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Abstract: The Randi¢ index of a graph G is the sum of (dG(u)dG(v))_% over all edges uv of G, where
dg (1) denotes the degree of vertex u in G. In this paper, we investigate a few graph transformations
that decrease Randic¢ index of graph. By applying those transformations, we determine the minimum
Randi¢ index on tricyclic graphs, and characterize the corresponding extremal graphs.

Keywords: Randi¢ index; tricyclic graph; graph transformation

1. Introduction

In this paper we are concerned with undirected simple connected graphs, unless otherwise
specified. Let G = (V,E) be such a graph with n vertices and m edges, which is addressed as an
(n, m)-graph in what follows. A graph is cyclic if it contains at least one cycle, otherwise acyclic. More
specifically, an (1, n + k)-graph is tree, unicyclic, bicyclic, tricyclic or tetracyclic, if k = —1,0,1,2,3
respectively. Denote N (v) the neighbors of vertex v in G, and dg(v) = |Ng(v)| the degree of v. As
usual, let A(G) = max{dg(v)|v € V} and §(G) = min{dg(v)|v € V}. A pendant vertex (or leaf) is a
vertex of degree one. The star S, is tree with n — 1 pendant vertices, and the path P, is tree with
two pendant vertices. For vertex v, we call Né (v) = {u € Ng(v)|dg(u) = 1} pendant neighbors of v,
and N2(v) = {u € NG( Vdg(u) > 1} non-pendant neighbors. Furthermore, let d%(v) = [N} (v)| and
d%(v) = N2 (v )| If E is an edge set, then G — E denotes the graph formed from G by deleting edges in
E, while G + E means the graph from G by adding edges in E. If graph G and H are isomorphic, we
can writeitas G = H.

The Randi¢ index(or R index for short) of G is defined as

u%E \/ dG

This structural descriptor was proposed as branching index[11] by Milan Randi¢ in 1975. Since then,
mathematical properties of R index have been studied extensively. For a comprehensive survey, see
[6,8,9].

From the view of extremal graph theory, Bollobas and Erdos [1] first proved that S, is the unique
graph with the minimum R index for all n-vertex graphs and n-vertex trees. Trees with the second to
the fourth minimum R indices have been determined by Zhao and Li in [10]. Caporossi et al [2] and
P. Yu [12] showed that P, attains the maximum R index in trees of order n. In [2], trees and unicyclic
graphs with the first and the second maximum R indices and bicyclic graphs with the maximum R
index are also considered. The unique unicyclic graph with the minimum R index has been determined
by Gao and Lu in [7]. Du and Zhou [5] investigated more minimum and maximum R indices of trees,
unicyclic and bicyclic graphs, for instance the second to the fifth maximum and the second minimum R
indices of bicyclic graphs. Furthermore, the tricyclic and tetracyclic graphs with the maximum and the
second maximum R indices have been determined in [3,4], while the counterparts with the minimum
Randi¢ indices are still unidentified for now.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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In this paper, we investigate a few graph transformations which decrease R index of graphs. With
the aid of these transformations, we derive tricyclic graph with the minimum Randi¢ index as follows.

Theorem 1. If G is a tricyclic graph of order n > 4, then R(G) > ”_frl%lﬁ + 1. And the equality holds if and

only if G = TR}, where TR is obtained by attaching n — 4 pendant vertices to one vertex of a complete graph
Ky shown as Figure 1.

Figure 1. The structure of TR}

2. Preliminaries

The following lemmas are required mainly for characterizing transformations in the next section.

Lemma 1. Suppose f(x) is twice differentiable, and f"(x) > 0. Let S = f(a) — f(b) — f(c) + f(d) with
a+d=b+ca<b<danda<c<d ThenS > 0 with equality holding if and only ifa = bora = c.

Proof. If a = b, thend = cfroma +d = b +c, thereby S = 0. Similarly S = 0 if 2 = ¢. Without loss
of generality, we may assume thata < b < ¢ < d. Thus we obtain S = f/(&1)(a —b) + f'(&)(d —¢) =

(b—a)(f'(52) = f'(&1) = (b—a)(&2— 1) f"(n) > O, wherea < & <b<c <@ <dand & <7y < &
Therefore the lemma holds clearly. O

2 1
N \/y+xfl

Lemma2. Ifx > 2,y > 2, then f(x,y) =

1

042 g4 L
Proof. Let g(x,y) = f(x,y) (y i;;ﬁ—ky 1+f>y(x+y—1) (x—3+f)y + (4y/x —4x+7+

A y+x—1
§—\T)y—|—4:x—f—&-i—S\fwuhx 2andy>2 Note that it suffices to show that g(x,y) > 0.
_ —1_ 1 _ _ 2 og(vy) _
Observe that (x 3+f) 1 xg > 0,s0x 3+f 2 3+\[>O. HenceT
2y(x—3+\%) (4[—4x+7+§—\1/%)>4(x—3+\[) + (4y/x — 4x+7—|—7——)—4f+
7—5 4\f+§—7—5>051nce(4f+ —%—5) :W+§_?>O Asaconsequence,

gxy) = g(x,2) = 2+7—7 >2+3— %>0as(2+%fﬁ)’= 3—?>0.Hencethelemma
2

holds easily. O

Lemma3. ifx >3,y > 3and k > \f’ and let

Flx,y) y—3 1 X+y—>5 k k
'yffffW T Vxry-1)

Then f(x,y) > 0and f(y,x) >0
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. < x=3 , y=3 1 x+y—5 2 (1 _ 1 =
Proof. Since f(x,y) = \F +og Tt Vidi T + <\/§ W) h(x,y), then we only
have to show h(x,y) > 0. Consider the gradient

ah(x,w_l(l W R S
oy VI Nxty - 22 2(x+y-—1)?
-1 375  4-2f
P T 3
4nz 2y2 2(x+y—1)2
3-1 1 2 2 1
>(T+3_%)_(4_%)_ NI
= 3 = 3>0/
2(x+y—1)2 2(x+y—1)2
wherey <y < x+y—1, hence h(x,y) = h(x,3).
x—3+L+2 x—2+
Letg(x)=x(x+2)< +\/‘/§+‘/§+ ﬁ)h(x& ‘[x2+

4‘F+12‘[ 100-10v3 | 304+8+/15— 72‘[ 60v3 Gince the axis of symmetry of g(x) is

— 415 +12f 100103 /293 216493 < 3, hence g(x) > g(3) = —12v/5/5 +4/15 + 4/15/3 ~
0.06408 > 0 1mp1y1ng h(x,3) > 0.

