gcY
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is a bilinear map. For the basic properties concerning the tensor product of linear spaces, we refer the
reader to [2].

Definition 1.1. [7]Let X be a linear space. A function N : X x R — [0,1] is said to be fuzzy norm on
Xifforall x,y € Xandalls,t € R:

1 -N(x,t)=0fort <0.

2 -N (x,t) =1forevery t € RT ifand only if x = 0.

3 -N(ex,t)=N x,|% forevery c #0and t € R.

4 -N(x+y,s+t) >min{N (x,s),N (y,t)} for everys,t € R.
5 -N (x,.) is non-decreasing on R and lim; e N (x,f) = 1.

Note that by part 3 of Definition 1.1, N (—x,t) = N (x,f) forallx € Xand t € R.

Definition 1.2. [6]Let Y be a nonempty subset of a fuzzy normed space (X, N). Forx € X and t € R,
let
d(Y,x,t)=sup{N(y—xt), yeY}.

An element yy € Y is said to be a fuzzy best approximation to x from Y if
N(yo—x,t)=d(Y,x,t),

for all t € R. The set of all fuzzy best approximations to x from Y is denoted by P{ (x).

Definition 1.3. Let X be a linear space and Y be a subset of X. Alsolet N : X x R — [0, 1] be a fuzzy
norm on X. An element iy € Y is said to be a fuzzy near best approximation to x from Y within a
relative distance p > 0 if,

t
— > — J—
N (x yo,t)_N<x Y'l—i—p)

t t
N<x_Y'1—|-p> —sup{N(x—y,lﬂ)),er}.

The set of all fuzzy near best approximations to x from Y within the relative distance p is denoted by
p/nip) (x).
Y

for all t € R, where

Remark 1.4. Trivially the notion of fuzzy best approximation is nothing else than fuzzy near best
approximation within the relative distance p = 0.

Proposition 1.5. Let X be a linear space and Y be a nonempty subset of X. Alsoletx,y € X,z € Y,p >
Oand « € R. Then

1- If p{;"(p) (x) # @, then P{{;(P) (ax) = lxpgn(p) (x)
2- If & # 0, then P{n(P) (va) _ lxpin(p) (x)

3- P{:n(p) (x+2z)= P{:"(p) (x)+z

—Z
AL ey = AP )+
Proof. We'll prove the first part. The rest of the parts are easily verified. In the case where « = 0, the
equality trivially holds. For a # 0, let zg € Ple?(p ) (ax). Then
t

N (ax — zo, t) ZN(D&X—DCY,W)/ (VteR).

Therefore

N<x—?,¢c|> 2N<x—Y,M), (Vt € R).
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Replacing t by |«| t, we have
Z0 t
- = > — - .
N(x a,t)_N(x Y,1+p>, (Vt € R)

So %0 € P{"(p) (x). Hence z € ocP{:"(p) (x).
Conversely, let zy € ocP{:"(p ) (x). Then %0 € P{"(p ) (x). Therefore
Z0 t
N(x—;,t) > N(x—Y,1+p>, (Vt € R).
So ,
N(ax —zp,|a|t) >N |(x—-Y,—— |, (VteR).
(ax —zo, |a| t) > (x 1+p) ( )

Replacing t by ﬁ, we have
t
N(ﬁ(x_zo,t) Z N (x_YIM(l—Fp)>
:N<ax—aY,1ip), (Vt e R).

Then zg € Pg(p) (ax). So we can conclude that p’{g(P) (ax) = mP}f”(p) (x). O

Proposition 1.6. Let (X, N) be a fuzzy normed linear space and Y be a subset of X. Then every fuzzy
best approximation to x € X from Y is a fuzzy near best approximation to x from Y within every
relative distance p > 0.

Proof. Lety, € P{; (x).SoN (x —yo,t) = N (x =Y, t) forall t € R. We shall show that N (x — yo, t) >

t
N (x -Y, 1+P> forallt € Rand every p > 0. Lety € Y and t € R. So by Definition 1.1 part 5,

N(xy,lj_p> <N((x—yt)<N((x—-Y,t)=N(x—yp,t).

