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Abstract: This work introduces an approach to investigate the existence of zeros for holomorphic
complex functions, defined on open and simply connected subdomains of C, in a systematic and
direct way. This is achieved by means of the theory of dynamical systems (Poincaré index) and the
perception that a zero of a specific complex function is an equilibtium for the associated dynamical
system. The logical basis of proof is to find the mathematical expression for the Poincaré index of the
vector field associated to the function under study, assuming the existence of a zero, and investigating
the consequences. Depending on the value of the index, an inconsistency may occur, establishing a
contradiction.
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1. Introduction

Oftentimes it is necessary to know whether a given function, 7 : C 2 A — C = R2, has zeros in
certain regions of the complex plane, here identified with R2. In general lines, the underlying idea
in this work is to face the given function as a mapping, associating to each element of A, one vector
in R?, that is to say, a 2-dimensional vector field usually referred to as the field associated to 1 [14],
namely, 77 : A — R2, using the same designation for both objects. This atypical viewpoint gives rise to
a nonlinear autonomous system [4,5].

@
X(t) € ACR?
which will be the basis for the development of the ideas to follow.
Obviously, the state space of system (1) can be extended to the full domain of 7.
2. The function and its associated vector field
By identifying s = o +i.t and (o, t) , the function can be written
f(o,t) A Re(n(o+i.t) ()
A .
g(o,t) = Im(n(c+it)) (3)
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n(o,1) = E((f,?)] @)

viewed as a vector field with components given by its real and imaginary parts.

If 1 is holomorphic, its components are C* and have partial derivatives of all orders. In addition, it
satisfies Cauchy-Riemann equations [14].

The total differentials of f and g are given by

of of
df = %da—i— gdt 4)
_98, . 98
dg = %da—i- ﬁdt (5)
with
Jg  of
S0 = 3 (6)
Jog  of
3% = 50 @)

3. Poincaré index for 2-dimensional dynamical systems

Given a 2-dimensional vector field V, defined in a simply connected region A C R?, consider any
closed curve C fully contained in it and not enclosing any equilibrium points of the dynamical system
originated by V in its interior.

{xa) — V(X(1) (8)

X(t) € A C R?

By restricting V to the closed curve C we obtain a vector field along it, as displayed in Figure 1.
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Figure 1. Vector field along closed curve

By moving along C in the anti-clockwise, positive sense, the vectors with origin in C rotate and,
after a full excursion, an angle 27tk is traversed, where k € Z - the integer k is called the Poincaré index
of the curve C.

The index of a closed curve with no equilibria inside it can be obtained by integrating the change
in the angle of the vectors at each point in C.

For a vector field given by

f(o,t)
V(o,t) = )
(7:1) lg(a,t)]
the index of C is
ALl fao L g_ij{fdg—gdf
k_Zn?{cd(P_an{cdarCtan(f)_Zn c R1g (10)

The Poincaré index of a equilibrium point of V, (x,, y.), is defined to be the index of a closed curve C
which surrounds only this specific point, not existing equilibria on the closed curve.

The Poincaré index features some very significant properties [1,15,17,19]:

e It is invariant under homotopical transformations of C, provided equilibria do not "clash" with
curves.

* When C is a simple closed curve, V is a C? vector field defined on C and its interior, and there
are no critical points of V inside C, the index of C relative to V is 0.

¢ The index of a sink, a source, or a center is +1.

¢ The index of a periodic orbit is +1.
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* The index of a hyperbolic saddle point is -1.

.
BN

Figure 2. One isolated equilibrium (center) inside the closed curves —> index =1

Figure 3. One isolated equilibrium (source) inside the closed curve = index =1
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Figure 4. One isolated equilibrium (sink) inside the closed curve = index =1

Figure 5. No equilibrium point inside the closed curve = index =0
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4. Strategy of proof

The proposed method is very simple and consists of using the principle of non-contradiction.
Supposing we want to prove the inexistence of roots for 7 in a particular region, it is assumed
that there is at least one zero in the region at hand.

Departing from this scenario, and using particular aspects of the derived vector field and associated
dynamical system, the objective is to find a logical inconsistency, leading to the conclusion that the
initial premise is false, that is, there are no roots in the given subset.

On the other hand, if the objective is to prove the existence of roots, it is assumed they do not exist and
the search is in the inverse path.

5. Conclusion

By leaving the complex numbers’ realm and entering the dynamical systems’ one it is feasible to obtain
satisfactory conclusions about the existence of roots for complex functions - problems comparable to
the generalized Riemann hypothesis may be investigated and possibly solved with the help of the
proposed paradigm. It is amazing that one of the paths for the solution could take us so far and unveil
the truth in such a harmonious way. By using concepts of the theory of dynamical systems and a
specific vector field, associated to a complex function, the new context opens new paths which may be
effective in the solution of so hard problems.

The underlying method described in this paper may be directed to any complex function, provided it
satisfies certain (not very restrictive) regularity conditions, including Dirichlet L-functions [3] and so
many others. Following this work, another publication will dive into a very significant example of
application of the ideas here exposed.
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