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1. Introduction and preliminaries

Undoubtedly, the theory of rough sets, proposed by Pawlak [19,20], has become a well-established
mathematical tool for the study of uncertainty in a wide variety of applications and intelligent systems
characterized by inadequate and incomplete information where the equivalence classes created by
the equivalence relation are used to define the lower and upper approximations to approximate an
undefinable set. More over, in recent years, it has been widely used in a variety of fields, such as
granular computing, graph theory, algebraic systems, partially ordered sets, medical diagnosis, data
mining, conflict analysis (see, for example, [4,5,10,21,22,27]).

The generalization and extension of the rough set model is an important direction in the study
of set theory. On the one hand, one such trend was introduced by Qian et al. [23,24], which has been
called the multi-granulation rough set. It is defined by a family of equivalence relations, while Pawlak’s
rough set is defined by only one equivalence relation, producing two types of multi-granulation rough
sets called the optimistic multi-granulation rough set and the pessimistic multi-granulation rough set.
The word "optimistic" is used in the lower and upper approximation to denote the idea that in multi
independent granular structures, at least one granular structure must satisfy the inclusion relation
between the equivalence class and the undefinable set, whereas the word "pessimistic" denotes the
idea that each granular structure must satisfy the inclusion relation between the equivalence class and
the undefinable set. Following that, a number of researchers looked into multi-granulation rough set
models based on various types of relationships, and they came up with a number of interesting ideas
(see, for example, [12-16,25])

On the other hand, one of these trends is to combine other theories that deal with uncertain
knowledge, such as fuzzy set and rough set theory. While fuzzy set theory deals with potential
uncertainties associated with inaccurate cases, perceptions, and preferences, we find that approximate
sets, in turn, deal with uncertainty caused by ambiguity of information. Because the two types of
uncertainty can occur in real-world problems, numerous approaches to combining fuzzy set theory
with approximation set theory have been proposed. Rough fuzzy sets and fuzzy rough sets were
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presented by Dubois and Prade based on approximations of fuzzy sets by crisp approximation
spaces and crisp sets by fuzzy approximation spaces, respectively [6,7]. In the same framework, the
researchers presented an approach to enrich coarse fuzzy rough sets and rough fuzzy sets, (see for
example, [2,9,11,17,18,28,29]).

As a result of the intuitionistic fuzzy sets given by Atanassov [3], which give the membership
and nonmembership degrees to which an element belongs, dealing with incomplete and inaccurate
information is more flexible and effective compared to Zadeh’s fuzzy sets [30].

Working under tthe name "intuitionistic" has sparked and doubts debate over the term’s
applicability, particularly when dealing with of complete lattice L. Garcia and Rodabaugh [8] put
an end to these doubts in 2005. They proved that in mathematics and applications, this word is
inappropriate. They concluded that they work under the name "double".

The main contributions of the present paper are to further investigations into multi-granulation
double fuzzy approximation spaces, mainly including double fuzzy upper and lower approximation
operators with respect to multi-granulation double fuzzy approximation spaces. By using more than
one pair of double fuzzy relations on U, two kinds of double fuzzy sets were introduced and the
relationship between them was studied.

Throughout this paper, Let U = {x1,x3,..x,} be a nonempty and finite set of objects and
I =[0,1]. A fuzzy set is a map from U to I. The set of all fuzzy sets on U is denoted by IY. R is a fuzzy
binary relation on U i.e. R(x,y) € [0,1] for any x,y € U. The set of all fuzzy binary relation on U is
denoted by 14>,

Definition 1.1. [1] Let U and V be two arbitrary sets. A double fuzzy relation on U x V is a
pair (R, R*) of maps R,R* : U x V — I such that R(x,y) < 1—R*(x,y) forall (x,y) € Ux V. If
R,R*:U x U — I, (R, R*) is called a double fuzzy relation on U. R(x,y) (resp. R*(x,y)), referred to
as the degree of relation (resp. non-relation ) between x and y.

Definition 1.2. [1] Let U be an arbitrary universal set and (R, R*) a double fuzzy relation on U. Then for
each fuzzy set A on U, the pairs (RgA, Ri:A), (RrA, Rg-A) of maps RgA, RiA, RrA, Rpsd : U — 1
are called double fuzzy lower approximation and double fuzzy upper approximation of a fuzzy set A,
respectively and are defined as follows: For all x € U,

(RrA)(x) = A (1=R(x,y)) VAY), (Rr-A)(x) =V (1= R*(x,y) A (1 Ay)))

yed yeu
(ReM)(x) = V (R(x,y) AAY), (ReeM)(x) = A (R (,9) V (1= A1)
yeld yeld
The quaternary (RgA, Ri:A, RrA, Rg-A) is called double fuzzy rough set of A. The pairs
(Rr,Rk:), (Rr, Rg:) of operators Ry, Rk, Rg, R+ : IY — IY are called double fuzzy lower
approximation and double fuzzy upper approximation operators, respectively.
Definition 1.3. [1] For all x,y € U a double fuzzy relation (R, R*) on U is called:

(1) Double fuzzy reflexive if R(x,x) = 1 and R*(x,x) = 0.