It follows that N (x -V 1j—p> < N(x—yo,t)forallt € Rand y € Y. Hence

sup{N <x—y,1_|t_p>, yEY} < N (x —yo,t)
for all t € R. Therefore
N (x—Y

_ )<« _
/1+p>_N(x ]/O/t)

forall t € R, providing yy € P{;n(p) (x). O

Proposition 1.7. Let (X, N) be a fuzzy normed linear space, Y be a subset of X, x € X,and p > 0. If Y
is convex, then P{; (x) and P{n(p) (x) are convex.
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Proof. Lety, s € Pf (x) and 0 < & < 1. So by Definition 1.1, for all t € R we have

N (x = (ay1 + (1 =) y2) , 1)
=N(ax+1—a)x—(ay1+ (1 —a)y2),at + (1 —a)t)
=N((x—y)+(1—a)(x—y2),at+(1—a)t)

> min {N (& (x — y1) , ), N (1 =) (x = y2),, (1 — a) 1)}
=min{N (x —y;,t), N (x —yo,t)}

Hence ayy + (1 — )y, € P{"(p)(x). O

The next example shows that the notion of fuzzy near best approximation is different from the
notion of fuzzy best approximation.

Example 1.8. Suppose that X =R, Y = [1,1.5], x = 0 and p = 0.5. Also let

N (x,t) = {0 ts Il

1 t> x|

be a fuzzy norm on X. Then, Py (0) = P{; (0) = {1} and P{:n(O'S) (0) = Y. Generally for 0 < p < 0.5,

P{;n(p) (0) =[1,1+p]. Indeed, if 0 < t < 1,then N(1,t) =0and forally € Y, t <y.So N (y,t) =0
for all y € Y. It follows that N(Y,t) = 0. Hence N (1,#) = N (Y,t) forall0 < ¢t < 1. If t > 1,
then N (1,¢t) = 1 and so N (Y,t) = 1. Therefore N (1,t) = N (Y,t) for all t € R. This shows that

1e Pf (0). If 1 < yp < 1.5, thenfort =1+ yOT_ N (yo,t) = 0and N (1,f) = 1. It follows that

0=N(yot) # N (Y1) —1fort—1—|—y0 L soyo ¢ PL (0). Hence P{ (0) = {1}.
Now we will show that Pf" (0) = [1,1.5] =Y. Letyp € [1,1.5]. If t < yp, then N (yo,t) = 0

and gt < gyo < % <3) =1.SoN <y,§t> = 0forally € [1,1.5]. It follows that N (Y,gt) =0.

Hence N (yo,t) > N( 2 > forall t < yo. If t > yp, then N (yo,t) =1 > N (Y . Therefore

3
N (yo,t) > N (Y, gt) forall t € R. Hence yo € P{""% (0). This shows that P{""* (0) = [1,1.5] = Y.

Example 1.9. Suppose that X =R, Y = (0,1), x =0and p > 0. Also let

N (x,t) = {0 ts Il

1 t> x|

be a fuzzy norm on X. Then Py (0) = P{: 0) = P{”(P) (0) = @. Indeed, since Py (0) C Plf, (0) C
P{:n(p ) (0), it’s enough to prove that P{:n(p ) (0) = @. Let yg € Y be an arbitrary element. Choose n € N

such that 1 < Y0 soift= Yo, then
n 14p

It follows that
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Hence yg ¢ P{n(p) (0) and so P{:n(p) (0) =02.

Proposition 1.10. Let X be a linear space, Y be a subset of X and N : X x R — [0, 1] be a fuzzy norm
on X. Foranyp >0,x €Y, P{”(p) (x) = {x}.

Proof. As1 = N(0,t) = N(x—x,t) > N (x -, 1—T—p> for all t > 0, we can conclude that

N(x—x,t) >N <x -Y, tp) forallt € R. Hence x € P{;"(p) (x).

1+
Now let yg € P{") (x). Then for all t > 0

1+
t

x_x’1+p)

v

N (x = yo,t) zN(x_y,f)
¥(
=1.

