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Abstract: In this study, we investigate the existence of positive solutions within a system of
Riemann-Liouville fractional differential equations that incorporate the (71, 2, r3)-Laplacian operator
while being subject to three-point boundary conditions. These equations incorporate various
fractional derivatives and are influenced by parameters represented as (1, {5, 13). Our approach
involves employing techniques such as cone expansion and compression of the functional type, in
conjunction with the Leggett-Williams fixed point theorem, to establish the existence of positive
solutions. To emphasize the practical significance of our findings in the realm of fractional differential
equations, we provide two illustrative examples.
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1. Introduction

The study of nonlinear fractional systems is currently a topic of significant interest, with
researchers dedicating substantial efforts to understanding these systems and their applications
in various fields. These endeavors are primarily driven by the desire to utilize the findings regarding
the existence of positive solutions in practical contexts. This expansion of differential calculus into the
realm of complex real-world dynamics has led to the development and evaluation of novel theories
based on empirical data [1].

A wide range of materials and processes that exhibit hereditary and memory characteristics find
accurate descriptions through the nonlocal nature of fractional calculus (FC) [2,3]. The implications of
these findings span across diverse scientific disciplines, including biomathematics [4], viscoelasticity
[5], non-Newtonian fluid mechanics [6], and the characterization of anomalous diffusion [7].

The literature in the field of fractional differential equations (FDEs) predominantly centers on
established concepts like Riemann-Liouville or Caputo derivatives, with some emerging alternatives
such as conformable fractional derivatives [8]. However, it is worth noting that the body of work
on FDEs of the conformable type is still evolving. The concept of conformable fractional derivatives
was first introduced in 2014 and has gained attention for its computational advantages in solving
differential equations. This approach has led to more efficient numerical solutions compared to
Riemann-Liouville or Caputo fractional derivatives. Recently, a new formulation of the conformable
fractional derivative has been proposed and extensively discussed in the literature [8-10]. Researchers
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have successfully applied conformable fractional derivatives to a wide range of domains, resulting in
the establishment of various replicable methodologies [11].

Beyond the realm of mathematical theory, applications of these findings extend to diverse
industries, including telecommunication equipment, synthetic chemicals, automobiles, and
pharmaceuticals, where boundary value problems (BVPs) play a significant role. In these industrial
processes, positive solutions are often highly desirable for practical reasons, as highlighted in recent
research [12,13].

In this study, our primary objective is to investigate the following system of fractional differential
equations that incorporate (71, 2, r3)-Laplacian operators. We aim to provide a comprehensive analysis
of these equations, considering their potential implications and applications:

~DI' (¢, (DI} @())) = f1(E,@(),9(8), w(&)), & € (k)
-D, (¢n, (qu ¥(E))) = (& @(&),8(8),w(@)), & € (hk), (1)
D”S (¢, (DP.w(2))) = f(E @(€),9(8), w(E)), € € (hk),

where h and k are real numbers with & < k. The operators Dh”i, Dh”’i,Dh*M correspond to
standard Riemann-Liouville fractional order derivatives. Additionally, q; € (1,2], p;, «; € (0,1], and
¢, () = |¢|"i~1, with r; > 1, and 4),’1,1 = ¢y,;, Where % + % =1fori=1,2,3.

The boundary conditions for this system are given as:

@(h) =0, ¢, (D] <h>)—o u Dt o(k) = 1 + Ay Dit (),
8(h) =0, %(qu 8(h)) = #29“219( ) = o+ Ay D28 (1p2), @)
w(h) =0, ¢r(DFw(h)) = 0 3 D3 w(k) = 3+ A3 Dy w(n3),

Here, u;, A; are positive constants, and #; are real numbers within the interval (k, k). It is essential that
the conditions p;(k — h)% %=1 > A;(y7; — h)%~%~1 hold for all i = 1,2, 3.

To ensure the existence of positive solutions to the system (1)-(2), we make the following
assumptions:

(B1) The functions fi, f, and f3 are continuous on the specified domains.

(B2) The parameters w;, q;, i, A;, and #; satisfy certain inequalities, ensuring the conditions required
for the existence of solutions.