Analogously, it can be shown that f(y, x) > 0holds. Therefore the lemma follows immediately. [

Lemmad4. Ifx > 3,y > 4, then

f(x,y)=x_3+ 1 x—2 1 (1 1 )20

VIR Vrrr-1 V2 \VE Yy 1

x—2+§ 1

Proof. Consider the gradient of éx’y) =
y 2(x+y—1)7 nyi

ofry) [(x-2+% 1 e
% <Z(x+y—1)3+2\/§y3>(4(x+y v's)

2 2
:X<X—2+\/§> _W_l):))>x<x_2+\/§> _(x+3)3

. Since

2 v 2 43

_ 63(x—3) +6i60ﬁ—76) 5 (252 N (64 3) 0,

where the last inequality holds by x > 3, and consequently fxy) ( Y 0.

.. - x=3+1+2  x—242
Therefore, it is sufficient to show f(x,4) > 0. Let g(x) = f(x, 4)x(x +3)( \/E z + m ) =

2x2 + 10\/2751x + Slfioﬁ. Since the axis of symmetry of g(x) is (—10‘/?%)/4 ~ 2.3 < 3, thengq(x) >
4(3) = 0. Note that g(x) and f(x,4) have the same sign, so the proof is complete. [

xn+-+k y-2+-L
Lemma 5. Let x1, X2,y be integers with y > 3, and let f(x1,x2,y) = i/xlﬁxz +2 ﬂﬁ + \/y(xl e i
1 2
x1+y—2+v2+k

ETaty=? 3, then f(x1,x2,y) > O, if either of the following is satisfied: (1) x; > 1,2 < xp < 10,k = 0;

2)x1=0,2<x <6,k= %

doi:10.20944/preprints202309.1194.v1
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Proof. (1) Let h(t) = Hﬁiﬂ’? with t > 1. Note that ' = < 0. Then we have

2(t4x7)? 2t+x2)3
—V2+20+ (5 -2 _2)—

af(?;xz’y) S - (*f i) _ (a+y-2) ﬁ”;‘z > h(x1) — h(x; +y —2) > 0, hence it suffices

! 2(x14x2)2 2((x1+y—2)+x)2
to prove f(1,x,y) > 0.

oyt 1 1+ g1 ) 2

Let A = i + Ve + T 2 and B = VarT First note that T, 2 >
1+ )
\/T% - % > 0, which means A > 0. Let g(x2,¥) = f(1,x0,¥)(A+B)y(xa + 1)(xp +y — 1) = (A% —

1

B2)y(xs + 1)(x2 +y — 1) = ayy? + apy? + asy? + asy + asy? + ae. It is easy to see f(1,x2,) > 0 if
g(xp,y) > 0.

Now let by = a1, and b; = \/3b;_1 + a; for i = 2,3,4,5,6. With assistance of computer, one can get
all values of b; for 2 < x < 10 as shown in Table 1, and conclude that b; > 0 for each i.

Table 1. values of b; calculated by computer

X2 bl bz b3 b4 b5 b6

2 2914 | 1975 | 4250 | 4797 | 6.224 | 12.32
3 2.828 | 3.742 | 9.896 | 7.282 | 8.128 | 19.11
4 | 2634 | 7.311 | 1834 | 10.15 | 10.90 | 29.61
5 2363 | 12.74 | 29.43 | 13.10 | 14.33 | 43.61
6 2.033 | 20.06 | 43.05 | 1592 | 18.28 | 60.95
7 1.657 | 29.30 | 59.13 | 18.44 | 22.61 | 81.51
8 1.243 | 4047 | 77.60 | 20.54 | 27.23 | 105.2
9 | 07967 | 53.58 | 98.40 | 22.11 | 32.07 | 131.9
10 | 0.3237 | 68.64 | 121.5 | 23.06 | 37.06 | 161.5

We find that g(xp,y) = bly% + agy? + a3y% + agy + a5y% +ag = V3b1y? + agy?® + a3y% + agy +
a5y% +ag = byy* + a3y% +asy + u5y% + a¢. By repeating this process, we arrive at g(x2,y) = bg > 0.
Therefore f(x1, x2,y) > 0 holds.

(2) Since the result in this case can be proved by a similar argument as (1), so we omit the details and
only give the values of b; in Table 2.

Table 2. values of b; calculated by computer

X2 b1 b2 b3 b4 b5 b6

2 1.633 | 0.8524 | 0.5197 | 1.586 | 2.748 | 4.759
3 1.449 1.443 2912 | 2461 | 3.225 | 7.122
4 1.138 3.776 7914 | 3.697 | 4.599 | 13.00
5 107443 | 7.944 1536 | 4.898 | 6.596 | 22.15
6 | 02925 | 14.00 25.15 | 5.812 | 9.032 | 34.43

The lemma therefore follows easily. O

Lemma6.Ify>z>2,thenf(y,z):(ﬁ—m)—(1 L1 1 s

Proof. Observe that f(y,z) = (1 —

(1-5) (- ) o

Now we consider the case y > z > 2. Let

h(y,z) = In (1 - ﬁ) (1 - ﬁ) —In (1 - \/zlfl) (1 - ﬁ) with y > z > 2. Note that f(y, z) has

the same sign with h(y, z) since In(x) is increasing for x > 0. Let g(¢t) = —In(1 — %) fort > 1, and
¢(t) = 4:(\\//%21)2 > 0. Hence we obtain /i(y,z) = g(z—1) — g(z) — ¢(y) + g(y + 1) > 0 by Lemma 1.

