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Abstract: In this paper, we analyze the convergence of a finite difference method with
the implicit forward time central space (FTCS) scheme for solving the three-dimensional
advection-diffusion-reaction equation (ADRE). It is proved that the method is unconditionally
convergent. We apply the scheme to obtain numerical solutions for the transport of pollutants in
street tunnel problems with various reaction coefficients and various rates of change of concentrations
of sources or sinks of pollution.
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1. Introduction

Advection-diffusion-reaction equations (ADRE) have been widely used as mathematical models
in many areas of science and engineering, for example, in areas such as water pollution, air pollution,
molecular diffusion, and chemical engineering. There are now many numerical methods that have been
developed to solve linear and nonlinear ADREs. Some examples are as follows. In 2012, Diego et al [1]
developed a model consisting of a decoupled system of advection-diffusion-reaction equations, along
with the Navier-Stokes equations of incompressible flow, and solved the model by using the finite
element method. In 2012, Savovic and Djordjevich [2] proposed an explicit finite difference method
to solve a one-dimensional advection-diffusion equation with variable coefficients in semi-infinite
media for three dispersion problems. In 2013, Appadu and Gidey [3] proposed two time-splitting
procedures that they used to solve a 2D advection-diffusion equation with constant coefficients. In
2013, Bause and Schwegler [4] proposed a higher order finite element approximation for systems
of coupled convection-dominated transport equations. In 2015, Mojtabi and Deville [5] proposed a
finite element method to solve analytically using separation of variables and numerical solution of a
time-dependent one-dimensional linear advection-diffusion equation with Dirichlet homogeneous
boundary conditions and an initial sine function. In 2016, Gharehbaghi [6] proposed an explicit and
an implicit differential quadrature method to compute a numerical solution of a one-dimensional
time-dependent advection-diffusion equation with variable coefficients in a semi-infinite domain. In
2017, Gyrya and Lipnikov [7] proposed an arbitrary order mimetic finite difference discretization for
the diffusion equation with non-symmetric tensorial diffusion coefficient in a mixed formulation on
general polygonal meshes. In 2017, Bahar and Gurarslan [8] studied the effects of Lie-Trotter and
Strang splitting methods on the solution of a one-dimensional advection-diffusion equation. In 2017,
Oyjindal and Pochai [9] proposed models for numerical simulations of air pollution measurements
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near an industrial zone. The numerical experiments consisted of different conditions including normal
and controlled emissions. The models were then solved using an explicit finite difference technique
and the solutions were compared with the measurements for the controlled and uncontrolled point
sources at the monitoring points. In 2018, Suebyat and Pochai [10] developed a three-dimensional
air pollution measurement model for a heavy traffic area under a Bangkok sky train platform and
used finite difference techniques to approximate the solutions. In 2018, Al-Jawary et al. [11] proposed
a semi-analytical technique for finding the exact solutions for different types of Burger’s equations
and systems of equations in 1D, 2D, and 3D. Also, the method was applied to solve the diffusion
and advection-diffusion equations. In 2018, Kusuma et al. [12] proposed a finite difference (FTCS)
method to solve a model of pollution distribution in a street tunnel using two dimensional advection
and three dimensional diffusion in a rectangular box domain. In 2018, Lou et al. [13] developed
reconstructed Discontinuous Galerkin methods for solving linear advection-diffusion equations on
hybrid unstructured grids based on a first-order hyperbolic system formulation. In 2018, Bhatt et
al, [14] developed a Krylov subspace approximation-based locally extrapolated exponential time
differencing method and studied its accuracy and efficiency for solving three-dimensional nonlinear
advection-diffusion-reaction systems. In 2020, Pananu et al. [15] analyzed the convergence of the finite
difference method with the implicit forward time central space (FTCS) scheme for the two-dimensional
advection-diffusion-reaction equation (ADRE) and applied the scheme to a pollutant dispersion with
removal mechanism model in a reservoir. In 2020, Heng and Guodong [16] improved the element-free
Galerkin method and used it for solving 3D advection-diffusion problems. In 2020, Cruz-Quintero and
Jurado [17] proposed a backstepping design for the boundary control of a reaction-advection-diffusion
equation with constant coefficients and Neumann boundary conditions. In 2021, Para et al. [18]
proposed the characteristic finite volume method for solving a convection-diffusion problem on
two-dimensional triangular grids and compared the accuracy of four piecewise linear reconstruction
techniques on structured triangular grids, namely, Frink, Holmes-Connell, Green-Gauss, and least
squares methods. In 2021, Hong et al. [19] discussed the numerical solution of 3D unsteady
advection-diffusion equations using a meshless numerical scheme with a space-time backward
substitution method. In 2021, Irfan and Hidayat [20] proposed a meshless finite difference method with
B-splines for the numerical solution of coupled advection-diffusion-reaction problems. In 2021, Shahid
et al [21] studied an epidemic type model with advection and diffusion terms for the transmission
dynamics of a computer virus model with fixed population density. In 2021, Garcia and Jurado [22]
designed an adaptive boundary control for a parabolic type reaction-advection-diffusion PDE under the
assumption of unknown parameters for both advection and reaction terms and Robin and Neumann
boundary conditions. In 2022, Para et al. [23] proposed an explicit characteristic-based finite volume
method (FVM) for the numerical solution of advection-diffusion-reaction equations (ADRE) and
applied it to solve some 1D and 2D water pollution problems which can be modeled in terms of
ADREs. Then, the FVM results were compared with numerical results obtained using a finite difference
method (FDM) with an implicit forward time central space (FTCS) scheme.