(B3) We introduce positive constants &1, ®,, O3, @1, ©,, and @3 with the constraint that %1 + q,% +

1 1 1 1
»totote st

The study of fractional differential equations is a rapidly expanding field with numerous
applications in various domains. Our paper provides essential conditions for the functions fi, f2,
and f3, as well as intervals for the parameters (i1, {», 3), guaranteeing the existence of at least one
and three positive solutions for the specified boundary value problem (1)-(2). A positive solution is
defined as a triplet of functions (@(&), 8(%),w(¢)) in the space (C[h, k], [0,00))3 that satisfies (1)-(2)
with non-negative values for all { € [, k|, and where (@(&), 9(&), w(§)) is not equal to (0,0,0).

For further insights into the applications of fractional calculus in various fields and related
literature on positive solutions with different boundary conditions, we recommend reading the
referenced books [14-16] and exploring the cited papers [17-35].

The subsequent sections of this paper are organized as follows: Section 2 introduces foundational
concepts and key lemmas essential for underpinning our central results. Moving on to Section 3, we
employ various methodological approaches, including cone expansion and compression of functional
type, along with the utilization of the Leggett-Williams fixed point theorem, to expound upon our
primary findings. Finally, in Section 4, we provide practical insights by presenting two illustrative
examples that effectively demonstrate the application and relevance of our core discoveries.
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2. Preliminaries and lemmas

We refrain from including definitions and valuable lemmas pertaining to fractional calculus
theory in this section, as they can be readily referenced in contemporary literature [2,3].

Definition 1. For a function f given on the interval [, k|, the a'" Riemann-Liouville fractional order derivative
of f is defined by

(D)) = ﬁ (;é,)a /hg((;r o)1 (5)ds,

here n = [a] + 1 and [«] denotes the integral part of w.

Definition 2. The functional (arbitrary) order integral of the function f € L'([h, k], Ry.) of order & € R is
defined by

(I f)(G) = r(la) /hg(g —5)* 1 f(s)ds

where I is the Gamma function.
Lemma 1. Assume that Dj, € LY[h, k] with a fractional derivative of order ¢ > 0 then

9 DY u(t) = u(@) + et (& — )7 4+ ca(d —h)7 2o 4 el — B
forsomec; € R,i=1,2,3,--- ,n where n is the smallest integer greater than or equal to o.

Definition 3. Let ¢ be a cone in the real Banach space S. A map o : ¢ — [0, c0) is said to be nonnegative
continuous concave functional on ¢ if o is continuous and o(Au+ (1 — A)v) > Ao(u) + (1 — A)o(v) for all
u,v € pand A € [0,1].

Definition 4. Let ¢ be a cone in the real Banach space S. A map p : ¢ — [0,00) is said to be nonnegative
continuous convex functional on ¢ if p is continuous and p(Au+ (1 — A)v) < Ap(u) + (1 — A)p(v) for all
u,v € @and A € [0,1].

Rule Sy: Let « be a cone in a Banach space D and x be a bounded open subset of D and 0 € x.
Then a continuous functional ¢ : k — [0, 00) is said to satisfy Rule S; if one of the following conditions
holds:

(i) oisconvex, c(0) =0, o(t) # 0if t # 0 and infyc e 0 () > 0,
(i) o is sublinear, 0(0) =0, o(f) # 0if t # 0 and inf;e gy o (£) > 0,
(iii) o is concave and unbounded.

Rule S;: Let x be a cone in a Banach space D and x be a bounded open subset of D and 0 € x.
Then a continuous functional p : x — [0, c0) is said to satisfy Rule S, if one of the following conditions
holds:

(i) pisconvex, p(0) =0, p(t) £0ift £0,
(ii) p is sublinear, p(0) =0, p(t) #0ift # 0,
(iii) p(t+s) > p(t) +p(s )forallt sex, p(0)=0, p(t) #0if t #0.

Theorem 1. [17] Consider two bounded open subsets, (Y1 and (), within a Banach space denoted as D. It is
assumed that 0 belongs to ()q, and ) is a subset of (Y. Furthermore, let x represent a cone within the same
Banach space D. We introduce an operator L, which maps from x N (Q\ Q) to « and is characterized as
completely continuous. Alongside this, two non-negative continuous functionals, o and p, are defined on x. The
main result is contingent upon one of the following two conditions being satisfied:

(a) o adheres to Rule S1 with o(Lt) > o(t) for all t belonging to x N 0O, and p adheres to Rule S with
p(Lt) < p(t) forall t in x N 0O2.

doi:10.20944/preprints202309.0968.v1
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(b) Conversely, p follows Rule Sy with p(Lt) < p(t) for all t in k N 0O, and o conforms to Rule Sy with
o(Lt) > o(t) forall t in x N 0O2.
In either case, the conclusion is that the operator L possesses at least one fixed point within the set
N (2\).

