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Abstract: This study investigates the stochastic dynamics of hepatitis B virus (HBV) infection using
a newly proposed stochastic model. Contrary to deterministic models that fail to encapsulate the
inherent randomness and fluctuations in biological processes, our stochastic model provides a more
realistic representation of HBV infection dynamics. It incorporates random variability, thereby
acknowledging the changes in viral and cellular populations and uncertainties in parameters such as
infection rates and immune responses. We examine the solution’s existence, uniqueness, and positivity
for the proposed model, followed by a comprehensive stability analysis. We provide the necessary and
sufficient conditions for local and global stability, offering deep insight into the infection dynamics.
Furthermore, we utilize numerical simulations to corroborate our theoretical results. This research
provides a robust tool for understanding the complex behavior of HBV dynamics, contributing
significantly to the ongoing quest for more effective HBV control and prevention strategies.
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1. Introduction

Hepeatitis B is a severe viral infection that affects the liver, leading to acute and chronic conditions.
The virus is commonly transmitted through pregnancy, contact with infected blood or body fluids,
and unsafe injections. In 2019, 296 million people lived with chronic hepatitis B, with 1.5 million
new infections and an estimated 820,000 deaths, primarily from liver-related complications. Effective
vaccines are available that offer essential prevention [1]. Mathematical modeling is a powerful tool that
extensively enriches our comprehension of the complex HBV infection dynamics and the consequential
effects of antiviral therapies. Classical models of HBV infection dynamics are typically anchored in
ordinary differential equations (ODEs), reflecting the intricate interactions between the virus and the
host immune response [2—4,15,17,26].

Although these deterministic models provide pivotal insights into HBV’s pathogenesis and
therapeutic interventions’ impacts, they tend to neglect the inherent randomness and variability
intrinsic to biological processes. This aspect can be critically important, particularly in shaping the
infection dynamics [5]. Therefore, stochastic models have been suggested to offer a more nuanced and
accurate representation of HBV dynamics. These models embed random variability into the equations,
thereby encapsulating fluctuations in viral and cellular populations and the uncertainty associated
with parameters such as infection rates and immune responses [6,7].

One of the first works to provide valuable insight into the nature of the infection and treatment
effects are deterministic models, mainly based on ordinary differential equations (ODEs) [2—4]. These
models represent the virus-host immune response interaction, capturing the core dynamics of the
infection.

However, deterministic models” primary limitation is their inability to consider the inherent
variability in biological processes [5,42]. This variability can be integral to understanding the dynamics
of infection, including fluctuations in viral and cellular populations and uncertainty in parameters
such as infection rates and immune responses.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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Recently, stochastic models have been suggested to tackle this limitation and provide a more
realistic representation of the HBV infection dynamics [6,7]. These models incorporate random
variations into the system, thus accounting for the variability inherent in biological processes.

This research presents a mathematical analysis of the stochastics HBV infection dynamics model.
The existence, uniqueness, and probability of the solution are discussed then we studied the local
and global stability, where we show the necessary and sufficient conditions of stability in probability.
In addition, we show the existence of ergodic stationary distributions. To validate our theoretical
findings, we substantiate the results with numerical simulations, offering a robust and practical tool
for understanding the complex behavior of HBV dynamics.

2. Introduction

Hepatitis B is a severe viral infection that affects the liver, leading to acute and chronic conditions.
The virus is commonly transmitted through pregnancy, contact with infected blood or body fluids,
and unsafe injections. In 2019, 296 million people lived with chronic hepatitis B, with 1.5 million
new infections and an estimated 820,000 deaths, primarily from liver-related complications. Effective
vaccines are available that offer essential prevention [1]. Mathematical modeling is a powerful tool that
extensively enriches our comprehension of the complex HBV infection dynamics and the consequential
effects of antiviral therapies. Classical models of HBV infection dynamics are typically anchored in
ordinary differential equations (ODEs), reflecting the intricate interactions between the virus and the
host immune response [2—4,15,17,26].

Although these deterministic models provide pivotal insights into HBV’s pathogenesis and
therapeutic interventions” impacts, they tend to neglect the inherent randomness and variability
intrinsic to biological processes. This aspect can be critically important, particularly in shaping the
infection dynamics [5]. Therefore, stochastic models have been suggested to offer a more nuanced and
accurate representation of HBV dynamics. These models embed random variability into the equations,
thereby encapsulating fluctuations in viral and cellular populations and the uncertainty associated
with parameters such as infection rates and immune responses [6,7].

One of the first works to provide valuable insight into the nature of the infection and treatment
effects are deterministic models, mainly based on ordinary differential equations (ODEs) [2—4]. These
models represent the virus-host immune response interaction, capturing the core dynamics of the
infection.

However, deterministic models” primary limitation is their inability to consider the inherent
variability in biological processes [5,42]. This variability can be integral to understanding the dynamics
of infection, including fluctuations in viral and cellular populations and uncertainty in parameters
such as infection rates and immune responses.

