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Abstract: The standard approach to integrable nonlinear evolution equations (NLEE) usually uses
the following steps: 1) Lax representation [L, M] = 0; 2) construction of fundamental analytic
solutions (FAS); 3) reducing the inverse scattering problem (ISP) to a Riemann-Hilbert problem (RHP)
t(x, t,A) =& (x,t,A)G(x,tA) on a contour I with sewing function G(x, t, A); 4) soliton solutions
and possible applications. Step 1) involves several assumptions: the choice of the Lie algebra g
underlying L, as well as its dependence on the spectral parameter, typically linear or quadratic in
A. In the present paper we propose another approach which substantially extends the classes of
integrable NLEE. Its first advantage is that one can effectively use any polynomial dependence in
both L and M. We use the following steps: A) Start with canonically normalized RHP with predefined
contour I'; B) Specify the x and ¢ dependence of the sewing function defined on I'; C) Introduce
convenient parametrization for the solutions ¢*(x,t, A) of the RHP and formulate the Lax pair and
the nonlinear evolution equations (NLEE); D) use Zakharov-Shabat dressing method to derive their
soliton solutions. This needs correctly taking into account the symmetries of the RHP. E) Define the
resolvent of the Lax operator and use it analyze its spectral properties.

Keywords: Riemann-Hilbert problem; polynomial Lax pair; integrable equations; soliton solutions

1. Introduction

In 1968 one of the great discoveries in mathematical physics took place. Its authors: P. Lax, C. S.
Gardner, J. M. Greene, M. D. Kruskal, R. M. Miura and N. J. Zabusky after several years of analysis
proved that the KdV equation can be exactly solved by the inverse scattering method (ISM). This
was the first and for some time, the only NLEE that could be solved exactly. Soon after that it was
demonstrated that the KdV is completely integrable infinite-dimensional Hamiltonian system; its
action-angle variables were found by Zakharov and Faddeev [137]. The whole story is well described
by N.]J. Zabusky in his review paper [128].

The second big step in this direction followed in 1971 by the seminal paper of Zakharov and
Shabat who discovered the second equation integrable by the ISM: the nonlinear Schrodinger (NLS)
equation [132]; in 1973 the same authors demonstrated that the NLS equation is integrable also under
nonvanishing boundary conditions [133]. Both versions of NLS equations described interesting and
important physical applications in nonlinear optics, plasma physics, hydrodynamics and others.
This inspired many scientists, mathematicians and physicists alike to join the scientific community
interested in the study of soliton equations. As a result new soliton equations started to appear one
after another. Here we only mention the modified KdV (mKdV) equation [125], the N-wave equations
[131], the Manakov system known also as the vector NLS equation [92] and many others. Many of
them have already been included in monographs: see e.g. [1,10,18,64,104] and the numerous references
therein.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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The first few NLEE were related to the algebra sI(2), so the corresponding inverse scattering
problem could be solved using the famous Gelfand-Levitan-Marchenko (GLM) equation. For the
Manakov system it was necessary to use 2 x 2 block matrix Lax operator, so the GLM equation was
naturally generalized also for that case. However, the ISM for the N-wave system came up to be
substantially more difficult. Indeed, for the 2 x 2 (block) matrix Lax operator the Jost solutions possess
analyticity properties which are basic for the GLM eq. However the Lax pair for the N-wave system is
the generalized sl(n) Zakharov-Shabat system:

) _ 9y
Ly =50 4 ((1,Q( 0] - ANplet,A) =0, My =iSE 4 ((K,Qx )]~ AK)p(x,1,4) =0,
J = diag (a1, a2, ...,au), K = diag (bq,by,...,by),

1.1)

where a; and by are real constants such that tr ] = 0, tr K = 0. Without restrictions we can assume
thata; > ap > --- > a,. In this case only the first and the last column of the corresponding Jost
solutions allow analytic extension in the spectral parameter A. This, however, was not enough to
derive GLM equation. It was Shabat who discovered the way out of this difficulty [106,107]. He was
able to modify the integral equations for the Jost solutions into integral equations that provide the
fundamental analytic solutions (FAS) x*(x,t,A) and x ™ (x, £, A) of L which allowed analytic extensions
forImA > 0and Im A < 0 respectively. As a result the interrelation between the FAS and the sewing
function Go(x, t,A):

XT(x,t,A) = x " (x,t,A)Gy(t, A), ImA =0,
(1.2)
i% — MK, Go(x, £, \)].

can be reformulated as Riemann-Hilbert problem (RHP). Now we can solve the ISP for L by using the
RHP with canonical normalization:

M (x,t,A) = & (x,t,A)G(x,t,A), ImA =0,

0Gy 0Gy (1.3)
ZW - A[]/ GO(-X, t,)\)], lw = )\[K, GO(X, t,/\)]
. + o
lim ¢ (x,5,4) = 1, (1.4)

The normalization condition (1.4) ensures that the RHP has unique regular solution [104]. It also
allowed Zakharov and Shabat to develop their dressing method, which enables one to calculate the
N-soliton solutions not only for the N-wave system, but also for the whole hierarchy of NLEE related
to L (1.1); see [134,135] and also [32,104]. In short, the dressing Zakharov-Shabat factor came up as one
of the most effective methods for a) constructing soliton solutions, and b) understand that the dressed
Lax operator has some additional discrete eigenvalues, as well as the explicit form of the dressed FAS.

The GZS system has natural reductions after which the potential Q(x,t) and | belong either to
so(n) or to sp(2r) algebra. Other reductions were proposed by Mikhailov [96] which substantially
enlarged the classes of integrable NLEE. Some of these reductions require that | has complex-valued
eigenvalues. Constructing FAS for such systems poses additional difficulties, which were overcome
by Beals and Coifman [7] for the GZS systems related to sI(n) algebra. Later the results of [7] were
extended first for the systems related to so(n) or to sp(2r) algebra, (see [64]) as well as to Mikhailov’s
reductions [57,64].

The FAS play an important role in soliton theory. Indeed, they can be used to introduce

1. Scattering data The minimal sets of scattering data are determined by the asymptotics of

lim xF(x,t,A)e = SF(A, 1) or lim x=(x,t A)eM = TH(A, 1).
X——00

X—r00
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Here S*(t,A) and T* (A, t) are the factors of the Gauss decompositions of the scattering matrix
T(A,t).

2. Resolvent The FAS determine the kernel of the resolvent Ri(x, y,t,A) of L. Applying contour
integration method on R*(x,y,t,A) one can derive the spectral expansions for L, i.e. the
completeness relation of FAS.

3. Dressing method Zakharov-Shabat dressing method is a very effective and convenient method
to construct the class of reflectionless potentials of L and to derive the soliton solutions of the
NLEE. The simplest dressing factor u(x, t, ) has pole singularities at A=, which determine the
new discrete eigenvalues that are added to the spectrum of the initial Lax operator.

4. Generalized Fourier transforms Here we start with GZSh system related to a simple Lie algebra g
with Cartan-Weyl basis Hj, E, [67] and construct the so-called “squared solutions’

e (x,t,A) = mor(xTE«(x™) ' (x, 1, A) and h]i(x, LA) = nOI(XiHj()(i)*l(x, LA),
where 779 is the projector onto the image of the operator ad ;. It is known that the ‘squared
solution’ are complete set of functions in the space of allowed potentials [30]. In particular,
if we expand the potential Q(x, t) over the ‘squared solutions’ the expansion coefficients will
provide the minimal set of scattering data. Similarly, the expansion coefficients of ad ]_15 Q are
the variations of the minimal set of scattering data. Therefore the ‘squared solutions’ can be
viewed as FAS in the adjoint representation of g, see [2,12,30,45,59,62-64,78,108,121] as well as
[12,24,39,65].

5. Hierarchies of Hamiltonian structures The GFT described above allow one to prove that each of
the NLEE related to L allows a hierarchy of Hamiltonian structures. More precisely, each NLEE
allows a hierarchy of Hamiltonians H") and a hierarchy of symplectic forms Q") (or a hierarchy
of Poisson brackets) such that for any 7 they produce the relevant NLEE. [30,81,86]

6. Complete integrability and action-angle variables. Starting from the famous paper by Zakharov
and Faddeev [137] it is known that some of the NLEE allow action-angle variables. The difficulty
here is that these NLEE are Hamiltonian system with infinitely many degrees of freedom.
Therefore the strict derivation of the proof must be based on the completeness relation for the
‘squared solutions’. In fact VG and E. Khristov [45,59] (see also [63]) proposed the so-called
‘symplectic basis’ of squared solutions, which maps the variation of the potential 036Q(x, t) of the
AKNS system to the variation of the action-variables. Unfortunately for many multi-component
systems such bases are not yet known.

The above arguments lead us to the hypothesis that we could use more effective approach to the
integrable NLEE which starts from the RHP rather than from a specific Lax operator. In the first part of
this paper we will demonstrate that FAS could be constructed and used also for quadratic pencils. We
also formulate explicitly the corresponding RHP. For quadratic pencils we have additional natural
symmetry which maps A — —A. This symmetry is also inherent in the contour in the complex A-plane,
on which the RHP is defined.

In Section 2 we first demonstrate that the well known methods for analysis of NLEE can be
generalized also for Lax operators quadratic in A, see eq. (2.28) below. On this level we for the first
time meet with purely algebraic problem for constructing two commuting quadratic pencils. For
polynomial pencils of higher orders those problems will be more and more difficult to solve. In
particular we outline the construction of the FAS x ™ (x,t,A) and x~ (x,t,A) which are analytic in
0o U Q3 and O U Q4 respectively, see Figure 4 below. As a result, the continuous spectrum of these
Lax operators fill up the union of the real and imaginary axis of the complex A-plane. As a consequence
contours of the corresponding RHP will be R U iR unless an additional factor complicates the picture.
Thus we see that the symmetries of the NLEE or of its Lax pair determine the contour of the RHP.

In Section 3 we remind the notion of Mikhailov’s reduction group and briefly outline characteristic
contours of the relevant RHP. We also demonstrate that Zakharov-Shabat theorem is valid for a larger
class of Lax operators than it was proved before. It is important to request that the RHP is canonically
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normalized. This ensures that the RHP has unique regular solution, which is important for the
application of the Zakharov-Shabat dressing method.

Another important factor in formulating the RHP is Mikhailov’s reduction group. In Section 4 we
outline some of the obvious effects which the reduction group may have on the contour of the RHP.
Therefore it is not only the order of the polynomial in A, but also the symmetry (the reduction group)
which determine the contour of the RHP. For example, if we add an additional Mikhailov’s symmetry
that maps A — 1/A* then the corresponding Lax operator will be polynomial in A and 1/A which in
turn will require adjustments in the techniques for deriving the dressing factors and soliton solutions.

In Section 5 we propose a parametrization of the solutions ¢(x,f,A) of RHP for the class of
RHP related to homogeneous spaces, see eq. (5.1). Here we require that the coefficients Qs(x,t)
provide local coordinates of the corresponding homogeneous space. Thus we are able to derive a
new systems of N-wave equations, see also [36,52,53,56,74]. We also demonstrate that the dressing
Zakharov-Shabat method [100,129,134-136] can be naturally extended to derive the soliton solutions
of these new N-wave equations. At the same time the structure of the dressing factors depends
substantially on the symmetries of the Lax operators. Thus even for the one-soliton solutions we need
to solve linear block-matrix equations. The situation when we have two involutions: the Hermitian
one (x*(x,t,A))" = (x " (x,t,A*))"! and the A — —A symmetry Cox™(x,t,A)Cy' = xT(x,t,—A)
are typical for Lax operators L related to the algebras sl(n, C). But if we request in addition that L
is related to symplectic or orthogonal Lie algebra then we have to deal with three involutions, and
the corresponding linear equations get more involved. That is why we focus first on the one-soliton
solutions. The derivation of the N soliton solutions is discussed later.

Section 6 is devoted to the MNLS equations which require the use of symmetric spaces, see Refs.
[21,40,67,92,94,118,119,122,126]. We start again with the parametrization of the RHP which now must
be compatible with the structure of the symmetric spaces. To us it was natural to limit ourselves
to the four classes Hermitian symmetric spaces related to the non-exceptional Lie algebras, see [67].
Again we parametrize the coefficients Qs(x, t) as local coordinates of the corresponding symmetric
spaces. In fact Q(x,t, A) must have the same grading as the symmetric space, but we were able to
apply additional reductional requesting Qs = 0, see eq. (6.11) below. Thus we formulate the typical
MNLS equations related to the four classes of symmetric spaces.

In Section 7 we derive the one soliton solutions of MNLS. Again, like in Section 5, we treat
separately the MNLS related to A.IIl type symmetric spaces, because the corresponding FAS have
only two involutions. The MNLS related to C.I and D.III symmetric spaces possess three involutions;
the corresponding linear equations are similar to the ones for the class of N-wave equations, but the
solutions are different. The symmetric spaces of BD.I class are treated separately, because their typical
representation is provided by 3 x 3 block matrices, so many of the calculations are indeed different.
At the end of this Section we derive the soliton interactions for the BD.I class of MNLS [41]. More
precisely we use the asymptotic of the dressing factor for x — Foo applying it to the two-soliton
solution in order to calculate the center-of-mass and the phase shifts of the solitons.

In Section 8 we introduce the resolvent of the Lax operators in terms of the FAS. The diagonal
of the resolvent after a regularization can be expressed in terms of the solution of the RHP by
& (x,t,A)JEF(x,t,A); here by ‘hat’ we denote the inverse matrix. It can be viewed as generating
functional of the integrals of motion.