Therefore N (x —yo,t) = 1forallt > 0. Hence x — yp = 0. Thenyg = x. O

Theorem 1.11. Let X be a linear space, Y be a subset of X and N : X x R — [0, 1] be a fuzzy norm on
X. For x € X, if p; < pp, then P}f/n(m) (x) C P{/n(pz) (x).

Proof. If Yo S P{: ( 1) (x)r then
N(x— t)>N<x—Yt >
Yo, = ’ 1 1 .

Since forallt € Randy € Y

t t
N - Y, >N - Y, 7
(x Y 1+P1) - (x Y 1+P2>
t t
N(x—Y, )ZN(X—Y, )
1401 1402

t
— > — — .
N (x yo,t)_N<x Y,l Pz)

Therefore

It follows that g € P{(‘"(Pz) (x). O

Theorem 1.12. Let X be a linear space, Y be a subset of X and N : X x R — [0, 1] be a fuzzy norm on
X. Ifx € Xand p; > p2 > p3 > ... such that p,, — pasm — oo, then P{;"(p) (x) C rm:lpgn(pm) (x).

In particular, if N (z,.) is lower semicontinuous at every z € x — Y, then P{;n(p ) (x) = rm:lp{:"@ m) (x).

Proof. By Theorem 1.11, since p,, > p forallm € N,

P{”(P) (x) C P}J:"(Pl) (x)
p{”(P) (x) C P}J;"(Pz) (x)

PI"e) (x) € PIO™) (x),m e N.
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Then P{"®) (x) € no_ PL"0) ().
If yo € Ny—y P{:"(p m) (x) and N (z,.) is lower semicontinuous for every z € x — Y, then forallm € N
and for all + € R we have

t t
Since N (x —y,.) is lower semicontinuous for all x —y and —— < —— forevery m € N,
1+pom — 1+4p

)
1+ om

_N(x—y,lj_p>,er.

N (x —yo,t) zmh_n}ooN(x—y,

So N5y Py" ") (x) < PJ"®) (x).
N (x —yo,t) zsup{N <x—y,1ip> AS Y}

:N<x—Y,t).
1+p

Hence N_, PL" ") (x) € PI"®) (x). O
We use the following lemma in the proof of Proposition 2.1 and Theorem 2.5.

Lemma1.13. Let0 <g; <land0<b; <1foralll <i < m. Then

min {min{ai,bi} '1 <i< m}

= min {min {ai 1<i< m},min{bi'l <i< m}}

Proof. It’s obvious. 0
2. Fuzzy Near Best Approximation On Direct Sum And Tensor Product Of Linear Spaces

Proposition 2.1. Let {(X;, N;)},; be a family of fuzzy normed spaces. Then (}_;c; X;, N) is a fuzzy
normed space, where N : (Y;c; X;) x R — [0, 1] is defined by

iel}.

Proof. To prove the above proposition, we only prove conditions 4 and 5 of Definition 1.1 and we
leave the rest to the reader. To prove the fourth part, suppose that (x;);.;, (vi);c; € Licr Xiand s, t € R.
So x; = 0 and y; = O for all but finitely many i, € I,1 < k < m. Clearly if s + ¢ < 0, then the inequality

N ((xi)l-el,t) = inf {Ni (x;, 1)

N ((xi)ier + Wi)ier s +1) = min {N ((xi);c;,5), N ((¥i)ier 1) } 21)

holds. Alsoif s+t > 0,s < 0 or t < 0, then obviously inequality 2.1 holds.
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Lets+t>0,s>0andt > 0. Then

N ((x1)jer + (Wi)ier 5 +1)

= N ((xi +Yi)icr s +1t)

inf {N; (x; +y;,s+1t)|i € I}

> inf {min {N; (x;,s), N; (y;, t)} |i € I}

= inf {min {N;, (xi.,8),Nj, (vi,. 1)}, 11 <

— min {min (N (x8) N (v, £)} 11 <

I
3

mln{Nl ‘xlkl ) lk ylkl }‘ S S }
(

1n{m1 { i (xi,9) 1<k<m},min{Nik yik,t)‘1<k<m}}

mm{ (xi,8) zeI},min{Ni(yi,t)iel}}
—min{inf{Nl (xi,8) zel} mf{ i (yi, t) iel}}

—mm{N( Xi)icp /S ), ((yi)ielft)}'