Theorem 2. (Leggett-Williams [18]) Let p, q, v and s be positive real numbers, let x be a cone in a real Banach
space D, ks = {t € « : [[t| < s}, ¢ be a nonnegative continuous concave functional on « such that
P(t) < |It|l, Vt € K and x(¢,q,1) = {t € x;9 < P(t),||t] < r}. Suppose L : k5 — K5 be a completely
continuous operator and there exist constants 0 < p < q < r < s such that

@) {t e x(p,qr) [ (t) >q} #Dand p(Lt) > g fort € x(,q,7),
(i) [|Lt]| < pfor|[t] < p,
(iii) P(Lt) > qfort € x(p,q,s) with ||Lt]] > r.

Then L has at least three fixed points ty,t, and t3 in Ks satisfying ||| < p,g < ¢(t2),p < ||t3]| and
y(t3) <.

In what follows, we calculate the Green’s function associate with (1)-(2). Consider the
homogeneous boundary value problem:

~Dji@(@) =0, ¢ € (k) 3)
@(h) =0; w1 Dyl@(k) =1 + A1 Dyl(m). (4)
Lemma 2. Let Ay # 0. If x(&) € C[h, k] and 1 < q1 < 2, then the boundary value problem:
Dl @(§) +x(&) =0, h<g <k, ®)
satisfying the boundary condition (4), has a unique solution

k — —h)yn-1
= [ ox@ug+ LHRZEZI - e ey,

where H1 (&, Q) is the Green’s function for the BVP (5)-(4) and is given by

— -1
60 =@ o)+ E ),
1

Here Ay = T'(q1)N7 # 0; Ny = py (k= h)yn=%=1 — Ay (5 — h)n =1 ~1gnd

M) = .
1(6,0) Tq) ) & h::h)k C)‘fjll , h<g<{<k

1

| [ et g, h<z<e<k
)1

: ®)

hZ(CI g) =

(k—h)n—%1-1
T(g) | @milognat n<g<{<k

(k—h)n—%1-1 ¢

1 { (F—h)yn—a-1(k—g)n-u-1 (C_g)ql_al—ll h<{<e&<k,

Proof. Assume that @ € Cl11+1[h, k] is a solution of fractional order boundary value problem (5)-(4)
and is uniquely expressed by

—)n-1
0@ = [ Er @i ag-nn?


https://doi.org/10.20944/preprints202309.0968.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 September 2023 doi:10.20944/preprints202309.0968.v1

50f 16
In view of conditions (4), one can get ¢c; = 0 and
k 1 _
= o [ k= a(@ag - ag [ - gy txgyag] + LELL= )
Hence, we have
— —Kp)yn-1 k
@) = s [ €0 x@ag + EE [T gmon g
1= 1 — —Kyn-1
_ A(G Alh)q /h'7 (m — g)mﬂxrlx(g)dg_i_ 1l (q “1A)l(‘: h)1
1 - E=hp re—gn!
(ql) (g g)q (g)d€+ r(ql) /h (k _ h)q17a171x<€)d€
MG —m)nt k(g —h)n a1 (k—g)7Ta
D B <y T T
M(E—Rm)nt pm (g — gt 1l (g1 — @) (& — )t
- N /h T(q) Ot M
k _ AV |
= [ (e 0y(gyag + PIIZ ) EZ )
h 1
O
Lemma 3. Let 1 < g1 <2, 0 < py < 1. Then the FBVP
{ Dy (9n (DfL0(0)) +A1(E @(2), 8(0), (@) =0, k< &<k .
‘1 1
@(h) =0, DI (k) =0, jy D @(k) = 1 + A1 DL (i),

has a unique solution,

— -1
- [ oen( [ S A e, e, wm)i)a
lplr(lh—“l)(‘f h)n-1

Al , &€ [hKk].

