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A Solution of the Navier-Stokes Problem for an
Incompressible Fluid with Cauchy Condintion

Taalaibek D. Omurov

Kyrgyz National University named after Jusup Balasagyn; omurovtd@mail.ru

Abstract: The main object of this work is to establish the existence and uniqueness of a solution to the 3D
Navier-Stokes (NS) system for an incompressible fluid with viscosity. The nonlinearity of the NS system, as
well as the need to estimate velocity and pressure for every value of the viscosity parameter [1] make them
challenging to solve. In this regard, in the present work, we study the Navier-Stokes system, which describe
the flow of a viscous incompressible fluid and the solution was obtained for velocity and pressure in an
analytical form. In addition, the found pressure distribution law, which is described by a Poisson type equation
and plays a fundamental role in the theory of Navier-Stokes systems in constructing analytic smooth
(conditionally smooth) solutions.

Keywords: Navier-Stokes equation (NSE); differential equation (DE); pressure; incompressible
fluid; Poisson equation; solution uniqueness

1. INRODUCTION

In this work, we are not trying to consider the extensive references on the Navier-Stokes system,
since there are fundamental works in this area [2-4] and others. Some special of the above problems
were also investigaqted in the works [5-8] etc.

It is known that the methods of integral transformations in the theory of partial differential
equations made it possible to find solutions to many problems [11,12] and clarify the physical
meaning of some basic laws and phenomena in fluid mechanics. Therefore, this paper presents one
of the developed transformations of the said species.

In this regard, in the present work, we study the Navier-Stokes system, which describe the flow
of a viscous incompressible fluid filling all of R3, i.e.:

@-F(VV)V:f—iV P+ uAv, (1.1)
ot Jo,
divv=0, (1.2)
with initial conditions
V|2 =W(x), Vxe R, (1.3)

where R’ 3 W(x) is the known initial velocity vector, R’ 3 f(x,t)is external applied force (e.g.
gravity), 0 < is kinematic viscosity, o is density, 4 is Laplace operator, V is Hamilton

operator. These equations are to be solved for an unknown velocity vector ve R”and pressure
P(x,t), and equation (1.2) just says that the fluid is incompressible.

Aim of research. The main object of this work is to establish the existence and uniqueness of a
solution to the Navier-Stokes system for an incompressible fluid and at the same time, it is proved
that:

a) the solutions of the transformed equations are regular with respect to the viscosity coefficient
1, and they simplify the analysis of the original problem,
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b) the found pressure distribution law, which is described by a Poisson type equation and plays
a fundamental role in the theory of Navier-Stokes systems in constructing analytic conditionally
smooth (smooth) solutions.

c) at the same time, the obtained results meet the requirements of the "Navier-Stokes Millennium
problem-NSMP " (2000y.).

In the introduced space G;h (D, ), the norm is defined as:

” ||G”,(D0) _Z” ||Gh(D0) _Z{ Z H HC(D) |Vit||1h) }’

W, = supp [ s (x5 \ds; he L(0,00),0< h< b, = const <=,
R 5

j h(s )ds < h, = const <eo,(h, = max(h,,h, );D=R*XR,;D, = R*x(0,00),
0
where k =(k,,k,,k;) isthe multi-index,

v=(v,v,,v;), k=0: Dovi =v, k#0: Dkvi =——+* — (i=13),
X
, (1.4)
k|=>"k,, (k;=0,1,2; j=12).
j=I

A) In this regard, we note that in our early works, for example, in [9], we proposed method for
constructing smooth (conditionally smooth) solutions of 3D Navier-Stokes equations in

Gl(D,=R’x(0,T,)):
||V||G;(D1) _Z” ||G1(D,) Z{ Z H HC(D) |Vit||1) }’

0
), =sup e s
Ry
with the condition:
v, =0(x)AVxe R, (1.5)

where @(x )is known scalar function, R’ 3 Ais given vector with positive constant components:

0< ﬂi,(i = ],_3) Since it takes place

feR,pe R, Ac R’ : divf =0, div(Alp)=0,

— — 1.6
‘Dkgo‘ﬁﬁo = const, Vxe R ;|D" f|< B, =const, ¥Y(x,t)e D,, (i=1,3), (1.6)

then, we seek the solution of the Navier-Stokes problem in the form:
v=01+uJ(x,t), (1.7)

here R’e J isknown vector-valued function of the form:
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j j L (o5 Jexp(— _r Jdrds,(x,7e R®),
N_ 2w ((t=5)) 4u(t=s)
3
O<u<lI; r=lx—1|= / —7.)';J|,,=0,VYxe R,
i=1
] |x |2 (1.8)
eXp >S
G(xtt-s)=4 2 (Jun(t-s))  4u(i-s ))( %
0,(t<s),
L[G]= a—G — uAG =0,
and @(x,t) isanew unknown scalar function with the condition:
6, =¢(x). Vxe R’. (1.9)

Lemma 1. In case of (1.7), when conditions (1.2), (1.6) are satisfied, the inertial terms of equation (1.1),
taking into account (1.7), are linearized with respect to the introduced function @(x,t) and its

derivatives.

Proof. In fact, under conditions (1.2) and (1.6), it follows from (1.7):

divf =0; divJ = j j divf(x+2&Ju(t—s),s Jexp(~|&] )dEds =

0R3

(1.10)
T=x+2EJu(t—s)e R’; 0=divv=divol+ udivJ = 249)([.
i=1
And since
3 I
(6AV )OA = /w(Z;tjexj )=0,(i=13), (1.11)

j=1
then, on the basis of (1.7), (1.10) and (1.11), the inertial terms of equation (1.1) are equivalently
converted to the form:
(VW )v=(6AV )OA+ u[(OAV )J +(JV )OA+ 1’ (JV )J = u[(6AV )J +(JV )6A]+

, (1.12)
+u (JV)J.

So this means that under condition (1.2), the inertial terms of equation (1.1), taking into account (1.7),
are linearized with respect to the newly introduced function 6('x,¢ ) and its derivatives with respect

toxe R’, and the nonlinearity goes over to the known vector of the function J('x,#) and partial

derivatives with respect to x € R’ . Which was required to show.
Further, substituting (1.7) into equation (1.1), we obtain a linear inhomogeneous differential
equation of the type of heat conduction with variable coefficients:

aa—e/l+ﬂ[(0/1V)J+(JV)9/1]+ﬂ (JV)J=(1- ,u)f—;VP+(,uA(9)ﬂ (1.13)

in this case,
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3 3 3
/7'1122/‘] 5’1512 J X,-Eﬂ' Z
j=I ! j=1 i j=1
] 3
ﬂz’{;PX, Si(1=p)+u ZJ J =4 { (= )+ 7y I, = (114)
j=I
Eﬂ;’{;&—fg(l—ﬂ)szJijx,},
j=I

(1.14) is the condition of unequivocal compatibility for case (1.13), since € is a scalar function.

Remark 1. The remark consists of two parts related to formula (1.7) and (1.14).

a) In transformation (1.7) it is assumeds that: divf =0. But this transformation can also be

introduced in the case when: divf #0 . For this purpose, let us introduce the vector function

f'(x,t)(xeR):
fo =(f,(0,x,,x;,8)), f, (x,,0, x3’t) S5 (x,,x,,0, t))

. 0.1
a’zvfo—a fl(Oxz,)c3,t)+a fz(xj,0x3,t)+a fi(x,,x,,0,t)=0. 1)

Then in this case, the vector function J(X,f) is represented as:

:(JO(O X5,%3,1)), Jo(x1 0,x;, t) Jo(x1 x,,0,1)),
drds

T 0—’(
Jouti=s)y

i=13 1eR)

I o= jj( xp(— )»f( s)
Vr' o (0.2)
J’ |t:0=0,Vxe R,

divJ’ =iJj’+iJ" +iJ" =0.
X, ox, X,

Next, we obtain similar results as in the case of lemma 1.
b) To understand (1.14) we give a concrete example from the field of the system of algebraic
equations. For this purpose, consider a system with one unknown quantity z, i.e.:

Az+a,=Ab,(i=1,3). (0.3)
From here we see that if there is
Ala,=X"a,=A'a; =a, (0.4)
then z is uniquely defined in the form
z=b-a,. (0.5)
But z, can be defined differently, i.e.:
z=b— (L, +A,+4 )" (a,+a,+a,) (0.6)

or with respect to (0.6), performing some mathematical transformation we obtain

—ph— 12 Y 4 _ p_
z=b—(A4+4,+4,) (/1,/1]+ /12+/1 )05) a,. (0.7)