To prove the fifth part, suppose that (x;);,.; € Yic; X;. So x; = 0 for all but finitely many i, € I,
1 <k < m. Hence

lim N((xz)zel' )

t—>o0
= lim {inf { (x;,1)

t—oc0

re{ncnier})
:tgnm{lnf{ i (i 1) 11 <k Sm}}
e 120}
:tgnw{min{N (xie/ ) ‘ sk m}}
)

lim
t—>o0

| /\

= min {th_rfloo N, (xj,,t) ‘ <k
= min {1}

=1

Since N; (x;,.) is increasing for all x; € X;, N ((x;);c;,-) is increasing for all (x;) O

iel*
Corollary 2.2. Let N; : X; x R — [0,1] be a fuzzy normon X; fori =1,2,...,n. Then N : Xj x X x
- X Xy x R — [0,1] defined by

N((xl,xz,...,xn),t) = min{Nl (xl,t),Nz (XZ,t),...,Nn (xn,t)}

isa fuzzy normon Xj X Xp X - -+ X Xj.
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Proposition 2.3. Let {(X;, N;)}_; be a finite family of fuzzy normed spaces and N : Xj x Xp X - -+ %
Xy x R — [0, 1] is defined by
N ((xl,xz, .. .,xn) ,f) = rnin{N1 (X1, t) , Np (XZ, t) ,..., Ny (xn, t)} .
AlsoletY; C Xi, x; € Xjand p; > Oforall1 <i < n. Then

P{:(Pl) (x1) % P{zn(pZ) (x2) X -+ X p{;:([’n) (xn) C P{rﬁ?;i{&j%{ﬂ (X1, X2, -, Xn) - 2.2)

Proof. Let (y1,y2,.-.,Yn) € P{f(pl) (x1) P{::(m) (x) X -+ X P{::(p") (x). Theny; € P{;ln(pl) (x1),
€ P{/:(pZ) (x2), ..., yn € P{;:(p”) (x1). Therefore

t t
Niy(x1—y,t) >Ny | x1—21,—— ) > Ny | x1 — 21,
1(x1 =y, t) 1(1 11+p1) 1(1 11+maxl<i<n{Pi})
t t
N> (x9 —19,t) > No | x0 — 29, > No [ x0 — 29,
Y R R Gt e )
Ny (% — t)>N<x -z t)>N (x -z ! )
n Xn —Yn,t) 2 Np n nr1+pn = Np n n’1+maxl§i§n{Pi}

forevery z; € Y;and t € R. Then

min {N; (x1 —y1,£), No (x2 —y2,t) , .., N (Xn — Y, 1) }
> min {Nl(l),Nz(z), . --,N;Sn)}/

t
1+maxi<i<n {pi}

where ngk) = N; (xk — Zk, > ,1 < k < n. Therefore

N((xller- -~/xn) - (]/1/]/2/-‘ ry'rl)rt)
sup {N <(x1,x2,...,xn)—(zl,zz,...,zn) t )}

s
(Zl,Zz,A..,Zn)GylXY2><---><Yn 1 + max1§ign {pl}

v

Hence

N((xllle' . '/xi’l) - (]/1/]/2/- . '/]/n) /t)

t
>N (x,%x0,...,x0) — Y1 XYy X -+ XY, .
> (( 1, %2 n) — Y1 XY CE e —" {Pi})

O
In the next example, we will show that the converse of inclusion 2.2 is not true in general.
Example 24. Let X; = X, =R, Y] =Y, =[1,3],and N; : X; x R — [0, 1] is defined by

0 t<
Ni(mt)_{ < af

1 t>|af
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1
fori=1,2. Assume that N ((x,y),t) = min (N7 (x,t), Ny (y,t)),p=1,x =0and x; = 5 Then we
have

p{" (0) = [1,2)

1 3
A (1) =10

PO @ xR (3) = L2 x5

It is easy to see that

0 < max(|x[,y|)
1 t>max(|x],|y])

N((xy),t) = {
forall x,y,t € R. Also a sufficient effort can be applied to show that
(1) 1\ 5
P (03) =<l

Theorem 2.5. Let (X, N7) and (Y, Ny) be fuzzy normed spaces. Also let Bx and By be the bases of X
and Y respectively. Define N : (X®Y) x R — [0,1] by

n
N (Z 0jX; ®y]',t> = min{Nl (ocjx]-,t) , Np (oc]-yj,t) )1 <j< n} ,
s

where x; € Bx,y; € By,n € N,a; € Cand t € R. Then (X ® Y, N) is a fuzzy normed space.