We end the paper by discussion and conclusions. Some technical aspects in the calculations such
as the structure of the symmetric spaces, and the root systems of the simple Lie algebras as well as the
Gauss decompositions of the elements of the simple Lie groups are given in the appendices.
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2. From the Lax representation to the RHP

2.1. N-waves according to Manakov and Zakharov

The N-wave equations were discovered by Manakov and Zakharov in 1974 [131]. The Lax
operator is the classical Zakharov-Shabat system:

Lostp = 138 4 (11,0 0] ~ A1) £,0) =0, eRY

with real-valued diagonal | = diag (a1, 4y, ...,a,). The second operator in the Lax representation is
also linear in A

My = i% + ([K, Q(x,1)] — AK)¥(x,t,A) = 0, 22)

with real-valued diagonal K = diag (by,by,...,b,). Then the N-wave equations, which are the
compatibility condition [L, M| = 0 take the form:

15| - [0 53] + 0.0 0 Ik 0 1) = 23)

For some time solving the ISP for the Lax operator Lzg was an open problem. However in 1974 Shabat
[106,107] proved that Lyzg has fundamental solutions x* (x, t,A) and x ~(x, t,A) which are analytic in
the upper- and lower-half of C.

Let us briefly outline the construction of FAS proposed by A. B. Shabat [106,107]; for more details
see also [32,104]. We will assume for simplicity that the potential (x) is defined on the whole axis and
satisfies the following conditions:

C.1 By Q(x) € Mg we mean that Q(x) possesses smooth derivatives of all orders and falls off to zero
for |x| — oo faster than any power of x:

lim |x[¥Q(x) =0, Vk=0,1,2,...

x—Foo

C.2 Q(x) is such that the corresponding operator L has only a finite number of simple discrete
eigenvalues.

We will impose also the typical reduction of the Lax operator: the GZSs with Z;-reduction:
Ut(x,t,eA*) = U(x,t,A). (2.4)
We start by introducing the Jost solutions of L:
xl_i)rfooqb(x, t,/'\)ei)‘]x =1, xlgl;lo ¢(x, t,)\)ei/\]" =1, (2.5)
and the scattering matrix:
T(t,A) = Y(x, t,A)p(x,t,A). (2.6)

The Jost solutions satisfy the following Volterra type integral equations:

¢1](x /\) 51]"'1/ dye iA ara (x—y)
p=

h
‘Pz](x A) = dij +1/ dye_m =)=y 21 i~ ap QZP )J)Pf(y’/\)’
p:

sz )le] (v, A),

h
*1

2.7)
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where §(x, A) = ¢(x,A)el/** and §(x,A) = ¢p(x, A)e/A*. Tt is well known that Volterra type equations
possess solutions provided the integrals of the equations are convergent. In our case this will be true
for real A. Indeed, in this case the exponential factors in the equations (2.7) will be bounded and
the convergence of the integrals is ensured by the fact that Q(x) satisfies Condition 1. However, for
complex A the exponential factors are not growing only for the first and the last columns of the Jost
solutions.

Shabat introduced the FAS x*(x, A) of L by modifying the integral equations for them as follows:

h

[F —iM(a;—a;)(x—y) . .
;]'F(X,A) = (5ij+1/700 dye i—aj)(x—y Z(“i —ap)Qip(y)gg(y,A), i>j
) = 2.8)
+ (x,A) —1/ dye ™ (2 =a;)(x—y) Y (a; ap)Qip(y)é(;j(y,A), i<j;
p=1
X i h
Ci?(x,)\) = iAo dye ™ (ai—aj)(x—y) Z(al- — ap)Qip(y)gf;j(y,)\), i>7
= (2.9)
. T gye-iMama)(x—y) ¥ - <
51']' (x,A) = dij +1/ dye i Z (a; — ap)Qip(y)gpj(y,A), i<j
oo =
where
EH(x, A) = x5 (3, A)eVx, (2.10)

Now it is not difficult to check that all exponential factors in the integrands of (2.8) are falling off for
A € C4, while the exponential factors in the integrands of (2.9) are falling off for A € C_. In other
words, ¢ (x,t,A) allows analytic extensions for A in the upper complex half-plane, while ¢~ (x,t,A) is
analytic for A in the lower complex half-plane. Obviously ¢ (x,A) and ¢~ (x, A) are FAS of a slightly
modified Lax operator:

O 17,00 DIEE (x,1) = AL (x,A)) = . @.11)

It =i%
Theorem 1. Let q(x) € Mg satisfies conditions (C.1), (C.2) and let the matrix elements of | be ordered
ay > ap > -+ - > ay. Then the solution {*(x, A) of the eqs. (2.8) (resp. &~ (x, A) of the eqs. (2.9)) exists and
allows analytic extension for A € C (resp. for A € C_).

Remark 1. Due to the fact that in eq. (2.8) we have both oo and —oo as lower limits the equations are rather of
Fredholm than of Volterra type. Therefore we have to consider also the Fredholm alternative, i.e. there may exist
finite number of values of A = )\,f € Cy for which the solutions ¢* (x, A) have zeroes and pole singularities in
A. The points /\;E in fact are the discrete eigenvalues of L(A) in C.

The reduction condition (2.4) with € = 1 means that the FAS and the scattering matrix T(A)
satisfy:

(Xt )N = (L uA) Y, THEA) = T (). (2.12)

Each fundamental solution of the Lax operator is uniquely determined by its asymptotic for
X — oo or x — —oo. Therefore in order to determine the linear relations between the FAS and the Jost
solutions for A € R we need to calculate the asymptotics of FAS for x — F-c0. Taking the limits in the
right hand sides of the integral equations (2.8) and (2.9) we get:

th( A) =6

Z]r
X——00

fori > j; JCh_r)r.}o é‘;(x,)x) =0, fori<j; (2.13a)

d0i:10.20944/preprints202308.2071.v1
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xl_i}lyoo c;‘i;(x,)t) =0y, fori<j; xh%rr.}o Ci;(x,)\) =0, fori>j (2.13b)
This can be written in compact form using (2.10):
X A) = - (6, 1)S5(A) = $4 (v, M)TT(1)DE(A), (2.14)
where the matrices S*(A), D¥(A) and T*(A) are of the form:
1 8, ... s, 1 T, ... T,
0 1 .. S 0 1 .. T,
ST(A) = . S, Ty =| . . |, (159)
o o ... 1 o o0 ... 1
D*(A) = diag (D, Df,...,D;’),  D~(A) = diag(Dy,D;,...,Dy), (2.15b)
1 0 ... 0 1 0o ... 0
S,, 1 ... 0 T, 1 ... 0
sw=| T . A PR OO e PR CAES
St S, ... 1 T- T, ... 1
Let us now relate the factors T*(A), ST (A) and D*(A) to the scattering matrix T(A). Comparing
(2.14) with (2.6) we find
T(A) =T (A)DT(A)ST(A) = TH(A)D~(M)S(A), (2.16)

ie. T*(A), ST(A) and D*(A) are the factors in the Gauss decomposition of T(A).
It is well known how given T(A) one can construct explicitly its Gauss decomposition, see the
Appendix B. Here we need only the expressions for D*(A):

D+)\—mj+()L) D (A) =
j()_mﬁl()\y ]()—

My i (A)
my, (A)

n—j

(2.17)

where mji are the principal upper and lower minors of T(A) of order j.

Remark 2. Gauss decomposition of of T(t, A) € SL(n) is well known, see Appendix B and [32]. The derivation
requires the knowledge of the fundamental representations of the Lie algebra sl(n). If T(t, ) belongs to an
orthogonal or symplectic group, see [30].

Corollary 1. The upper (resp. lower) principal minors m]?t (A) (resp. m; (A) of T(A) are analytic functions of
Afor A € Co (resp. for A € C_).

Proof. Follows directly from theorem 1, from the limits:
. + _ + . — _ —
xh_I}olo g]'j (x,A) = D; (1), xh_r}olo ij (x,A) = D; (1), (2.18)

and from (2.15b) and (2.17). O

Thus the solution of the ISP for Lyg was reduced to a RHP:

Xt A) =x (6, tA)Go(tA),  AER (2.19)
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on the real axis of C. The solutions x (x,t, A) defined by (2.10) satisfy an alternative RHP:
EH(x, t,A) =& (x,t,A)G(x,t, M), A ER,
aG .0G (2.20)
o Al],G(x,t,A) =0, Zﬁ —AK, G(x,t,A) =0,
which is canonically normalized, i.e.
lim &*(x,t,A) = 1.
lim &% (x,1,2) (2.21)
2.2. MNLS equations according to Manakov, Fordy and Kulish
The first MNLS:
24 2T G et = 0 222)
5 T a2 q,9)9\x,t) =

where 7 is a 2-component vector, was proposed by Manakov [92] in 1974. Later in their seminal
paper [21] Fordy and Kulish demonstrated the deep relations between the MNLS equations and the
symmetric spaces [67]. As a result the Lax representation for the MNLS takes the form:

Lnis = 19 + (Q(x,1) ~ A, £,4) =0,

o (2.23)
Munisy = im- + (Va(x, 1) +AQ(x, 1) — A))g(x,t,A) =0
=T
For the Manakov model (2.22) | = diag (1, —1, —1) and Q(x,t) = ;* qO . Special role here is

played by the Cartan element | of the corresponding simple Lie algebra. It determines the Cartan
involution, which picks up the symmetric space from the corresponding Lie algebra. The Manakov
model is related to the symmetric space SU(3)/S(U(1) x U(2)). The symmetric spaces have been
classified about a century ago by E. Cartan, see e.g. [67].

In 1976 Kaup and Newell [81] derived the generalizations of NLS corresponding to Lax operator,
quadratic in A. This generalization of NLS now is known as the derivative NLS (DNLS), because its
nonlinear terms depend on the x-derivative of 4. Another form of the DNLS eq. is known since 1978
as the Gerdjikov-Ivanov (GI) equation [42,58], see also [14,19,20,90] and the references therein. It is
gauge equivalent to DNLS and besides the terms with x-derivative, contains also nonlinearities of 5-th
order. In Section 6 below we describe the multi-component generalizations to GI equations.

2.3. Generic Lax representation

We start with the idea of constructing more general polynomial Lax pairs:

Logo =190 4+ (U(x,t,0) AN gl £,4) = 0,

,8
Mogo = z% (V0 80) = AEK)go (5,8, 2) = o(x, L A)C(A), 2.24)
Ny N,
U(x, t,A) =Y UANTS, V(x,t,A) =Y VeAl2—s,
s=1 s=1

The compatibility condition [Ly, My| = 0 of the pair (2.24) holds for any C(A) and has the form:

0V U
=0. 2.25
lax i T [U(x,t,A),Vx,t,A)] =0 (2.25)
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Here we will assume that both N; > 2 and N, > 2. In addition we will fix up the gauge by requiring
that

Uy, (x,8) = =], Viy(x,t) = K, (2.26)

where | and K are constant diagonal matrices.

Eq. (2.25) must hold identically with respect to the spectral parameter A. Thus here there comes
the first technical difficulty related with the parametrization of L and M. Indeed, let us consider the
example where N; = 3 and N, = 3. The the left hand side of (2.25) is a polynomial of order 6 with
respect to A, whose highest 4 coefficients are given by

A K J]=0, A =] K W] =0,
A =V T+ Ve, U] — K, U] =0, (2.27)
A3 — [Va, J] + [Vi, Ua] + [Va, Uy] — [K, U] = 0,

The coefficient at A® is vanishing because ] and K are diagonal. The vanishing of the coefficient
at A% is means that V; is expressed through U,. Indeed, if we put | = diag(ay,az,...,4,) and
K = diag (b1, by, ..., b,) then

The next two relations coming from A* and A3 are not so easy to satisfy.

Gel’fand and Dickey [15,25-28] provide a very effective solution to the problem. They suggest a
general construction for the Lax pairs of the form (2.24) using the fractional powers of the Lax operator.
Below we will outline, along with the effective parametrization of the RHP, an equivalently effective
method for generic Lax representations.

2.4. Jost solutions and FAS of L

Here we start with generic Lax operator, quadratic in A with vanishing boundary conditions and
canonical gauge. In our case this is:

Ly = ig—f + (Un(x,t) + Up(x,t) — A2 p(x,t,A) =0,

] =diag(a1,az,...,an), a1 >ay>--->a,,  tr]=0.

(2.28)

Remark 3. For the potentials Uy(x, t) and Uy (x, t) we assume that they n X n matrices which are smooth
functions of x for all values of t, tending to 0 fast enough for x — Fo0; for simplicity we could take them to be
Schwartz-type functions

The Jost solutions to (2.28) are defined as follows:

. 42 . ir2
lim y(x, t,A)eM T =1, Jim p(x, 1, A)e AMx =1, (2.29)
Both Jost solutions are fundamental solutions: indeed they are non-degenerate n x n
matrix-valued functions. In what follows we will choose the potentials U, and U to take values in a
given simple Lie algebra g. Then the fundamental solutions ¢ and ¢ will belong to the corresponding
simple Lie group G.
It is also well known that any two fundamental solutions are linearly related. In other words:

¢(x,t,1) = p(x,t, A)T(t, A). (2.30)

d0i:10.20944/preprints202308.2071.v1
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The matrix T(t, A) belongs to the Lie group G.
The integral equations for the Jost solutions take the form:
X . .
POt A) = 11 [ dy e IO Uy, ) + AUy, D)y, 1, 1)),
b (2.31)

p(x,t,A) =1 +i / "y e IO Uy (y, £) + AU (y, 8) by, £, A)e VT,

where (x,t,A) = P(x, t,)\)emzfx and ¢ (x,t,A) = ¢(x, t,)\)ei)‘zfx and 1 is the unit # X n matrix. In
components we have:

X .
P (x,t,A) = +i/00 dy e~ WG C) (Uy(y, £) + AU (y, )y, EA)) ks

* ‘ (2.32)
Pi(x,t,A) =0y + i/ " dy e V=Y (Uy(y, £) + AU (v, 1)) p (.1, Ak
Note that both integral equations are Volterra type equations.