Recently, stochastic models have been suggested to tackle this limitation and provide a more
realistic representation of the HBV infection dynamics [6,7]. These models incorporate random
variations into the system, thus accounting for the variability inherent in biological processes.

This research presents a mathematical analysis of the stochastics HBV infection dynamics model.
The existence, uniqueness, and probability of the solution are discussed then we studied the local
and global stability, where we show the necessary and sufficient conditions of stability in probability.
In addition, we show the existence of ergodic stationary distributions. To validate our theoretical
findings, we substantiate the results with numerical simulations, offering a robust and practical tool
for understanding the complex behavior of HBV dynamics.

3. Model Formulation

Our research employs a modified stochastic version of a deterministic model that represents the
dynamics of HBV infection.

The deterministic model [42] is presented by the following system of ordinary differential
equations (ODEs):
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dx
a5 = A mx— (1 =n)Bxz+qy,
d
== (L= n)pxz =y —qy, M)
dz

a5 = (L—e)py — paz.
The parameters in these equations are defined in Table 1.

Table 1. Parameter descriptions for the deterministic model.

Parameter | Description
A Production rate of uninfected cells x.
M1 Death rate of x-cells.
U Death rate of y-cells.
U3 Free virus cleared rate.
n Fraction that reduced infected rate after treatment with an antiviral drug.
€ Fraction that reduced free virus rate after treatment with an antiviral drug.
p Free virus production rate from y-cells.
B Infection rate of x-cells by free virus z.
q Spontaneous cure rate of y-cells by non-cytolytic process.

The stochastic model, built upon the deterministic model, adds stochastic noise to each equation
to capture the inherent variability in biological systems:

dx(t) = (A — mx — (1 —n) Bxz + qy)dt + oy xdWy (t),
dy(t) = (1= n)Bxz — poy — qy)dt + o2ydWa(t), )
dz(t) = (1 — €)py — uzz)dt + o3zdWs(t).

Here, Wy (t), Wa(t), and W3(t) represent standard Wiener processes, and 01, 0>, and o3 represent
the noise coefficients that control the amplitude of the stochastic fluctuations.
The system (2) can be reformulated in the following way:
duy = f(u(t), t)dt + B(u, t)dW, £>0 ©)

Here, the initial condition is 1y € R3, and u(t) is represented as a vector (x(t),y(t),z(t)).
The functions f(u, t) and B(u, t), along with the differential dW, are defined as follows:

A—pix — (1 —n)Bxz+qy

flu,t)y=1 (A —n)pxz—pmy—qy |,
(1—€)py — psz
ox 0 0
Bu,t)=| 0 oy 0 |,
0 0 o3z
AW,
AW = | dw,

AW,
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3.1. Preliminaries

Before exploring the solution properties and the stability analysis of the stochastic system 2, it
is essential to establish a foundation by defining some pertinent terms and theories. These concepts,
drawn from [18], lay the groundwork for the forthcoming analysis.

In general, equation 3 can be reformulated as a stochastic equation of d dimension within the
context of a complete probability space (Q), F,P), paired with a filter {F;};>0. This reformulation can
be expressed as

duy = f(u,t)dt + B(u, t)dW, t>0 4)

Here, f(u,t) : RY x [ty, T] — R? and B(u, t) : RY x [to, T] — R**" are Borel measurable, and the
white noise W(t) = (wy(t), wo(t), -+, wy(t)) € R", for t > 0. Assuming that 0 < tp) < T < o0 and
that the initial value g is F;,-measurable R? random variable such that E|ug|? < o, equation 4 can be
recognized as an Itd type stochastic differential equation.

Definition 1. A stochastic process {u(t)}o<t, <7 in RY is identified as a solution of equation 4 if it satisfies the
following conditions:

i. {u(t)} is continuous and Fi-adapted;
ii. {f(u(t),t)} € LY([to, T;R) and {B(u(t),t)} € L2([ty, T|;R3d x n);
ifi. equation 4 is valid for every t € [ty, T| with probability 1.
A solution {u(t)} is deemed unique if any other solution {ii(t)} fulfills the following condition:
P{u(t) = a(t) forall tg <t <T} =1
Lemma 1. For any v > 0, the following inequality holds.

v<2(v+1-In(v)) — (4 —2In2).

Proof. The proof is straightforward since the function f(v) = v +2 — 2In(v) has a minimum at
v=2 [

A d-dimensional stochastic equation can, in general, be expressed as

du(t) = f(u(t), t)dt + B(u(t), HdW(t), ®)

Where u(t) = (x1(t),x2(t),- - -, x4(t)) with the initial condition u(ty) = ug € R?, and W(t) is the
m-dimensional white noise defined on a complete probability space (Q), F, { Fi }i>0, P).