Proof. It follows from Lemma 1 and 0 < p; <1 that

_ 1—1
on(D0(@) = - [ ETI fi(r,0(0), 000 w(ear+ e -t

By D' @(h) = 0, we have ¢c; = 0. So,

_ 1—1
Dft (@) + 9o ([ @r(;)lp) filT,@(1),8(x),w(1))dr) =0

Thus, the BVP (7) is equal to the following problem:

¢ — T)pl—l

Dfta(@) +9n ([ & fi(r,@(1), (), w(D)dT) = 0; h< &<k

(h) = 0 251 D (D(k) 1/11 + )Ll Dzi@(ﬂl)
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By Lemma 2, that boundary value problem (7) has a unique solution

_ 1—1
@(¢) = /hk H1(§/§)4’(p1(/h€ (gr(;):;f1(T,(D<T),l9(T),w(T))dT)d€

L (g - rxlA)l(s L)

O

Lemma 4. [25] Suppose that condition (B2) hold, then Green’s function H have the following properties:
(i) H1(E, &) = 0 forall () € (h k) x (h k),

(i) H1(G,0) < Ha(k,Q), for all (§,¢) € [h k] x [hK],

(ifi) H1(50) > ()" "My (k,Q), forall (&,0) € T x (h,k), where T = [% %}

Remark 1. In a similar manner, the results of the Green’s function Hy (¢, {) and Hz (&, {) for the homogeneous
BVP corresponding to the fractional differential equation are obtained. Consider the following condition:

Hi(E,0) > VH;(k,¢) forall (¢,0) € Zx (hk);i=1,23,
where T = [%, #} and N = min{(%)‘“_l, (%)qz_l, (%)%_1}.

We consider the Banach space X = C[h, k| with the supremum norm || - || and the Banach space
Y =X x X x X with the norm ||(®@, 9, w)| = ||@]| + ||9]| + ||w]||. We define the cone

P = {((D, d,w)eY:w(g),0¢),w(d) >0,V¢ € [hk], and
géirzl[@(é') +9(8) +w(@] 2R (@,8,0) | },

where 7 = [%,%} and N = min{(éli)fh*l’ (‘11)112*1’ (%)%,1}'
Consider the coupled system of integral equations
_ £ (gt
@(¢) _/h Hl(‘fz(-)‘l’tpl(/h Wfl (T/(D(T),ﬁ(T),aJ(T))dT>d(,

L (g — alA)(ﬁ - h)ql_l, gehk,
1

— )21
20 = [ 126 00n( [ (0, 00 w(m)dr)az

ol (g2 — ap) (§ — )2}
Y}

— 1)1
@@ = [ #6000 ( [ E- (0,80, w()dr)az

n 3T (g3 —a3) (& —h)P!
Az

+

7 C € [h/k]/

, €€ [hKkl.

By Lemma 2, (@, 9, w) € P is a solution of boundary value problems (1)-(2) if and only if it is a solution
of the system of integral equations.
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Define the operators 71,72, 73 : P — X by

— 7)1
Ti@,0,0)@) = [ #1(E 0 ( [ (gn?l};fl (v,@(x),8(z), w(1))d ) dg
‘/Jlr(‘ll — MA)I(g Qi , G € [hK],
k (Sl
Ta(®@,8,w)(¢) :/h Hz(@@‘l’rpz(/ sz(ﬁ@(ﬂ/ﬂ(T)fw(T))dT)dg
e~ )
k (f—op!
T, 0,0)©) = [ 1@, 00 [ P Ee. @), e()dr)d

1P3T( 3 —a3)(§—h)B!
Az

, ¢ e[hkl],
and an operator 7 : Y — Y as
T(@,0,w) = (Ti(@,0,w), 2(®,8,w), T3(@,0,w)), (@08 w)e.

It is clear that the existence of a positive solution to the system (1)-(2) is equivalent to the existence of a
fixed points of the operator 7.

3. Main results

We denote the following notations for our convenience:

4p1r + 1 h+3k 4p21—. + 1 htﬁk
D:max{cpq,l((k(mh)pl)) s Hi(k,)dg, (P(PZ((k(pzh)Pz)) s Ha(k,)dg,

w{W} 5 ak i
C:mm{Akﬂl(k,g)%(/hg(ér(p)’;”dT )dz, / Ha(k, Q) 4,(,,2(/; (C—T)”ledr)dé,

I(p2)
k )
Ha(k, | —dn)dct.
/h 3( @)%3( " F(p3) T) C
Let us define two continuous functionals « and  on the cone P by
,%,w) = mi ¢ d
a(@,8,w) rgel?{|co| + 8] + |w| }an
Bl@,9,w) = max {l@] + 18] + ||} = @(k) + 8(k) + w(k) = [|(@, 8, w)]|-
It is clear that a(®@, ¥, w) < B(w, 9, w), for all (@, 9, w) € P.