(2) Double fuzzy transitive if R(x,z) > Vyeu(R(x,y) A R(y,z)) and R*(x,z) <
/\yeU(R* (x,y) VR*(y,z)) VzeU.

(3) Double fuzzy symmetric if R(x,y) = R(y, x) and R*(x,y) = R*(y, x).
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2. Optimistic Multi-granulation double fuzzy rough sets

Definition 2.1. Let U be an arbitrary universal set and (Ry, R}) and (Ry, R} ) are double fuzzy relations
on U. Then for each fuzzy set A on U, the pairs (ORR, 1r,A, ORp: g5A) and (ORRg, 4Ry, A ORRr gsA)

of maps ORR +rA,  ORgeipsA, ORR4r,A, ORpeypsd @ U — I are called optimistic
two-granulation double fuzzy lower approximation and optimistic two-granulation double fuzzy
upper approximation of a fuzzy set A, respectively and are defined as follows: For all x € U,

yeld yel

(ORR, +R, M) (%) = { A (1= Ri(xy)) V/\(y))} v { A (1= Ra(x,y)) VA(y))};

(ORf: 1y (x) = { V ((1-Ri(x,y) A1 —A(y))} A { V (1 - R3(x,) A1 —A<y>>};

yel yel

(ORR, +rR,A) (x) = { V (Ri(x,y) M(}/))} A { V (Ra(x,y) M(}/))};

yel yel

yel yeu

(ORR; 4 r3A) (%) = { N Ri(x,y)v1- /\(y))} v { N R (x,y) v1— /\(y))} :

The quaternary (ORRg, 1r,A ORps ;g5 A, ORR, +r, A OREs  gsA) is called optimistic two-granulation
double fuzzy rough set of A (in short, OTGDEFRS). The pairs (ORRg 4R, ORE{ +R;) and

(ORR1+R2/ORE;+R;) of operators ORR,+R,, OR}‘{HRE,ORRﬁRZ,OR}QHR; : U — I are called
optimistic two-granulation double fuzzy lower approximation and optimistic two-granulation double
fuzzy upper approximation operators, respectively.

The OTGDEFRS approximations are defined by many separate pairs of double fuzzy relations,
whereas the normal double fuzzy rough approximations are represented by those produced by
only one pair of double fuzzy relation, as can be seen from the preceding definition. In fact, when
(R1,R}) = (Ro, Rj), the OTGDERS degenerates into a double fuzzy rough set. To put it another way, a
double fuzzy rough set model is a subset of the OTGDFRS.

Proposition 2.2. Let U be an arbitrary universal set and (R;,Rj) and (R, R}) be a double
fuzzy relations on U. Then for each A € IY we obtain the following:

(1) ORR, 4k, A = Ry AV RiyA and ORje ged = R A A R, A

(2) ORR,+R,A = Rr,A A RR,A and ORT{{H{;)‘ = R*TA \Y R};;)\.
Proof. The proofs follow directly from Definition 1.2 and Definition 2.1.

Theorem 2.3. Let U be an arbitrary universal set and (Rq,R}) and (R, R;) be a double fuzzy
relations on U. Then for each A € IY we obtain the following:

doi:10.20944/preprints202309.0854.v1
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(1) ORg;+#,A < 1= ORpy piA and ORR, 4,4 2 1= ORfy i

Ol

(2) ORR1+R21 =1 and ORR*+R 1=

(3) ORR1+R20 = 0 and ORR* 0 =1.

(4) ORR1+R2(1 — A) = i — ORR1+R2A and ORETJ’_RZ (T — /\) = i — ORT{I_’_R;A
Proof. (1) For each x € U, A € IY we have

(I- (OREHR;A))(@
1- { { N (Ri(xy)v1- A(y))} v { N (Ra(x,y) V1= A(y))} }
yel yeu

{1 - { A (Ri(x,y) V1 —A(y))}} A {1— { A (Ri(x/y)V1—?\(y))}}
yel yelu

{\/1—{R1(xy )V1I=A(y)} A{\/l—{Rz(xy)\/l—)\(y)}}

yel } yel

{\/{1—R*(xy ) A A(y }/\

yel

V {1-R3(x, y)M(y)}}

yel

v

{ V (Ri(x,y) M(y))} A { \/ (Ra(x,y) M(y))}

yeu yel
= (ORR +r,A)(x) forallx € U.

Hence, ORR1+R2/\ S i - OR}E{+RE)\ Slmllarly, ORR1+R2)\ Z i - ORET"’R; )\

(2) Since, for each x € U, 1(x) = 1, we obtain

(ORR,+r,1)(x) = { (1= Ri(x,y)) Vv i(}/))} v { N (1= Ro(x,y)) v T(y))}
1

and

(1 =Ri(x,y)) A1-1(y))

Therefore, we obtain ORg, +g,1 = Tand ORy. .1 =0.