In this article, we consider the application of a finite difference method based on the implicit
forward time central space (FTCS) scheme to the numerical solution of an advection-diffusion-reaction
equation of the following form:

9¢

STV (v —eVe) trp =g M
where ¢ is a scalar quantity, v = v(x) is a given advection velocity vector, ¢ > 0 is a diffusion coefficient,
K is a reaction coefficient, g = g(x,t) is a prescribed source term, x is a position vector and time
t € [0, T], where T > 0. The present paper is organized as follows. The convergence theory is briefly
provided in section 2. The consistency and stability analysis and numerical results of the method are
given in section 3. Using the method, numerical results and their graphs for the air pollution problems
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written in terms of the ADRE in Eq. (1) are shown in section 4. The conclusion of our work is presented
in section 5.

2. Convergence Theory

We consider the following initial time, space boundary value problem (IBVP) for the
advection-diffusion-reaction equation

Lpx, ) = 2XD L9 (v)plx 1) — eVplx, ) + (1) = gl 1), %)

where (x,t) € Q x (0, T], and with the initial time condition
$(x,0) = ¢(x) for x € Q, 3)
and either Dirichlet or Neumann boundary space conditions

Dirichlet  ¢(x,t) = ¢p(x,t)

Neumann 884);: ) =Zn(x,t) for (x,t) € 9O x [0, T]. 4)

In Egs. (2)—(4), T is a finite time, 02 is the boundary of the spatial domain (), {p and ¢ are given
functions, v(x) is an advection vector, ¢ > 0 is a diffusion coefficient, « is a reaction constant and g(x, t)
is a source term. In addition, L is a linear partial differential operator from a space of continuous
functions F to a space of continuous functions H, where the dependent variable ¢(x, t) € F, and where
Lo(x,t) € Hand q(x,t) € H.

The first step in developing the finite difference method is to discretize (3, Q) and [O, T]. We
assume that there are N; step sizes of length Ax = L—ll in the x direction, N step sizes of length

Ay = 1%,—22 in the y direction and Nj step sizes of length Az = Z%I% in the z direction. For simplicity, we
will assume that Ax = Ay = Az = h and therefore L1 = Njh, L, = Nph and Lz = N3h. Then the
discretized version of () is the spatial grid

Qh = {(xi/yjrzk) |xi = lhr ]/] :]h/ Zk = kh/ i€ ]1/ ] c ]21 ke ]3}/ (5)

where 1 ={0,1,2,..., N1}, , ={0,1,2,..., N2}, J5 = {0,1,2, ..., N3 }. The boundary of the spatial grid
is

00y = {xo=0;yj=jh j€ oz =kh k€ J5}
U{xn, = Li; yj = jh, j € o, zx = kh, k € J3}
U{x; =ih, i€ J1; yo=0; zx =kh, k € J3}
U{x; =ih, i € J1; yn, = Lo; zx = kh, k € 3}
Ulx; =ih, i € 1, yj=jh, j € J2; zo = 0}
U{x; =ih, i € J1, yj = jh, j € J2; 2N, = La}. (6)

Similarly, the interval [0, T| is discretized with N step sizes of size At = % The set of discretized
times is then
Tx = {t"|t" =nAt, n€ K}, K={0,1,2,...,N}. (7)

Finally, we define F;, and Hj, as discretized function spaces with domain ), x Tx. We also define
a projection Py, (¢) € E;, of the exact solution ¢(x, t) of (2) onto 2, x Tk and a projection Py, (q) € Hy,
of the source term g(x, t) onto ), x Tk.
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We can then write a finite difference scheme (FDS) corresponding to the continuous partial
differential equation (2) in the form

Lyg"(x,t) = q"(x,1), (x,t) € Qy x Tg, 8)

where Ly, : F, — Hj, is a finite difference operator, corresponding to the partial differential operator L,
which acts from the discrete function space Fj, to the discrete function space Hj,. The initial condition
in (3) can then be rewritten as the discretized initial condition

¢"(x,0) = ¢"(x), x€Qy, )

and, for the Dirichlet case, the boundary conditions in (4) can be rewritten as the discretized boundary
conditions
o (x,t) = &"(x,t) for (xt) € aQY, x Tk. (10)

Lax’s equivalence theorem [24]

An initial time, space boundary value problem (IBVP) is called a properly posed IBVP if it has a
unique solution. In this paper, all advection-diffusion-reaction equations that we study will be properly
posed IBVP.

Then Lax’s equivalence theorem states that necessary and sufficient conditions for the solution
of a finite difference approximation to converge to the unique solution of the IBVP are the following
conditions of convergence, consistency and stability.