Lemma 5. 7 : P — P is completely continuous.
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Proof. By using standard arguments, we can easily show that, the operator 7 is completely continuous
and we need only to prove 7 (P) C P. Let (@,9,w) € P, by Lemma 3, we have

C(s—T1)n—1

ITi@ 2wl < [ #0000, w(m)ar) i

1P1T(171 —aq)(k—h)nt
A ’
k _ n—1
170,00l < [ Halk o ( [ T (m ), 00, we))ir) i

llle"(lh — ) (k—h)1

A, '

1@ 0,0l < [ a0 ( [ CF T p(ma), o0, w()ar)d
L ¥sla 3—063)(k—h)q3 !
As '

and

_ 1—1
min7; (@, 9, w)(§) = min /k H1(E, 0)Pg, (/hg %fl(T,w(T),ﬂ(T),w('r))dT>d§

cel
1P1F(111 —1)(&—h)n~ l}
A '

1~ — 1—1
> ()" ek oen ([ S e, e, wim)i)a

4’1T(’11 —uy)(k— h)ql_l}
A '

> R[|Ti(@, 8, w)].

Similarly, réni?Tz(cD, 9, w)(&) > N||T2(®,8,w)|| and réni?Tg(cO, 9, w)(&) > N||T3(®, 8, w)||. Therefore
€ €

1?6151{7'1 @,9,w)(§) + T2(@,9,w) () + Tz(@,9,w) () }

> N[ Ti(@, 8, w)| + X[ T2(@, 8, w) || + R|| T3(@, 8, w) |
= N||(Ti (@, ,0), Ta(@, 8,@), Tr(@, 8, )|
=N T (@, 9, )]

Hence, we get 7(P) C P. By using standard arguments involving the Arzela-Ascoli theorem, we
can easily show that 77, 7> and 73 are completely continuous, and then 7 is a completely continuous
operator from P to P. O

Theorem 3. Assume that conditions (B1) — (B3) holds and suppose that there exist positive real numbers

A; RA;
r,Rwithr < nR and ¢; < o — < 1 — such that f;;7 = 1,2,3 satisfying the
TR e S T = &% () ()" Jird fying

following conditions:

(C1) f;(& @,8,w) > ¢y, (37p), ¢ € Land (@,9,w) € [, R],
(C2) (& @,0,w) < 4>rj(i@) &€ [hkland (@,8,w) € [0,R].

Then the system of fractional order boundary value problem (1)-(2) has at least one positive and nondecreasing
solution (@*, 8%, w*) satisfying r < a(@*, 9, w*) with p(@0*, 9*, w*) < R.
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Proof. Let O = {(@, %, w);a(®@,8,w) < r}and O = {(@, 9, w); B(@, 8, w) < R}.Itis easy to see
that 0 C (), set )1, ) are bounded open subsets of £. Letting (@, 9, w) € ), we have
r>a(@8w)= Igei?{@(é‘) +9(¢) +w(§)}
> X{||@ + (18] + [Jew]|}
= NB(@, 8, w).

Thus R > ¢ > B(@, 0, w), ie (@,8,w) € Oy, 50 Oy C Oy.
Claim 1: If (@, 8,w) € PNoQy, then a(T (w0, 9, w)) > a(@,8,w) = r, for { € Z. It follows (C1)
Lemma 4 that

3 _ w1
a(T(@,9,w)) mm; [/ i(6,0) 4)4,](/ wjﬁ(r,co(r),ﬁ(r),w(r))dT)dé

cel

$iT(g; — ) (@~ )
e

]
h+3k L _ L
> [ fun )7 #0000 ([ 0 ()

j=1
AU —a»(i)qf‘“k‘h)%_l}

Aj

2 Z"’%(M) /3h4+4k 7k, C)(3 §D)%

r (k—h)n ek r (k — h)p2 i
> 5590 (i1, 1)) / (604 + 5500 (gar (1)) / Ha(k, 0)dC

r (k —h)ps b sk
+@¢¢3(W> s Hs(k,2)dl

r r r
—g‘f‘g‘f’g—?’—ﬂ(((@,ﬂ,(ﬂ)

Claim 2: If (@, 9, w) € P NIy, then B(T (@, 8, w)) < B(@, 8, w). Then

@) +8(D) +w(@)] < Bl@,8,w) =R,

for ¢ € [h, k]. It follows from (C2) and Lemma 4 that
k _ i1
BT @, 0w) = mpx ) Z [ e 0 ([} E50—hm o), o wtm)in)ac