(3) It is similar to the proof of (2).
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(4) For each x € U, we have

OR s (1 M) (x)

yel yeu

{1— { V (1—RT(x/y)A1—A(y))}}V {1— { V (1—R§(x/y)/\1—7\(y))}}
yel yeu

1- {{ V (1—RT(x/y)A1—)\(y))} A { V (1—R§(x,y)A1—7\(y))}}
yel yeu

1- ORj: | gy (%),

{ A\ Ri(xy)vi-(1 —A(y)))} v { A R3(x,y)vi-(1 —A(y)))}

Thus, we obtain ORg: , g, 1-1)=1- ORFysygsA- Similarly, we can prove ORRg,+r,(1-1) =
1— ORR g, A

(5) Similarly to that of (4).

Theorem 2.4. Let U be an arbitrary universal set and (R, R}) and (Rp,R}) be a double fuzzy
relations on U. Then for each A, u € I%:

(1) ORR1+R2(/\ AN ;4) < ORR1+R2)\ VAN ORR1+R2‘M and

ORRs gy (AN ) = ORpe gs AV ORR: gy -

(2) ORR1+R2(/\ \% ;4) > ORR1+R2)\ V ORR1+R2‘M and

ORRs gy (AV ) < ORpey gsA N ORR: gy -

(3) IfA S U, then ORR1+R2)\ S ORRl_;,_Rz]l and OR}ET#’R;A 2 ORET+RE}1

(4) IfA < W, then ORR1+R2)L < ORR1+R2]4 and OREI+R;)\ > ORET-‘,—R;V

5) ORR1+R2(/\ V “l/l) > ORR1+R2)\ V ORRl-&-RzV and

ORRs gy (AV ) < ORpey gsA N ORR: gy -

(6) ORR1+R2(/\ N “l/l) < ORR1+R2)\ A ORRl-&-RzV and

ORRs gy (AN ) 2 ORpe gs AV ORR: gy -
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Proof. (1) Foreachx € Uand A, u € I U we have

(ORR +R, (A A p)) (x

A

<

Il

<

)
(T=Ri(x,y) V(AN V)(y))}
{ A (1= Ri(x,y) vV (D) (y)
{ A (1= Ra(x,)) V () (y)
yel

(RryA) () A (Rey) (1) |V { (R

(R, 1) (1) V (ReyA) ()} 1 {(
(ORR,+R,A) (X) A

Also, for each x € U, we have

>

Y

and

VA (A=Ri(x,y) A= (AA)(y))

yeu

(2) Similar to (1).

(B)IfA <y, thenforally € U, A(y) <

(1=Ry(x,y) A (1 —/\(y)} v {

)V (ORRs g gy 1) (%)

yel

A (1= Ra(x,y) VA(y)) <
yel

(Rig) ()} A { (Rig)(x

(RigA)) A (Rig V() by { (Rig) () 1 (Rig) ()
(ORRs 4 r5A) (%

v { A (1= Ra(x,y
yel
A
yel

)
}A{ ((1—R1(x,y))v(ﬂ)(y)}}
}A{ ((1—Rz(x,y))v(ﬂ)(y)}}

A
yel
)(x) A <RR2u><x>}
R, 1) (x) \/ (Rry) }

(ORRlJrRzV) ( )

} A { V((A=R3(xy) A1= (AAR)(Y))
yel

yeu

V(A =Ri(x,y) A (1= #(y)}}
yel

V (1=R3(xy) A1 —#(y)}}

yel

)V (Rign) ()}

1(y) we have
A (1= Ri(x,y) VA(y)) <

A (1=Ri(x,y) vV uly))

yel

A\ (1=Ra(x,y) vV u(y)).

yel

V(MV)(y))}

|

doi:10.20944/preprints202309.0854.v1
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(T=Ri(x,y) A1 =Ay) V1 —#(y))} A { V(A =R3(x,y)) A(1=Ay) V1 —ﬂ(y))}

)

@
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Form Equations (2.1) and (2.2) we have
{ A (1 =Ri(x,y) Vv /\(y))} v { A (1= Ra(x,y) VA(J/))}
yel yeu
< { A (1 =Ri(x,y) vu(y))} v { A (1= Ra(x,y) V#(y))} :
yeld yel
Therefore, ORRg,+r,A < ORR, 4R, }t- Also,
VA-Ri(oy) Al=Ay) =\ 1 -Ri(x,y) A1—p(y)) ®)
yeld yeu
and
V(A-Ri(xy) A1=Ay)) = V (1= R3(x,y) A1 = p(y)). )
yel yeu

Form Equations (2.3) and (2.4) we have
{ V @ -Ri(xy)Al- A(}/))} A { V(@ -R3(xy) AL~ /\(y))}
yeld yel

> { V (1—R1‘(x,y)/\1—u(y))} A { V (1=R3(x,y) A1 —p(y))

yel yelu

Hence ORp:, gsA 2 ORgs i gs J-

(4) Similar to (3).
(5)Since A <AV pand p < AV y, by (3) we have

ORR1+R2)\ < ORR1+R2(/\ vV }4) and ORRH—RZV < ORR1+R2()\ V y).

Therefore ORR, +r,A V ORR, 4Ry # < ORR, 4R, (AV ). Also, we have

ORRsyrsA 2 ORp: 4y (AV i) and ORpey peptp = ORps g5 (A V ).

(6) Similar to (5).