Using the definition given above of the projection P}, of a function in the continuous space H onto
the discrete space Hj,, we define the truncation error (T.E.) between the finite difference system Eq. (8)
and the IBVP Eq. (2) as follows

T.E. = Py(Lp(x, 1)) — Lpd" (x, 1), (x,t) € Q) x Tx. (11)

Introducing the norm in the set of discrete functions as the infinity norm

h h n
= max Xi, Yi, Zi, t )|,
10, = max 19" (i 7 #) W
nek
we have the definition of convergence for numerical methods as follows
Definition 1. Convergence
A solution ¢" of the FDS in Eq. (8)-(10) converges to the solution ¢ of the IBVP in Eq. (2)-(4) if
IP(@) = ¢"llp, =0 as h—o0. (13)
Definition 2. Convergence with order m
The FDS in Eq. (8) converges with order m if
IPa() = ¢"l5, < Ch™, (14)

where C is a positive constant that does not depend on h.

1) Consistency : A finite difference representation of a PDE is said to be consistent [24] if the
difference between the PDE and its difference representation vanishes as the mesh is refined, i.e.,
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Definition 3. The FDS (8) is a consistent approximation of the IBVP (2)-(4) with order m if
|T.E.||m, <Ch™, (15)
where C is a positive constant that does not depend on h.

2) Stability : The finite difference scheme defined by (8) with linear operator L;, will be called
stable, if there exists 1y > 0 such that for arbitrary & < hg and for

1", = max  |p(x;,yjzit")] +  max |q(xi,yze ") (16)
i,jke] i,jke]
ne K- {0}

the solution cph of the FDS, Lh4>h = qh in Eq. (8), exists and is unique and satisfies the inequality

19" 115, < Cllf I, (17)

where the positive constant C does not depend on h.

The inequality (17) has to be true for any initial conditions (x;,y;,z,0) and source terms
q(xi, ¥j, zx, t") of Eq. (2). In particular, if q(x;,yj, 2, t") = 0, then the condition (17) reduces to the
necessary condition for stability of the homogeneous version of (8).

For the special case of Fourier or Von Neumann Analysis [24], a solution of the FDS (8) for
q(x;, YisZks t,) = 0 can be written in the form

O (i, yj, 20 ) = AT WHBITIR) (i i ky e ], neK, [=V-1, (18)

where a, B and 7 are wave numbers and e!(“+Fi+17K) are eigenfunctions corresponding to eigenvalues
A of Lj,. The necessary condition for stability of FDS (8) for g(x;, YirZks ") = 0 will then hold for all
«, B, 11 € R if the following inequality holds:

A < 1. (19)

3. Consistency and Stability Analysis

Consider the following initial-boundary value problem

W00, 0, 0 (Fe P P\
8t+u8x+vay+waz € ax2+ay2+az2 +K‘P—‘7(xr3/rsz),

(x,y,2) € (0,L1) x (0,L2) x (0,L3), t € (0, T], (20)
subject to ¢(x,9,2,0) = ¢(x,y,2),
$0,y,z,t) = a1, p(L1,y,2,t) = ay,
¢(x,0,2,t) = B1, ¢(x,L2,2,t) = B2,
¢(x,y,0,t) =1m, ¢(x,y,Ls, t) =12, 1)

in which the above partial differential equation is the component form of (1). Here ¢ = ¢(x,y,z,t) is
the dependent variable and v = (1, v, w) is the advection velocity where u, v and w are the velocities
in the x-, y- and z-directions, respectively.

In this section, we will analyze the convergence of the finite difference method with the implicit
FTCS scheme applied to (20). We discretize the domain of the problem: (x;,y;, 2, t") € Q x Tk,
where the spatial grid (), is defined in (5) and the time grid Tx = [0, T| has points t" = nAt with
neK={0,1,2,.., N}

doi:10.20944/preprints202309.1123.v1
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Following the method in section 2, we use Lax’s equivalence theorem to prove the convergence
of the FTCS by proving its consistency and stability. We first show the consistency of the FTCS. The
implicit FTCS scheme of Eq. (20) is as follows.

n+1 n n+1 n+1 n+1 n+1 n+1 n+1
Lyg" _ i~ Pk I u4’i+1,f,k ~ i1k n U‘Pz‘,jﬂ,k —Pijk Pijrrr — Pijr1
h At 2Ax 2Ay 27z
n+1 n+1 n+1 n+1 n+1 n+1
Piv1ik ~ 2‘pi,j,k Tk Pijrik T 205 jx ik TPk
(Ax)? (Ay)?
n+1 2 n+1 + n+1
Pijerr — 2Pije T Pijr1 -
+ el = qf 22)
(AZ)Z i,k i,k

subject to O (xi,Yj zk, 0) = (xl-,y]-,zk),

$(x;,0,z¢, t") = B1, ¢(xi, Lo, 21, t") = Bo,

(
(P(O y]/Zkr ) = K1, ¢(Llryjlzk/ tn) = Ky,
(
(P(xu]/]/O t ) - ’71/ ¢<xi/yj/ L3/ ) = ’72/ (23)

where (sz,k = (Ph(xi,yj,zk, ") and qgj’k = q(xi,Yj, 25, ")
The truncation error for (22) obtained using the method is

rp_ AP9 (PP (8PP (822

21 o2 30 0x3 U 3l o 3l 023
24 244 244
S(Z(Ax) o9, 2(8y? o' | 2(82) a¢>

4! ox* 4! oyt 4! oz4
+O((A1)?, (Ax)*, (Ay)*, (82)*). (24)

Therefore, from (24), we have

T.E. =0 ((At), (Ax)?, (Ay)?, (Az)z) .