This means that the first and second paths are equivalent. So, under condition (0.4), z is indeed
uniquely determined from (0.3). Which was reguired to show.
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Note that (1.14) has conditions of the type (0.4) for the system with scalar unknown. Therefore,
when we solve the system (1.13) we choose the second path as shown in the case (0.6).
Next, the equation for the pressure is derived:

Lap =3 v, v, =t WY (Y40, 08,433 0,6, 41,

P i=1 j=1 =1 =1 =1 j=1
3 3 (1.15)
_ 2
F;) =ﬂ ZZIJUCJJ]XI
i=l j=

We are taking into account the operation div with respect to (1.13), (that's tantamount to applying the
operation div with respect to equation (1.1), since (1.1) is equivalently converted to the form (1.13)
based on (1.7)), since takes places:

divf =0, div(8.4)=0; div(uA8)A=0, div(AJ)=0, (divJ =0),

div{u[(6AV )J +(JV )OA+ 1> (JV )J } = F+,u(2(z/1] w0, +Z(ZJX,.9X,.)/1,-)-

=l j=1 =1 j=1

Here, formula (1.15) modifies the Landau — Lifshitz formula (see [2]: (15.11)) and is an equation of
Poisson type. Then it follows from (1.15),

P(x,t)= jin(T,t)dT,(x,Te R),
37
(1.16)

;(x, t)——{F +u[2(21 O+ (D T,.6, )AL

i=l =1 =l j=I

at that

) (1.17)

where (1.16) is called the Newtonian potential [11]. On the other hand, a solution to the Poisson
equation (1.15) tending to zero at infinity will be unique if the function Hx‘_ (i1=1,2,3) is unique,
since the function £2(x,f ) contains these functions.

To prove the above, we note that the obtained pressure distribution law allows us to express the

velocity in integral form when ve R’ .In fact, substituting (1.17) into equation (1.13) with allowance
for (1.14), we obtain an inhomogeneous linear integro-differential heat conduction equation with the
Cauchy condition:

6, =®+uBl6,8, .6, .0, 1+ule,

5 (1.18)
9|[:0 =¢(x)Vxe R,
here the known functions contained in (1.18) are introduced on the basis of the notation:
R
C=0,+D,; D =d, z(]_ﬂ)ﬁ(x’t)’
i=1
3
dy=Y 4 >0, (1.19)
i=1
B 5 33 ] 3 f B B
D,(x,t)=d, [-u Z(Z iix; __J‘Z;Fo(x"'é"t)dé]’
=1 j=I ir =l 1
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B[6,6,.6,.0,1=~{d;"00) (2 A, )+ 2,0, ()1,()+

i=1  j=I
3

vy (| Zf—ﬁ[;(; A, (x+E.008, (x+ 800+ 2 (D1, (v+

RS k=1 r] j=1

+8,0)6, (x+E1)A1dE N, = (& +E+E ) h=x+EecR').

As a result, problem (1.18) is transformed to a system of Volterra and Volterra-Abel equations
of second kind, where the solvability of this problemin G'(D, ) follows from the solvability of this

system. Therefore, we obtain similar conclusions for problem (1.1)-(1.3)in G 31 (D,).

B) Similar issues were investigated in [10], i.e., equation (1.1), (1.2) with the condition:
v|_, =0, Vxe R’,te R, =[0,), (1.20)

at that f;(x,t) is the component of a given external force f admits the conditions:

f=01.1215) divf =0,
D! f| < B(1+1)7 < B, =const, ((x,t)e D=R*XR,);q=const>1), (1.21)

[[fxt)dxdt=2, (Ae R : 0< 4 =const, i=13),

0R

and this means that R’ 3 4 is a vector with constant components: () < A, (i=1,2,3), therefore, it

becomes possible to use modification of the method (1.7) of the previous sector, i.e.:
v=60A+u(l+t)"J(xt), (1.22)

where (1.8) is taken into account. At that @(x,t) is a new unknown scalar function with the

condition:

6_,=0. Vxe R’. (1.23)

Here (1.22) differs from (1.7), since € R+, therefore as a multiplier function, we introduced:

£ (t)=(1+t). Hence, follow (1.10) and (1.11) we have

divf =0
divJ = #[ j divf (x+2&Ju(t—s),s Jexp(~|& )d&ds =0,
T=x+24f\/h€ R*; divv=0: (29
0=divv=dived+u(l+t)*divJ = Zjl/wxi
=
And
(6AV )OA = /11.9(23: 4,0, )=0,(i=13). (1.25)

J=1
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Then, taking into account (1.20), (1.24) and (1.25), the inertial terms of equation (1.1) are equivalently
converted to the form:

(VW )v=(OAV JOA+ u( 1+t ) [(OAV )J +(JIV )OA + 1> (1+1) > (JV )J =

=u(1+t)[(OAV )J +(JIV )JOA+ 12 (1+1 )2 1(JIV )J. (1.26)

Constraints on external force of the form (1.21) make it possible to simplify the Navier-Stokes
problem and transform it into a system of integral equations of the second kind. In fact, on the basis
of (1.22) and (1.26), from (1.1) follows the equation:

%—9/1+,u(1+t)"[(QZV)J+(JV)49/1]+,UZ(]+t)2"(JV)J =(1-u(l+t)")f+
! ; (1.27)
+ug(1+t ) J—=—VP+(ud6)A,
P
since @ is a scalar function, then the condition:
3 3 3
A AT =AY A, =AY AT
j=1 ’ =1 ' = ’
3
ﬂfl{iPx, —fi(1=p(1+1)7" )= pug(1+1)" ", +ﬂ2(1+t)‘2qZJjJ1x,} =
P = (1.28)
_1-1 ] —q —(q+1) 2 -2q 3 —
=1, {;f; —fo(I=p(1+t ) )= pug(1+0) " T+ 2 (140)27 ) J J,, } =
j=1
3
= ﬂ;{%& 1=+ )= pg(1+2 ) 0T+ 2 (14073 T,
j=1

is a univocal compatibility condition for (1.28). From where the equation for pressure is derived:

ﬁAP =2 D Vi Vi =—AE (1) (XA, )0, + 3 (2T ,.6, )AL,

i=1 j=1I =l j=1 =l j=I

3 3 (1.29)
Fy= (140730, J,
=1 =1
where
divf =0; div(6,4)=0; div(1A6)A=0;divJ =0,
divig(1+1t ) [(OAV )T +(JV )JOAV+ 1 (1+1 )71 (IV )T }=F, + u( 1+t )*"(23: (23: A, )0, +
=l j=1
DXOINZY)
i=l =1
On the other hand, we note that it follows from (1.29):
] 303 33
Q(x,t)= E{Fo U (DA, )6, + D (DT ,.6, AT
=l j=1 i=l  j=I ‘
(1.30)

P(x,t)= J.f,o[)(r,t)dr,(x,re R, r=|x—1)
R3

here (1.30) tends to zero at infinity, and there are second-order partial continuous derivatives, and
for the first-order partial derivatives it takes place:
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Therefore, excluding pressure from (1.27), we obtain a linear differential equation with variable
coefficients and with the Cauchy condition of the form:

6 =D+u(l1+t)"{(x,t)+uAb,

6 ,=0. Vxe R’
C(xt)=—d," 0022 A1, ())+Ze (1, ()+d"(— | Z%[Z( Al (x+ (132)
S0, (x+E )+ (21, (x+6,)8, (x+E.1)ANAC )}, (h=x+eR'),

where

=D, +D,; D, = d-fZ[(J L(1+t) ) fi(x,t)+uq(1+t) ],

&

1

Ou(5) = (= (1) 3 (30,0, )= [ 35+ £t )=

i=l =1

. . (1.33)
=p0dy [=(1+)77 ) (DT, )—— [ 25—3(1+z)‘2qx

=l j=1 RHI r

33 3
£ £ B2 F2 | F2)3
N (T (x4 E DT (x+ED, (=8 +E+E P d, =Y A >0).
m=1 k=1 i=1

In such an approach the solution of problem is reduced to finding two functions, 6('x,t) and
¢ (x,t). The latter can be usually determined without difficulties and we will solve the equation
with respect to {'(x,¢) by the Picard’s method [11]. Besides, since the function € has continuous
partial derivatives up to the second order inclusive with respect to spatial coordinates, and a first

order time derivative, then problem (1.32) with sufficiently smooth data is solvable in W’(D ).