The boundary conditions on the potentials Uy (x, t) and Uj (x, t) in Remark 3 ensure that equations
(2.31) always have solutions provided the exponentials e @-@) () do not grow for x — oo or
x — —o0. Obviously, this holds true for Im A2 =0, ie. for A € R@iR. As we will see below, this is the
continuous spectrum of L (2.28).

However the equations (2.31) allow also for important exceptions. These will be easier seen if
we use the equations (2.32). Let us, for example consider the equations for the first (resp. for the last)
columns of the Jost solutions; So we have to consider the equations (2.32) for k = 1 (resp. for k = n).
Let us assume also that Im A% < 0, i.e. A is in the second or fourth quadrant of the complex A-plane.
Then it is easy to check that the exponential factors in all the equations for (¢) i1s j=1,...,ndecay
for x,y — +co. The same holds true also for the equations for (¢);,, j = 1,...,n. Therefore we find
that the first column of ¢ and the last column of ¢ allow analytic extensions to the second and fourth
quadrants of C. Similarly we find, that the first column of ¢ and the last column of ¢ allow analytic
extensions for Im A? > 0, or to the first and third quadrants of C. The other columns of ¢ and ¢ are
defined only on the continuous spectrum of L. Indeed, the corresponding set of equations (2.32) some
of the exponential factors will decay, but others will grow up.

Nevertheless our aim will be to demonstrate that one can construct fundamental analytic solutions
(FAS) for L. These will be nn x n matrix solutions, one of which x ™ (x,t,A) allows analytic extension
for Im A2 > 0 and the other one x~(x,t,A) — for Im A2 < 0. This can be done using Shabat’s method
[106,107] based on proper modification of the integral equations (2.32). So let x (x, t, A) be fundamental
solutions of L, i.e. LY (x,t,A) = 0 and let us introduce Xi(x, LA) = xi(x, t,/\)ei)‘ZI *. These solutions
will be different from the Jost solutions, because, as we will see, their behavior for x — +oo is different.

Following Shabat’s idea we define x(x,t,A) as the solution of the following set of integral
equations:

X .
Kot A) = dgeti [y PO (Un(y, ) + AUy, )R (b A) s ] >

(2.33)
X .
Xt A) =i / dy e M EY) (Un(y, 1) + AU (y, )X (0t A)) s G < K.
Likewise, x ~ (x,t,A) are defined as the solution of the following set of integral equations:
X .
Xﬁ{(x, t,A) =i+ i/ dy oM (aj=a) (x—y) (Ua(y, t) + Al (v, 1) x~ (v, t,A))jk, i<k
- (2.34)

- [T —iA2(aj—ay)(x— - :
Xl b A) =i [y e O (Un(y, )+ AU (5, D)X (,61) >k
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Note that the only difference with the equations (2.32) is in index inequalities in the right hand sides;
this changes the signs of the factors a; — ay.

There is an alternative possibility to introduce FAS with a minor change of the integral equations
(2.33) and (2.34)

X .
X (ot 0) = i/ dy e @G (Uy(y, 1) + AUy (v, 8)x ™ (0,8, M, J>k

(2.35)
o[ —iA2(gj—ay ) (x— .
X;,r('/(x, tLA) = jk+l/_oo dy e~ (a0 (x=y) (Ua(y, t) + At (v, 1) x™ (v, t,/\))].k, i<k
Likewise, x ~ (x,t,A) are defined as the solution of the following set of integral equations:
— [ —iA2(a;—ay) (x—) — -
X (ot ) =i [ dy WG (U, 1) + M, 0)x (1 A) g T <k
- (2.36)

X .
X' (2, t,4) = jk—f—i/ dy e M@= (U (y,¢) AUy )X (0t A)) s T2k

@

Figure 1. The continuous spectrum of the Lax operator (2.28) and the contour of the related
Riemann-Hilbert problem R U iR.

Now we have to establish the linear relations between the FAS and the Jost solutions.
The first consequence of the equations (2.33), (2.34), (2.35) and (2.36) concerns the limits of their
diagonal matrix elements for x — oo, namely:

lim diag (x*(x,t,A)) = D¥(A) = diag (Di (A), Dy (), ..., Dif(A)),
xee . ., (2.37)
lim diag (x™'(x,t,A)) = D*(A) = diag (D;"'(A), D5 (A),..., Dy (),

Obviously the matrices D (A) and D*/(A) are x and ¢ independent and in addition they are analytic
for Im A? > 0; analogously D~ (A) and D~ (A) are analytic for Im A% < 0.
Next we find that:

lim e M Tyt (x,8,0) = SE(H, M), lim &My (x,,4) = T (1, A)DE(A),
X —o0 (o]

. . ) (2.38)
lim ey E (x,t,A) = TF(t,7), lim My (x,t, 1) = SE(t,A)DE(A),

X—00 X—r—00
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where ST (t,A) and T* (¢, A) (resp. S (t,A) and T~ (£, A)) are upper-triangular matrices (resp. lower
triangular) with 1 on the diagonal. Remember, since the Jost solutions and the FAS belong to the Lie
group G, then all the limits in (2.38) must also belong to G.

From (2.38) it follows that the FAS X].j][( (x,t,A) are related to the Jost solutions as follows:

xT(x,t,A) = ¢x,t,A)SE(t, M), xT(x,t,A) = ¢(x,t, \)TT(t,A)DE(N),

X (x,t,A) = ¢(x,t,1)SE(t,A) DT, X (5,5 A) = 9(x, £, T (EA), (2.39)

More detailed analysis shows that these triangular and diagonal matrices are in fact the factors in
the Gauss decompositions of the scattering matrix T (, A):

T(t,A) = T~ (t,A)DT(M)ST(t,A) = TT(t,A)D~(A)S™ (t,A), (2.40)
see Appendix B.

Remark 4. Let us consider cubic pencils in A assuming that the leading terms A3] and A3K of L and M
respectively are such that | and K have different real eigenvalues. Their FAS can be constructed quite analogously
as we did above for the quadratic pencils. The substantial difference between the cubic and the quadratic cases are
in the regions of analyticity. The solutions x* (x,t,A) (resp. x ™ (x,t,A)) for the cubic pencils are analytic for
ImA3 >0 (resp. Im A3 < 0), see sectors Qg U Oy U Qy (resp. sectors (11 U Q3 U Os) on Figure 4.

2.5. The time-dependence of T(t, A)

The Lax representation of a given NLEE requires the commutativity of two ordinary differential
operators:

[L,M] =0 (2.41)

where L is given by (2.28). We assume that M has the same form as L:

My = (151 +Vo(x, t) + AVi(x,t) — A2K> P(x,t,A) = P(x,t,A)C(A). (2.42)
Below we will treat also M-operators that are higher order polynomials of A. The first remark is that
the commutativity condition (2.41) must hold identically with respect to A. Note also that (2.41) holds
true for any C(A) in (2.42). We will use this fact to determine the -dependence of the scattering matrix
T(t,A).

Indeed, let us consider M¢(x,t,A) = ¢(x,t,A)C(A) where ¢(x,t,A) is the Jost solution in (2.29)
and let us take the limit x — —o0 in (2.42). Due to the vanishing boundary conditions we get:

<i§t - /\2K> e INIx = o=iNxC()), (2.43)

i.e. C(A) = —A%K. Thus we determined the function C(A) for this choice of the M-operator. Let us
now take the limit x — oo in (2.42). This gives:

(155 = K) (75 T0,0)) = e PP )C1), @44)

i.e.

25— X[, T(, )] =0, (2.45)
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From eq. (2.45) there follow also the time-dependence of the Gauss factors:
+ +
i% — A2[K, S%(t,A)] =0, i% — A2[K, T*(t,A)] = 0. (2.46)
For the diagonal factors we get:
oD% (M)
j = 2.47
I—; 0. (247)

In other words we have two sets of functions of A that are t-independent. Note also, that from the
canonical normalization of FAS there follows that lim)_, Dki = 1. Obviously they will generate
integrals of motion. Indeed, let us consider their asymptotic expansions:

InDEf =Y AL k=1,...m (2.48)
s=1

Obviously dIy./dt = 0. As we shall see below each of the integrals I; can be expressed as an integral of
the potentials Uy and U;. The advantage of the choice (2.47) is that the integrands of I are local, i.e.
they depend only on U and U; and their x-derivatives.

Above we described the time dependence for the N-wave equations related to the Lax operators
(2.28). In general, each of these operators generates a hierarchy of NLEE. Indeed the NLEE is
determined by fixing up along with L also the second operator M in the Lax pair. For example,
if we want to treat DNLS-type equations we need, to specify two things. First, the structure of L must
be compatible with a Hermitian symmetric space [21], and second, the potential of M must polynomial
of order 4 in A with leading term A*]. Then C(A) = —A*] and the time dependence of the scattering
data will be given by:

iaa—f —M[],T(t,A)] = 0. (2.49)

Then from eq. (2.49) there follow also the time-dependence of the Gauss factors:

+
95 AM[J,8%(t,M)] =0,

iaTi
ot

4 + _
5 ~ AL TE(EA)] =0 (2.50)

More details about this we will give in the Section devoted to the DNLS type equations.

3. RHP and integrable NLEE

The simplest nontrivial Lax operators, i.e. the ones that are linear in A have been studied in
detail by now, see [18,63,104] and the numerous references therein. That is why in this paper we will
concentrate mostly on Lax operators that are quadratic in A like (2.28). In the previous section we
constructed the FAS of this operators for the case of vanishing boundary conditions and the result
was as follows. The continuous spectrum of L fills up the union of the real and purely imaginary axis
R U R, see Figure 1; The analyticity regions for the FAS of (2.28) are Q; U Q3 for x and Q, U Qq for
X, where by Qy, k = 1,2,3,4 we denote the quadrants of the complex A-plane.

3.1. Uniqueness of the reqular solution of RHP

The FAS derived above are also linearly related to each other. From equations (2.39) there easily
follows that:

xT(x,t,A) = x (x,t,A)Go(t,A), Go=S5"ST(t,A),

. A€ RPIR. 3.1
X (x, t,A) = x 7 (x,t,A)G)(t,A), Gy =SSt (t,A), G

d0i:10.20944/preprints202308.2071.v1
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These relations allow us to relate the Lax pair to a RHP. Indeed, our FAS are not very suitable because
for large x — oo they strongly oscillate (like exp(—iA?]x)). In order to avoid these singularities we
introduce ¢*(x,t,A) = x*(x,t,A) exp(iA?]x). Then the RHP can be formulated as:

&t b, A) =& (x,t,A)G(x, 1, A), G(x,t,A) = e MGy (1, 1) T7,

+,/ _ x—, ! / _ ,i)\ij / i)\zlx A e R@iR. (3-2)
M (x, t,A) =87 (x, 5, )G (x,1,7), G'(x,t,A)=e Go(t,A)e ,

which allows canonical normalization:

lim ¢ (x,t,A) = lim & (x,t,A) =1 (3.3)
A—o0 A—o0
In the previous Subsections we outlined how, starting with the Lax representation one can derive
the RHP. Here, following Zakharov and Shabat we will demonstrate how starting from the RHP
one can derive the relevant Lax representation. We will use slightly modified RHP with canonical
normalization:

EM(x, t,A) =& (x,t,A)G(x,t,A), A e R@IR,
ig—(j — A2[],G(x,t,A)] =0, i%—f — A2[K,G(x,t,A)] =0, (3.4)

lim ¢ (x,tA) =1
i, (et )
compare with (3.2).
We will say that the solution ffoi (x,t,A) is regular if {§ (x,t,A) and ; (x,t, A) have neither zeroes
nor singularities in their regions of analyticity.
Corollary 2. The RHP (3.4) with canonical normalization has unique regular solution.
Proof. Let us assume that Cli (x,t, A) is another regular solution to the RHP (3.4). Consider:
g5 (x,t,A) = & (x, t, A)& (x, 1, A); (3.5)
we remind that & = &1, Using (3.4) we easily find that:
g5 (0, b, A) = &f (x, , V)& (2, A) = &5 (%, £, A)G(x, 1, A)G(x, £, A)E (v, 5, A) = gy (x,£,A),  (3.6)

ie. gj (x,t,A) is analytic in the whole complex plane A. In addition, it tends to 1 for A — co. Then
according to the great Liouville theorem, gar (x,t,A) =gy (x,t,A) =1. O

Remark 5. The RHP (3.4) obviously allows the trivial regular solution when {§ = ¢y = 1. In this case the
corresponding FAS of L will take the form:

X§ (0t A) = xg (3,8, 4) = e WV (37)

3.2. Zakharov-Shabat theorem

Theorem 2 (Zakharov-Shabat [135]). Let ¢*(x,t,A) satisfy the RHP (3.4). Then x*(x,t,A) =
E (x,t,A)e~NI¥ are FAS of L (2.28) and M (2.42).

d0i:10.20944/preprints202308.2071.v1
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Proof. Let us introduce the functions
+ _ E 2+ 22+ 24
gl (x’t/A) =1 ax g (x’t’/\) +/\ g (x,t,/\)fg (x/t//\)/
(3.8)
+
eE(xtA) = i‘%éi(x, b A) + AREE (x, £, MVKEE (3,1, A),
Then, from egs. (3.4) we find:
gt (xtA) = ia(ga;c) GE (x,t,A) + A2E (x,t,A)GJGE (x,t,A)
= i%é*(x, EA) 4+ ¢ (x 1 A) (ig§@<x, t,A) +A*GJG(x, t,A)) (L) (B9

= i%ﬁ’(x, BA)+ A2 (0, A)JE (3,1, A) = g7 (x,1,A).