3.2. It6’s Formula
We define a differential operator L as follows:
0o ¢ o 1& . 1 02
L= 5 + l;fi(u't)aixi + 5 ij;l[w (u, t)W(u/t)]ijW' (6)
Consider V(u,t), a nonnegative twice differentiable function defined on R? x [ty, ®), applying

operator £ on V, we get:

LV = Vi + Vufi(u, £) + %trace[WT(u, Vi W (u, 1)), %

_ AV oy (V. AV . av _(2v
where V; = 5,V = (axl, g7 g ),and V,,, = (i’uiauj)dxd'

do0i:10.20944/preprints202309.0222.v1
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Therefore, the Itd formula can be defined as:

dV = LV (u(t),t)dt + V,, (u(t), t)B(u(t), t)dW(t). 8)
In the next section, we will discuss the properties of the solution to the system given by Eq. (2).

3.3. Properties of Solution

We discuss the solution properties of the system 2, such as existence, uniqueness, and positivity.
The dynamics of a population model can be understood by demonstrating that the solution is global
and positive for all time ¢t > 0. The coefficients of the above stochastic system are locally Lipschitz and
satisfy the linear growth condition [12].

Theorem 1. For any initial value ug € R3,, there exists a unique solution to the system (2) for all t > 0.
Furthermore, this solution remains positive for all t > 0 with probability 1, i.e., u(t) € R, for all t > 0 almost
surely.

Proof. The coefficients of the equations (2) are continuous and locally Lipschitz. Thus, there is a
unique local solution u(t) € R3,. for any initial g € R3, where t € [0, 7). To establish that the solution
is global, we must show that T = co almost surely.

Choose ny > 0 large enough such that uy € [1/ng, ng], and let n > ny. Define

T, =inf{t € [0,7) 1 u(t) & (1/n,n)}.

We must show that 7, is an empty set, assuming that inf ® = oo. Since 7, is an increasing sequence, let
Too = liMy 300 Ty. By definition, 7o < T a.s.

To complete the proof, we must show that 7, = o a.s., which implies T = co. Assume by
contradiction that this is not true. Then there exists a pair of constants T > 0 and € € (0,1) such that
P{7w > T} > €, which implies the existence of an integer n; > 1 such that

P{t, < T} >e, Vn>n. 9)
Now, let’s define a function G(u):
V(u(t)) =V(x(t),y(t),z(t)) =x+1—-Inx+y+1—-—Iny+z+1—1Inz,

which is non-negative due to the inequality v 4+ 1 — Inv > 0 (see [19]). By applying It6’s formula on
G(u), we get the following:

av =[(1—

2|

JA = px — (1 —n)Bxz +qy)

(1= D)1= )z — oy — qy)

— <

1
+(1= (A= e)py — u3z) + 5 (0F + 03 + 03]t
+ 0'1(X — 1)dW1 + O'Q(y — 1)dW2 + 0'3(2 — 1)dW3,

which simplifies to
dV < [a+bV(t)]dt + o1 (x — 1)dW; + 02 (y — 1)dW, + 03(z — 1)dW3,

where a = A+ py + pia + p3 + g + 3(0? + 03 +02), and b = max{(1 —€)p, (1 — )}
Let ¢ = max{a, b}. Integrating the above inequality, if t; < T we get

do0i:10.20944/preprints202309.0222.v1
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[T aviy < [ viars [T o nawy

Ta A\t

Ta A\t
+ /0 o (y—1)dW, + /0 03(z —1)dW3

By definition, this implies

EV(u(o A1) < Vi) +E [ e(1+ V(o)
< V(up) + cty + cE /0 (),
< V(ug) +cT +cE /Otl V(T A ty)dt,

t
= V(ug)+cT+ c/ ' EV(ty At1)dt.
0

From the Gronwall inequality, we obtain the following.

EV(taAty) <cp = (V(ug) +cT)eL. (10)

We then set ), = {1, < T} for n < n; and, by inequality 9, P(Q),) > €. Note that there exist
some x, Y, or z such that u(t,, w) = n or 1/n, for every w € Q. Therefore, V (u(T,, w)) is greater than
n—1-—In(n)and 1 +1-In(1/n) =1 +1+1n(n),ie,

V(u(ty,w)) > min (n —-1- ln(n),% +1+ ln(n)) .

From the inequalities 9 and 10, we obtain

c1 > E[lg, (@) V (u(tn, w))]
>E {min (n -1 ln(n),% +1 —l—ln(n))] ,

where 1, is the indicator function of (). Taking the limit as n approaches co yields ¢; = oo,
which is a contradiction. Therefore, 7o = o0 a.s., which completes the proof. [

4. Stability Analysis

This section is dedicated to the exploration of the stability analysis of the system (2). For this

discussion, we will revisit some requisite definitions and theorems. For further details, see [18] and
[13].