Example 2.5. Let U = {x,y,z}. Define Ry, R}, Ry, R; : U x U — I as follows:

02 04 07 01 06 02
Ri=1| 09 03 07 Ri=| 00 06 02
06 03 02 03 00 07
01 05 0.6 02 03 0.0
Ry=1 04 03 08 R5=1 01 06 0.1

07 02 03 03 06 0.6
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Define A, u € IY as follows:
A ={(x,05),(y,0.7),(z,01)},

u={(x,04),(y,02),(z,08)},
ANu={(x,04),(y,0.2),(z,0.1)}.

Then,
(ORR,+r,A)(x) = 04, (ORR, +r,A) (y) :0-4,(073R1+R2 )(z) =05
)

(ORRy+R, 1) (x) = 0.6, (ORR, 4R, 1) (y) = 0.7, (ORR, 4R, 1) (2) = 0.4
(ORRy+R, (A A p))(x) = 0.2, (ORR 4R, (A A 1)) (y) = 0.4, (ORR 4R, (A A p))(2) = 04
Therefore, ORR,+r, (A A pt) # ORRy+RyA N ORR 4R H-

(ORR: 1 rsA) (x) = 05, (ORg: 4 g5 M) (y) = 0.5, (ORRs g5A) (2) = 0.5
(ORRsry#) (x) = 0.2, (ORRs 4 g5 #)(y) = 02, (ORgs g5 4)(2) = 0.6
(ORR: gy (A A1) (x) = 0.6, (ORps g5 (A A ) (y) = 0.6, (ORg: 4 g5 (A Ap))(2) = 06

Therefore, % (AAp) # OREHR;/\ v OREHR;F"

Theorem 2.6. Let (Ry,R}) and (Ry, R;) be a double fuzzy relations on an universal set U.
Then the following statements are equivalent:

(1) (Rq,R}) and (Ry, R}) are a double fuzzy reflexive relations.

(2) A < ORg g, and 1A > ORg. )
Proof. (1) = (2) Let (Ry, R}) and (R, Rj) are a double fuzzy reflexive relations. Then R;(x,x) =1
and R} (x,x) = O0foralli € {1,2} and x € U. Therefore,

Alx) =1TAA(x)
= {R1(x,x) AA(x)} ANM{Ra(x,x) ANA(x)}
< { V (Ri(x,y) M(y))} A { V (Ra(x,y) M(y))}
yeld yeu
= ORR +RA

and

T—-A(x) =0vIi-A(x)

— Ri(50) VI - AW}V Ry VT - A}
> { A (Ri(xy) v1 —/\(J/))} v { A (R3(x,y) v1 —/\(]/))}
yel yel
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(2) = (1) Suppose that there exists some x € U such that R;(x,x) = a; # 1 and R} (x, x) = b; # 0 for
all i € {1,2}, then we can define fuzzy set 6y : U — [ as:

1, ify=x
5x(y)={ I

ify # x.
Then
ORR,+r,0x(x) = { V (Ri(x,y) Mx(}/))} A { V (Ra(x,y) Mx(}/))}
yelu yelu
= Ry(x,x) A Ry(x,x)
=m Nay #£1=06,(x)
and

ORp: 1 ry0x(x) = { N (Ri(x,y) V1 —%(y))} v { N (R3(x,y) V1 —5x(y))}

yeld yeld
= R](x,x) VR5(x,x)
=b1 Vb 750:1—5,((x).

Therefore 6y £ ORRg,+r,0x and 1 — 0y # OR}QT 4Ry Jx. This is a contradiction. Hence, R;(x,x) = 1 and
R¥(x,x) =0foralli € {1,2} and x € U.

(2) < (3) Itis easy from Theorem 2.3 (4), (5).

Theorem 2.7. Let (Ry,Rj) and (Ry,Rj) be a double fuzzy relations on an universal set U.
Then the following statements are equivalent:

(1) (R1,R}) and (Ry, R3) are a double fuzzy transitive relations.

(2) ORR]+R2(ORR1+R2A) < ORR]+R2)L and

ORR: +r; (1= ORRs g;A) = ORpr gy

(3) ORR]+R2(ORR1+R2A) > ORR]+R2)L and

ORR:+r; (1= ORRs ;) < ORR: gy

Proof. (1) < (2) Foreach A € IY,

ORRy+R, (ORR;+R,A) (%)

= { V (Ri(x,y) A (ORR1+R2)(J/)} A { V (Ra(x,y) A (ORR1+R2)(y)}

yed yel
=biVby #0 = 1—(5x(x).

In the following, by extending the optimistic two-granulation double fuzzy rough set, we will
introduce the optimistic multi-granulation double fuzzy rough set (in short, OMGDERS) and its
accompanying properties.
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Definition 2.6. Let U be arbitrary sets and the pairs (R;, R}) such that 1 < i < m a double
fuzzy relations on U. Then (U, R, R*) is called the multi-granulation double fuzzy approximation
space (in short, MGDFAS), where R = {Ry, Ry, ..R;} and R* = {R],R3,..R}}.