Thus gli (x,t,A) are analytic in the whole complex plane C. The canonical normalization of the RHP
means, however, that g (x, t, A) are singular for A — oo. More specifically, gi"(x,t, A) — A%] is linear
function of A. Using again the great Liouville theorem we conclude that there must exist the linear in A
function —Uy(x,t) — AU (x, t) such that:

g (x,t,A) = A?] = —Up(x,t) — AUy (x,t), (3.10)
ie.
g (x,t,A) + Ua(x, t) + AU (x, 1) — A*] = 0. (3.11)
Multiplying both sides of (3.11) by ¢*(x,t, 1) we find that the solutions to the RHP (3.4) must satisfy
the ODE:
i% + (Ua(x,t) + AUy (x, 1)) EF (x,,A) — A%[], EF(x,t,A)] = 0. (3.12)

It remains to insert x* (x,t,A) = & (x, t, /\)e_i/\zfx into eq. (3.12) to obtain that ™ (x,t, A) are FAS of
eq. (2.28).

Applying the same considerations on the second function géﬁ (x,t,A) we find that it is analytic on
the whole complex A-plane and has the form:

g5 (x,t,A) + Va(x,t) + AVy(x,t) — A2K = 0. (3.13)

This means that ¢*(x, t, A) must satisfy also

-
laait + (VZ(x/ t) + )\Vl(x, t))gi(x/ t’)\) _ AZ[K, g:l:(x, t, A)] —0. (314)
and therefore x* (x,t,A) = &*(x,t,A)e~"*J* are FAS of the M-operator (2.42).

O

Remark 6. Zakharov-Shabat theorem initially was proven for Lax operators with linear dependence on the
spectral parameter A. The above proof is elementary generalization of the original idea. Obviously it can easily be
extended for any polynomial Lax pair, see e.g. (2.24). The details of these generalizations are left to the readers.
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4. Mikhailov’s reduction groups and the contours of RHP

4.1. General theory

The reduction groups introduced by [96] are a powerful tool for deriving new integrable equations,
admitting Lax representation. It has been substantially developed since its discovery, see [9,22,31,37,
88,89,120,127]. Mikhailov’s reductions were used in the seminal paper of Drinfeld and Sokolov [16]
as an important tool to analyze the gradings of simple Lie algebras and their consequences for the
integrable equations. It also stimulated the development of the infinite dimensional Lie algebras and
Kac-Moody algebras [8,16,67].

A reduction group Grp is a finite group acting on the solution set of (2.24) which preserves the
Lax representation [96], i.e. it ensures that the reduction constraints are automatically compatible with
the evolution. Gg must have two realizations: i) Gg C Autg and ii) Gg C ConfC, i.e. as conformal
mappings of the complex A-plane. To each g, € Gr we relate a reduction condition for the Lax pair as
follows [96]:

Ce(L(Tk(A))) = meL(A),  Ce(M(I'k(A))) = meM(A), (4.1)

where C;, € Aut g and I't(A) € Conf C are the images of g and 7 = 1 or —1 depending on the choice
of Cy. Since Gp is a finite group then for each g there exist an integer Ny such that g,zc\]k =1

The finite subgroups of Conf (C) were classified by Klein, see [13]. They consist of two infinite
series: i) Zj, - cyclic group of order h; ii) Dy, - dihedral group of order 2/4; and the groups related to
the Platonic solids: tetrahedron, cube, octahedron, dodecahedron and icosahedron. In what follows
we will most attention to Zj;, and Dy; although examples of systems with Platonic solids as group of
reductions are also known, [82,88,89,95]

It is important to note that the form of the equations depends not only on the chosen reduction
group, but also on its realization.

It is well known, that every finite group can be imbedded as a subgroup of some finite symmetric
group Sy,; this is the group of permutations of the numbers {1,2, ..., m}. The group Z;, consists of all
cyclic permutations of the numbers 1,2, ..., k.

The symmetric group A, is the commutator subgroup of the symmetric group S with index 2 and
has therefore h!/2 elements. It is the kernel of the signature group homomorphism sgn : S, — {1, -1}
explained under symmetric group. It is isomorphic to Dy,.

Generically each of these groups is rigorously defined by their genetic codes. In other words one
introduces one or more generating elements of the group and defines the relationes they must satisfy.
For the two types of groups we have:

82 : S% = ]1,
Sy :osi=1, 42)
Dy, s% =1, s% =1, (slsz)h =1,

These are the formal definitions of these groups. Below we will outline their realizations as
subgroups of the group of automorphisms Aut g of the algebra g, as well as subgroups of the conformal
group. These realizations are specific both for the explicit form of the corresponding NLEE as well as
for the spectral properties of their Lax operators.

Other important facts are the orbits and the fundamental domains of the groups. Each element
I'y of Gp is of finite order, i.e. there exist an integer 1 such that FZ" = 1. Acting on a point, say Ay
it produces an orbit in the complex A-plane consisting of the points {IjAg,s = 1,...,n. Then by
fundamental domain of Gr we mean the manifold Ag, which contains only one point of each orbit.
The orbits depend not only on the element I'y, but also on the specific realization of Gr. Below we will
specify the fundamental domains for each of the realizations of the reduction groups.

We start with Z,-reductions, (or involutions) for two of the best known classes of NLEE:
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4.2. Involutive reductions

We will start with typical Z; reductions (involutions) on the Lax representations (2.24) [96]:

1) C(U (1) = U(A), C (Vi (k(A)) = V(A),

) GU (@A) =-UR), Gl (@A) =-V{), @3)
3) G(U'(x1(A))) = —U(A),  C(V*(x1(A))) = —V(A),

4)  Cy(U(x2(A))) = U(N), Ca(V(k2(A))) = V(A),

By C; above we have denoted involutive automorphisms C]Z = 1 of the simple Lie algebra g in which
U(x,t,A) and v(x,t, A) take values.

Working with Lax operators which are quadratic pencils it is natural to impose two basic
symmetries: i) the Hermitian symmetry 1) in (4.3) with C; = 1 and x1(A) = A*; and the symmetry 2)
in (4.3) mapping A — —A. A third involution iii) may appear if we request in addition that U and V
belong to a simple Lie algebra of the series B;, C; or D,. This means:

U(x,t,A) = —S,UT(x,t,1)S, L, V(x,t,A) = =S, VT(x,t,1)S, 1,

where the matrices S, are introduced in the Appendix A.

Note that equations (4.3) in fact take into account the all typical external automorphisms of the
simple Lie algebras. Therefore we need to consider only those realizations of C; which are elements of
the Weyl group Wy of g, or belong to the Cartan subgroup of g. This means that C; may have the form:

C] — S] = Sﬁlslgz ces Slgk, or C] — h] = eXp(?‘CiHEj), (4_4)

where the roots B4, B2, . . ., Bx are all orthogonal to each other. This will ensure that S; is an involution:
SJZ = 1. Similarly the vector Ej must be such that E]- =Y kj,sa}s, where kj/s are nonnegative integers
and w; are the fundamental weights of g. Then the similarity transformations with k; will also have

the property h]2 =1.

Cy C.
iAg
)igk I/?* _AM*X X ]’l*
—i)o
C- C-

Figure 2. Examples of involutions for Lax operators linear in A. The continuous spectrum fills up the
real axis; the FAS x* (x,t,A) are analytic for A € Cy. respectively. Left panel: for reductions of types C;
and Cj the discrete eigenvalues come in complex-conjugate pairs, shown by x and o; Right panel: for
reductions of type C; and Cj there are two types of eigenvalues: pairs of purely imaginary ones il
shown by o; quadruplets £y and +u* shown by x
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@ @)

Cy
iAo
_g* Q —%* Fé —pux X u
Zu P % ;f* —H x H*
—iAg

C_

Figure 3. Examples of involutions for Lax operators quadratic in A; the continuous spectrum fills up R @
iR. Left panel: for reductions of types C; and C3 the discrete eigenvalues come in complex-conjugate
pairs, shown by x; for reductions of type C, they come in pairs shown by o. In both cases the contour
of the RHP is the real axis. Right panel: the first involution maps A — A~1; or to A — —A~1; the second
one maps y — u* L orto y — —p* 1. In both cases the contour of the RHP is given by the unit circle

A2 =1,[119]
s @ @
13 o)) ) o))
Q)] O @)} 0o
0y R
I3 lo I3 ly
Qg QS
Iy Oy Is

Figure 4. Left panel: contour of a RHP with Z3 symmetry. The FAS x*(x, A) is analytic in the sectors
Qo Uy U Qy, while x~ (x, A) is analytic in the sectors ()1 U Q3 U Q5; Right panel: contour of a RHP
with Zz symmetry with additional involution mapping A — A~

Another important factor for the correct realization of the reduction groups is N; — the
leading power A in the Lax operator (2.24). In the majority of cases people consider generalized
Zakharov-Shabat systems, i.e. N; = 1. Let us combine this choice with real-valued eigenvalues of
J and vanishing boundary conditions on Q(x,t). Then the analysis of the corresponding integral
equations for the Jost solutions show that the FAS x (x,t,A) (resp. x, (x,t,A)) of Ly have analyticity
properties for ImA > 0 (resp. ImA < 0). That means that the contour of the corresponding RHP
coincides with the real axis R. Then the spectrum of Ly consists of continuous part filling up R and
pairs of complex-valued discrete eigenvalues A+ € C., see Figure 3. As fundamental domain of this
group we can choose the upper half-plane C of the complex A-plane.

In what follows we will concentrate on Lax operators with N; > 1; most often we will have
N; = 2. In Section 2 we proved that x* (x,t,A) (resp. x (x,t, A)) of L (2.28) have analyticity properties
for Im A2 > 0 (resp. Im A? < 0). That means that the contour of the corresponding RHP coincides with
the union of the real and purely imaginary axis R @ iR. Then the spectrum of L consists of continuous
part filling up R @ iR. Typically such Lax operators have additional symmetry A <+ —A, so the discrete
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eigenvalues come in quadruplets :t)\;r € QuUQsand j:)t; € Q2 UQy, see Figure 3. Effectively in
these cases we deal with Z, ® Zy= Then as fundamental domain of this realizations of the group we
can choose the first quadrant Q; of the complex A-plane.

4.3. Zy, reduction groups

We will consider here the cyclic groups Zj, of order h > 2. These groups have only one generating
elements:

Z, : s"=1. (4.5)

The cyclic group has & elements: 1,5,k = 1,...,h — 1; typically its realization on the complex A-plane
is given by s(A) = Aw, where w = exp(27i/h).

4.4. Dy, reduction groups

We will consider here the dihedral groups D, of order i > 2. These groups have two generating
elements:

D, : r*=s"=1, srsTh=s"1, (4.6)
h

The dihedral group Dj, has 2h elements: {sk, rsk k= 1,. ..,h} and allows several inequivalent
realization on the complex A-plane. Some of them are:

0 s(A)=Aw, r(A)=er*, (i) s(A)=Aw, r(A):%,
(i) s(A)=Aw, r(A)=er, () s(A)=Aw, r()\):%,

where again w = exp(2mi/h) and € = £1. An important realization in the case of a D, reduction
group is given by
4.7)

5. Parametrizing the RHP with canonical normalization

An important tool in our investigation is the theory of the simple Lie algebras and the methods of
their gradings.

The reason to limit our selves with the simple Lie algebras is due to the fact, that we need to have
unique solution of the inverse spectral problem of the Lax operator. The mapping between the potential
and the scattering matrix for generic, linear in A operators have been studied using the Wronskian
relations [10,30,63]. They require the existence of a non-degenerate metric. A metric, characteristic for
the Lie algebras is the famous Killing form, which is non-degenerate for the semi-simple Lie algebras.
In fact we will limit ourselves by considering only the simple Lie algebras.

We will limit ourselves also by considering only two families of NLEE. The first family is known
as the N-wave equations, discovered by Zakharov and Manakov [131], see Section 2.1 above. Typically
they contain first order derivatives in both x and f and quadratic nonlinearities. In this Section we will
describe a new class of N-wave equations whose Lax operators are both quadratic in A [36,52]. We will
see, that they have higher order nonlinearities.