Definition 2 ([18], pages 110, 119). (i) The trivial solution of equation 4 is deemed stable in probability if,
given any € € (0,1) and r > 0, there exists a 6 = 6(e,r,tg) > 0 such that

P{lu(t; to, up)| <r forall t > ty} >1—€

whenever |ugy| < 8. If not, it is termed stochastically unstable.
(ii) The trivial solution is considered stochastically asymptotically stable if it is stochastically stable and, for
each e € (0,1) and r > 0, there exists a 6 = 6(e,r,tg) > 0 such that

P{ i : =0} >1—
{}L%u(t,to,uo) 0} >1-¢
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whenever |ug| < 6.
(iii) The trivial solution is designated as stochastically asymptotically stable in the large if it is stochastically
stable and, additionally, for all ug € R andr > 0, thereisa é = & (e,7,to) > 0such that

P{1li ; =0} =1
{tILTOu(t, to,uo) 0} 1
(iv) The trivial solution of equation 4 is characterized as almost surely exponentially stable if

lim sup % In|u(t; to, up)| <O

t—co

for all ug € RY.

Observe that the first equation of our system, 2, does not possess a direct equilibrium point in
R. However, the second and the third equations of the system 2 have a common equilibrium point at

(v,2) = (0,0).

The forthcoming theorem will demonstrate that the trivial solution (0, 0) is stable. For now, let us
concentrate on y, z variables. We will return to the equation x(t) later to demonstrate that it is stable in
distribution. The upcoming theorem asserts that y(t) and z(t) are exponentially stable under certain
conditions.

Theorem 2. In the system 2, y(t) and z(t) are almost surely exponentially stable if and only if the following
conditions are met

a. (1—e)p—q—pa+ 502 <0
b. [(L=m)By—usl[(1—€)p—q—p2) <[1—€)p—q— 2+ 203][(1—)py — u3 + 303]

where v = max{x}.

The proof proceeds as follows.

Proof. By adding equations y(t) and z(t) equations, we get

dly+z)=[((1—€)p—p2 —q)y + (1 —n)Bx — p3)z| dt + c2ydW, + 03zdW3,
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Let V(y,z) = In(y(t) +z(t)) for y,z € R;. Applying Itd’s formula, we have

av =

((1—€)P—q—uz)y]+{ (L=mn)Bx —u3)z

y+z

1 o2y? 1 0322

2(y+2)* 2(y+z)?
y z

W

+y+202dW2+y+203d 3

= G v+ (= p—q =) y+ (1= pr =)

Yy+z
dt

Loo 1,5
+§‘sz +§(f3z

Yy z
+ Y +ZO’2dW2 + Y +ZO’3dW3

< g 2 (= ep—q—m)y+ (1= )Py —p)

Loo 1,5,
+§¢72y —1—5032

+

y z
0 dWy + ——03dW3,
y+22 2 y+z3 3

S (l—e)p—q—p2+303  (1—npr—m ><y>}
(y +2)?2 l—ep—q—p2  (A-mpr—us+305) \z

Yy z
vF ZO‘dez + T ZO’3dW3.

+

Assuming the conditions of the theorem are met, then the matrix

(1—e)p—q—p2+303  (1—n)By—ps
(1-ep—q—p  (1—n)By—pus+ 302

is negative-definite, which implies it has at least one negative eigenvalue. Let Anax denote the largest
eigenvalue. With this, the inequality above can be expressed as:

oy dW2—|— 03Z

1 2 2
2(]/*_Z)dHijz y+z

dV(y,z) < —|7\max|m

dWs.
By utilizing the inequality y2 + z2 > 2yz, it follows that (y? + 22)/(y +z)? > 1/2, yielding:

(%)} 03Z
AW, +
y+z 2 y+z

1
dV =dIn(y(t) +z(t)) < —Ey/\max|dt + dWs.

By integrating the inequality above and applying the fact from [18] that

lim sup 1|Wi(t)\ =0 fori=2,3,
t—o0 t
we derive . ,
lim sup n In(y(t) +z(t)) < —=|Amax| < 0 almost surely.

t—o0 2

This concludes the proof. [
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Remark 1. The stability of components y and z has been achieved without reliance on the reproductive number
Ry, irrespective of whether Rg < 1 or Ry > 1. Moreover, it is crucial to note that the conditions within theorem
2 cannot hold in the deterministic case when both oo = 03 = 0.

We aim to demonstrate the initial component x(t) stability. We aim to prove that x(t) is stable in
distribution, which implies that it is stable around the mean value A/ ;. However, before proceeding,
let’s first introduce some necessary lemmas.

Lemma 2. Assume W (t) is a one-dimensional standard Brownian motion. Then, the expectation is given by
o2
E{elfl(wl(f)—wl(s))} — 7 (t=s) for s <t.
Proof. Define W = W;j(t) — Wi(s). By the definition of Brownian motion, we know that W ~
N(0,t —s). Hence,

E{e"W} = E{e1(M1(-Wi(9))}
0 wroy (t—s))2 o2
— ;/ 67% .eTl(t_S) dw
)

O
Lemma 3. Assume that x1(t) is a solution to
dxy(t) = (A — paxa(#))dt + orxq (£)d Wy () (11)
Then, we have lim;_,o E[x1(t)] = A/ pq for any initial x1(0) € Ry.