Proof. (1) : At the first we will prove that N is well defined. Let (z,5), (w,t) € (X®Y) x R. So
z = wand s = t. Hence there exists an n € N, {xj}7:1 C By, {yj}]r.l:l C By and a;, B; € C such that
z=Yj axj@yjand w = Y1y Bix; ®y;. It follows that a; = Bj forall 1 < j < n. Therefore

min {Nl (ajxjr S) s N2 (OC]y]/ S)

1<5< n}
= min{Nl (Bjxj,t) , Na (Bjyj. t) ’1 <j< Tl},
providing N (z,s) = N (w, t).

In the sequel we will prove the parts 2, 3, 4 and 5 of Definition 1.1.
(2): Letz =Y, ajxj @yjand N (z,t) = 1forall £ > 0. So

min{N1 (DC]‘X]',i’) , Ny (ucjy]',t) '1 <j< 7’1} =1
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for all t > 0. It follows that Ny (ajx]', t) =N, (oc]'yj, t) =1foralll <j < mnandforallt > 0. Hence
ajxj = 0 and ajy; = 0for all 1 < j < n. Therefore aj = O0forall 1 <j < n. This shows thatz = 0® 0.
Also for all t > 0, since 0 ® 0 = 0x ® y for all x € By and y € By,

N(0®0,t)

=N(0x®y,t)

=min {N; (0,¢), N> (0,¢)}
= min {1}

=1.

(3): Letc #0and Z]’-’:l aix;®y; € X®Y. So

n
N (c Y wjxj®@y;, t)
i—1

]
n
=N Z Cojx; ®]/j,t
j=1

= min {Nl (cajxj,t), Na (cajyj, t) ‘1 <j< n}

) t t .
= mm{Nl (l’é]'x]',|c|> , Np ("‘jyjr |C|> ’1 <j< n}
L t
]:

forallt € R.

4):Letz,we X®Yands, t € R.Soz = Z;’Zl ajxj @y;and w = 2;7:1 Bjxj ®yj, wheren € N, a;, B; €
n n

C, {xj}].:1 C By and {y]-}],:1 C By. Hence

n n
N < 1ajxj®yj+ziﬁjxj®yj,s+t>
j= =

n
=N|() (a; + B) xj®y]',s+t>

I
2
=}
=z
—~
—
=
~
+
=
g
~—
&
1)
+
~
~—
F
—~
—~
=
~
+
=
~
~—
=
s
+
~
SN—
—_
IN
~.
IN
=
—

]
150

min Aj, Cj

1 S] < Tl},mil’l{B]',Dj

{
{
> min {min (N1 (ajxj,5), Nu (Bjxj, t)) min (N2 (ajy;,5) , Na (Bjyj t)) ‘1 <j< n}
{
|
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where
A]' = N1 (oc]-xj, S) ,
Bj = N1 (ﬁ]x], i’) P
Cj = Na (ajyj,s),

(5) : Lets S tand z = Z]r'lzl oc]-xj ®y] Clearly N] (a]-x]-,s) S N1 (lXjX]', t) and N2 (uc]-yj,s) S N2 (Déjy], t)
forall1 <j <mn.So

min {Nl (ocjxj, 5), N> (”‘jyf’s)

1<;< n}
< min{Nl (ajxj, t) , Ny (ajyj, t) ‘1 <j< n}.