The second family of NLEE we will focus on are the multi-component NLS (MNLS) equations.
It is well known that they are related to the symmetric spaces [21]. Their Lax operators will also be
quadratic in A, so they will be multicomponent generalizations of the derivative MLS eq. [81] and GI
equations [19,20,42,58].
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5.1. Generic parametrization of the RHP with canonical normalization
We can introduce a parametrization for * (x, t, 1) using its asymptotic expansion:
EE(x, t,A) = exp(Q(x,t, 1)), Q(x, t,A) = Y A°Qs(x, t). (5.1)
s=1

Obviously, if we want that ¢*(x,t,A) be elements of a simple Lie group G, then the coefficients
Qs(x,t) must be elements of the corresponding simple Lie algebra g. In addition we request that Qs
provides local coordinates of the corresponding homogeneous space. Besides, the solution ¢*(x, t, A)
is canonically normalized, because

LAk
lim ¢=(x,£,4) = 1. (5.2)

The most general parametrization of ¢*(x,t,A) requires that Qs(x, t) are generic elements of
the algebra g. However such approach has a disadvantage: the corresponding NLEE involve too
many independent functions. There are two ways to avoid it: first, we can fix up the gauge of the
Lax operators; second we can and will impose reductions of Mikhailov type. Typically we will fix
the gauge by requesting that the leading terms in the Lax operators are chosen as diagonal constant
matrices, i.e. constant elements of the Cartan subalgebra ). Another important issue is to explain how,
using Qs(x, t) from eq. (5.1) we can parameterize any generic Lax pair related to that RHP.

Let us choose, following the ideas of Gel’'fand and Dickey

d
Ly = % —U(x,t,\)p(x,t,A) =0, U(x,t,A) = (/\Nlé’](j’l(x, t,)\))+ ,
(5.3)
d
My = a—‘f ~ VLA EA) =0, V(xnkA) = (MK (5, 40))
where the subscript 4+ means that we retain only the non-negative in A terms in the right hand sides of
(5.3) and explain how one can calculate U(x, t,A) and V(x,t,A). First, we remind that since J,K € b
and Ci(x, t,A) € G, then both U(x,t,A),V(x,t,A) € g. From the general theory of Lie algebras we
know that
gijéi(xm)—ui)‘—_k dk]—]fi/\—kv 54
sty - k' a Qo) — k- ( . )
k=1 k=1
wheread Y = [Q, Y], ad % = [[Q, [Q, Y]] etc. The first few coefficients in these expansions take the
form:

1
Vi =ad;Qs, Vo =ad Q2 — Easzl]l
1 1 .,
V3 = ad]Q3 _— 5 (ad QladQZ +aszad Ql) ] - gadQlf, (5 5)
1 .
Vy = ad]Q4 — E (adQladQ3 —|-Elsz2 +adQ3adQ1) ]
L/ 2 2 1 .4
— = (addad g, +ad g,ad gad g, +ad gad?d, ) J — 5 ady ).

Thus we see that U(x, t,A) and V(x, t, A) are parameterized by the first few coefficients Q.
Another formula from the general theory of Lie algebras which we will need below is:

oFt CI R | (00 L&
IW(’: (x, t,/\) - lg +lkzzl mad Qa - lk:Zle/\ 7 (56)

d0i:10.20944/preprints202308.2071.v1
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In general:
Qk 1 aQ]s
ZXk =i— 41 Z Z ad Q; ad Q. adQ (57)
dx (s+1)! itk i i is-1 Qx
The first few coefficients are:
L0, 0 1, 00
= ox ' A = ox Jr2adQl ox ’
aQa 0Q; Q1 1 ., 90y
X3 = ax 2<dQla +sza +7dQla
(5.8)

0 ] 0 0
X, = 9 Q4 (dgl Q3+ ad o, Q2+ ad o, Ql)

ox ox ox d
aQ1)+ d3 an

0Q; 01
(dQl +a dQlasz ox +adQ2adQ1 p) a ,

ox
The effectiveness of the general form of the Lax pair (5.3) follows from the relation which is easy to
check:
AMETE (1, A), AN EKE (1, 1) | = AN KJE (3, 1,0) = 0,

because the matrices K and | are diagonal. Therefore, the commutator [U(x,t,A), V(x,t,A)] must
contain only negative powers of A.

In addition we may impose on Q Mikhailov type reductions. Each of them uses a finite order
automorphism, which introduces a grading in the algebra g. Below we will use several types of
Zy-reductions based on automorphisms of order 2 of the Lie algebra:

1) (x txi(A) = —Q(x,t,A), Kk1(A) = A%,

2) QT (x,t,A) = —=S,Q(x,1,1)S, 1, K(A) = %A, 59)
3) Q(x,t,k3(A)) = —=Q(x,£,A), K3(A) = A%, '
4)  COx,t,A)Cy ' = Q(x,t,—A), Ci=1, Cyeh.

compare with (4.3). The last reduction Cy is typical for Lax operators which are quadratic in A.
Another important Z, reduction is provided by the Cartan involutions 7, which determines the
hermitian symmetric spaces [67] and acts on Q(x, t, A) as follows:

Q(x/ t/ A) = jQ(xr tr *A)j (510)

5.2. The family of N-wave equations with cubic nonlinearities

If we generalize to Lax pairs quadratic in A we find:

Lt = 128 4 (U (x, 1) + AL, Q(x, 5] — 22,1, A) =,
ox (5.11)

Myt = 198 4 (Vi £) + AIK, Q1] ~ AK)(x,4,A) = 0,

where Uy, V, Q again belong to a simple Lie algebra g, | and K are constant elements of . Examples of
N-wave type equations will be given below; here we just note that they contain first order derivatives
with respect to x and t and cubic (not quadratic) nonlinearities with respect to Q.

Below we will impose two types of Mikhailov reductions:

CoU(x,t,A)Cyt = U(x,t,—A),  CoV(x,t,A)Cy* = V(x,t,—A),

: ) (5.12)
U(x,t,A) = =U"(x,t,A%), Vix, t,A) = =V'(x,t,A"),

d0i:10.20944/preprints202308.2071.v1
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where
u(x/ £, )\) = uZ(x/ t) + /\U/ Q] - /\2]/ V(x/ £, )\) = VZ(xr t) + A[K/ Q] - /\ZK (513)

and Cy € Autg, Cg = 1. In particular for the n-wave equations (see egs. (2.3) and (2.1), (2.2)), we get
Q = Q' and ] and K must be real. For the FAS and the scattering matrix these reductions give:

xF(x,t,A) = (x ) (x,t, A7), Tanw (A, t) = Tig, (A%, 1),

_ B (5.14)
CoxT(x, t, \)Cyt = xF(x,t,—A),  CoTnw (A 1)Co ! = Taw(—A 1),

see [36,52].
First we will derive the N-wave equations in general form; then we will illustrate them by a
couple of examples. Using the generic parametrization (5.1) we obtain:

UletA) = Uy 4 A~ X, Us =[], Qal +5[Qu W], Ui =[,Qi)

(5.15)
1
V(x,t,A) = Vo +AV —A°K, Vo = [K,Qp] + sQuvl, Vi=[KQi
The compatibility condition in this case is:
. .0
io— (Va+ AV1) =iz (U + Al + [Ug + AUy — A2], Vo + AVy — A%K] = 0. (5.16)

It must hold identically with respect to A. It is easy to check that the coefficients at A* and A3 vanish.
Some more efforts are needed to check that the coefficient at A%:

—[J, V2] + [U1, V1] — [Up, K] =0 (5.17)

also vanishes identically due to the proper parametrization of U and V. The compatibility conditions
must hold identically with respect to A. The first three of these relations:

A LK =0, A KW -], w] =0, A2 (K U] =[], Vo] + [U, V3] =0, (5.18)

are satisfied identically due to the correct parametrization of &* (x,t, A). In more details

Uy =1[],Q1), U= —5[U, Q1]+ [],Q2],

(5.19)

N — NI -

Vi=[KQi], Va=-—5[V1,Qi]+[K Q]

The last two coefficients at A! and A? vanish provided Qi (x,t) and Q»(x, t) satisfy the following

N-wave type equations:

oUW

AV i i U, Vi) + (U, VR = 0,
a?; aa‘;/c 520
0 - 1 2 '72 =
A i i + [Up, Vo] = 0.

Note, that while U; and Vj are linear in Qy, U, and V; are quadratic in Q1. Therefore the nonlinearities
in this N-wave equations are cubic in Q.
We assume that the root system of g is split into A = Ayg U Ay, such that

CoExCy' =E., a€dy  CoE,Cy'l=—E, a€l. (5.21)
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We also denote positive and negative roots by a plus or minus superscript. Then considering (5.12) we
must have:

COQl(x/ t)co_l = 7Q1(x/ t)/ COQZ(x/ t)c()_1 = QZ(xr t)r
Qo 1(x,8) = Y (Gas1aFa = Gs10E-a)  Qu(xt) = Y (qosaFa—3s0F-0), @22

+ +
€A} €A

It is easy to check that this choice of Qs is compatible with the following two involutions of the RHP

a)  Q(x,t,A) = Qf(x,t, —A*) = i Qs(x, HA™S,  Ql(x, 1) = —Qs(x, 1),
s=1

(5.23)
b)  Q(x,tA) =CoQ(x,t,—A)Cy CoQas—1Cy ' = —Qas1,  CoQ2sCy ' = Qas,
which means that
a) (E)'(xtA) =(@F) (o tA%), b)) CofF(x,t,—A)Cyl =T (xt,—A). (5.24)
Example 1 (6-wave type equations: sl(4) — case). The involution is given by
Co = exp(miH,,) = diag (1,—1,—1,1). (5.25)
The potentials are:
0 R 0 0 0 0 g
Q1= :Zl 8 8 Zi P 2= 8 —?ﬁ o 8 ' (5.26)
0 —q3 —q5 O % 0 0 0
] = diag (ay,a2, —ap, —a1), K = diag (by, by, —by, —by).
The corresponding NLEE ensure that the coefficients at A' and A° also vanish. These give:
—i(m - az)aait1 +i(by - bz)aa% +x(q1(1g3* = 021?) +2(q295 + 9645)) =0,
—i(az + ﬂl)aaitz +i(by + bl)% +x(q2(|q1|* — l9al?) +2(q795 — q346)) =0, 527)
o+ a) 2 i+ 002 k(g - ) - 20ai0 - qas) =0,
—i(ay — az)zif +i(y — bz)é%4 — x(94(1a3]” = 1921*) +2(a396 + 4303)) =0
where xk = a1by — arby and
“2ia, 285y i, 205y, ML)y, i g2
+x(q792 — 4393 (1911% + 1021 + |93 ]* + 194]?) — 2xq5 (|91 — g2/ — [g3 ] + [9a]*) = 0, (5.28)
_ 21'5,1%6 + Ziblaaixé - iaza(ql%a; 9204) ibza(”’l‘“a; 9294)

+x(g143 — 204) (|01 * + 1021 + 193] + 194]*) + 2q6 (|71 * — |a2]* — [a5]* + |94 [*) = 0.
Example 2 (4-wave type equations: so(5) — case). The involution is given by

Co = exp(miH,,) = diag (—1,1,1,1, -1). (5.29)
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We first choose the potentials Q1, Qo, |, K and the involution Cy as follows:
0 71 92 93 0 0 0 0 0 0
-q 0 0 0 g3 0 O g@ 0 0
Qix,t)=1] —g5 0 0 0 —q [, Qxt)=] 0 —gqz 0 g4 O 530
5 0 0 0 q 0 0 —q 0 0 (5.30)
0 —q5 g —q; O 0 0 0 0 0

] = diag (aq,a3,0, —az, —ay), K = diag (b1, b,0, —by, —b7).

It is easy to check that CleCal = —Qq and COQZCO*1 = o, and consequently the FAS of Lny (5.11)
satisfies Cox™ (x,t,A)Cy L= x*(x,t,—A). The corresponding equations (5.20) become:

‘ 0 . 0 , X

—2iay — a) 4216y — b2) S+ k(1121 + 33 — 20203) =0,
. 9d . d X

— 200 52 421, 52 — (95192 — g3 %) + 29565 — 20194) = 0, (5.31)
. d , d .

~ 2y ) 57 + 261+ 02) 52— x(galgal + a3 — 2004) =0,

and
0 x 0 X 0 5
—21112% +2ibzaﬂ —i(2a1 — ap) (3293) +i(2b1 — by) (924i) _ i(2a1 + az) (3:95)
ot ox ot dox ot (5.32)
9(q3q5)

+i(2by + by)

D02t (11239303 + 9201) + 195 (3267 +9203) + 20401 * — |g52)) =0,

5.3. The main idea of the dressing method

In this section we will generalize Zakharov-Shabat dressing method [134,135] for the quadratic
pencils. We will start with the simplest possible form of the dressing factor which generates the
one-soliton solutions. We do this for two reasons. The first one is that due to the additional involutions
inherent in the quadratic pencils the dressing factors for the one-soliton solutions require solving
block-matrix linear equations. The other reason is that we will be able to calculate the asymptotics of the
one-soliton dressing factors which will allow us to study the soliton interactions for the corresponding
NLEE. The N-soliton solutions can be derived either by repeating N-times the one-soliton dressing
or by considering dressing factors whose pole singularities determined by A, k = 1,2,..., N. In this
case one has to solve much more complicated block-matrix linear equations.

In order to avoid unnecessary repetitions of formulae we will introduce the notations for the
‘naked’ and one-soliton solutions FAS of the Lax pairs.

Loxi (x,t,A) =0, Moxg (x,t,A) =0, Lisxi (x,t,A) =0, Misxi (x,t,A) =0, (5.33)

where Ly and M are the Lax pair whose potentials Uy and Vj are vanishing. By L5 and M;5 we denote
the Lax pair whose potentials are provided by the one-soliton solutions of the corresponding NLEE.
Each time from the context it will be clear which specific La pair we are considering.