Definition 2.7. Let (U,R,R*) be a MGDFAS. Then for each fuzzy set A on U, the
pairs (ORw AOR% A) and (ORw A OR% A) of maps ORw AOR% A,
> R; ¥ R¥ > R; Y. R* > R; Y. R*

i=1 P i=1 ol i=1 it

OR m A, OR, < A U — I are called optimistic multi-granulation double fuzzy lower
i Y RY
i=1 i=1 !
approximation and optimistic multi-granulation double fuzzy upper approximation of a fuzzy set A,

respectively are defined as follows: For all x € U,

(ORy AN \/ A (1= Ri(x,y) VA®Y)),
=1 i=1yeU
(ORYy M) =/ V(1R () A= A0),
i=1 i i=1 ]/GU
ORy M) =NV (Ri(x,y) A Ay))
= i=1yel

m
(ORY, R*/\ =V A R (xy)v1—Ay)).
P i=1yel

The quaternary (OR n R'A, OR* A ORw m )L ORY R*)L) is called optimistic multi-granulation

i1 iz 1 i= 1 I

double fuzzy rough set of A (in short, short, OMGDERS).

The pairs (ORw ,OR% ) and (ORw_ ,OR% ) of operators OR» ,OR% ,
i§1Rj §1R7 i§1Ri §1R:§ iglRi ‘§1R?

OR n R ORY . 1% — Y are called optimistic multi-granulation double fuzzy lower approximation
i X R}
i=1 i=1 !

and optimistic multi-granulation double fuzzy upper approximation operators, respectively.

Proposition 2.8. Let (U, R, R*) be a MGDFAS. Then for each A € [ U we obtain the following:

)OR, A=V RgAand ORY A=A RiA.
i=1 L

> R; — R*
i1 i=1 151 !

@ORy A= /\ Ry Aand ORYy A A=V R
171 i= 1:1 i i=1 !

Proof. Similarly to Proposition 2.2.

Theorem 2.9. Let (U, R, R*) be a MGDFAS. Then for each A € IY we obtain the following:

A<T-—OR% AandORw A>1-—OR% A
R* > R; Y

i i=1 it

doi:10.20944/preprints202309.0854.v1
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1.

B)ORw 0=0and OR% 0
iEIRi ‘§1R?

WORy (1-M)=1-0Ry, AandOR* L= =1-0RYy A
Z

> R; R

i=1 i:l ,:1 Ry

(G)ORy (1-1)=1-0Ry, AandOR* (1—/\) =1-0R% A
iElRi 1:1 i=1 E‘ R*

Proof. It is similar to the Proof of Theorem 2.3.

Theorem 2.10. Let (U, R, R*) be a MGDFAS. Then for each A, € I U we obtain the following:

(1) (’)RgR’_ (AAu) < OR%R,A A (’)RgRiu and
OR% ( /\V)_ORzR* \/OR):R*‘M

i=1 '

i=1 !

(2 ORm ()\\/]l)>ORm )\\/ORgR‘yand
i= 1 i= 1 i=1 !
*m < *m *ﬂ‘l .
ORZR*(AV;{) 7OR2R*/\/\ORZR*;¢

i=1 !

i=1 ! i=1 !

@) fA<puthenORuw A< ORwm yandOR* A>ORY
iglRi iglRi ‘—1 Ri Z i

(4) If A < p, then (’)Rg R‘/\ < OR?;R.V and OR* A>ORY .

Z R}
=1 i=1 i=1 Ri i=1

(5) OR}%]RI- (A V ,u) Z OR%I‘]RI'/\ V OR‘:ZVZRZ'V and

*m < *m *m .
OR %(A\/y) < ORzR*/\/\ORzR*V

i=1 ! i=1 ! i=1 !

117 11 i

ORY (AAu)>OR% AVORY, .
% ( ]4)_ > Rf % K

i=1

i=1 i=1
Proof. It is similarly to the Proof of Theorem 2.4.
3. Pessimistic Multi-granulation double fuzzy rough sets

Definition 3.1. Let U be an arbitrary universal set and (Ry, R}) and (Ry, R3) a double fuzzy relations on
U. Then for each fuzzy set A on U, the pairs (PRg,+r,A, PR}QHR;A) and (PRRg,+r,As PREHR;)‘) of

maps PRR,+r,As PRE; +R5A PRR 4R AS PRET gy + U — I are called pessimistic two-granulation

double fuzzy lower approximation and pessimistic two-granulation double fuzzy upper approximation
of a fuzzy set A, respectively and are defined as follows: For all x € U,

yel yeu

(PR +R,A) () = { A (1= Ri(x,y)) V/\(y))} A { A (1= Ra(x,y)) V)L(y))};
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yel yel

(PRR;+rsA) (%) = { V(A =Ri(x,y)A1- /\(y))} v { V(1 =R3(x,y)) A1 A(y))} ;

(PRR,+r,A)(x) = { V (Ri(x,y) AA(}/))} v { V (Ra(x,y) AA(y))};

yel yel

(PRR;+ryA) (%) = { A\ Ri(x,y) v1- /\(y))} A { N R3(x,y) v1- /\(y))} :

yel yel

The quaternary (PRg, +r,A PRys 1 gsAs PRR,+R, A, PRRsy gz A) is called pessimistic two-granulation
double fuzzy rough set of A (in short, PTGDEFRS). The pairs (PRRﬁRZ,PR}"q +R§) and

(PRRy+Ryy PRR: 1gy) of operators PRg, 4Ry, PRy:irs) PRR +Ry PRRsjgy : U — I are called
pessimistic two-granulation double fuzzy lower approximation and pessimistic two-granulation
double fuzzy upper approximation operators, respectively.