Therefore the lemma holds easily. O
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% % with y

Lemma 7. Let f(y,z) = + >
<0andk' =0;(2) k <

yT z > 2, then f(y,z) > f(y +1,z — 1) if it meets one of
the following conditions: (1) k -1

2,
LK =1
Proof. (1) Let g(t) = —% with t > 1, and note that g”(t) = =3k > (. Then we have f(y,z) — f(y +
42
1,z—1)=g(z—1)—g(z) —g(y) + gy +1) > 0 by Lemma 1.

(2) Let h(t) = —W‘le with t > 1, and note that 1" (t) = =33 > 0, By Lemma 6, we have f(y,z) —
a3

fly+1z-1) > (S -l e) o (g L) ) - A -

h(y) + h(y + 1) > 0, where the last inequality follows from Lemma 1. I

y= 3+\[+\[+\[+x 4+‘[+\f _xty— 7+2‘[+\f

gemmas Ifx >4,y >4, then f(x,y) = 7 e v —(%+ﬁ)>
Proof. Since
oftny) _ATVEER G 4o 1
ox 2x3 2x+y—3)3 2Vx 2\/x+y—3
G M I St ke SO it
> 3 - T~ 3>O'
2x2 2x+y—3)2  2(x+y—3)2
hence f(x,y) > f(4,y). And moreover,
oy 3-¥ - 4-BPoVv2 1 1
oy 2y3 2(y+1)2 2VY 2y +1
1 1
I kR T S ke S A R
3 3 3 ’
2y> iz 2(y+1)2 2(y+1)>

where y < < y + 1. Therefore f(x,y) = f(4,4) ~ 0.05036 > 0. O

3. Transformations Decreasing Randi¢ Index

To find tricyclic graphs with small Randi¢ index, we provide some transformations which decrease
Randi¢ index of graphs. It is worth noting that all transformations defined here preserve the number
of vertices and edges of a graph. For simplicity, we will not repeat this property in the sequel.

Theorem 2 (Transformation I). Suppose G is a graph with given two adjacent vertices u and v such that
Ng(v) n Ng(u) = &. Let graph G' = G — {vw|w € Ng(v)\u} + {uw|w € Ng(v)\u}, and we write the
transformation as G' = T(G, u,v). Then R(G) > R(G'") if G meets one of the following conditions:

(1) v has only one non-pendant neighbor u and dg(v) > 2;
(2) v has two non-pendant neighbors u and w with dg(u) = dg(w);
(3) v has three non-pendant neighbors u, vy, v, and u has three non-pendant neighbors v, uq, up such that

1 1 1 15 2.
NZE) - Vg (i) - Vg (02) - Vig(v2) V5
(4) dg(v) = 4 and u has three non-pendant neighbors v, uy, up with

1

1 1 1
Vo) | Vit © V2
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Proof. Let E be the edge set of G that are not incident with u or v, and R= qu o m And let
c(p)dg

x =dg(u),y =dg(v), A= R(G) — R(G’). Then

~ 1 1 1
RG) =R+ Y ——+ ¥ .
zeNg(ue VYAE(E) oo VYEG(D) VY
R(G') =R+ > _ 1 '
(ZeNc(u)\v 46(2) 2eNg (0)\u dg(z) Vity-1
(1) Note that x, iy > 2 and v has y — 1 pendant neighbors. Then
A=Y" ! + L Y + Z 1 (L B #)
VI VY Ax+y—1 N dcz) Vi xty-1
sy=1, 1 y
VY VA \Jx+y—1

B A i TS (M .
a N/ Vx+y—1 Vx) \ Y x+y—1 ’

. . 1 1
where the last inequality holds by Lemma 2 and Wik T

(2) Notice that x > 2,y > 2, dg(w) < x, and v has y — 2 pendant neighbors in this case. Then

A}y_2+ 1 __y-1 + 1 (1_1>
WOV i1 Vi@ \i Vil

2 ;(L_¥)
Viag(z) vVx L\ x+y—1

z€Ng (u)\v

y—2 1 y—1 1 (1 1
> + - + == —
VYV y+x—1 xSy +ax—1
242 1+ L
:y 2+ﬁ_y 1+\/E o
VY y+x-1""

where the last inequality holds by Lemma 2.
_ 1 1 _ 1 1 d _ x=3 _ y-3 )
@Leth = Zaeam * Vet 2 = Vactn T Ve PN =R B T e

Note that x,y > 3 and k1 + kp > % from the condition. Then

1 x+y—>5

ko ko

kq ke

wotes (B ) (ke
- Ry Vx x+y—1 N/ x+y—1
_ k1 (x )+ k1 + ko B k1 + ko
_k1+k2 Py ﬁ Vrx+y—1
ko k1+k2 k1+k2
7 - 0/
+k1+k2 lp(xy)+< VY «/x+y—l>]>

where the last inequality holds by Lemma 3.
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(4) Obviously x > 3,y > 4 and Ng(v)\u = . Then

x—3 1 x—2

Vx +\/§\/y_«/x+y—1
. 1 (1 1 )
2€Ng(v)\u Vv ( ) \/7 x+y-—1

A=

+ <\/dc(u1) + \/dc(”2)> (ﬁ B W)

L X- 3 N 1 x—2 1 1 1 >0
VI VR aty - VX o xty—-1)" "
where the last inequality holds by Lemma 4. [J

Theorem 3 (Transformation II). Suppose G is a graph, and there is a cycle C = vyv1020g in G with
di(v1) = 1and d%(vy) = 2. Let G arise from G by moving all pendant neighbors from vy to vy. Then
R(G) > R(G') if either of the following is satisfied:

(1) };(v ) 1,2 < d%(vg) < 10;

(2) 2<d ( 0) < 6 and there is a vertex u € Ng(vg)\{v1, v2} with dg(u) < 3.

that2+(x1+x2+y 2) = y+(x1+x2),2 Xp+x < (¥ +x2+y— 2)and2<y (x1+x2+y—2),
then we getT—W—T \/xﬁxlzm>0byLemma 1. Then

Proof. Let x; = di(vp), x = d%(vg) and y = dg(v1). Let f(x) = f’ then f”(x) = —°s > 0. And note

R(G) - R(G')

1
_ x1 +y_2+ 1 B X1+y—2+%
Vit ¥ Wyt x) Jat+xnt+y-2

ZEN%;(UO)\{ULUZ} \/dG(Z) \/xl + X2 \/xl +x+y— 2
o/ 11 L
Vig() \V2 Vit \/W

_.on L, y-2, 1 X +y =2+ 25
/\/m VY \/yx1+x2) \/x1+x2+y72

N2 (oo (o) VACE) \VILFR2 i d by =2

1 1 1 1 1
_\Fz(\Fz_\/lerx NG 4/x1+x2+y )
where the last inequality follows by dg(v;) = 2.
(1) Note that x; > 1,2 < x; < 10and y > 3. Then

doi:10.20944/preprints202309.1194.v1
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N x1 +-y__2 . 1 B x1+-y——2-+ i%
TV Yy (x+x) \/x1+x2—|—y—2

1 1 1 1
_ﬁ<ﬁ NETRE?) «/x1+xz+y )

1 1
-+ y—2+ﬁ 1 X +y-2+v2 1

+ + -=
VX1 + X2 VY Ny +x) A/t rx+y—-2 2

where the last inequality holds by (1) of Lemma 5.
(2) Obviously, the assertion holds if di(vg) > 1 by (1). Hence we only need to consider the case
d&(vg) = 0. Note that x; = 0,2 < xp < 6,y > 3,dg(u) < 3, then

>0,

R(G) — R(G")

>(y—2+1>y 2+\/’+ 1 (1 1 )
"\ Vi) mty-2  JAcw) \vi2 Jrmty-2
1 (1 1 1 1

f(\fﬁf \/x2+y—2>

RTINS IR S _ 1
ity Y 2+ 5 1Y 2+\/§+\/§_1>0

- - —
VX2 VY VX2 X +y—2 2
where the last inequality holds by (2) of Lemma 5. O

Theorem 4 (Transformation IIT). Suppose G is a graph with given two vertices u and v such that dg(u) =
dg(v) = 2and di;(u) > d(v) > 1. Let G’ be graph obtamedfrom G by moving one pendant neighbor of v to

12 2
u, then R(G) > R(G/) lfdG( ) = d ( )ﬂnd ZZENZ T(Z) ZZEN ( )\ m

Proof. Let E be the edge set of G that are not incident with u# or v, and x = dc( )=2,y=dg(v) =2.
And observe that —|d% (u)| + Zzez\ﬂ ()\o \/—( —|d2 (v)| + ZZENZ ()\u m denoted by k.

If u and v are not adjacent, then k = ZZGN& ”)(T(z) —1)<0,s0
G
Z Z 1 " X — |N(2;(u)|
o - \/dc(p)dc(q) dc senz () V46 (2) Vx
—ING( )|
+
2 Wc W
_ Z Lt k Lyt k
~+/da(p dc G VY

pgeE

x+1+k y-— 1+k
=] 5+ +
\/d(; dG Vx+1 y-—-]

pqu

Therefore we get R(G) > R(G’) by (1) of Lemma 7.
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If u and v are adjacent, then k = —1 + ZzeNé(u)\v(ﬁ —-1)<—-1,s0
G
N T, T T TR T VT
pgeE c(p)dc(q zeNZ (u xdg(z) zeNZ(0)\u ydc(2)
— |NZ —|INZ(v 1
L x=INB@)l | y- NG >|+

NG NN
x+k y+k 1

Zﬁfﬁf

pqeE
Z +x+1+k y— 1+k 1
qu\/ Vx+1 Y «/(erl)(y*l)'

hence we have R(G) > R(G’) by (2) of Lemma 7. Thus the proof is complete. [

Lemma 9. Suppose G is a graph with two vertices u and v such that N2 (u)\v = N2(v)\u and di(u) >
0,dL(v) > 0. Let G’ be a graph obtained from G by moving all pendant neighbors of v to u, then R(G) > R(G).

Proof. Observe that if we exchange pendant neighbors of v and u, R(G) does not change. Hence the
assertion holds easily from Theorem 4. [

4. Main Results

4.1. Undeletable subgraph and Classification of tricyclic graphs

We need the following important definition to start our analysis.

Definition 1. Suppose G is a cyclic graph, then the undeletable subgraph ¢(G) of G is defined as a maximum
subgraph without pendant vertex, i.e., the subgraph arising from G by deleting all pendant vertices recursively.

Obviously that ¢(G) is connected and 5(¢(G)) > 2. Moreover, undeletable subgraph of a graph is
unique. And it is easy to verify that the undeletable subgraph of a unicyclic graph is a cycle.
With the definition and Theorem 2, we are able to prove the following crucial lemma:

Lemma 10. Suppose G is a cyclic (n, m)-graph with undeletable subgraph $(G). Then there exists a
(n, m)-graph G’ such that R(G) > R(G') if there is a vertex w € V(G)\V(¢(G)) with dg(w) > 1.

Proof. Let G = G — E(¢(G)) by deleting all edges of ¢(G). By the definition of ¢(G), G contains no
cycle, ie, G is a forest.