For the N-wave systems the ‘naked’ FAS are given by:

X (x,t,A) = exp (—i}\z(]x + Kt)) o X (obA) = ul b A)xg (xtA), (5.34)
while for the NLS-type equations

Xg (x,t,A) = exp (*i](/\zx + A4t)) s X (ot A) = ulx b A)xg (x5 A), (5.35)

d0i:10.20944/preprints202308.2071.v1


https://doi.org/10.20944/preprints202308.2071.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 August 2023

25 of 65

where the dressing factor u(x, t, A) will be calculated below for each of the relevant cases. The specific
form of ] and K in (5.34) depends on the specific choice of the corresponding homogeneous space.
Likewise the specific form of | in (5.35) is determined by the choice of the relevant symmetric space.

Each dressing factor is a fractional linear function of the spectral parameter A. As such we will
use:

_ A=A
A=A

A+ AL + .y 1
= )\+)L1_, A =mxy, i (A%) = . (5.36)

() c1(A)

c1(=A)

Indeed, c1(—A) comes up naturally due to the symmetry A — —A. By Ali we denote constants such
that Im (Af)z 2 0; i.e yyr; 2 0. As we shall see below Af, f)\f and their hermitian conjugate
determine the discrete eigenvalues of L.

The generic form of the dressing factors is the same for both types of NLEE considered above. If
we impose only types of symmetries on L and M, such as:

Ut(x, t,A*) = —U(x,t,A),  Col(x,t,—A)Cy' = U(x,t,A), (5.37)

and similar relations for V(x,t,A). Here Cp is constant diagonal matrix such that C2 = 1. Then
u(x,t,A) must satisfy:

ut (v, t, A*") = ul(x,t,A), Cou(x,t, —/\)Ca1 =u(x,t,A), (5.38)
then u(x, t, A) and its inverse have the form
u(x, t,A) = 1+ (e1(A) = DIN1) (m | + (e1(=A) = 1)Co|N1) (mm [ Cy Y,

B 1 1 ) (5.39)
ux, tA) =1+ (cl(A) - 1) In1) (Ma| + <C1(—7\) - 1) Colm1)(M;|Cy .

Here the ‘polarization’ vectors |Ny), (m1], |n1) and (M;| determine the residues of u and u~!. These
residues for the one-soliton case will be evaluated explicitly below for each of the NLEE we consider.

5.4. Dressing of N-wave equations: two involutions

We start with the N-wave type on homogeneous spaces with two involutions. Using the equations
(5.33) we derive the following equation for the dressing factor:

3
iS5+ (Uyis + Aliss — A2)u(x, £, A) = u(x, 1, A) (Uzo + Alsg = A%]) = 0, (5.40)

which also must hold identically with respect to A. This can be verified by taking the residues of the
left hand sides of (5.40) for A = A;” and equating them to 0. This gives:

(ia|N1> + (Uzas + Ay Unis — (Al_)zf)'Nﬁ) ol

ox
d
+ |N1> <Z g:l‘ — (m1|(U20 —l—)\fUm — (/\1)2]) =0, (541

from which one easily finds, see e q. (5.34):

IN1) = x7 (x,t,A7)[N1o),  (ma1] = (mo| Xy (x,t, A7) (5.42)

d0i:10.20944/preprints202308.2071.v1
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Similarly, we can use the equation satisfied by 7 = u~!(x,t, A) which reads:

~

.0 . A
1% + (Uzo + AUyo — A2])a(x, £, A) — i1(x, £, A) (Unyts + AUy — A2]) = 0. (5.43)

Putting the residue of (5.43) at A{ to 0 we get:

(1252 + (o + A o = A P ) (ot

O(M
+ [n1) <1<axl| — (my|(Uzps + A Unps — (/\1+)2]) =0, (544)

The result is, see eq. (5.34):
|1’ll> = XE)"_(X, t,/\i‘r)|1’110>, <M1| = (M10|Xf(x, i’,/\i‘r). (5.45)

Remark 7. We note that the vectors |nyg), |N1g), (mig| and (M| are constants, which must satisfy the (5.38).
Due to the same reductions we must also have Ay = (A )*. We have also chosen Cy to be constant diagonal
matrix whose matrix elements equal £1.

Thus, if we know the regular solutions Xst (x,t,A) then we have derived explicitly the x and ¢
dependence of the vectors |n1) and (m;|. In addition we know that ui = 1 also must hold identically
with respect to A. That means that the residues:

Res u(x, t,Mu"t(x,t,A) =0, Res u(x, t,Mu"t(x,t,A) =0.
Res ( Ju=( ) Res, ( Ju—( ) (5.46)

must vanish. Inserting u and i from eq. (5.39) we obtain the equations:

AT — A !
(My| = (my| <<m1|n1>]1 + 11<7711|Co|n1>co> ,

AT +A]
1 (5.47)
i) = (bt = 22 ol ) )
= | mlm)l — F—=(m n ny).
1 1m A AT 11Coln1)C0 1
In the specific calculations below we will use more convenient notations, namely:
EE =exp (*i()\li)z(]x i Kt)) — diag <6i21—i¢1,_ Hleizn—i(l’n) , A= tin,
2uv (Jkx + Kit), ¢ = (uF — vi) (Jex + Kit) Mo u (5.48)
zp = 211111 (Jix , = —v x , K= L= .
k= “#1v1Uk k k= (M1 — V1) Uk k 1 A A i

In1) = Eqilmo), (my| = (myo|&y;-

where j11 > 0 and v; > 0. The functions zi(x, t) and ¢ (x, t) are linear functions of x and ¢; for each
specific example they will be given explicitly.

The last step we need to do is to determine the corresponding singular potentials U; and U,. To
this end we come back to the equation (5.40) for the dressing factor and study its limit for A — oo. Its
left hand side is a quadratic polynomial of A. Skipping the details we obtain:

Ups — Uno = (AT — A [ WT, W = £|Np) (mq| + Co|Nq) (m1|Co,

RS e VAT (5.49)
Upjs — Upg = —(Af — A7) (W™ =W Uy + AT [J,W7])
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We we put Ujg = Uy = 0 we get simplified expression for the one-soliton solution:

Uyjis = (/\1+ - Ali)[flwi]/

5.50
=—(Af =AD) (WasWH + AW ]). 550

&
2
w»

!

More explicit expressions for Uy ;15 and Uy, in terms of hyper-trigonometric functions will be given
below for each of the examples.

Example 3 (One soliton solutions, sI(4) case). The Lax representation in that case is provided by the operators
(5.11) where ], K, Q1 and Q, are given by (5.26). The ‘naked’ polarization vectors (m1| (5.42) and |ny) (5.45)

become:
nlO 1ezl_i¢1
. ) . . Zo—ifn
n10.2€
_ Z1+1 Zo+i —2zp—1 —z1—1 _ 10,2
(mq| = ("110,161 P mygpe®2 192, myg se 272, myg pe A 4’1) ,m) = 1o s~ 22 (5.51)
nlO 4e_Zl""i‘rbl

Taking into account the typical hermitian reduction of L and M we find (my| = (|n1))* and (myg| = (|n10))"

The dressed polarization vectors defined by (5.47) are equal to:

(Ry)7t 0 0 0
my;y Mip Mz Mig 0 (R~ 0
M| = : ’ . 7 . 7 T ’ Ny) = n),
(M| <RIL R R RT) |N1) 0 0 (RH)1 1)
0 0 0 (Ry)71
i (5.52)
R = (mq|ny) £ ﬁ(ml\co\”ll)/
(mq|ny) = 2101 cosh(2zq + {o1) + 27702 cosh(222 + C2), 701 = |m101m104], 102 = [M102710,31,
n n
(m1|Coln1) = 2101 cosh(2z1 + {o1) — 27702 cosh(2z2 + {2),  Co1 = In o, | , Cp=In 02| ,
1104 1103
They also satisfy (M| = (|Ny))*t. Therefore
0 nyimyy N1 3 0
e _ o | mema 0 0 mamia |
n1,3Mm1 1 0 0 n1,3M14
0 nyaMmyp  N14M713 0
n1,1mM1,1 0 0 11,1M1,4
W— =2 0 nypmyy M1z 0
0 nyzmyy N33 0
n1,4M11 0 0 11,4M1 4
(5.53)
4i1/1(€ll — az)mllzl’llll 4i1/1 (Cll + az)ml,gnM
ql(x, t) = — R+ s QZ(xrt) - - R+
1 1
4i1/1(€ll + az)mmnu 4i1/1 ({11 — az)m1,4n1,3
q3(x/ t) = - — 7 174(x/ t) = - —
R; R;
o (5.54)
8vinyimya (a1 — az)nyomyp + (4 — az)nyzmy3) — idy a R
q5(xl t) = - T p— ’
Ry Ry
do(x,t) 8vinypmyz (a1 — ap)niymiy — (a1 + ax)nyamyg) — iAf ayRY

+ —
Rl Rl
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g (1) = divip (a1 — ap)[magamoale” 72 H02=#0) [AF 5oy cosh(%1) + Ay 102 cosh(%)] ,
(43 +v3) (3, cosh®(21) + y%, cosh®(23)) + 211072013 — v3) cosh(Z;) cosh(2)
1, 1) = divipi (a1 + )| m1g 3moale” ~2101+2) [AF 5oy cosh(%1) + Ay 102 cosh(2)] ,
(12 +3) (73, cosh? (1) + 3, COShZ(;fz)? + 21710720(pf — 1) cosh(2y) cosh(2y) (5.55)
13, 1) = divip (a1 + ap) [mgamipale 1 727 (P192) [AT 01 cosh(21) + A g cosh(2,)] ,
(12 +2) (3 cosh?(21) + 3, cosh?(£3)) + 210720 (43 — v2) cosh (1) cosh(2;)
2 1) = divipn (a1 — ag)|mpamoale™ =227 [A o) cosh(%1) + A{ 702 cosh(22)] ,
(43 + v2) (2, cosh®(21) + 53, cosh?(£2)) + 217107720 (42 — v2) cosh () cosh(2,)
where Zy = 2z + (o and Py = Py + arg nyg k. In addition
g5 (x, 1) = —16v1 10,1 |[n10,4/e =31 x
y [v1p1 (a17701 cosh(Z2) — antjop sinh(2)) — iAy a1 (A7 701 cosh(Z1) + A7 102 cosh(22))) ]
1 <(V% + 1/% (1731 cosh?(;) + 1732 cosh?(%,)) + 217101720(]4% — 1/%) cosh(z7) cosh(Zz)) ' 656

G6(x,t) = —16v; [n1,[n10 3] 7292 x
y [vipa (11701 sinh(21) — agnop cosh(22)) — iA{ a2 (A7 101 cosh(21) + A{ 702 cosh(£2)))]
H1 <(V% +v2) (1}, cosh®(21) + 3, cosh?®(22)) + 2110120 (43 — v3) cosh(27) COSh(Zz))

5.5. Dressing of N-wave equations: three involutions

Here we will consider only the cases, when the two above involutions are combined with condition
that u(x,t,A) € SO(N) or u(x,t,A) € SP(2N). Then the dressing factors take the form:

u(x,t,A) = 1+ (c1(A) = 1)[Ny) (m| + (e1(—=A) = 1)Co|Ny) (mq|Cy

1 -1 r -1 1
+ (Cl()\) 1) Su |M1><7’l1|5a + (Cl(—)\) 1) Su CQ|M1><1’£1|CO Sa,

) ) (5.57)
—1 -1
u (x,t,A :]1+<—1>n M +<—1)C ny1){M;|C
(x5,6,2) o7~ 1) I+ (o~ 1) G m)
+ (c1(A) = 1) Salm) (N1[S; ! + (e1(=A) = 1) SaCy ) (N1 CoS;
where ¢1(A) = (A — AJ)/(A — Ay ). Inserting ¢1(A) into (5.57) we get:
AT — AT AT — AT
A =1—- 11N —L_—1G|N Gyt
u(x,t,A) A—A;' 1) (m| + ATA, 0lN1) {m1|Cy
A — AT A — AT
+ =5 [M1) (m1]Sa — =5, Co| My ) (m1|Cy 'S,
A=A A+ A
L L (5.58)
Tt d) =1+ LAy vy - A ety
u A} = 5 11 - Ty .
P W E
A — AT LM —AT L »
—;77/\1_15ﬂml><1\71|5u1+;+7}\1_15aco |m1) (N1]CoS, "

Since the dressing factor is mapping a regular solution to the RHP into a singular solution of the same
problem, it must satisfy the reductions (5.24), i.e

ut (v, t, A") = u"Y(x,t,A). (5.59)


https://doi.org/10.20944/preprints202308.2071.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 August 2023 d0i:10.20944/preprints202308.2071.v1

29 of 65

In addition one can check that the conditions:
Cou(x,t, =A)Cy ' = u(x,t,A),  u '(x,t,A)=Su’ (x,t,\)S;}, a=0,1; (5.60)

are identically satisfied. The second condition in (5.60) ensures that u(x, t, A) belongs to the orthogonal
group if S = Sy; for S = Sq u(x,t, A) belongs to the symplectic group.

Note that the new dressing factors and their inverse satisfy the same differential equations (5.40)
and (5.43) respectively. These equations must be satisfied identically with respect to A. This means that
all the residues of these equations at the poles of u and i must vanish.