TGy )€~
TS

]

Si /7—[ kg(i,%(/hé ¢— TF’J B fi(r et )ﬁ(r),w(T))dT)dC
=1

il (q; —aj) (k- h)q’ }
A

+
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< qD&lC /thl(k,C)¢(p1 (/hC @F(Tp);;l_ldr)dCJr q%c /thZ@IQG”(pz(/hg WdT)dC

R 4 4 (é'_T>P3*1 R R R
+CD73C/h Hs(gfg)ﬁb%(/h WdT>d€+§1+@+@

Clearly, « satisfies Rule (Sq)(iii) and f satisfies Rule (S;)(i). Therefore the condition (a) of Theorem
1 is satisfied and hence T has at least one fixed point (@*, 9*,w*) € PN ((Tz \ Ql),i.e, the system of
fractional order boundary value problem (1) — (2) has at least one positive and nondecreasing solution
(@*, 9%, w*) satisfying r < a(@*, 9%, w*) with f(@*, 9%, w*) < R. O

Theorem 4. Assume that conditions (B1) — (B3) holds and suppose that there exist positive real numbers r, R

A; RA;
withr < Rand ¢; < o — < / — such that f;;7 = 1,2, 3 satisfying the followin
L P T Y S TS Iy Tying the following

conditions:

(C3) fi(§ @, 8,w) < ¢y, (%},%), g e hkland (@,8,w) € [0,7],
(C) fi(E, @, 0,w) = ¢r (g %¢), ¢ € Land (@,8,w) € [R, .

Then the system of fractional order boundary value problem (1) — (2) has at least one positive and nondecreasing
solution (@*, 9%, w*) satisfying r < B(@*, 0*, w*) with a(@*, ¥*, w*) < R.

Proof. Let )3 = {(@, %, w); B(®@,8,w) < r}and Oy = {(®, 9, w);a(@, ¥, w) < R}. We have 0 € Q3,
set Q)3 C 4 with ()3 and ()4 are bounded open subsets of £.

Claim 1: If (@, 9, w) € P N3O, then B(T (@,8,w)) < B(®@, 9, w). To see this, let (@, 8, w) € PN Q.
Then [@(0) + 9(0) + w(Q)] < (@, 8, w) =1, for ¢ € [h,k|. It follows from (C3) and Lemma 4 that

3 k e _ \pi—1
BT(@,0,0)) = max 3 [ | @00 (| DT £ (r,@(x),8(1), w(x))d)dg

celhk] ;5 (pj)
N #il(q; — o) (& — h)q"l}

Aj

>k Cg-—mnt,
<L [ #6290, ( [ Sy (@ em, o), e)it)ic

9T (g — aj) (k— )"~

¢ el

]

< o | Hatk o ([Tt o [ et ([T EE )i

v k ¢ (g — T)P3*1 r r r
q>3D/h ’H3(k'€)¢(l’3(/}; Wdf)d§+6l+®—2 + 63
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Claim 2: If (@ , ) € PNoQy, then a(T (@,8,w)) > a(®@,9,w). T see this, let (@, 8, w) € P NIQy.
Then } = M@ bw) 17 ) > B(@,8,w) > [@(0) +8(0) + w(l)] > a(w@,8,w) = R for { € I. It follows from
(C4), and Lemma 4, we have

_ r\pi—1
a(T(w,9,w)) mlnz [/ (D) by, (/g (r(?];ﬁ(r,@(r),ﬁ(r),w(‘r))d’f)dé
Yil(gj — a)(§ — )7~ }
A

j
T Q) ke ([ 5 (R

T (g — o) (1) (k- h)qf‘l}

+

B
(k h)p] h423k
> Tt (st ) o 9400 (50
R (k - h) h+3k (k _ h)pz h+3k
> Q‘P(Pl <W) ik Hi(k, £)dC + 3C¢¢2<W) ik Ho(k, 2)dg

(k h)p3 thk
+ C‘Ptpg(m) ik Ha(k,0)dg
R R R

Clearly, « satisfies Rule (S1)(iii) and p satisfies Rule (52) (7). Therefore the condition (a) of Theorem 1
is satisfied and hence 7 has at least one fixed point (@*, 9*,w*) € PN ((T4 \ Qz) ,i.e, the system of

fractional order boundary value problem (1) — (2) has at least one positive and nondecreasing solution
(@*, 9%, w*) satisfying r < B((@*, 9", w*)) with a(@*, 9", w*) <R. O