Let T be the tree of G containing w. We claim that T contains exactly one vertex of V(¢(G)).
First, assume that T contains no vertex of V(¢(G)), then T is not connected with vertices of V(¢(G))
in G, thereby G is disconnected which is a contradiction. Now assume that T contains at least two
vertices of V(¢(G)), and denote two of which by x and y, then there is a unique path in T that connects
them containing a vertex z ¢ V(¢(G)) since E(T)(E(¢(G)) = &. And there exists a path in ¢(G)
that connects u and v since ¢(G) is connected. Therefore vertex z lies on a cycle of G, implying that
it belongs to V(¢(G)), which contradicts the fact z ¢ V(¢(G)). So T contains exactly one vertex of
V(¢(G)), say vy.

Let P = vgv; ... vy, be the longest path from v to all other vertices in T. Note that & > 2 because
a path from vy to a pendant vertex containing w is of length at least two. Hence d¢(v;_1) > 2,
dg(vp—2) = 2, and vj,_; is the only non-pendant neighbor of v;,_1. Then by (1) of Theorem 2, there is
an (n,m)-graph G’ = T'(G, v,_»,v;,_1) such that R(G) > R(G'). O
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For a graph G with undeletable subgraph ¢(G), if dg(w) = 1 for each w € V(G)\V(¢(G)), i.e.,
each v € V(¢(G)) only has pendant neighbors in V(G)\V(¢(G)), it is said to be a pendant-maximized
graph.

Lemma 11. Suppose G is a pendant-maximized tricyclic (n,n + 2)-graph with undeletable subgraph ¢(G). If
there is a vertex v € V(¢(G)) with exactly two non-adjacent neighbors in ¢p(G), then there is an (n, n + 2)-graph
G’ such that R(G) > R(G'); otherwise, ¢(G) must be one of the 15 graphs as shown in Figure 2,3,4 up to
isomorphism.

Proof. (1) We first prove the “if" part. Without loss of generality, let the neighbors of v in ¢(G) be u
and w with dg (1) > dg(w). Observe that d% (v) = 2 because G is pendant-maximized and v has two
neighbors in ¢(G). Hence Ng(v) n Ng(u) = J since  and w are non-adjacent. Therefore, there is an
(n,n + 2)-graph G’ = I'(G, u, v) such that R(G) > R(G’) by (2) of Theorem 2.

(2) Now the “otherwise" part. By the definition of undeletable subgraph, ¢(G) is a tricyclic graph, that
is, |[E(¢(G))| = |[V(¢(G))| +2 and 6(¢(G)) = 2. In the remaining argument, all degree and neighbors
are constrained in ¢(G).

We claim that 4 < |V(¢(G))| < 10, where the lower bound is obvious by checking graphs
of order 1 to 4. We first show there are at most 6 vertices of degree 2 in ¢(G). Notice that each
vertex v of degree 2 must lie on a cycle of length 3 because the neighbors of v must be adjacent.
Moreover, each cycle of length 3 contains at most 2 vertices of degree 2, otherwise the cycle is
disconnected with other parts of ¢(G). Since there are at most 3 edge-disjoint cycles in a tricyclic
graph, thereby at most 3 edge-disjoint cycles of length 3. Hence by Handshaking Lemma, we have
2x6+3x ([V(@(G))| - 6) < (IV($(G))| +2) x 2, implying |V(¢(G))| < 10.

Therefore we can list all possible graph structures for ¢(G) with 4 < |V(¢(G))| < 10, which are
exactly those shown in Figures 2,3,4. Thus the proof is complete. [

o1 41 U] Uy
01 U4 U4 U5
<P 3L
%) 03 0 () U3 (&) U5
uj u3 ve 2

Figure 2. graphs containing no edge-disjoint cycle

U5 (43 U5 (43 U5 (43 U5 (43
Uyg N U4 (2
01 U2 01 (%] 01 (%] 01 (%]
U3 (% U3 (%
2 1 2
Uy Us Uz

Figure 3. graphs containing one edge-disjoint cycle
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U4 U5 U5  Ue
U4 U5 Vg U7
(4 (&
01 (%] 01 (%] 01
U3 U3
1 2
Ug Ug
(%) U4
U4 U5 U3 V4
U2
(%)}
(%) o
01 01
U3
ul u2 3
7 7 u;

Figure 4. graphs containing three edge-disjoint cycles

Let TRg(n) be the set of n-vertex tricyclic graphs obtained from Uj by attaching n — |V ( Uj )|
pendant vertices to UZJ . It is evident that graphs belonging to TR/ (n :(n) are pendant-maximized. On the
other hand, if a pendant-maximized tricyclic graph G with ¢(G) = U] then G e TR/(n i(n).

4.2. Relations between TR{:(n)

Suppose A and B are two graph sets, and if for any graph G € A, there is a graph G’ € B such that
R(G) > R(G’), then this relation is written as R(A) > R(B) or R(B) < R(A). Our remaining task is to
figure out the above described relations between all TR; (n).

Lemma 12. R(TR3(n)) > R(TR3(n)) > R(TR3(n)) > R(TR3(n)).

Proof. We prove the results in the order of left to right.
(1) Suppose G is a graph in TR?(n) with undeletable subgraph labelled as U3 in Figure 4. It may be
assumed that d’(v4) = 0; otherwise, by Lemma 9, pendant neighbors of v4 can be moved to v3 without
increasing R(G) since Né(v3)\v4 = Né(m)\vg,. Moreover, we may assume d%;(v6) = 0 by similarly
reasoning. Then clearly, dg(v4) = dg(vs) = 2.
Consider first when d(-(v2) > 0. If di. (v3) > 0, by (1) of Theorem 3, moving pendant neighbors of
v3 to vy reduces R(G) So we may assume di(v3) = 0. Since d2(v;) = d%(v1) = 3, and ﬁ + ﬁ +
ﬁ + ﬁ > \2[ \[, therefore graph G’ = I'(G, v1,v,) satisfies R(G) > R(G’) appealing to (3) of
Theorem 2.
Now we turn to the case of d1 (vz) = 0, that is, dg(v2) = 3. Note that d(v;) = d4(v;) = 3, and
\/% \/T \/; \/; \[ \f \[, thus graph G” = I'(G, vy, vy) satisfies R(G) > R(G”) again
by (3) of Theorem 2. It is not difficult to check that G’ and G” both belong to TR3(1z). Thus we have
R(TR7 (1)) > R(TR3(n)).
(2) Let G € TR3(1) be a graph with undeletable subgraph as U3 in Figure 4. As before, we may assume
dt(vs) = 0. Let G’ = T(G,v,v1), and obviously G’ € TR3(n). Since dg(v1) > 4, d%(vy) = 3 and
ﬁ + j—j > %ﬁ then we get R(G) > R(G’) by (4) of Theorem 2. Thus R(TR3(12)) > R(TR3(11)) holds.
(3) Using similar arguments as (2), there is a graph G’ = I'(G, v, v1) € TR} (n) such that R(G) > R(G').
Hence R(TR3(n)) > R(TR3(n)). O