It follows that
n n
N (Z & ®y]-,s> <N ( 8jxj @Y, t) .
j=1 j=1
Hence N (z,.) : R — [0, 1] is increasing forallz € X ® Y. Also

th—r)noo N (Z’ t)

t—>o0

= lim min {Nl (ajxj, t), No (ajyj, t) ’1 <j< n}

= min {tgnoo Ny (Oéjx]', t) ,th—r>noo N» (lX]y], t) ’1 <j< 1’1}
= min {1}
=1

O

Theorem 2.6. Let X and Y be linear spaces and N : (X®Y) x R — [0, 1] be a fuzzy norm. Then
forallx € X\ {0} andy € Y\ {0}, themaps Ny : Y x R — [0,1] and N, : X x R — [0, 1], where
Ny (z,t) = N(x®zt)and N, (w,t) = N (w ® y, t), are fuzzy norms on Y and X respectively.

Proof. We only prove that Ny : Y x R — [0, 1] is a fuzzy norm for all x € X \ {0}.

(1):Letze Yand t <0.So Ny (z,t) =N (x®z,t) =0.

(2): Ifz=10,then Ny (0,t) = N(x®0,t) = N(0®O0,f) = 1forall t > 0. Also if Ny (z,t) = 1 for
allt > 0, then N (x®z,t) = 1forall + > 0. It follows that x ® z = 0 ® 0. Since x # 0, there exists
f € X’ such that f (x) # 0. Let ¢ € Y’ be an arbitrary element. As x ® z is a bilinear map on X’ x Y’,
(x®2z)(f,g) =(0®0)(f,g)-So f(x)g(z) =0forall g € Y. Since f (x) #0,¢(z) =0forallg € Y.
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It follows that z = 0.
(3):Letc#0andz €Y. So

forallz € Yand t € R.
(4): Letzy,zp € Yand s, t € R. So

Ny
=N
N

(z1+ 22,5 +1)

(x® (z1 +22),5+1)
=N((x®z; +x®2,5+1)
(

(

N(x®2z1,s),N(x®2z,t))
Ny (z1,8), Ny (22, 1)) .

min
= min
(B):Lets <tandz €Y. SoN(x®2z5s) < N(x®zt). It follows that Ny (z,5) < Ny (z,t). Hence

Ny (z,.) : R — [0, 1] is increasing and

lim Ny (z,t)
t—c0
= lim N(x®z,t)
t—c0
=1
forallz € Y.
Therefore Ny : Y x R — [0,1] is a fuzzy norm. [

Example 2.7. Let X = Y = R2? be linear spaces over R with the bases By = By =
{e1 = (1,0),e2 = (0,1)}. Also let N; = N, : R?> x R — [0, 1] are defined by

2 0 t<
N; (Z Déjej,t> = { < max (|aa],[az])
=1

1 > max(|a|,|az|)

for i = 1,2. Clearly Ny and N, are fuzzy norms on R2. According to Theorem 2.5,if N : (X ®Y) x
R — [0, 1] is defined by
N (aje1 ® e + aze; @ ex + azer ® eg + wger @ ey, t)

—min [NV (ater,t), Np(aer,t), Ni(azez,t), Ni(ageo,t)
Ny (xqe1,t), Np(ager,t), Np(ager,t), No(ager,t))’
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then the equalities

imply that

N (a1e1 ® e1 + ape1 @ ex + azey @ €1 + ager Q@ €3)
= min {Nj («qe1,t), Ny (ae1, t), Ny (azez, t), Ny (ageo, t)}

0 t<max(|a;|,1<i<4)

1 t>max(|a;|,1<i<4).
L 1 B B B B B 1 fn( )
etxp = —ze1, Yo = —2e5,K; = Bx, Ky = By, K= Bxgy = Bx ® By and p = 10" Also let Py, (x0)

1
and PIJZ< 1) (yo) be the set of all fuzzy near best approximations to xy and yy within the relative

1 1
distance p = 10 with respect to the fuzzy norms N; and N respectively. If Iﬂll(n( i) (x0 ® yo) be the set

1 .
of all fuzzy near best approximations to xg ® yo within the relative distance p = 10 with respect to the

fuzzy norm N, then a straightforward calculation reveals that
(L
PE) (x0) = fer)

) (yo) = {e1}

Pﬁn(%) (xo®yo) ={e1®er} #{e2®@er}.

-

fn
p[l

1 1
This example shows that there is no a relation between Plén(w) (xo ®yp) and PIJZ<1°) (x0) ®

pL"(0) ().
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