Thus we obtain the generalizations of egs. (5.45) and (5.42) for the three involutions case:

In1) = xg (x,t,Af)|mo), IN1) = x7 (x,t, A7) Nug),

N\ _ o B (5.61)
(mq| = <m10|X0 (x,t,A7), (My] = <M10|X1 (x,t,A7),

where |n19), |Nig), (myp| and (M| are constant polarization vectors. We assume that we know
X(jf (x,t,A) which are related to the regular solutions of the RHP. Typically they correspond to vanishing
potentials Ujy = 0 and Upp = 0; thus we must have:

X (x,t,A) = e UxHKD), (5.62)

In addition we need to ensure that the expressions for uu~! = 1 and u~'u = 1 hold identically
with respect to A. The presence of the third involution makes this problem more difficult, because these
expressions have second order poles at the points Af. It is easy to see that these residues simplify to:

(11]C0SaColn1) =0,

(m1]Sa|my) (n1/Saln1) =0, (m1]CoSaColmy)
- O, 0/

=0, =0,
(5.63)
(N1|Sa|N1) =0,  (M;]|Sq| M) (N1|C0SaCo|N1) =0,  (M;]CoSaCo|Ny)

Remember that these vectors depend on x and t and the conditions (5.63) must be identities. But we
also know that these polarization vectors must satisfy (5.61). Therefore we have:

(n1]Saln1) =
(N1]Sa|N1) =
(N1|CoSaCo|Ny) =

n10l (xg (%, A7) Saxg (x, A ) Imo) = (m10/Salm10),

Niol (x ™ (3, A7) Sax™ (%, A7 )| N1g) = (Nio|SalNao),

Niol (x ™ (x, A7) CoSaCox ™ (x, A7) Nio)
NiolCo(x ™ (x, —A7 ) Sax™ (x, —A7 )Co|Nio) = (N1g|CoSaCo| Nio)-

(5.64)

o~ o~~~

The proof that all other scalar products in (5.63) are x and ¢ independent is done similarly. Thus the
conditions (5.63) in fact impose restrictions only on the initial polarization vectors:

(m10|Salmio) (n10/|Saln10) (m19]|CoSaCo|mio) (n10/CoSaColn10) = 0,

= 0, = O, = O’
(N10|Sa|N1g) =0,  (Mig|Sa|Mig) =0, (N19|C0SaCo|N1g) =0,  (Mi9|CoSaCo|Nig) =0,
(5.65)
The last condition that is imposed on the polarization vectors comes from eq. (5.59) and reads

In10) = ((m1o)',  [N1o) = ((Mio])",  CoSa = SuCo. (5.66)
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Taking the residues at A, )\f leads to
A7 — A7 AT — AT _
(m1 | 11—\”1><Ml|—ﬁifc0|”1><Ml\Co+17,15C0|m1>(N1\C05 =0,
A 204 5 67
(n INg) ]+ S ol o — LA 514y |cs>| ) =0 "
— N1, T =0V Lo — — olvl1){n1|Co ny) =0
A+ A 27
i.e., transposing the first of the above equations we find:
AT — AT AT — AT
Imy) = | (my|ny) 1+ 2—LCo(my|Co|m) | |My) — =" (m1|CoS|m1)CoS|Ny),
AT+ A 2); - s
A=A A=A L oo
Iny) = <m1\”1>1—w<m1|co|”1>co |N1>+T(H1IC05|711>5 Co|Mx)

By the way, )LI—L = p1 vy, so
MM _in
/\1+ +AL M1

mi) \ [ X3 X | M)
()= (e ) ()

where the block matrices Xj ; and Y7 ; are given by:

Thus eq. (5.68) is rewritten as:

% %
X1 = (my|n1)1 + —2Co(mq|Coln1),  Xo = —=(mq|CoS|m1)CoS,
M Al
v v (5:70)
Y= _}71<”1|C05|”1>571C0/ Yy = (my|ng)1 — ]711<m1|C0|n1>C0,
1

The inverse of the matrix in the right hand side of eq. (5.69) is given by:

—1
X1 Xo _ (X1 — XoY5 1yy) ™! XX (Y2 - X1 X)) ! (5.71)
i Y =Y, Yy (X — XY, 1Y) (Yo — Vi X, 1Xp) ™!
and
x-1_ pi(milm) — ipvr(m|Colni)Co  y  pg(ma|m) + ipavy (my|Coln1)Co 57
1 = 2 2 2 C 2 2 2 2 2 C 2 7 (5.72)
pi(my|nq)? + vi(my|Colny) pi(ma[n1)? + vi(m|Colna)
i.e., we introduce the relations and the notations
1 1 V%
X =g1Y2, Y, =Xy, 1= ,
L8 2 78 $U= 3 ) + v (| Colm) 573)

B1 = (m|SCo|my),  B1 = (m1]SCo|n1).

Using the fact that S and Cp commute we can simplify the matrix in (5.71) into:

-1 vy
XX\ _af " iy 108 (5.74)
Y1 Vb w1 —X/—_}_ElCOS_l X1 ’
1
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where
g _ ui(ui +v) - (5.75)
wi (pf + ) (g (ma|n)? + vi (ma| Coln1)?) — piviBipa
Thus we find the following expressions for |[M;) and |Np) in terms of |m1) and |nq):
iv iv
My) = 8L <<<ml|nl> + l<"11|C0|111>C0) m1) + 1)31C05|711>> /
w1 1 M
. , (5.76)
_ & _m _ Mg
IN1) = 01 <<<m1|ﬂ1> o <m1|C0|”1>C0> 1) Afﬁ1C05|m1>> ,
It remains to calculate the potentials. To this end we rewrite eq. (5.40) in the form:
Ou ’ .
i +Up1s + AUys = A(J —uJi(x, £, 7)), (5.77)
where we have assumed Uy = 0 and U; o = 0. Taking the limit A — oo of (5.77) we obtain:
Upps = —2in(JA+ A]),  Upis = 4v3(AJB + BJA) — 2iv,(B] + JB), (5.78)
where
A= (=IN) (| + Col Ny} my|Co + S5 | Ma) 1 |S5 — S5 Col M) (m1[ oS ),
A= (Imy) (1] = Colm (M| Co — Salmn) (N |7 + SaColm1) (N |CoS; ), o
B= (—/\1_(|N1><m1\ + Co|N1) (m1|Co) — A (S; ! [M1) (m1[Sa + 5;1C0|M1><”1|C05a)) ,
b= (Af(|”1><M1| + Coln1) (Mi|Co) — Ay (Salmi)(NiS; ! + SaC0|m1><N1|C05;1)) -

T T T
-04 02 0 02 04
x

— T T T
04 02 04
x

Figure 5. One soliton solution for the 6-wave equations: g; (blue), g, (red), g3 (green) and g4 (yellow)
on the left panel; g5 (green) and g4 (red) are on the right panel. All functions are evaluated for t = 0.
The values of the parameters are |n19) = (2,2, —1, 2)T, (myy = (2,2,-1,-2),a1 =2,8p =1,b; = 3,
by =1.
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Example 4 (One soliton solutions, so(5) case). We start with the ‘naked” polarization vectors:

_ iA2 x+Kt) __ * Z1+i * Zo+i * * —Zo—1i * —z1—1
(m1]| = (myple"™ Y ) = (”10,131 (plrnlo,ze2 ¢2/”10,3r”10,4e 2 4)2/”10,53 1),

%1 *11471 1101
%2 —id 1102

2 2
)|7110> = n103 ;o Zk =2MVisg, P = (#1 - Vl)Sk/
e 2 2pyg,

) = efi)\f’z (Jx+Kt

e_zl+i¢1 n105
zp = 2uv(aex + bt +G1x), de = (] — Vi) (@x + bt + pox),  Co = diag (1,-1,1,-1,1).
(5.80)

where sy = (ayx + bit). In addition the constant polarization vectors must satisfy eqs. (5.64). For convenience
we choose the following parametrization of |nyg), |N1g), (m1o| and (My|:

niok = ke’ "%, M10,6-k = S10,6-k€ 7%, k=1,2;
_ —i _ i — 1.
Mgk = ripxe %, M106—k = 510,6—k€ %, k=1,2; (5:81)
Nigj = Rigre ¥, Nigs—k = S10,6-ke  *%, k=1,2;
Mg i = Ryge "%, Mgk = Si0,6-k¢" "%, k=12
where the real constants 1k, S19k, R1ox and Syo x satisfy the relations:
2 2
Nio3 = —2r10,1510,5 + 211025104 Nip3 = —2R1015105 + 2R1025104/ (5.82)
2 2 .
mip3 = —2r10,1510,5 + 211025104 Miy3 = —2R1015105 + 2R102510,4-

With polarization constants the relations (5.64) are automatically satisfied; in addition the relations (5.66) are
also satisfied. With these notations for the scalar products of the ‘naked’ polarization vectors we obtain:

2 2 2

e %2 4 |nyg 5|2

24+ |110,4

2
€2 4 |nyg3

2z
e~ 1 + |1‘l10/2

(my|ny) = |”10,1
= 4130 sinh? (1) + 41729 cosh? (23), Zx=zk + Cipr k0 = T10k510,6—ks

cosh(2zy) + |03/ (5.83)

= 2|n19,11n105| cosh(2z1) + 2|n19 21104

1 10k
In

2 510,6—k
)

(m1|Coln1) = —4mo cosh2(21) + 4120 coshz(Zz), ik =
= 2|n10,1110,5] cosh(2z1) — 2|n1gom10,4| cosh(2z) + [n10,5]%

The “dressed’ polarization vectors:

1
M)\ X Xy m1)
< |N1) >_ < 1 Y2 ) < |n1) > 589

where . ’
w A%
Xy = (m|n1) + ?11<TH1|C0|711>C0, Xy = —/\f,l,lﬁSCo,
. ! . (5.85)
W 5 -2 (1%}
Y1 =—=p15 Co, Yy = (my|ny) — — (my|Coln1)Co,
M M1

Note that By = B1 = —4119 are real constants. Skipping the details we find:

-1
XX ) s X (5.86)
i Y w \ -1 Xy )7
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where 5711/ provided in general by eq. (5.75) now takes the form:
s _ Mg+ vi) .
U1 (i +7) ((H% — v})dipig cosh? (1) + (43 + v3) 40 cosh®(2) — 4#%’710) —lepjving,
Thus we obtain the dressed polarization vectors as follows:
S 0.0 0 0 0 0 0 0 -1
0 S 0 0 0 - 0 0 0 -1 0
A
My = 81 0 0 s 0 o [+ 0 01 0 o |jm)Y,
! 0 0 0 S © "1 0 -1 0 0 0
0o 0 0 0 S -1 0 0 0
S 0 0 0 O 0 0 0 0 -1
0 S 0o 0 o0 AT 0 0 0 -1 0
|N>:% 0 0 S 0 0 |[jm)-"522] 0 0o 1 0 0 [|m)y,
! 0 0 0 S o0 it 0 -1 0 0 0
0o 0 0 0 S -1 0 0 0 O
(5.88)
where
+_ 4+ 2(5 - 2(z
ST =— ()\1 110 cosh”(Zq) + A 1720 cosh”(2Z3) — ;41;710) ,
F (5.89)

_ 4 5 5
S| = o ()Ll 110 cosh? (%) + A{ 1720 cosh®(2;) — V1’710) :

It remains to use eq. (5.78) and calculate the corresponding one-soliton solutions of the so(5) 4-wave NLEE
(5.31) and (5.32). The result is:

g1,15(x, 1) = 2ivq (a1 (Nyamis + Mipng g — as(Nyimip + Misngg)),
G2,15(x, t) = 4ivia; (N1 gmy 5 — Miany ), (5.90)
33,15 (x, t) = 4ivy (a1 (Nyomys + Myang i) +ax(Niimy g+ Mysni o)),

and
qa1s = 4iviap(A] Nygmy e+ Af Mygnio) + 16va; (N1 pMy 3 + My aNyz) (nymyq — mysnys). (5.91)

6. MNLS family and symmetric spaces

We already pointed out the importance of the seminal paper of Fordy and Kulish [21] for the
NNLS equations. Each symmetric space is generated by a Cartan involution [67], which determines
the principal symmetry for the Lax pair and for the solution of the RHP. For this family of NLEE it will
be more convenient to use another parametrization of ¢(x,t, A):

dxt ) =exp(Qxtd), Q)= L, 61)
s=1

This is similar to the parametrization in (5.1), however now each of the coefficients Qs(x, t) provides
local coordinates for the relevant symmetric space. The typical reduction here is to assume that
Q(x,t,A) is anti-hermitian:

Qx, t,A) = —QF(x,t,A%), ie. Qs(x,t)=—0Ql(x,t), and (&F5(x,t,A))" 1 =¢&F(x,t,1%). (6.2)
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In the appendix we briefly describe the root systems of the simple Lie algebras, as well as the
Cartan involutions that generate the corresponding Hermitian spaces. We remind that the Cartan
involution is determined by a special element of the Cartan subalgebra | € . By h we will denote
the vector in the space E" which is dual to J. Using h we can split the positive roots A of g into two
subsets:

AT =ATUA;, A ={acAt, (La)=0}, A ={BeA], (hB) >0} (6.3)

Below we specify the Cartan involutions for the four classes of Hermitian symmetric spaces and their
realizations as factor groups:

m r+1
AIl J=Y E;- r% Y Ej; SU(m +n)/S(U(m) @ U(n)),
=i =
BD.I ] = Hgl = E11 — E2r+1,2r+lr SO(ZT + 1)/5(0(2?’ — 1) ® O(Z)),

r r (6.4)
ClI ] = Z Hej = Z(Ejj - E2r+1fj,2r+lfj)/ SP(ZI’)/U(I’),

j=1 j=1
r

.
DI J=Y He =) (Ej—Eyi1jorr1-4),  SO(2r)/U(r),
= =

in A.Ill case m + n = r + 1. The corresponding vectors h and the subsets of roots A} are given by:

m
Al =Y &-—"8 A ={§—& m<j<k<r+1},
=1

BDI =g, Ay ={a ¢, &, &+8 2<j<r},
- P, o (6.5)
ClI h=1)_¢, Af ={e1+¢, 26, 1<i<j<r},
=1
r
DIl  h=1)_¢, A ={&1+¢,1<i<j<r},
j=1
where € = Z]ri% g.
Qs(x,t) = 3 (Gus(x,t)Ex — o 5(x, ) E—a). (6.6)

lXeA+

The Cartan involution splits the root system A of the relevant simple Lie algebra into two subsets:
A=AyUA, N ={aen «a])=0}, A ={aeA, «af])#0}. (6.7)

In the appendix we will briefly describe the roots systems and the Cartan involutions corresponding
to these symmetric spaces. Here we just note that for the A.Ill, C.I and D.III symmetric spaces we can
introduce local coordinates, which in the typical representation is given by block 2 x 2 matrices:

0
Qs(x,t) = Y. (qsaBa — GopE—a) = ( %s > . (6.8)

_ 1
thAl+ s

Indeed, for the A.III type symmetric spaces the blocks g and p may be arbitrary, apart from the fact
that they must be hermitian conjugate to each other. For the symmetric spaces of type C.I and D.III

d0i:10.20944/preprints202308.2071.v1
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these blocks must be constrained in such a way that the corresponding matrix Qi (x, t) must be an
element of the sp(2r) or so(2r) algebra.