Lemma 13. R(TRZ(n)) > R(TRZ(1)) > R(TR,(n)).
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Proof. We prove the relations from left to right.
(1) LetGe ’]I‘R3( n) bea graph with ¢( ) as U2 in Figure 4. As before, we assume that le(vé) =0.
_ I R _ 1,1 2 1

LetS = f+f+f f Ifd(v ) O,thenS>ﬁ+ﬁ>\/§.And1fdG(vz)>0,we
may assume di(v3) = 0; otherwise R(G) can be reduced by moving pendant neighbors of v3 to v,
according to (1) of Theorem 3. Then we have S > % + % > % Moreover, d&(v1) = d%(vs) = 3,
hence there is a graph G’ = I'(G, v1,v4) with R(G) > R(G’) from (3) of Theorem 2. And it is evident
that G’ € TRZ(n), thus we obtain R(TRZ (1)) > R(TRZ(n)).
(2) Suppose G is a graph in TRZ(n) with undeletable subgraph as U2 in Figure 4. Using analogous

arguments as (1), we can show that ﬁ + ﬁ + ﬁ + ﬁ > % + ﬁ > % Additionally, note

that de(vz) = dZG(vé) = 3. By (3) of Theorem 2, there is a graph G’ = I'(G, v, v6) € TR (1) such that
R(G) > R(G'). So it follows R(TRZ(n)) > R(TR} (1)) easily. [

Lemma 14. R(TR3(n)) > R(TR}(1)), R(TR}(n)) > R(TR}(n)), R(TRE(n)) > R(TRL(n)).

Proof. We prove the three relations in the order of left to right.
(1) Let G € ']I‘]Rﬁ(n) with undeletable subgraph as Ui in Figure 3. As before, we assume d};(%) =0,
i, dg(ve) = 2. And notice that dg(vs) > 4,d%(v;) = 3. Then by (4) of Theorem 2, graph G’ =
(G, v4,v7) € TR}(n) satisfies R(G) > R(G’). Thus R(TR3(n)) > R(TR(1)) holds clearly.
(2) Let G € TR} (1) with undeletable subgraph as U; in Figure 4. As before, we assume d;(v3) =
di(vs) = 0. Note that d4(v1) = 6 and vs € Ng(v1)\{02, v3}. If d;(v2) > 0, then by (2) of Theorem 3,
R(G) can be reduced by moving pendant neighbors of v, to v;. Similarly, it holds for v4. So we may
assume d( (v7) = d&(vg) = 0.

Let d; = dg(v;), and wehaved, =d3 =dy =ds =2and d; > 6. Let G = G — 0vyv3 + 0,05,

ten R(G) - RC) = (g WﬁT i+ i)~ + e + vt ¢ vae)
ﬁ(ﬁ -1- \[) +1- \[ \[(\f 1- \f) +1- \f ~ 0.1169 > 0. It is easy to check that
G’ e TRL. Thus R(TR:(n)) > R(TRL(n)) follows.
(3) Let G € TR{(n) with undeletable subgraph as U} in Figure 4. As before, we assume dt(vs) =
dt(v7) = 0. Moreover, we may assume di(v3) = 0; Otherwise, note that d%(v1) = 4 and v5 €
Ng(v1)\{v2, v3} with dg(vs) = 2, then appealing to (2) of Theorem 3, moving pendant neighbors of v3
to v1 will decrease R(G).

Now notice that dé(vz) = 4,dg(v3) = 2 and v3 € Ng(v2)\{vs, vy}, we can decrease R(G) by
moving pendant neighbors of vg to v, if di(vs) > 0. Hence we only have to consider the case

dg(ve) = dg(v7) = 2.

Let d; = dg(v;), and notlce thatdy > 4,d, > 4. Let G’ = G — vgvy + v6v1, then R(G) — R(G') >
(AL )y (L Ly L(L_ g4l 1 > 1L qy41 L o0Tjs
\/dzd7 Vd6d7 \/E \/dﬁ(d1+1) V2“2 2\ 2(d+1) T VA2 2310 ’
)) > R(TR}(n)) holds. O

easy to see that G’ € TR}(n), thus R(TR (n

Lemma 15. R(TR3(n)) > R(TRi(n)) > R(TRi(n)), R(TRi(n)) > R(TRi(n)), R(TR3(n)) >
R(TR3(1)).

Proof. We prove the assertions from left to right.