Taking (At, Ax, Ay, Az) — 0, then we have

lim TE| =  lim O ( (A1), (Ax)?, (Ay)?, (Az)?) || = 0.
wadm ITEN = T O (A0, (A% (A2 (42)7) |

We will now prove the stability of the finite difference method with the implicit FTCS scheme
for numerical solution of (20). In order to illustrate stability of the method, we initially show that
condition (19) holds for the homogeneous equation of (22) and then that condition (17) is satisfied for
the nonhomogeneous equation (22). For convenience, we set T = At, h = Ax = Ay = Az.
Case I: Homogeneous equation

Setting q;?]. ¢ = 0 in equation (22), we obtain the discretized homogeneous version of (22).
Assuming a discretized solution of the resulting equation as ([)l-"j L= Al (wi+pjtk) [ = /=1 [24], we
obtain the following equation for the eigenvalue A

AL I (i BjHk) _ AnpI(aititnk)  Antlpl(a(i+1)+pjtnk) _ yn+1,1(a(i—1)+Bj+k)

T i 2h

A1 I (it B(+1)+7k) _ An+1 I (ai+B(j—1)+1k)

2h
ALl (witBjtn(k+1)) _ \n+1,I(aitpj+n(k—1))

2h

+ 0

+w
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An+1pl(a(i+1)+Bj+nk) _ o An+1,I(ai+pj+nk) + A1 pI(a(i=1)+pBj+1k)
— i
ALl (it B(j+1)+nk) _ o yn+1,I(ai+pBjtnk) + A1 pI(aitB(j—1)+1k)
h2
ALl (aitBj+n(k+1)) _ g yn+1pl(ai+Bj+nk) 4 \n+1,I(witpj+ry(k—1))
h2
+ K/\n+lel(aci+,3j+7]k) =0. (25)

Then, we can solve (25) for the eigenvalue A as follows.

L A—1 L ela _ o—lu elp — o~ 1B
n,I(ai+pBj+1k) _an+1I(ai4-Bj+nk) | _ _
Ale [ pm ] At e [ T v
Iy _ ,—1Iy Iac_2+ —lu Iﬂ_2_|_ —IB 117_2+ —Iy
el —e e e e e e e
—w o +¢€ 2 +¢€ 2 +e€ 2 —K]:O,
1
A=
1+ [%f (sm + sin? /3 + sin? ) + I (usina +vsinf + wsiny) + Kh}
Letting v = 4” and p = 7, we then obtain,
31— 1
14+ (sin2 4 +sin? g + sin? %) +ul (usina +vsin f + wsiny) + kT
Consequently, the magnitude of A is
1
|)\| B .2 2B 2 . . . 2,
[1 + (sm & +5sin? § + sin? ) +KT} + [y (usina 4+ vsin f + wsiny)]

< 1L

Therefore, condition (19) for Von Neumann stability, which is independent of T and #, has been
proved.

Case II: Nonhomogeneous equation
We now prove that condition (17) is satisfied for the nonhomogeneous equation (22) with g7 ik #0

by finding a solution 4)”+1 for the linear system of difference equations (22) and (23) if ¢ i) 18 assumed
known. Substituting Ax = Ay = Az = hand At = T in (22) and (23), we obtain

n+1 n n+1 _ n+l n+1 _ n+l n+l _ n+l
L — Pijx — Pijk N u‘l’i+1,j,k D1k N U(Pi,j-i-l,k Pi 1k N w¢i,j,k+1 Pi k-1
h T 2h 2h 2h
n+1 n+l n+1 n+1 n+1 n+1
Pivr ik — 2Pk TPk Pijrie — 2Pk TPk
h? h?
n+1 n+1 n+1 n+1 n+1 n+1
¢i,j,k+1 - 24)1]k ¢i,j,k71 ¢i,]',k+l - 4)1 ik (Pi,j,kfl n+l _ 2%

subject to 4’0,]k n1, cle,]k y;7=0,1,..,N; k=0,1,..,N3

(PzOk B1, (PlNz, =B2;i=0,1,..,Ng; k=0,1,.., N3
(Pl,]O 11, (PZ,],Ng 2 ;i=0,1,..,N1;j=0,1,..,Np (27)
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After rearranging, we can rewrite (26) in the form

n+1 n+1 n+1 n+1 n+1 n+1 n+1 _ n
ad; g 09 ey AP el Ok T 8k = P (28)

where a—(;l+%) bz(%Jr%),C:( +h2)

o (1) o (5B s CE )
ZUT
&= <— on T ) Piik = —Piix — Tij

and where the step sizes T and h can be chosen so that the coefficients a,b,c,d, ¢, f, g satisfy the
conditions
|d| > |a| + |b] + |c| + |e| + |f] + |g] +J, & >0. (29)

Lemma 1. If the coefficients of Eq.(28) satisfy the conditions Eq.(29) then the solution of Eq.(28) exists and is
unique and satisfies the inequality
b 30