Theorem 5. Assume that (B1) — (B3) holds. Suppose that there exist 0 < k < I < Ndand 0 < ¢; <

K < 98 — such that f;(j = 1,2,3) satisfies the following conditions:

O (g;—a))(k—1) ™" = O, (g;—a;)(k—h)"i

(C5) fi(& @,8,w) < ¢r, (&) forall & € [h,K], (@,8,w) € [0,d],
(C6) £;(& @, 8,w) > ¢r(53p) forall & € T, (@,8,w) € [I, %,
(C7) fi(¢ @, 8w <¢,}(&) forall & € [h,K], (@,8,w) € [0,k].

]

Then the system (1)-(2) has at least three positive solution (1,01, w1), (@2, 82, wy) and (@3, 83, w3) with
¢((Dl,l91,wl) <k l< lp((Dz,ﬁz,an) < (p(a)2,192,w2) <d, k< §0((2)3, 193,(,03) < d with l[J((Dg,, 193,(4)3) <
l.
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Proof. Firstly, if (@,9,w) € P, then we may assert that 7 : P; — P, is a completely continuous
operator. To see this, suppose (@, %, w) € P, then ||(®@, 8, w)]|| < d. It follows from Lemma 4 and (C5),
that

17 (@ 8,0l = max {Ti(@,6,60)(@) + Ta(e, ,)(€) + T, 0,) )
_ (ol
- max ¥ [ [ #4600 ([ ST 00, 0, wim)in)ac
L Bl = )@ = m)V ]

Aj

(P])

N il (q; —aj) (k- h)qf_l}

Aj

o e [00n( [ @;(Tp)l’;lldr)du oo [ etk ([ )
o [ sk 0t [ (g}éf )d€+@+(§ +o

) )

3 j
) [ [ 102000 ([ S (), 000), e ar)az
]:

d[i+i+i+i+i+i} d.
O Dy 0 0, O3

Therefore, 7 : P; — P,. This together with Lemma 5 implies that 7 : P; — P, is a completely
continuous operator. In the similarly way, if (@, 8, w) € P, then from (C7) yields || T (®@, 8, w)]|| < k.
This shows that condition (ii) of Theorem 2 is fulfilled.

Now, we let @(¢) + 9(&) + (gf) = L for & € [, k]. Ttis easy to Verify that @ (&) + 9(¢) + w(&) =
FeP(ypl, l)andlp(c’o %, w) =& >1landso {(®,8,w) € P(¢,1, §);¥(@,8,w) > 1} # @. Thus, for
all (®,8,w) € P(y,1, L), we have that | < @ (&) + (&) + w(¢) < L for ¢ € Tand T(@,9,w) € P,
from (C6), we have

¢(T(@8,w)(§) = min {Ti(@, 8, w)(t) + T2(@, 8, w)(§) + Ta(@, 8,w) (¢) }

[k (sl
—min ) [ | @000 ( [ ij(nw<r>,ﬁ<r>,w<r>)dr)dg
l/)jr(% ])(t — h)fi U
4 5 ]

B ko ([ S )

2300 () e 050 (30p)18

! (k=) =N ! (k—h)P I3k
> 5590 (1o 1)) Jus PO+ 5500 (Garg, 1) / Ha(k,£)dC

(k — h)P3 hJZSk
3D‘P"’3(W> /sh;k H3(k,0)dg
I
3
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Hence the condition (i) of Theorem 2 is verified. Next, we prove that (iii) of Theorem 2 is satisfied.
By Lemma 5, we have Igu? |Th(@,8,w)(E) + T2(®@,8,w)(E) + T3(@,8,w)(t)] > N||T(@,9,w)| >
€

dfor (@,%,w) € P(y,1,d) with | T (@,9,w)| > % To sum up, all the conditions of Theorem
2 are satisfied, then there exist three positive solutions (@1, 91, w1), (@2, 92, wy) and (@3, 93, w3)
with ¢(@1,l91,W1> <k Il< 1/)(&72,192,0.)2) < q0(602,192,w2) <d k< q0(603,l93,w3) < d, with
1/](6’03, 193,603) <l 0O

4. Examples

Leth=1 k=2 p; =05 pp =06, p3 =07, g1 =15, 920 =16, g3 =17, a1 =05, ap =
0.6, N3 = 0.7, m = 1.5, N2 = 1.6, 3 = 1.7,]41 =2, U = 3, Uz = 4, /\1 =1, /\2 =2, Ag =3, r =
2, 7’222, 1’322.