(1) Let G € TR%(n) with undeletable subgraph as U2 in Figure 3. As before, we assume d(vg) = 0.
Observe that Né(vl)\vz = Né(vz)\vl = {v3,v4}. By Lemma 9, we can move pendant neighbors of v,
to v1 and do not increase R( ) if i (v2) > 0. Therefore we may assume that d&(v;) = 0. Notice that

2 — A2 1 2 /
dg(vg) =d (v7)f3andf+f+f+f>\[+\[>\[,hencetherelsG (G, v4,v7) €

TR2 (1) such that R(G) > R(G’) from (3) of Theorem 2. Thus we obtain R(TRZ(1)) > R(TRZ(n)).
(2) Let G € TRL(n) with undeletable subgraph as U2 in Figure 3. By analogous arguments as (1), we
may assume that di-(vs) = di;(v2) = 0, that is, dg(vs) = 2,dg(vz) = 3. And note that d%(vs) = 4
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and v € Ng(v4)\{vs5, v6}. Then according to (2) of Theorem 3, moving pendant neighbors of v5 to v4
reduces R(G) if le(05) > 0. So we may assume that dé(vg,) = 0.
Let G’ = G — v506 + vs501, and let d; = dg (v;). Note thatdy > 3,d4 > 4,dg(vs) = dg(vg) = 2. Then

_ ! 1 1 y_ (L 1 = L (1 _ A 1 A1
RO) =R(E) > (g + 7a) ~ U * Jaorvw) = a2~V + i~ awy > i
1)+ L — —L— — 0. Itis easy to verify that G’ € TR} (n). Therefore R(TR(1)) > R(TR} (1)) holds.

N 2(3+1)
(3) Let G € TR} (n) with undeletable subgraph as Uj in Figure 3. Using similar arguments as (2), we
may assume that d};(vz) = d};(v5) = dé(%) =0,1e., dg(vy) = dg(vs) = dg(vg) = 2.

Let G’ = G — v30p + U306, and let d; = dc(vi). Note that dy > 5. Then R(G) — R(G') > (

1
Vs

1 1 1 — (L 4 1 1 1 :L 11y L1 _
Vade T Wﬂz Wsd) (\F \/d4 d6+1) \/d3(d5+1 +\/d5(d6+1)) (\/E 1 ) x/%(x/i

\1[)+f f f(\f 1- \f) f \[~001879>0ItlsclearthatG’eTR3( n). Therefore

we obtain R(TR}(n)) > R(TR}(n)) as desired.

(@) Let G € TR3(n) with undeletable subgraph as U3 in Figure 2. Let S = f f Ifdl(v;) =0,

ie., dg(vp) = 3, then clearly S > %. Otherwise, note that d%(vz) =3,d! c(v2) >0, accordmg to (1) of

Theorem 3, moving pendant neighbors of v3 to v, decreases R(G) if d* (vz) >0.58S > ﬁ in this

case. As a Consequence, we have S \% by the above argument. Similarly, ﬁ ﬁ > %, implying

that f \/» f \/» \[ And notice that d% (v;) = d%(vs) = 3 and Ng(v1) (| Ng(vs) = &.
Appealing to (3) of Theorem 2, graph G’ = T(G,v,v,) satisfies R(G) > R(G') with G’ € TR}(n).
Therefore we have R(TR3(1)) > R(TR}(n)). O

Before proceeding with more relations, let us define some essential functions and graph classes.

Let
9 | 32
— 77+7
Fy=""2V3 gy =Tzt E | V2
vn—1 vn—1 4
+ 28 4V2 146
F(n) = m + 3

Fori =1,2,3, let TR¥(n) be n-vertex graphs in TR} (1) with a vertex of degree 1 — 1. It is worth
noting that all pendant vertices of TR (1) are adjacent to a single vertex. Further, it can be verified
easily that TR} (n) = TRY.

Lemma 16. If G € TR} (n), then R(G) > Fy(n) with equality if and only if G = TR (n).

Proof. If G =~ TRj(n), then clearly R(G) = Fi(n). If G # TRj(n), at least two vertices of ¢(G)
have pendant neighbors. Suppose the undeletable subgraph ¢(G) is labelled as U] in Figure 2.
Without loss of generality, we may assume that dj(v1) > di(v2) > di(v3) > di(vs). Note that
N2 G(v1)\v2 = (vz)\vl {v3,v4}. By Lemma 9, moving pendant neighbors of v, to v; will decrease
R( ) if di;(v2) > 0. Similarly, this holds for v3 and v4. So we can conclude that R(G) > Fy(n) if
G # TR} (n) So the proof is complete. [

Lemma 17. If G € TR3(n), then R(G) = Fy(n) with equality if and only if G =~ TR (n).

Proof. Suppose the undeletable subgraph ¢(G) is labelled as U} in Figure 2. If G ~ TR} (n), i.e., one
of v1,v; is adjacent to all pendant neighbors, then obviously R(G) = F,(n). Then let us consider the
case G # TR (n).
Case 1. d(v1) > 0,dL(vp) > 0,dL (v3) = di(vs) = dis(vs) = 0.

It is easy to see that Né(vl)\vz = Né(vz)\vl = {v3,v4,v5}. By Lemma 9, R(G) can be reduced by
moving pendant neighbors of v, to v, implying R(G) > F(n).
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Case 2. one of v3, v4, v5 has pendant neighbors.

We may assume that le(03) >0, d1G(04) = dlc(v5) = 0. Notice that dZG(vl) =4,dg(v4) = 2,and
v4 € Ng(v1)\{v2,v3}. By (2) of Theorem 3, we can move pendant neighbors of v3 to v1 to reduce R(G).
Thus we have R(G) > F(n).

Case 3. at least two of v3, v4, U5 have pendant neighbors.

Suppose dé(v3) >0, dlc(v4) > 0 without loss of generality. Note that Né(vg)\m = Né(v4)\03 =
{v1,v2}. Then again appealing to Lemma 9, pendant neighbors of v4 can be moved to v3 with R(G)
decreased. Then we arrive at Case 2, thus R(G) > F>(n).

Therefore, it completes the proof. [

Lemma 18. If G € TR} (n), then R(G) > F3(n) with equality if and only if G = TR3(n).

Proof. Suppose the undeletable subgraph ¢(G) is labelled as U} in Figure 2. If G ~ TR%(n), i.e., v; is
adjacent to all pendant vertices, then obviously R(G) = F3(n). So we suppose that G % TR} (n).
Case 1. d(v2) = d&(v3) = 0.