The PTGDFRS approximations are defined by many separate pairs of double fuzzy relations,
whereas the normal double fuzzy rough approximations are represented by those produced by
only one pair of double fuzzy relation, as can be seen from the preceding definition. In fact, when
(R1,R}) = (R2, R3), the PTGDERS degenerates into a double fuzzy rough set. To put it another way, a
double fuzzy rough set model is a subset of the PTGDFRS.

Proposition 3.2. Let U be an arbitrary universal set, (R1,R}) and (Ry,Rj) be a double fuzzy
relations on U. Then for each A € IY we have the following:

(1) PRR+r,A = RR,A A RRyA and PRy gsd = RjeAV R, A

(@) PRy ir,A = RRAV R A and PRy gih = R A ARG A.

Proof. They can be proved by Definition 1.2 and Definition 3.1.

Theorem 3.3. Let U be an arbitrary universal set, (Rl,Ri‘ ) and (Ry, R;) be a double fuzzy
relations on U. Then for each A € IY we have the following:

() PRiy - < 1~ PR g and PRt 2 T PR g

2) mi :iand%i =0.

(3) PRr,+r,0 = ﬁandmﬁ =1

@) PRey+ry (1= 1) = 1= PReysryd and PRy s (1-4) =1 PRy ;-
(5) PRe,+ry(1=A) = 1= PRrp,A and PRy gy (1= 24) = 1= PRy A

Proof. (1) For each x € U, A € I¥ we have


https://doi.org/10.20944/preprints202309.0854.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 September 2023 doi:10.20944/preprints202309.0854.v1

13 of 20

(1 - PR M) ()
1- { { A Ri(x,y) v1- A(y))} A { A R3(x,y) v1- A(y))} }
yel yeu

{1 - { A Ri(x,y) V1 —A(y))}} v {1— { A (Ri(x/y)\/l—?\(y))}}
yel yeu

{\/1—{R1 x,y)V1—Ay)} V{\/l—{szy)Vl—My)}}

yel } yel

{\/{1—R1xy/\)\ }\/

yel

VA{1-Ri(xy M(y)}}

yel

Y

{ V (Ri(x,y) /\)\(3/))} v { V (Ra(x,y) /\)\(3/))}
yel yel
= (PRR,+r,A)(x) forall x € U.
Hence, PR, +r,A < 1—PRE: g;A. Similarly, PRR 4, A > 1= PRy, g A-
(2) Since, for each x € U, 1(x) = 1, we obtain
(PRR+r,1)(x) = { A (1 =Ry (x,y)) v i(y))} A { A (1= Ra(x,y)) v i(y))}
yel yel

=1= T(X),

and

ceu yel

(PRRs+r;1) {\/ ((1=Ri(x,y) Al—l(y))} {V((l—Ri(x,y))Al—i(y))}
=0=

Ol

Therefore, we obtain PR, +r,1 = 1and PR, 1 =0.

(3) Similar to (2).
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(4) For each x € U, we have

OR s (1 M) (x)

yel yeu

{1— { V (1—RT(x/y)A1—A(y))}}/\ {1— { V (1—R§(x/y)/\1—7\(y))}}
yel yeu

1- {{ V (1—RT(x,y)A1—?\(y))} V{\/(l—Ri(x,y)M—A(y))}}

yel yel
1= PRy gy MR)-

{ A\ Ri(xy)vi-(1 —A(y)))} A { A R3(x,y)vi-(1 —A(y)))}

Thus, we obtain PRy, s (I1-2)=1- PRR:ygsA- Similarly,we can prove PRr+r,(1—A) =
1 —PRR,+r,A-

(5) It is similar to the proof of (4).

Theorem 3.4. Let U be an arbitrary universal set, (Ry,R]) and (R, R;) be a double fuzzy
relations on U. Then for each A, u € IY we obtain the following:

(1) PRR1+R2(/\ VAN ;4) = PRR1+R2)\ VAN PRR1+R2‘M and

PRRs vy (AN H) = PRy g5 AV PRR: g H-

(2) PRR1+R2(/\ \Y ;4) = PRR1+R2)\ V PRR1+R2‘M and

PRRs vy (AV #) = PRy gsAAPRR: 4 g -

(B) IfA < p, then PRR, 1 R,A < PRR, 4Ryt and PRy« y gsA = PRy gy -

(4) If A < p, then PRR,+r,A < PRR,+r,# and PREﬁR;)‘ > PREHR;V'

5) PRR1+R2(/\ Vv y) > PRR1+R2)\ Vv PRRH—RZ,‘M and

PRRsry(AV 1) < PRy gsAAPRR: 4 gy -

(6) PRR,+R,(A A #) < PRR+RyA A PRR, 4Ry and

PRRs vy (AN #) = PRy g5 AV PRR: s -
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Proof. (1) Foreachx € U, A, u € Y,

A (1 =Ri(x,y) v (/\Ml)(y))} A { A (1 =Ra(x,y)) v (/\Ml)(y))}
yeld yel

{ A (1= Ri(x,y)) v (/\)(y)} A { A (1= Ri(x,y)) v (V)(y)}}
yeld yeu

>

{ A (1= Ra(x,y)) v (/\)(y)} A { A (1 =Ra(x,y)) v (V)(y)}}

yel
(ReyA) (%) A (Riy i) ()} A { (R ) () A (R ) () }

(Rr,A) (%) A (R ) () A { (R, ) () A (Rypt) ()
= (PRRr,+R,A)(X) A (PRR,+R 1) (X).