Proof. Given an initial value x1(0) € R, there is a unique solution x (t) to equation (11) with the
explicit form

x1(t) = xq (o)e—(ﬂl-i-%‘ﬁz)f + A/t e (m+307)(t=5) | o1 (Wi (t)=Wi(s)) gg
0

Applying the expectation to the above equation and using the fact that W;(0) = 0, we get
E[x (1) =E xl(O)e*(P‘l*%”f)f + /\/te*(llﬁ%fﬁz)(f*s) .1 (Wi(H)=Wi(5)) 4g
0

= xl(())gfﬂlt + i(l _ e*l‘lt)
M1

By applying lemma 2, we find
lim Efx ()] =

t—o0 ],ll

O

Lemma 4. Assume that x1(t) is a solution of equation 11. Then, for any initial value x1(0) € R, we obtain
the following results:

i. x1(t) admits a unique stationary distribution v, where I'(-) represents the Gamma function.


https://doi.org/10.20944/preprints202309.0222.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 September 2023

10 of 22
ii. x1(t) satisfies the equation
lim1 tx (s)ds—/oox mtdx —/oof(x Ydx1 = A
Amy ), =), e = Vex =
Proof.  i. Define V(x1) = x; — 1 —Inxy, a twice continuously differentiable function. Applying the

It6 formula, we have
1 1 A 1
LV(x1) = (1= —)(A—px) + 507 = = —1— =+ A+ + 07.
X1 2 X1 2
By choosing a sufficiently small € and defining D = (¢,1/¢), we find that
LV(x1) < —1, forany x; € D",

This completes the first part of the proof.
ii. Employing the ergodicity of x1, we obtain

IP’{ lim ! tx1(s)ds—/ooox1n(dx1)} =1

t——co t Jo

Therefore,

t——oo f

t e8] 8]
lim 1/ xl(s)ds:/ xp7t(dxq) :/ f(xg)x1dxy = :, almost surely.
0 0 0 1

where we used the fact lim; o E[x1(t)] = A/ 1.
O

Theorem 3. Assume (x(t),y(t),z(t)) to be a solution of the system 2, and x1(t) to be a solution of equation
11. Under the condition of theorem 2, we can confirm that

lim [x(t) — x1(t)] =0 in probability. (12)

t—o0

Proof. By leveraging the comparison theorem of stochastic differential equations, we can assert that
x(t) < x1(t), ie.,
x(£) = x1(t) <0 (13)

To conclude this proof, it is crucial to demonstrate that lim inf; o [x(#) — x1(¢)] > 0 a.s.
We now introduce a stochastic differential equation, which will assist us in this proof:

dx,(t) = [A = (p1 +7)x, (2)]dt + oy x,(£)dW1 (1), (14)

where the initial condition is x,(0) = x(0).
Recall x(t) in the system 2,

dx(t) = [A — urx — (1 — 17) Bxz + qy]dt + o1 xdWq (t),
and equation 11,

dxy (t) = (A — prx (£))dt + oy (£)dWy (1)

do0i:10.20944/preprints202309.0222.v1
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From fact that
ligglf[x(t) —x(t)] = litrgglf(x(t) —xr (1)) + htrggf(xr(t) — x1(t)]
> liminf[x(t) — x,(t)] + iminf[x, () — xq ()],
t—o00 t—oo

We will proceed to prove the following claims.
claim 1:

liminf; ,eo[x(t) — x,(¢)] > 0 almost surely.
Proof. Subtracting the given equations, we find

d(x(t) —x,(t)) = [—p1(x — xp) + 1, — (1 — ) Bxz + qyldt + 0 — 1(x — x,)dW,
= [ +7r)(x —x) + (r = (1 = )pz)x + gyl dt + o1 (x — x,)dW.
This yields a solution.
t
x(t) = xr(t) = ¢(t) /O ¢~ (s)((r = (1= n)p2)x +qy)dx(s),
where
o(t) = ¢~ (trt 3ot t+aWi(t),
By Theorem 2, we know that y(t) — 0 and z(t) — 0 almost surely as t — co. Therefore,
T o
x(t) = xr(t) = 4>(t)(/0 ¢~ (s)((r = (1 = n)pz)x + qy)dx(s)
t
+ 676 = A= mp2)x+ qy)dx(s)),
forallw € Q and t > T. Therefore,
x(t) = %,() = p(OK(T),
where
T
K(T) = /0 ¢~ (s)((e = (L= 1)Bz)x(s) +qy(s))dx(s).
Given |k(T)| < oo and ¢(t) — 0 almost surely, we conclude
li{ninf[x(t) —x(t)] >0  as. (15)
—00
O

claim 2

liminf; e [x,(£) — x1(£)] >0 aus.