We consider the system of fractional differential equations

~DY (¢ (D120 (8))) = f1(E @(E),9(8),w(E)), & € (1,2),
—D)? (¢2 (D%fﬂ( ) = f2(&@(€),9(8),w(€)), & € (1,2), ®)
—DY (¢ (D w(©))) = f5(& @(€), 9(8), w(E)), € € (1,2),

@(1) =0; ¢(DjP@(1)) =0; 2DY@(2) =¢1 +1D2@(1.5),
8(1) = 0; ¢2(DJ£8(1)) =0; 3DYLB(2) = ¢ +2 DJLB(1.6), )
(1) =0; ¢2(DIw(1) =0 4D70(2) = g5 +3 DV w(17),
where 1, 5, 1P3 are parameters. We have X = 0.378929; A; = 0.886227 > 0; Ay = 0.893515; A3 =

0.908639, so assumption (A2) satisfied. Beside we found D = max{2.0, 3.446, 5.278} =5.278; C =
min{1.858929, 2.620029, 3.237839} = 1.858929.

Example 1. We consider the functions

Lem(@t0+w) Lging 0<w,dw<5
/(D/ﬁ/ _ 18 Vi _— 4 7 4
f(€ w) { 1(e~(@+9+@) 4 1) 4 Llogg, 5<®@,8,w <10,
Lip=(@+8+w) L 1) 4 Lgj 0<w,? 5
- 3(3 + )—|—7sm§, W, v,w <),
f(8@,8,w) = { e f 1) + (e @04@)10gg),  5<@, 8,0 <10,
£ @,8,w) o7 +loggem(@THw) 4 2) 7L, 0<@8,w<5,
/(D/ ,W) = -
3 rhllogl + 1)+ i + 1, S<@dw<io

Choosing r = 1, R = 10, with ‘%1 =1 =

fulfilling the following conditi =@ oy~ @ — o — o thenr < NRand fi(i = 1,2,3)
u lTlg e 10 meg condirions:

B

(C1) £i(¢ @,8,w) > 0.166668 = ¢, (%@), & € [2.25,2.75] and (@, 9, w) € [1,10]
(C2) fi(E,®@,0,w) < 0.896574 = ¢, (%},7), g e 1,2 and (@,8,w) € [0,10].

Thus, all conditions of Theorem 3 are fulfilled. Hence, for ¢ < 1.47705, i, < 1.489192, ¢p3 < 1.514398, the
system of (8) and (9) has at least three positive solutions.
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Example 2. We consider the functions

s log(@ + 9+ w +1) + 47, 0<®@8w<]1,
A @Yw) =1 25+ B 1<o,dw <10,
H(E+em@rtw)) L L@ 4sing), 10 < @, %, w < 20,
Thme@ i+ + 1, 0<@dw<l,
£(E@,8,w) = Aqllogl +e-@Hw) 4 el 9 1<o,8,w0<10,
(;Ofgii} + 5265_1 - Sin gl 10 < (D/ 19,(,0 S 20/
ﬁ[e’(w“”“’) log¢], 0<®,8w<l,
G @ tw)=q 3@ 1]+ e Csing], 1<®@,8w<10,
log&+2(148) — 55570, 10 < @, 8, w < 20.

Choosingk = 4,1 =5,d=727555- = 5. =5, = - = 3, = 3, =  then 0 <k <1 < Rd and

R 33 1

fi(i = 1,2,3) fulfilling the following conditions:

(C5) fi(¢,@,09,w) < 1.793147 = 4>rj(&),for all & € [1,2], (@,0,w) € [0,20],
(C6) fi(& @,8,w) > 0333335 = ¢, (53p), for all & € [2.25,2.75), (@, 8, w) € [2,5.278034],
(C7) fi(§ @,0,w) < 0.089657 = ¢, (&),for all & € [1,2], (@,9,w) € [0,1].

Thus, all conditions of Theorem 5 are fulfilled. Hence, for o7 < 2.95409, 0» < 2.978384,
03 < 3.028796, the system of (8) and (9) has at least three positive solutions.
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