Therefore, based on (1.22) we have similar conclusions for problem (1.1)-(1.3) we obtain in W;) (D)

ve R?,

”V”W;’(D) Z”V ”W”(D) Z{Z H HC(D) |vlt||C(D)

2. FLUID WITH THE CAUCHY CONDITION (1.3)

Methods of analysis of physical phenomena are based on statements of corresponding
mathematical problems formulated by means of various kinds of functional equations and certain
additional conditions. The solutions of these problems may be considered the main aim of the
theoretical investigation.

Let is the velocity vector satisfies conditions (1.2), (1.3) and takes place

jw(r)dH”f(rs)dfds—ﬂ (feR 1€ R*,D,=R’x(0,%0),D=R’XR, ), 2.1

0 R
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where R’ 3 A is a known vector with positive constant components: 0 <A,(i=1,3), and then

applying the transformation:

t
v=01+(exp(——=))J(x,t), 2.2)
J7
where 6(x,t) is the new unknown scalar function, and 0 < J, is the introduced constant, which

ensures the application of the Banach principle and the Picard's method for the system of integral
equations of Volterra-Abel type of the second kind, into which the original problem is transformed,

R’ > J(x,t) is the given vector:

J:;jw(r)ex (—M)dz'
Pdumy 4T

J|t:0 =y(x), Vxe R’,

3
|x—2‘|= /Z(xi—z'l.)z, (x,Te R’; O<u<lI; 0<9,=const<1), (2.3)
i=1

! e~
G(x,T,t)=——— — (t>0),
(8 T) = T o= (1>0)
G

L[G]=—-uAG =0,
[Gl=="~#

where (' x,t) isanew unknown scalar function with the condition:
6(x,0)=0,Vxe R’ (2.4)

at that

divv=0, (divy=0): divJ= % j exp(—|& Jdivy(x+ 28 ut )d& =0,
T R
, 2.5)

r=x+2EJute R’; 0=divv=div(61)+ (exp(—L(S ))divg =div(64)=> 6, A.
Ho, =l

Then, taking into account (1.11) and (2.5), the inertial terms of equation (1.1) are equivalently
converted to the form:

(VW )v=(6AV )+ (exp(— ﬂL& (OAV )J +(JV JOA+(exp(— 2—; DIV )J =

L L(OAV ) +(JV )OA]+(exp(——
U, U,

(2.6)

=(exp(— D(IV)J.

The conditions of the form (2.6) make it possible to simplify the Navier-Stokes problem and transform
it into a system of Volterian type integral equations of the second kind. In fact, on the basis of (2.2)
and (2.6), from (1.1) follows the equation:

00 ¢
_/1.’_ _
> (exp( 0,

+f—p VP+(ud6)A,

J(OAV )J +( IV )R] =—— (exp(~— )0 — (exp(——2L )(IV )T +
us, P pe, 4o, @7)

since @ is a scalar function, then the condition:
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3
ﬁ;{]} 52,51]2 E1371']3; 111{£Px, = f,+(exp(— t5 ))(Zﬂ*j‘]u +
=

0

1
—P,~/

t
5 s 2.8)
0

JY 1x;

3 B 1 t 3
XZ VS %’{;& ~fit(ep(—— ”(21 A, +(exp
Jj= Jj=

0
is a univocal compatibility condition for (2.8). In addition, the Poisson equation for pressure is
derived in the form:

3

—AP ZZV,X v, =—{F, +(exp(——))[2(zz )8, +Z(ZJ 0. )AL (29

i=1 k=1 =l j=1 =l j=1

and it is obtained on the basis of (2.2) by applying the operation div to equation (1.1), (or (2.7)),
since

3 3
divf =0; divJ =0,div(81)=0; div(uA6)A=0;F, _exp(—i)ZZJ. J

ix; " jx;?
i=1 j=1

diV{exP(‘%)[(l%V)J+(JV)6’ﬂ]+exp(—52—t)(JV)J }=F, +exp(—6L)><

0 0 0

XSS A 08,33 T,0,)3)

=1 j=1 =1 j=1

On the other hand, we note that it follows from (2.9):

Qx, f)=—{F +€XP(—ﬂ—5)[Z(Z e, )6, +Z(z 0, A1}

i=1 1 i=1 =]
’ ’ - 2.10)