1| Smax{|“1| |2l |B1l, B2l [l 121, max|4>pq,

Proof: First, we prove inequality (30). Assume that |¢ZJ,;1, = max{|¢z;’“k1|, i=01.,N,j=
0,1,..,No, k=0,1,..., Ns}.
Let0 < p < N, 0< g < Na, 0 < r < Ns. Then
1 _ +1 +1 +1 +1 +1 +1
d| ‘qb;l,q,r = |- 6147;71,%,, o bgb;,qfl,r B C¢Z,q,r 1 ;lJrl qr f¢; g+1r g¢Z,q,r+l + ¢g,q,r|
1 1 1 1 1 1
S |a¢;i1,q,}’| + |b¢;l:g—1,r| + |C¢Z:g,r—l| + |E¢Zillq,r + |f¢;l:g+l,r "
+1Ppgr
allgt L Bl Il lellgt |+ LAl
1
+ gl o retl + 141
1
< (lal + (bl + [el + lel + £ + 18D 1¢p | + ¢pqr1s
n
epirl < has
v |d| —|a| = |b] = [c| — [e] = [f] — I8l
n
< |¢p,q,r| '
- )

This completes the proof.

Now we will prove the stability of the implicit FTCS scheme by showing that inequality (17) is
satisfied.
Proof Let i*, j* and k* be the smallest non-negative integers such that

|95 e = nax 975, (31)

where | = {(i,j,k) | i=0,1,2,..,Ny, j=0,1,2,..,Np, k =0,1,2,..., N3 }. Now let | be the discretized
boundary set of |, i.e.,

J = {(jk)e]li=0N} U{(ijk€]]i#0,i#N, j=0,Np}
U{(i,jk)€J|i#0,i#Ny,j#0,j# Ny, k=0, N3}. (32)
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It is obvious that if (i*,j*,k*) € ], then we have
(f?§§I|¢7;4 < max{|a |, [az, [B1l, |Bal, |, 2]} (33)
If (i*,7*,k*) € J = ] — ], then replacing (i, j, k) in (26) with (i*, j*, k*) we obtain
uT 1 UT 1 ZUT 1
_q)lt:l*,j*,k* — Tq?*,j*,k* = ( ) (P:/i—‘r 1j* K ( ) (Plri—;*_l k* + ( ) (P:l*—;*,k*—l
6eT 11 ut 11
(1 + ﬁ + T> ¢;/i,j*,k* - (ﬂ - 7) ¢Il’l +l,j*,k*
VT €T\ 11 WT €T\ 11
_<§E_7§)¢$W+M*_(2h W)¢$*“+l (54)
Next we make the following hypothesis:
1 1
u [(P;itl,j*,k* - 4)?;:_1’]'*’](*} S 0/
(H1):0 [(P?*—;*l—l,k* - 4)1'75‘—;34-1,1(*] <0 (35)
+1 +1
w [ k1 T (P;ff,j*,k*+l} < 0.
Without loss of generality we assume that 4)"*}3 > 0and further assume that the hypothesis

(H1) holds. We can estimate the right side of (34) as

€T n+1 n+1 €T n+1 n+1 €T n+1 n+1
ﬁ |:q>i*—1,j*,k* - (Pl'*,j*,k* + ﬁ ¢i*,j*—1,k* - ¢i*,j*,k* + ﬁ ¢i*,j*,k*—1 - ¢i*,j*,k*

n-+1 n+1 ET [ nt1 n-+1 n-+1 n+1
+ ﬁ |:4)l'*+1,j*,k* - ¢i*,j*,k*:| + h7 |:(Pl*,]*+1 - (Pi*’]‘*’k*:| + ﬁ |:(Pl* =3 k*+l ¢l‘*,]’*,k*i|

n+1 n+1 UT [ n+1 n+1
+ ﬂ i 9 =0 j*,k*] + o [ e — ]

n+1 n+1 n+1

|:¢ * Jr—1 le ke +1i| - ¢i*,]~*,k* — KT¢i*,]’*,k*
1
¢?+, o (36)
Then, substituting (36) into the right hand side of (34), we obtain

n+1 n n
('bi*,j*,k* S (Pi*’]'*,k* + qu‘*’]'*,k*~ (37)

Therefore,

Iqw, (38)

max |¢"H] < max |9V, + g
(ijk) €] |¢”’| (i,j,k) € I|¢”’k Tijk

< max |¢}
imer e
nek
where K = {0,1,2,.., N}. We now establish the following inequality representing the maximum
principle as

max g1 < max {laa, laal, 1Bl Bal, Il ol max el + 7 max lgfy ) (39)
(ijk)e] bk (ij.k) €] (i,jk) €]
nek

We will now prove that for the given initial and boundary conditions in (27), the maximum solution