Consider first d};(vg,) > 0. And observe that dzc(vl) =4,dg(vp) = 2 and vy € Ng(v1)\{v3,vs5}.
Then by (2) of Theorem 3, we can move pendant neighbors of v5 to v1 and get R(G) smaller. Likewise,
this holds for d{;(vs) > 0. Therefore we obtain R(G) > Fs(n).

Case 2. one of di.(v2) > 0,d{(v3) > 0 holds. Without loss of generality, suppose d&(vy) > 0,dL (vs) =
0.

Subcase 2.1. di(vy) = di(vs) = 0. Let G’ be obtained from G by moving pendant neighbors of v,

to v1. Observe that dg(vs) = dg(vs) = 2,dg(vs) = 3. Letx = dg(v;) > 4and lety = dg(vy) = dL(v2) +
y3 P2 4 Bia x+y—7+¥+ﬁ) B

dé(vz)>4. SOR(G)—R(G’)=(%+ 77 Vo Jx )_(é"'%"’ Jity—3

y—3+§+§+ﬁ x4+ 342
NG G

-7+ 2342
Vxty=3

R(G) > Fs(n).

Subcase 2.2. dlc(v4) > 0, d};(v5) = 0. Observe that dé(m) =2, dé(vz) = 3, moving pendant
neighbors of vy to v, will reduce R(G) from (1) of Theorem 3. Then we arrive at Subcase 2.1.
Subcase 2.3. dé(m) =0, d%;(v5) > 0. By analogous argument as Case 1, we can move pendant

(% + %) > 0, where the last inequality holds by Lemma 8. Thus we obtain

neighbors of vs to v1, so we get to Subcase 2.1.

Subcase 2.4. dL(vs) > 0,d%(vs) > 0. Similarly as Subcase 2.2, pendant neighbors of v4 can be
moved to v, and R(G) will decrease. Then we arrive at Subcase 2.3.

According to the 4 subcases, we obtain R(G) > F3(n) in this case.

Case 3. di(v2) > 0,dL (v3) > 0.

Subcase 3.1. d{(vy) = di(vs) = 0. Note that d%(v;) = d%(v3) = 3 and
ZueN(z;(vz)\v3 \/ﬁ = ZueNé(v3)\vz \/dl(u) = \/dcl(v4) + \/dcl(vl)' By Theorem 9, R(G) can be reduced
by moving pendant neighbors of v3 to v;. Then we get the Subcase 2.1.

Subcase 3.2. di(vs) +dL(vs) > 0. Notice that d%(v;) = 3,d%(vs) = 2. By (1) of Theorem 3,
pendant neighbors of v4 can be moved to v; with R(G) decreased if di;(vs) > 0. Analogously, this
holds for vs. Thus we arrive at Subcase 3.1.

Now, we can conclude that R(G) > F3(n) if vertices other than v; of ¢(G) have pendant neighbors.

Thus the proof is complete. [J

Lemma 19. R(TR3(n)) > R(TR3(n)) > R(TR(n)).

Proof. Suppose A, B are two graph sets with mingep R(G) < mingeg R(G). Let G4 € A be a graph
satisfying R(G4) = mingep R(G). Then for any graph Gp € B, we have R(Gg) > mingeg R(G) >
R(Gy), thatis, R(A) < R(B).
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So by Lemma 16, 17, 18, it suffices to show that F3(n) > F,(n) > Fi(n). Observe that n > 5 for G €

2 11 2 11
TR (1) or G € TR} (). Hence F3(n) — Fy(1n) = % - 3\Tﬁ +B 1+3\/6 - 3};—6 SREVCEIRY, S

n—1 N
B3 _1_./3 B _1_./3
0.06297 > 0. And Fy(n) — Fy(n) = 32 1+ % > N2y 4 ~ 0.005295 > 0.

Therefore the assertion holds clearly. [

We draw all the relations mentioned here in Figure 5, in which A — B represents R(A) < R(B).

TR} (n)

!

TR (1)

!

TRZ (1) ¢— TR} (n) — TR (n) — TR2(n)

!

TR (1) ¢— TR} (1) — TR} (1) — TR (1)

! ! !

TR2 (1) TR3(n) TR (1)
| !
TRS (1) TR (n)

Figure 5. Relations between all ’JI‘]R{.' (n)
4.3. The proof of Theorem 1

Now we are ready to prove our main result.

Proof of Theorem 1. First note that F(n) = Hﬁ@ +1and TRj(n) = TRY, so it is equivalent to

show that R(G) > F;(n) with equality if and only if G = TR} (n). Let F = | ']I‘R?(n) be the union of
all TR (n).

If G = TR} (n), itis clear that R(G) = Fy(n).

IfGe ’]I‘R%(n)\{TRT(n)}, we have R(G) > F;(n) by Lemma 16.

If G € F\TR}(n), by Lemma 12, 13, 14, 15, 19 together, we obtain R(G) > R(TR(n)) = Fi(n).

If G ¢ F and G is pendant-maximized, by Lemma 11, we can find a graph G’ € F such that
R(G) > R(G') = Fy(n).

If G ¢ F and G is not pendant-maximized, by Lemma 10 and 11, we will again find a graph
G’ € F such that R(G) > R(G') = Fy(n).

Therefore the theorem holds clearly. O

5. Conclusions

In the current work, we investigate three kinds of graph transformations decreasing Randi¢ index
of graphs, which may be valuable for studying relations between Randic¢ index and structure of graphs.
For instance, Theorem 4 implies that the pendant neighbors of two vertices of a graph connects to its
Randi¢ index predictably. By applying these transformations systematicaly, the minimum Randi¢ index
of tricyclic graphs is determined with the corresponding extremal graphs. In fact, the minimum Randi¢
index of trees, unicyclic and bicyclic graphs could be obtained by the analogous method without much
effort.
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