P(x,t)= jépg(r,t)dr,(x,fe R, r=
R3

here (2.10) tends to zero at infinity, and there are second-order partial continuous derivatives, and
for the first-order partial derivatives it takes place:

af
b @.11)

Therefore, excluding pressure from (3.3), we obtain a linear differential equation with variable
coefficients and with the Cauchy condition of the form:

&S matEn e w (2.12)
+E,z))e,‘(x+2,t)+2(21ﬂ1(x+Z,t)e,j (x+E1)AVE), (t=x+Ee R®),

i=l =1

6,_,=0.Yxe R’

where
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-1
0

0=

1=

_ )1 ot 3 A Z_ o
D, =d; {Maexp( Mﬂ)ZJ} @, =d;'[ IZ Fy(x+&1)d&]

_1 2t ] 3 F 3.3 _ _ _ i,
=d, (exp(_ﬂ_a,,))[_TJ %ZZ(JWA(x+fif)Jkrm(x+§;f))d§]’(r1: ; $. )

(2.13)

1 m=Ik=1

Further, the solution of the problem under study is reduced to the determination of functions from
the equations:

dtds
2 =% _r
)))( p( ))C( )( ) +

+F j j (exp(~(|&[ +ﬂ—50)))5(x +2&Ju(t—s),s)déds = (T )(x,1),

zsf”( xp(~

(2.14)

TR )y, duds
et | by S e Ll ey

(e (Al 4 x4 26l =5).5) f‘(’%"z S=rEa=13)

[ Coxp(=lef (@ (x4 28t =5).5)+ @, (v 28 (1 =5).5 ) ds

6. =Y +

23

\,.'~—. )

— I l
—Y’x’+ ”'([

1

’

r, =

rZ

S C—y Q'—a“

j(exp( |§| D@, (x+2EJu(t—s),s)déds,({(x,t)e C''(D); Y =Y,+71,).

7’

So, taking into account (2.12), (2.14) and {(x,¢) we have
O=(IT)(xt),

COxt)——id (r;)z(zu ())+z(r OO+ =[S AL
BTN+ )t S (ST, (x4 E(T LN x+ EDAE N =(T,L )x),

=1 j=I

r=x+Ec R’

at that

doi:10.20944/preprints202309.0751.v1
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|D'r,|< B,.|D"J| < ,BZ,V(x,t )e D,

d ’ s
Vo = o Wa(xt) }= 5 f j j (exp(—(|¢] + 5 )))(;Jﬂ, (x+
+2§«/,u(t—s),s))d§dsEd?“,(z =13),

:ai(d%(x,t)),(i =13;1 =x+2&Ju(t—s)e R’),

xi
ﬂd)?[
r, r!i“’""( (et + (2.16)

Xx/m,s}dfds,
2], = SZPIh(S)|¢2(x,s)|ds <d,'B,h, = B,

1h, s ds 1 b o Nt=NT)(Nt+r) dr L
j(exp( 5))ﬁsf(j(exp( Mo N

(J‘Zdl')2<\/§('|‘( e 2(\/7 \/7)\[) (\/_ \/_)\/_)2<\/§

sup—— I(CXP( |§| ))Z|§k|x

k(x+2§\/u(t—s),s)\d§ <p.B, =B,

1 ¢ 1 2 s S _
W j — j (exp(—(|¢] +ﬂ—§0)));|éklx\tf,k\d5ds < B:\26,= B,

1., < B+ By < B
| 2llGl(p,) — Z ||r2||C(D)+|| ||1hSIBS’(0<ﬂi:C0nSt’i:]’8)‘

Similar assessments can be made regarding 1, in G,(D,) , therefore we have
_ 1
Y +Y,=reG'(D,).
Since, operator 1, of system (2.15) contains small viscositie J and 4/J, , then the proof of

solvability and the construction of the approximate solution can be realized on the basis of the Banach
principle and the Picard's method.
Letting

L, =l;\/§0<], (0<6, </€’2,0<l;=const),
2.17)
I,:8,€8,.(S,(6,)={{ =&)< n, Y(xt)e D},

we obtain for {(x,t) the formula

¢=limg,  V(xt)eD. (2.18)
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we have estimate
1S =Sl <Ly, ), —Z 0 (2.19)
where
Cot =(18, )(x,t),(n=0,1,2,3), (2.20)

here {,is unitial estimate. Then, taking into account (2.15) we obtain that the function 6('x,t)is the

only one with an estimate

9)1 :(rgn)(x’t)’(é/n+1 :(Fog )(x,t),n=0,],2,...),
¢ S U6,

o SHOL, 1 ——==0,

Lr <l,n—>e0

CSLLn (L, =k(3, <1), @.21)
c S”r”c +'U50r2 S'B9’
Sr(§0)={§.'|§—é’0|ﬁrl,

It follows from the results obtained that in this case, the pressure becomes known, since the right
side (2.10) is a known function.