max |¢;1j ;| isbounded for alln < N for finite tN = T.
(ke "
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At time t = t° = 0, the maximum qu(xi,yj, 2k,0) is (m}gx 1[J(xi,yj,zk,0).
‘/" ]
Then, from (39), the maximum at time t = t! = Tis
1 0
max 9] < max {Ja, laal, 1], B2, I, ], max 94l + tmax g%/} (40)
Gioel Gimel 7 ey
nek
Similarly, the maximum at time t = t> = 27T is
max [¢3;,] < max {|a1, a2, 1Bl 1Bal, ], 2], max g} ] + Tmax g/}
Gioer Gider 7K ke
neK
= max {[aal, aal, |B11, 1Bal, I, I,
max |¢; ;x| +7( max [¢7. | + max |q}; )},
kel Gimer T Giner
nek nek
< max { |aa], leal, 1B11, 1Bal, I, 2],
max |¢; ;x| +27( max |47 .| + max |q}; )} (41)
kel iR er ey
nek nek
Then, by iteration we find that the maximum at time t = #" is
max ¢ ] < max{Iﬂqlflmlf|ﬁ1|,|ﬁ2|,|171|,|772|,
(ijk)e]
0 n—1
max |¢; i | + nTmax( max |g;..|, ..., max |g:: }, (42
e ik s Mol oo 3 i) :
nek nek
and the maximum at time t = tV = T is
max |¢N | < max {Jaal, laal, |B11, 1Bal, I, I,
(k) e]
max |¥; i | + NTmax( max |q7; , ..., max N—1 }, 43
(LLk)e'flPl’]’k' Ez‘,f,kmql']”‘ i < Tk ) )
nek neKk
Then, as in Eq. (16), for n € K, we can define
= max\ (&1, |&2], ’ ’ ’ ’
£, = max {Ja] ok, 1Bl 1Bal, b, 2
0 n—1
max |¢; ;| +nTmax{ max Yool ..., max i } (44
kel g Mg e i :
The above inequality is true for all n € K, and hence we have that
19" llo, < CIIF"I (45)
¢, < Cllf"a,,
where C=1  and ||47h\|0;, = max [} |- (46)
ijke] 7

nek

Hence, inequality (17) is satisfied and the solution is stable. This completes the proof.
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4. Numerical Results

In this section, we use the implicit forward time central space (FTCS) finite difference method to
solve two cases (homogeneous and nonhomogeneous) of three-dimensional ADRE problems of air
pollution. In three dimensions, the advection-diffusion-reaction equation can be written as follows:

oC oC oC oC 9%C 9%C 9%C
7+u7+07+w7:Dxﬁ+Dyaiy2+Dz@

at ax ay aZ - Rc(x/ yl z, t) + Q(x/ y/ z, t)/ (47)

where C = C(x,y,z,t) [kg/m3] is the air pollutant concentration at (x,y,z) [m] and time ¢ s, u, ©,
w are wind velocity components [m/s] in x—, y— and z—directions, respectively, Dy and Dy are
constant diffusion coefficients in the horizontal direction [m?/s], D, is a constant diffusion coefficient
in the z—direction (vertical) [m?/s], R is a reaction coefficient, and Q(x,y,z,t) is the rate of change of
concentrations of sources or sinks of air pollutants [kg/m?>-s].

In this section, we use an implicit forward time central space (FTCS) scheme to solve the problems.
Using the results from section 2, we can write the finite diference equation as

+1 +1 +1 +1 +1 +1 +1

Ciik — Cii i Clinix = Gk N UCZ;‘H,k Gk N wCZj,kH Gk

At 2Ax 2Ay 2Az

+1 +1 +1 +1 +1 +1

_D C?H,j,k B 2ng,k + C;lfl,j,k B CZ;’H,k B ZCZj,k + Cijl,k

* (Ax)? Y (Ay)?

crtl - _pcntl 4 cntl
i,j,k+1 i,jk ijk—1 n+1 _ ~An
- D, (Ba)? + RO = Qf e (48)
We assume that the initial condition is
C(x,y,2,0) =0, 0<x<1;,0<y<1,0<z<], (49)

and that the boundary conditions are as shown in Table 1.

Table 1. Boundary conditions.

Boundary Boundary condition = Value
Entrancegate: x =0, 0<y <05, 0<z<1 C(0,y,z,t) 0
Entrance gate: x =0, 05 <y <1,0<z<1 C(0,y,z,t) 1
Bxitgate: x =1,0<y<1,0<z<1 L (1y,z1t) 0
Rightsidewall: 0 <x <03, y=0,0<z<1 C(x,0,z,t) 0
Rightsidewall: 0.3 <x <06, y=0,0<z<1 C(x,0,z1) 1
Rightsidewall: 0.6 <x <1, y=0,0<z<1 C(x,0,z,t) 0
Leftsidewall: 0 <x <1, y=10<z<1 %—g(x,l,z,t) 0
Ground: 0<x<1,0<y<1,2z=0 %(x,y,o,t) 0
Ceiling: 0 <x<1,0<y<1,z=1 9LC(xy 1,1t 0

After rearrangement, we can rewrite (48) in the form

n+1 n+1 n+1 n+1 n+1 n+1 n+1
Cijk TG 5267, + 553G iy + 5aC i + 55C 0 k + 56C e

== S7ng’k + SSQerk’ (50)
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where
e (0 (B S )
- (500 o 8 0 )
2= (3 ~ o)/ (1 T * G * Tt )
o () B T )

_ (oAt DyAt 2D.At  2DyAt  2D,At
%= (my (Ay>2> / (” B2 T Ay e TR

At DAt 2DAt  2DyAt 2D At
56:<w _ o )/(1+ S b Zz—i—RAt)

2z (A7) a2 T anE (s
2D,At 2D,At 2D,A
s7=1/ (” <Ax>2t+ @ " <Az>2t+R“)

2DyAt 2DyAt  2D.At )
Sg = At (1 + + + + RAL ).
/ (Ax)2  (Ay)*>  (Az)?