Proof. Beginning with the first equation in the system 2 and 11, we can write

d(x(t) = 21(8)) = [=p (0 (£) — 22(8)) — rxrldt + o1 (x, () — x1(£) ) AW (),
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which leads to the solution
X (1) — x1(t) = _r/t x,e~ (1F0T/2)(t=s) =1 (Wi () =W (s)) 4.
0
analog cognize x, as the solution for equation 14, which can be expressed explicitly as
Y=\ / b= (a4r402/2)(t=5) 401 (W ()= WA (9)) g
0
Hence,
|, (t) — x1(t)| = r/t xye— (1F01/2) (t=s) =01 (Wi ()= Wi (s)) g
0
Applying the expectation and invoking lemma 2, we find
El () — 31 (£)] = E [ / t x,e—(mw%/z)(t—s)—m<w1(t)—w1<s>)ds]
0
_, / "E (e~ +/2)6-9)] . E [e=er(Mi-Wi(9)gs)
0
t
= r/o e M=) E[x,]ds, (by lemma 2).
Additionally, we know
E[x,] = A /t e~ (A (t=9) g5 < A ,
0 T Mt
which implies
Are~ it
_ < 7 (et
Elxy () = x1 ()] < T (e —1)
lim — Oli¥n — E|x,(t) — x1(t)] = 0.
r
Therefore,
}136 tlggo |x(f) —x1(t)| =0 (In probability). (16)
O

With 13, 15, and 16, we conclude the proof of the theorem. [

4.1. Existence of Ergodic Stationary Distribution

Let U(t) be a Markov process in R? represented by the following stochastic differential equations:

du(t) = f(U(t))dt + i B (U(t))dWi(2). (17)
k=1

The diffusion matrix is defined as
n ) .
A(u) = (a;j(u)), where a;j(u) =Y Bj(u)B(u). (18)
k=1

Lemma 5. (See [38,39]1) The model in Equation 17 is positive recurrent if there exists a boundary open subset
D C R? with a reqular boundary and the following conditions hold:
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(A1) There is a positive number M such that
d ) .
Y aij(u)gig; > |¢]°, uweDand&eR” (19)
ij=1

(A2) There exists a nonnegative C>~function V : D¢ — R such that LV (u) < —0 for some 6 > 0, and any
u € DC. Moreover, the positive recurrent process u(t) has a unique stationary distribution 7t(-), and

IP’{ lim % Tf(u(t))dt = /Rdf(u)y(du)} =1, (20)

T—o0 0
forall u € R, where f(-) is an integrable function with respect to the measure 7t(-).

Theorem 4. Assume that Ry > 1. Under the conditions 0% > py — p*, 02 > pp — u* + (1 —€)p, and
3 > pz — (1 — €)p, the system 2 has a unique ergodic stationary distribution 7t(-).

Proof. We have seen that the system 2 has a unique positive solution x(t),y(t),z(t) for any initial
value (xo, yo,20) € Ri.
The diffusion matrix of the system is given by

o?x? 0 0
A= 0 o320
0 0 0§22
Then s
Y. aij(w)Gigj = oix’E + 03y°5 + 032785 > MIEJ, (21)
ij=1

where, M = min{0?x?, 03,03z}, thus condition (A1) satisfied.

We want to show that condition (A2) is also satisfied by constructing a nonnegative Lyapunov
function V such as LV < 0.

Consider the positive functions

(x—f—f—y—y)z, and V,(z) =

NI~

Vi(xy) =

Now let .
V(xy,2) = Vi(xy) + Va(z) = 5 (x =2 +y = §)* + 5(z - 2)

By applying It formula we get
1 1
(xy) = (x =2 +y—§)(A = pax — poy) + 5016° + 203y
sincewehave A — 1 — o7 =0, = A = X+ uof, then we get
- . i, _ 1 1
Wi(xy) = (x =% +y—§)[-p(x = %) = paly = 9] + 507" + S,
= —p(x =% —j2(y =9 — =Dy -7) - px -2y - 9)

1 1
+ E(lexz + E(fzzyz
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By using the fact that, x> < 2(x — a)? + 242, we get
1,5, 2 N2, 222 15,5 2 N2, 2.2
F01x S oi(x = X)"+ 0 x and Soy” <oy —§)° + o3

thus

LVi(x,y) < —pr(x — %)% —po(y — 9)* — 2" (x — %) (y — §) + 0 (x — %)> + o7 %
+03(y -9+ 037

where y* = min{p1, 2}, and since —2u* (x — %) (y — 7) < p* (x — %)% + p* (y — 7)?, then

LVi(x,y) < —(p—p =) (x— %)~ (o —p* —03)(y—79)*
+ fo + a%y‘
Similarly,
1
Wa(2) < —(ma = 5(1—e)p =) (z=2)* + S(1—e)ply —7)* + 32°
Thus,