Il

Also, for each x € U,

(PRR PRRy+Rs (AN ) (x)

(1=Ri(x,y) Al—(/\Aﬂ)(y))}V{\/((1—R§(x/}/))/\1—()Mﬂ)(y))}

yeu

V (1=Ri(x,y) A (1 /\(y)V1—ﬂ(y))}

yel
Vo9 V(A =Ry(xy) Al /\(y)vl—#(y))}
yeld
{\/ (I-Ri(x,y)A(1-A ()}V{V((l—RT(x,y))A(l—#(y)}}
yeld yeu
Vv (1-R3(x,y)) (1—/\(1/)}V{V((l—RE(x,y))A(l—#(y)}}

yel

v Rig(3) v { (Righ) () v (Rig (4

Rig)(3) by { (R () v (Rigr) (4
= ORR +R )V (ORR £ RS ) (x)

(2) It is similar to the proof of (1).
(B)If A < p, thenforally € U, A(y) < u(y). Therefore,

A A=Ri(x,y) VAY) < A A —=Ri(x,y) Vuy)) (5)

yel yel
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and
A 1 =Ra(x,y) VAY) £ A\ (1= Ra(x,9) V p(y))- 6)
yeld yeu
Form equations (3.1) and (3.2) we have
{ A (1= Ri(x,y) v A(_1/))} A { A (1= Ra(x,y) VA(y))}
yeld yel
< { A (1 =Ri(x,y) Vv V(y))} A { A\ (1= Ro(x,y) v #(y)>}
yeld yeu
Thus, PRR,+r,A < PRR,+R,}, also,
V(A-Ri(xy) A1=Ay) >\ 1 -Ri(x,y) A1 —u(y)) @)
yel yeu
and
VA=R5(xy) AT=A(y)) >\ (1= R5(x,y) AT—p(y)). ®)
yeld yeu

Form equations (3.3) and (3.4) we have
{ V (1 =Ri(x,y) A1~ A(}/))} v { V (@ =R3(x,y) A1~ A(y))}
yel yel

> { V 1 =Ri(x,y) A1 —#(y))} % { V (1 =R3(x,y) A1 —u(y))

yel yel

Thus, ’PR}ET"‘RE)\ 2 PR}ET-I—R;H

(4) It is similar to the proof of (3).
(5)Since A <AV pand y <AV y, by (3) we have

PRR1+R2A < PRR1+R2 (/\ V "Ll) and PRRlJrRzﬂ < PRR1+R2 ()L V “u)

Therefore PRR,+ry,A V PRR, 4R 1 < PRR 4R, (A V 1i). Also, we have

PRR:yr3A 2 PRy: gy (AV i) and PRy gept 2 PRys g5 (AV 1)

This implies that PRy« g: A A PRy gyt 2 PRz g5 (AV 1)

(6) It is similar to the proof of (5).

Example 3.5. Let U = {x,y,z}. Define Ry,R},Ro,R; : Ux U — I as in the example 2.5 and
A, € IY as in the example 2.5. Then

(PRR1+R2V) (x) =07, (PRR1+R2F4) (y) =038, (PRR1+R2V) (Z) =04,
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(PRR1+R2)\)(JC) =0.5, (PRR1+R2)\)(]/) = 0.5, (PRR1+R2/\)(Z) = 0.5,
(PRRy+Ry (AA 1)) (x) = 0.2, (PRR,+r, (A A 1)) (y) = 0.4, (PRR,+r, (A A 1)) (2) = 04,
Therefore, PRR,+Rr, (A A 1) # PRR+R,A N PRR 4Ry H-

(PRR;rs#)(¥) = 02, (PR s g5 1) (v) = 0.2, (PRis ;1) (2) = 06,
(PRRs 1 rgM) (%) = 03, (PRR; g A) (y) = 0.5, (PR 4 p54) (2) = 03,
(PRi; a5 (A A 1)) (x) = 06, (PR gy (AN ) (y) = 06, (PR gy (AN p)) (2) = 06.

Therefore, ’PR}QH R} (AAu) # PRT&HR;/\ v PREHR;V )

In the following, by extending the pessmistic two-granulation double fuzzy rough set, we will
introduce the pessmistic multi-granulation double fuzzy rough set (in short, PMGDEFRS) and its
accompanying properties.