Case 1: We consider the three-dimensional advection-diffusion equation (47). By taking w = 0,R =
0,Q=0,L=1,W =1and H = 1, this reduces to a two-dimensional advection three-dimensional
diffusion equation for transport of pollutants in the street tunnel problem discussed in [12,25]

oC oC  oC 92C 92C 9%C
— +U—+v— =D 7+Dy87y2+DZ@,

5 Fiar T 9% ~ Digp 0<t<T. (51)

This system of partial differential equation and initial condition (49) and boundary condition
Table 1 comes from a model of pollution distribution in a street tunnel, where the wind flows steadily
in the x and y directions and there is no flux of pollutant through the solid side-walls or the solid
base and roof of the tunnel. We use the nondimensionalised parameters Ax = Ay = Az = 0.1, At =
0.005, D, = Dy =D, =0.02,0.06,0.2,0.5,u = 0.6,v = 0.4 and time T = 20. The numerical solutions
and the contour plots of the problem obtained using the implicit FTCS scheme in Eq. (48) are plotted
in Figures 1-4. We have tested the accuracy of our numerical solutions by comparing them with that
of Kusuma et al [12] and found that there was good agreement.

Lt = 20.000 Z = 0.2 Dx,Dy,Dz = 0.02

contour Z=0.2 Dx,Dy,Dz = 0.02

(@

Figure 1. Pollutant distribution (a) and contour plot (b) for case 1 in a street tunnel with advection only
in x and y directions at Dy = Dy = D, = 0.02.

doi:10.20944/preprints202309.1123.v1
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Lt = 20.000 Z = 0.2 Dx,Dy,Dz = 0.06

contour Z=0.2 Dx,Dy,Dz = 0.06

665%" ] 08

3.67\&5 | 07

0.47619

Air pollutant conc

(@

Figure 2. Pollutant distribution (a) and contour plot (b) for case 1 in a street tunnel with advection only
in x and y directions at Dy = Dy = D, = 0.06.

Lt = 20.000 Z=0.2 Dx,Dy,Dz=0.2

contour Z=0.2

Air pollutant con

(a) (b)

Figure 3. Pollutant distribution (a) and contour plot (b) for case 1 in a street tunnel with advection only
in x and y directions at Dy = Dy = D, = 0.2.

Lt =20.000 Z = 0.2 Dx,Dy,Dz = 0.5 contour Z=0.2 Dx,Dy,Dz = 0.5

1
0.9
o
/\\\5" 08
N &
E &
oF 0.7
E AN oe
£ NS 523
£ 05
g
3 04
S N
5 - K3 . ° — 03
> % ©
0.2 & D S 1
! \|/&7 o S o2
01 \ .71%6% oo —|
\| 14286 01
(m) 0 \ 0.95238 0.047619
m)
Y o 0 (m) 0 0.2 04 0.6 0.8 1
x (m)

Figure 4. Pollutant distribution (a) and contour plot (b) for case 1 in a street tunnel with advection only
in x and y directions at Dy = Dy = D, = 0.5.

Case 2: In this problem, We consider the three-dimensional advection-diffusion equation (47).
By taking w = 0,L = 1,W = 1 and H = 1, with a decay rate (R) and source term (Q). The
advection-diffusion-reaction equation that we consider is as follows.

aC aC aC 0%C 9%C 0%C
+Uu— 40— = Dxﬁ‘FDyaiyz‘FDzﬁ

= p 3y — RC+ Q(x,y,t). (52)

This case of partial differential equation and initial condition (49) and boundary condition Table 1
comes from a model of pollution distribution in a street tunnel, where the wind flows steadily in the x
and y directions and there is no flux of pollutant through the solid side-walls or the solid base and
roof of the tunnel. We use the nondimensionalised parameters Ax = Ay = Az = 0.1, At = 0.005, D, =
Dy =D,;=02,u=0.6,v=04and time T = 20.
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We have computed the numerical solutions of the above system using the implicit FTCS method
for the following cases.

1. R =0.05and Q = 0,0.007, —e~*,0.001 sin(xt). The results for this case are shown in Figure 5 (a) -
(d) at a height z = 0.2 meters for Q = 0,0.007, —¢~f and Q = 0.001 sin(xt), respectively.

Z=0.2R=0.05Q=0

Lt=20.000Z=0.2R=0.05Q=0

°

Air pollutant concentration (Kg/m®)

02 "
y(m o o x (m)

(a)

Air pollutant concentration (Kg/m®)

o
———0289655 —
P 2 0 il ===\ 4

v L x(m) 0 01 02 03 04 05 06 07 08 09

(b)

Air pollutant concentration (Kg/m®)

(0

Air pollutant concentration (Kg/m®)

(D

Figure 5. Numerical solution of air pollutant concentration and contour plot for case 2 for R = 0.05
and (a) Q =0, (b) Q = 0.007, (c) Q = —e~* and (d) Q = 0.001 sin(xt).
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2. R=0.1and Q = 0,0.007, —e~*,0.001 sin(xt). The results for this case are shown in Figure 6 (a) -
(d) at a height z = 0.2 meters for Q = 0,0.007, —e~" and Q = 0.001 sin(xt), respectively.