LV(x,y,z) = LVi(x,y) + LVa(2)
< (- o) (x =27 = (-1 —03)(y— 9 +oix + 037
1 _ 1 _ _
(3= 3 (1 —e)p— BNz~ D+ 3(1—)ply — ) + 37
* = * 1 -
= —(n—p =) (x =%’ = (- p" +5(1-e)p-3)(y -9
1
= (3= 5(1=e)p—3)(z—=2)* + {2 + 037 + 032°
= k(x—%)2-ky-9)?-kiEz-2)>*+w
where ky = p1 —p* =02, ky = pp—p +3(1—€p—02, ks = y3— (1 —e)p—0%, and w =
0?X + 027 + 0322
Since k1, ky, k3 are positive and by the same computation as in [40], we obtained

lim sup ! [k1(x(s) — %) + ka(y(s) — §)* + k3 (z(s) — 2)*)ds < w.

t
t—c0 0

then the ellipsoid
ki(x — %) +ka(y — ) +ks(z—2)* +w =0

lies entirely in R3, so we can take any neighborhood D of this ellipsoid, such that

LV(u) < —0, forall u € D°.

Therefore, condition (A2) also holds and completes the proof. [

5. Numerical Solution

Numerous numerical methods exist for solving stochastic dynamical systems. Some prominent
techniques include the Euler-Maruyama Method, Milstein Method, Stochastic Runge-Kutta Methods,
Strong and Weak Taylor Methods, Split-Step Methods, Stochastic Theta Method, Multilevel Monte
Carlo Methods, Gaussian Process Emulators, Stochastic Collocation and Galerkin Methods, Particle
Filters, and Hybrid Methods. This study considers only the Euler-Maruyama and Milstein methods.
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¢ Euler-Maruyama method: As one of the simplest numerical methods for SDEs, the
Euler-Maruyama method extends the deterministic Euler method to the stochastic context [9].
Despite its simplicity and ease of implementation, the method only provides strong convergence
of order 0.5.

¢ Milstein method: The Milstein method improves upon the Euler-Maruyama method by
including additional terms in the Taylor series expansion of the SDE. This method provides a
strong convergence of order 1.0 under suitable conditions, doubling the convergence rate of the
Euler-Maruyama method [10].

These methods and many others provide a rich toolbox for the numerical solution of SDEs. The
choice of method depends on several factors, such as the specific form of the SDE, the regularity of its
coefficients, and the desired balance between accuracy and computational cost. For our model 3, we
will solve it numerically using the Euler-Maruyama and Milstein methods as follows.

5.1. Euler-Maruyama Method

To solve the stochastic model numerically, we use the Euler-Maruyama scheme, a stochastic
analog of the well-known Euler method for ordinary differential equations. The system gives the
stochastic model to be solved (2). The Euler-Maruyama scheme for system (2) can be described as
follows:

1. Discretize the time domain [0, T| into # intervals of size At = T /n, where t; = iAt. Denote x(¢;),
y(t;), and z(t;) by x;, y;, and z; respectively.
. Initialize xp, yp and zg as the initial conditions.
3. For each time step i = 0,1, ...,n — 1, compute the increments AW; = Wy (t;11) — Wi(t) , AW, =
Wa(tir1) — Wa(t;), and AWs = Wi (tiy1) — Wa(t)
4. Update the solution from time ¢; to t;; 1 as follows

N

Xiy1 = X + (A — prx; — (1= 1) Bxizi + qyi) At + 01x,AW,
Yie1 = Yi + (1 —n)Bxizi — payi — qyi) At + o2y AW,
ziv1 = zi + ((1 — €)py; — uzzi) At + 03z;AW3.

This procedure gives a numerical approximation of the solution to the stochastic differential equations
in the system (2). To implement this scheme, one needs to generate increments AWy, AW,, and AW3,
normally distributed random numbers with mean 0 and variance At.

5.2. Milstein Method

The Milstein method is another widely used numerical approach to solving stochastic differential
equations, which extends the Euler-Maruyama method by including an additional term to account for
the diffusion term in the stochastic system.

The scheme for system (2) using the Milstein method can be detailed as follows:

1. As in the Euler-Maruyama method, discretize the time domain [0, T] into n intervals of size
At = T /n and initialize xg, yo, and zg as the initial conditions.

2. For each time stepi = 0,1,...,n — 1, calculate the increments AW;, AW,, and AW3 in the same
way as the Euler-Maruyama method.

3. Update the solution from time ¢; to t; 1 by

1
Xiv1 = X+ (A — wix; — (1 — ) Bxizi + qy;) At + o1 x; AW + Ealzxi(AWf — At),

1
Yisr = yi+ (1= m)Bxizi — payi — qy) At + 02y AW, + S 03yi(AW3 — At),

1
zit1 = zi + (1 — €)py; — pszi) At + 03z;,AW3 + Ea%z,-(AW% — At).
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This approach considers the second moment of the diffusion term, thereby providing more
accurate approximations of the solution of the stochastic system (2). The implementation involves a
similar procedure to the Euler-Maruyama method but with additional terms to be computed at each
step.