Definition 3.6. Let (U, R, R*) be a MGDFAS such that 1 < i < m. Then for each fuzzy set A
on U, the pairs (PRu» A, PR% A) and (PRw A, PR A) of maps PRu APR%W A,
T R > Rf T R; L R} LR T R}

* ; *
i=1 i=1 ! i=1 i=1 !

i=1 i=1 i

PR w R‘/\, PR A : U — I are called pessimistic multi-granulation double fuzzy lower
151 ! ,ElRi
approximation and pessimistic multi-granulation double fuzzy upper approximation of a fuzzy set A,

respectively and are defined as follows: For all x € U,

(PRy A A A (1 =Ri(x,y)) VA(y))
=1 i=1yel
(PR*,,,R*/\ \n} V (1=Rj(x,y)) N1—A(y))
i=1 i i=1 yeU
(PR y M) =\n} V (Ri(x,y) A A(y)
= i=1yelU
PR N =7 AR V1-Aw).
i=1 i i=1 yGU

The quaternary (PR m A, PR*m )\ PR n )\, PR A)is called pessimistic multi-granulation
i %, R?
i=1 i= 1 1—1 i=1 !
double fuzzy rough set of A (in short, PMGDERS).
The pairs (PRw» ,PR% ) and (PRw ,PR% ) of operators PR ,PR% ,
LR X R} L R; L R} LR

*

i=1 i=1 i i=1 i=1 i i=1 i=1 !

’PRgR ,PR*,,,R : 1Y — IY are called pessimistic multi-granulation double fuzzy lower
i LR}

i=1 i=1
approximation and pessimistic multi-granulation double fuzzy upper approximation operators,

respectively.

i

Proposition 3.7. Let (U, R, R*) be a MGDFAS. Then for each A € IY we obtain the following:
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(1) PRy A= A Ry Aand PR%, A=V RiA.

=z 1 R; i=1—" 1§1Ri i=1

@ PRy A= VRRAandPR* A:}"\R*_*A.
i=1 !

l

1:1 i:l

Proof. It is similar to the proof of Proposition 3.2.

Theorem 3.8.Let (U, R, R*) be a MGDFAS. Then for each A € IY we have

(1) PRy, /\<1—77R* Aand PRy ‘/\zi—PR*m A

¥ R
1:‘1 i= l l 1':1 i=1
() PRm 1 =Tand PRY, 1=0.
1:1 iE,lR[
(8) PRy GzﬁandPR*mR 0=1
> R¥
tﬂ i=1 !
@ PRy 1-A)=1-PR, AandPR* LI =1-PRY A
¥ R; %R R} TR

i=1 i=1 i= 1 '

6) PRy, (1-1)=T1-PRy Aand PR} (1-4)=1-PRy A
> R; > R; ER;*

i=1 i=1 j:l i=1

Proof. It is similar to the proof of Theorem 3.3.

Theorem 3.9. Let (U, R, R*) be a MGDFAS. Then for each A, t € I U we obtain the following:

(1) PRy (AAp)=PRy AAPRy pand

i=1 i=1 i=1

PR (AAu)=PR% AVPRY .
% ( #) Y R} % R*‘u

i=1 i=1 i=1

(2 PRm (A\/y) PRQRi/\VPRgRiyand

i= 1 i=1 i=1

7’73§R*(7\Vﬂ) :PR%/\/\PRQR*”'

i=1 ! i=1 i=1 !

(3) IfA <y thenPRy A<PRu pand PR, A>PRY
> R; Y R; 3 R¥ > R}

i=1 i=1 o1 ! o1t

4) ¥A<pthenPRuw A<PRm yandPR* A>PRY
A& é& ’ﬂl ZR

() PRy (AVE) 2 PRy AVPRy pand

i=1 i=1 i=1

RY% (AVu) <PRY% AANPRE .
& zR*( V)_P > R? P ZR*'M

i=1 ! i=1 i=1 !

i= ] i= ] i=1 !

PR (AAu)>PRY AVPRY
m*( u) > n ok

i

i=1
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Proof. It is similar to the proof of Theorem 3.4.

Proposition 3.10. Let U be an arbitrary universal set, (Ry,R}) and (Rp,R;) be a double fuzzy
relations on U. Then for eachi € {1,2} and A € I we obtain the following:

(1) PR, 1 R,A < Rr,A < ORR, s pyA and PRy gid > RipoA > ORe g A-

(@) PRR,+r,A 2 RRA > ORR 4R, A and PRy giA < R A < ORje gy
Proof. It can be proven by, Propositions 2.2 and 3.2.

Proposition 3.11. Let (U, R, R*) be a MGDFAS. Then for each A € Y and 1 < i < m we
obtain the following;:

DPRuw A<SRRALORw Aand PRY, A > RisA > OR*, A
iElRi — iglRi %Rf —= ‘§1Rf

RQPRw A>RrA>PRuw_ Aand PR%, ASRE*ASOR*W, A.
> R; ! > R; ‘ZRf i Y R*

i=1 i=1 P it

Proof. It can be proven by, Propositions 2.8 and 3.7.

4. Conclusion

It has been discovered that the rough set theory is a potent theory with numerous applications in
the artificial intelligence fields of pattern recognition, machine learning, and automated knowledge
acquisition. In this study, the idea of double fuzzy rough sets was introduced, which was seen as a
generalization of fuzzy rough sets.

Conflicts of Interest: The authors declare that there is no conflicts of interest regarding the publication of this
paper.
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