Further, since equations (2.14), (2.15) contain 6,6, ,(i=1,2,3),{e C "(D), then, taking into

<n,V(xt)e D).

account

6, =7, +—J J (oxp(~(ll" 4 (26l =5).5) ﬁdfds,

9,=r,+exp(—ﬂ%})§(x,t)+ﬁjj (exp(—(lef + - Iu Z \/—g“; (x+ @2

0 R’

+2&Ju(t—s),s)déds, (i=1,3; 1:x+2§./u(z—s)e R’),

moreover, from the estimate (2.14) and (2.22), on the basis of (2.16) it follows:

16, = > |D6]. . +6.(x.2)],, < B, = const. (2.23)
<|k|<2

Gi(Dy) c(p)

Further, taking into account (2.2), we obtain

V., =04 +exp(———)J (x.0)(i=13; n=0,12,..,).
HO, (2.24)

n
Hvi,n - Vi” s ﬂ’i/’lJOLFO}ﬁ] p— 0.

(D)

Then, based on (2.2), (2.23), (2.24) and

v,eGl(D,): |v, ||G,(D <M, (0<M, =P, +p, =const;i=13),

vit:/liet-i_exp(_ ){ - rj(exp( |§| ))\/72%1//,1/()5+26g\//?)d§}y
I=x+2&Jute R; ||D" N B |Vl €Bo(i=13),

0<‘ < ¢(b)

it follows
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3 3 it
||v||G§.h(D0) = ;”Vf"@fm)) :; {Ozk‘izupkviucw) + szﬂpj(:h(tﬂvif (x,t)| dt} < N, = const. (2.25)

Theorem 1. Let the Navier-Stokes system (1.1) is defined on the D, and with prescribed initial data
(1.2), (1.3), and conditions (2.1), (2.8), (2.16) and (2.23). Then there exists a unique solution of the
problem (2.12) in G (D, ). Moreover, taking into account (2.2), there exists solution to problem (1.1),

(12)and (1.3)in Gi(D, ).

Remark 2. In the case when the functions 1’,(i=1,2)are continuous, the result is valid, if we

understand the partial derivatives in the sense of S. L. Sobolev [11]. This fact is also one of the
significant advantages of the applied method.

3. CONCLUSIONS

The main idea of this chapter is that the Navier-Stokes equations (1.1) is reduced to Cauchy
problem for inhomogeneous linear equations with the variable coefficients of the heat conduction
type, based on the transformation (2.2), taking into account conditions (1.2) and (2.1). The indicated
conditions are an important factor for the linearization of equation (1.1), since (2.6) holds when
formula (2.2) introduced, i.e. the inertial terms in the Navier-Stokes equations with respect to the new

unknown function fand its derivatives @, ,(i=1,2,3 ) are linearized. Further, taking into account

(2.2), we also obtain Poisson type equations for pressure of the form (2.9), which modifies the
Lipschitz-Landau formula. Therefore, with the exclusion of pressure from equation (2.7), the linear
parabolic problem (2.12) follows, which is reduced to the system of Volterra and Volterra-Abel
integral equations of the second kind (2.15), and they simplify the analysis of the original problem in
space G(D, ).

On the other hand, since the Navier-Stokes equations with certain initial conditions were studied
in papers [9,10] in G)(D,=R’%(0,T,)) and W/(D) (see sector 1), and in this work this
equation is studied with conditions (1.3), (1.20) in G]( D, ) (see sector 2). Therefore, it can be
considered that the Navier-Stokes equation is studied in the full sense with the Cauchy conditions.

Note that in the future, space G; (D,) can be used for the Navier-Stokes problem in a bounded

domain, when D, isbounded.
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