Omparison between Euler-Maruyama and Milstein Methods

Stochastic solution (Euler-Maruyama method)

2 — Xx(t)
— y(t)
1 — 2(t)

Figure 1. Figure describes the solution of the model 2 using Euler-Maruyama Method. Parameter
values are defined in the Table 3

Stochastic solution (Milstein method)

2 — x(t)
— y(t)
1 —_— Z(t)

Figure 2. Figure describes the solution of the model 2 using Milstein Method. Parameter values are
defined in the Table 3
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Deterministic solution

5 -

4 -

3 -

2 -
— X(t)
— y(t)

14 — (b

0 -

0.0 0.2 0.4 0.6 0.8 1.0

Figure 3. Figure describes the deterministic solution of the model 2. Parameter values are defined in
the Table 3

Comparing stochastic and deterministic solutions

6 -
5 -
4 4
—— x-stochastic-Euler-Maruyama
31 —— y-stochastic-Euler-Maruyama
—— z-stochastic-Euler-Maruyama
2 —-== X-deterministic
——- y-deterministic
1 - z-deterministic
O -

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4. Figure compares the stochastic "Euler-Maruyama" and deterministic solutions. Parameter
values are defined in the Table 3
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Comparing stochastic and deterministic solutions

6 -

5 41 . S]] YT =—-=-=-A

4 1
x-Stochastic-Milstein

31 y-Stochastic-Milstein
z- Stochastic-Milstein

2 Xx-deterministic
y-deterministic

14 z-deterministic

0 -

0.0 0.2 0.4 0.6 0.8 1.0

Figure 5. Figure compares the stochastic " Milstein" and deterministic solutions. Parameter values are
defined in the Table 3

Comparison of Euler-Maruyama and Milstein methods for x(t)

6 -
5 -
4 -
3 -
—— Euler-Maruyama x(t)
2 —— Milstein x(t)
0.0 0.2 0.4 0.6 0.8 1.0

Figure 6. Figure compares the stochastic " Milstein" and deterministic solutions. Parameter values are
defined in the Table 3
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Comparison of Euler-Maruyama and Milstein methods for y(t)

5 -
—— Euler-Maruyama y(t)
—— Milstei t

4- ilstein y(t)

3 -

2 -

1 -

0 -

0.0 0.2 0.4 0.6 0.8 1.0

Figure 7. Figure compares the stochastic " Milstein" and deterministic solutions. Parameter values are
defined in the Table 3

Comparison of Euler-Maruyama and Milstein methods for z(t)

3.0 A
—— Euler-Maruyama z(t)
2.5 —— Milstein z(t)

2.0 A
1.5 4

1.0 1

0.5 A

0.0

0.0 0.2 0.4 0.6 0.8 1.0

Figure 8. Figure compares the stochastic " Milstein" and deterministic solutions. Parameter values are
defined in the Table 3

Table 2 summarizes the main differences between the two methods, highlighting the trade-offs
between simplicity, computational cost, accuracy, and stability. Both methods provide valuable tools
for numerically solving stochastic models and can be chosen according to the specific needs and
constraints of the problem.
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Table 2. Comparison between Euler-Maruyama and Milstein Methods

Aspect Euler-Maruyama Milstein
Simplicity High Medium
Accuracy First-order Second-order (diffusion)
Computational Cost Low Medium
Stability May vary Generally better
Implementation Easier More complex

Table 3. Parameter values for the stochastic and deterministic models

q o0 [ 03
5 05 06 08

Parameter A up opp uz B i € p
Value 100 20 5 7 06 06 02 2

6. Conclusion

This paper presents a refined stochastic model for Hepatitis B Virus (HBV) infection dynamics,
capturing biological processes’ inherent variability and randomness. By introducing preliminary
concepts, the study fosters easy comprehension, paving the way for an analysis that ensures the
solution’s existence, uniqueness, and positive for all positive initial values.

The stability analysis of the model is explored, delineating necessary and sulfficient conditions for
stability in probability. This contributes to a more profound understanding of the dynamics of HBV
infection and is a robust foundation for further investigation.

The study employs two distinguished numerical methods, Euler-Maruyama and Milstein, to solve
the stochastic differential equations in the system (2). While the Euler-Maruyama method provides a
simple solution with a lower convergence rate, the Milstein method enhances accuracy and stability by
accounting for the second moment of the diffusion term. These numerical simulations corroborate the
theoretical findings and illustrate the practical applicability of the model.

Despite certain limitations, this research marks a significant advance in the field of HBV infection
dynamics. It offers a deeper understanding of the subject and encourages progress toward devising
effective strategies for control and prevention. The insights gained from this study serve as a vital
stepping stone for future explorations in this critical area of public health.
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