Lt=20.000Z=02R=01Q=0 contourZ=0.2R=0.1Q=0

°

Air pollutant concentrati
°

-0

(a)

Lt=20.0002Z=0.2 R =0.1 Q=0.007

e o o o
v r & @ =

Air pollutant concentration (Kg/m®)

-0

°
®

°
>

°
IS

Air pollutant concentration (Kg/m®)
°
»

-0

Lt=20.000Z=0.2 R = 0.1 Q = 0.001sin(xt)

°
®

Air pollutant concentration (Kg/m?)
s o o
N > o

-0

v (m o o T xm

(d)

Figure 6. Numerical solution of air pollutant concentration and contour plot for case 2 for R = 0.1 and
(@) Q=0,(b) Q =0.007,(c) Q = —e~*and (d) Q = 0.001 sin(xt).
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3. R=0.5and Q = 0,0.007, —e~*,0.001 sin(xt). The results for this case are shown in Figure 7 (a) -
(d) at a height z = 0.2 meters for Q = 0,0.007, —e~" and Q = 0.001 sin(xt), respectively.

Lt=20.0002=02R=05Q=0 contourZ=0.2R=0.5Q=0

Air pollutant concentration (Kg/m®)

(a)

Lt=20.000Z=0.2 R = 0.5 Q = 0.007

Air pollutant concentration (Kg/m®)

(b)

Air pollutant concentration (Kg/m®)

(c)

Lt=20.000Z = 0.2 R = 0.5 Q = 0.001sin(xt)

Air pollutant concentration (Kg/m®)

(D)

Figure 7. Numerical solution of air pollutant concentration and contour plot for case 2 for R = 0.5 and
(@) Q=0,(b) Q=0.007, (c) Q = —e*and (d) Q = 0.001 sin(xt).
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4. z=0.2mfor R =0.05and Q = 0,0.007, —e~*,0.001 sin(xt). The results for this case are shown
in Figure 8 (a) aty = 0.5 m and (b) at x = 0.5 m.

18 Comparison for Dx=Dy=Dz=0.2 R=0.05 at y=0.5 m and z=0.2 m

18 Comparison for Dx=Dy=Dz=0.2 R=0.05 at x=0.5 m and z=0.2 m
\ —— Q=0 \ —— Q=0
\ 0 @=0.007 0.95 1\ 0 @20.007 b
o9l - P - Q=e" 4 _ \ - > - Q=et
"’E \ Q=0.001sin(xt) "’E 0.9\ Q=0.001sin(xt) |
= \ = \\
N \ Sossl R
o8\ 1 = \
2 \ 2 o8 g
s \ o >
o7 \ . 075 \ .
2 ’z\ e \ P
8 8 07r \ s B
i \\ - \ e
£ o6 \ B H \ -
E] e £ 065) b of )
3 g 3 L N '.{/ 4
o5t g, 1 a 06 \ o
- 055 'ﬁ"‘“’*s(;w'“‘“w |
0.4 05
[ 02 0.4 06 08 1 0 02 0.4 06 0.8 1
x (m) y (m)
() (b)
Figure 8. Comparison of numerical solutions for Case 2 at z = 0.2 m for R = 0.05 and Q =

0,0.007, —e~*,0.001 sin(xt) at (a) y = 0.5 m and (b) x = 0.5 m.

5. z=02mfor Q = 0.07 and R = 0.05,0.1,0.5. The results for this case are shown in Figure 9 (a) at
y=05mand (b) at x = 0.5 m.

It can be seen that the numerical solutions for the different Q and R values show similar qualitative
behavior but with differences in detail.

P Comparison for Dx=Dy=Dz=0.2 Q=0.007 at y=0.5 m and z=0.2 m
3 T T T T

\

P Comparison for Dx=Dy=Dz=0.2 Q=0.007 at x=0.5 m and z=0.2 m
i T T T T

—%— R=0.05
0.1

e
©
T
o
©
T

o
©
T

e
q
T
o
©
T

e
o
T

el
o
T
e
o
T

Pollutant concentration (Kg/m®)
Pollutant concentration (Kg/m®)
Py
g

1
S
T
4
o
T

e
©

14
S

0.2 0.4 0.6 0.8 1
x (m)

o

0.2 0.4 0.6 0.8 1
y (m)

(a) (b)

Figure 9. Comparison of numerical solutions for Case 2 at z = 0.2 m for Q = 0.07 of R = 0.05,0.1,0.5
at(a)y =0.5mand (b) x = 0.5m.

o

5. Conclusions

In this work, we have studied a finite difference method (FDM) for obtaining numerical solutions
of advection-diffusion-reaction equations (ADRE) and applied the methods to solve air pollutant
problems. For the finite difference method we have used the implicit forward time central space (FTCS)
scheme. For the applications, we have solved 3-D air pollutant concentration problems for tunnels.
We have investigated the stability, consistency and convergence of the finite difference method. We
applied the implicit FTCS finite difference method to solve 3-D ADRE models for three problems of air
pollution in tunnels for a range of different source terms Q and reaction terms R. For case 1, we checked
the accuracy of our solutions by comparing them with previously published results. We assumed that
Q = R = 0, that there was advection in the x and y directions and diffusion in the x, y and z directions.
We then compared our numerical solutions of Dy = Dy = D, = 0.2 with Kusuma et al [12] and found
that there was good agreement. For case 2, we assumed that Q and R were non-zero, that there was
advection in the x— and y— direction and diffusion in the x, y and z directions. We found that the
effects of the Q and R were to rapidly reduce the pollutant concentrations in the tunnel.
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