The fourth hermitian symmetric space is SO(m +2)/S(O(m) x O(2)) has different block-matrix
structure. In this case we a dealing with the root system of B, algebras and the Cartan involution is
provided by | which is dual to e;. As a result we have:

J=He, Do={x(exxe), 1<k<j<riU{te, 1<k<r},

6.9)
Ay ={£(e1te), 1<j<rpuU{fer}.

As a result, in the typical representation the local coordinates are provided by a 3 x 3 block matrices
Qs(x, t) with the following structure:

=T
s 0
Qs(xrt) = Z (QS,asz - q;k,,foa) = *q’s * 0 Soﬂ_ﬁ . (6.10)
weAT 0 —7s s 0

For these reasons we will consider separately these two types of symmetric space.
Here we assume that the exponent Q(x, t, A) provides the local coordinates of the corresponding
hermitian symmetric space; we also assume that it is an odd function of A. In short:

Ax, t,A) = irZS*leS_l(x,t), & (x5, A) = exp(Q(x, £, A)). (6.11)
s=1

Note that if we evaluate the exponential in (6.11) we will have two types of terms. The even powers of
Q(x,t, A) will be block diagonal matrices which are even functions of A; the odd powers of Q(x,t,A)
will be block-off-diagonal matrices which will be odd functions of A. As we shall see below, this will
give us more ‘economic’ way for the MNLS equations. Indeed, the equations that we will derive will
be parametrized solely by the coefficients of Q; (x, t). In addition we have additional symmetry due to
the fact that JQ1] = —Qq and JQ(x,t,A)] = —Q(x, £, A). This means that

Col*(x,t,\)Cy ' = ¢*(x,t,—A).  Co = exp(ri]). (6.12)

Let us now consider Lax operators which are quadratic in A, e.g. (2.28). The construction of their
FAS is outlined in Subsection 2.4 above. Obviously the solutions x (x,t,A) and x~(x,t,A) of the
equations (2.33) are analytic for Im A?> > 0 and Im A? < 0 respectively. This means that now x* (x,t,A)
is analytic in the first and third quadrant of the complex A-plane, while x ™ (x,t, A) is analytic in the
second and the third quadrant, see Figure 1.

6.1. Lax pairs on symmetric spaces. Generic case

We start with the realization of Cartan involution which are convenient for Lax pairs. Here we
assume that the reader is familiar with the theory of simple Lie algebras g and their root systems
[67,87]. We already mentioned above that the Cartan involution is determined by the Cartan subalgebra
element | which provides the leading terms of the operators in the Lax pair. Below we will assume
that L is quadratic in A; then M must be a quartic polynomial of A:

Ity = 128 1 (Un(x, £) + AU (x,£) — A2)p(x, 1, 1) = 0,
ax (6.13)

MyNis¥ = iaaif + (Va(x, t) + AV3(x, 1) + A2Va(x, t) + A3Vi(x, £) — A*))g(x,t,A) = 0
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This Lax pair has the form of (5.3), only now | = K. Therefore Uy (x,t) = Vi (x,t) for k = 1,2. Then the
compatibility condition takes the form:

0V oU

_ 9= — 6.14
= 1at+[u(x,t,A),V(x,t,/\)] 0, (6.14)

and equate to zero the terms with the different powers of A. It is easy to check that the terms at A, A°
and A* vanish identically. The rest of the terms are given by:

2 V.
AL A R AL
(6.15)
Vs .9Q oV, OV
DR A e - o . ;9% 9% _
A o1 o 1 5 + [Vz, V3] + [Q, V4] 0, A ol I 5 + [Vz, V4] 0.

where we used the traditional Q(x,t) = Vj(x,t). The first two of the above equations allow us to
express V3 and Vj in terms of Q and Qy.

Here we assume that functions Uy (x,t), k = 1,2, ‘/j(x, t) belong to the simple Lie algebra g; | is
a constant elements in the Cartan subalgebra h C g. The classification of all symmetric spaces, and
therefore, of all possible Cartan involutions has been done by Cartan more than a century ago and can
be found in many monographs, see e.g. [67]. The Cartan involution introduces a Z,-grading in g, i.e.

g=g0 a0 (6.16)
Let us assume that X1, X, € g(o) and Y7,Y; € g(l). Then:
[Xl/XZ] S g(o)/ [Yll YZ] S 9(0)/ [Xl/YZ] S 9(1) (617)

In particular this means that the Cartan involution splits the roots system A into two subsets, which
are determined by the choice of J:

A=AgUAN, ae€Ny iff a(])=0; e iff aJ])=1 mod (2); (6.18)

In particular this means, that the generic elements X € g(® and Y € g(!) take the form:

’
X = ZXJH] + Z Xy Ex, Y= Z y‘gE/g, (6‘19)
j=1 a€A BEN

The Cartan involution can be realized as a similarity transformation by the Cartan subgroup element
J = exp(mi]) which acts on X and Y above by:

Ixy=xY yhvy=-Y" (6.20)
Therefore the imposed reduction can be written as:
Ot (x,t,A*) = —Q(x,t,A),  ie.  (E)T(x,t,A%) = (EF) Y t,A). (6.21)
Note that this is in agreement with the chosen parametrization (5.1).
Remark 8. Note that the mapping A — —A maps Q1 — Qs and Qo — Qy, as a result its preserves the

analyticity regions of both ¢ and ¢~ . The mapping A — A* maps Q1 — Qp and Q3 — Qy, i.e. it maps the
analyticity region of ¢ into the analyticity region of &~
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6.2. NLEE on symmetric spaces: A.Ill

We will limit ourselves with the Hermitian symmetric spaces, see [67] and [118].

Here we will consider multicomponent derivative NLS-type (DMNLS) equations [81], [123] and
multicomponent GI (MGI) equations [42,58]. Note that the RHP for the DMNLS equations is not
canonically normalized which requires slight modifications in applying the dressing method. However
DMNLS and MGI equations are gauge equivalent.

For L linear in A we get the well known multicomponent NLS equations, see [21]. For the
symmetric spaces of the types A.Ill, C.I and D.III the Cartan involution is fixed up by the choice of the

matrix | which takes the form [67]:
1 0
= . 6.22
(1 0) oo

The coefficients of the Lax operators are:

0 HI( 0 — tqa}
Qx,t) = . 71 . Wal(xh) = % 111 1 . Va(xt) = R 95~ 11 )
1 0 0 N 93~ 61919 0

Vo) = L[ BB~ s ainad 0 (6.23)
2 0 —qa; — 434, + 19 q1 a0,
V= [ 0 Ve V12 = 45 = § (14145 + M43y + 41 0) + e h a1 141 m
Vs O Vsor =t — t(almal + alasqt + alaral) + oalmalarat

The first of the equations in (6.15) is satisfied if

40 i 0
Va(x,t) = —iad ] 1% =— ( L "BX ) . (6.24)
X

Comparing this expression for V3 with the one from (6.23) we find that

1/ 0 ¢ 1 0 iq1,, — 3010
Q=5 S l=—1 . X . (6.25)
2 ( —q5 0 4\ gl +3aima)

Inserting Q3 into the expression for Vj in (6.23) we find:

V= L[ (01 = 91.00) T 2maimai 0 (6.26)
4 0 i(qiq,, — 4} .a1) — 39 a9t m

The corresponding MNLS is obtained from the third of the equations (6.15). Taking into account that

Vs, V] = 0 D010 + 01979
4\ 41 .0m9] + 9309 0

and

v,Q =1 0 Yan Yoo = 20iq,4] .4y = ig1.019) — 4190+ D0 0T D
4\ Ygu O a1 = 2iqqy .41 — iq] 0141 — 1919197« — A9 09

we obtain the MNLS in the form:

1 i 1
i1+ 510+ ST AN =0, (627)
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If we put T = —2f the equations obtain more familiar form:
. ) 1
)2+ 1 e T 101 01+ 5T D91 =0, (628)
It remains to analyze the last of the equations (6.15). To this end we need:
Vi va] = [ W o Wan = (019007 — 4191091 — BT
8 0 Wi Wi = —q1(q141)1a; + 'ﬂ,x‘h‘f{‘h + ‘ﬁ‘h‘ﬁ‘h,x
Then the last of the equations (6.15) become:
(0] + 5010+ a10a) — S (alar)eal =0 (6.29)

It is easy to check that eq. (6.29) directly follows from (6.27).

Up to now in this subsection we treated the matrix g, as generic k x p rectangular matrix. However
below we would like to outline the special case: the vector NLS known also as the Manakov model.
Then k = 1 and the number of vector components! p > 2 can be any:

o7 (ogt 1
% - a—z +i (&,q) g+ = (q q) F(x,t) = 0. (6.30)

6.3. MNLS equations related to D.III and C.I symmetric spaces

Eq. (6.28) provides the NLEE related to the A III type symmetric spaces. Similar considerations
may be applied to other two classes of symmetric spaces: D.III and C.I. Indeed the block structure of
the Lax pair for these two classes of symmetric spaces is the same as the one of (6.23) and | has the
form of (6.22) where the unit matrices 1 have equal dimensions N. The substantial difference between
these symmetric spaces is in the fact that they are subject of additional reduction. Indeed, for D.III we
must require that Qs € so(2N) which means that they must satisfy in addition (see [16]):

0 s N
Qs +50Q5 Sy ' = So = ( s 00 ) so= 3, (=1)"""Epn-p,  sps0 = Ln. (6.31)
p=1
Therefore S3 = 1,y and
0
Qs = ( p g ) 4 =s0dis0, Py = SoPaSo- (6.32)

For C.I type symmetric spaces we must have Qs € sp(2N) which means that

_ 0 s N
Qs+S1QIs;t =0, S = ( g (_‘} ) ,os1= Y (“DPTE, N pi1, sisi=—ln.  (6.33)
1 p=1

Manakov proposed the first vector NLS equation with only 2 components [92]. The reason was that he wanted to treat a
special case of VNLS which described the propagation of birefringent optical pulses in optical fibers. Since our Lax operator
above is a quadratic pencil, the equation (6.30) we derived is a vector generalization of GI equation. Of course the method of
solution of the VNLS is easily generalized to p-component vectors.
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Therefore S% = —1,y5 and

0
Qs = ( p g ) . 4= —s1qls,  py=—sipls). (6.34)

The reasons for such choice of the definitions of the algebras so(2N) and sp(2N) is that the Cartan
subalgebras are represented by diagonal matrices. The explicit form of Sg and S; are given in [16], see
also the Appendix.

For example, the NLEE related to the symmetric spaces C.I and D.III related to sp(6) and so(8)
respectively are obtained by inserting into the equation below:

‘ ‘ 1
1,0+ 1 e T 10191 01+ 5091019191 =0, (6.35)

the following matrices for g(x, t):

a1 9 93 0

q1 g3 q4
0
Gci1= | 92 95 —493 |- o ~— 7 q; _‘]3 . (6.36)
9% —2 0 96 e 2
0 g6 —95 ¢

In both cases such substitutions into (6.28) can be viewed as special reductions to 6-component MNLS.
Of course these MNLS can not be equivalent since they are related to non-isomorphic symmetric
spaces. The parametrizations in eq. (6.36) have been obtained using the Cartan-Weyl basis given in
Appendix A.

6.4. MNLS related to BD.I-type symmetric spaces

The basic parametrization for BD.I which is isomorphic to SO(2r + 1) /SO(2r — 1) ® SO(2) has
different block matrix form from the one for A.Ill, namely:

¢(x, 1, A) = exp(Q(x, 1, 1)), Qx,t,A) = )0:03 AT Op (3 ) = = QN (x,1,1Y),
s=1

0 L 0 10 0 (6.37)
(gi)+(x/ t,)\) = ((’;;)71 (xr t, A)/ QZSfl(x/ t) = _75571 0 5072571 , ] = 0 0
7’7;57150 0 0 0 -1

Here the matrices are (2r + 1) x (2r + 1), while §ps_1 are 2r — 1-component vectors; this fixes up the
block-structure of the matrices in this subsection. We also introduce

e N x A =T = Y A Vi(x, t), (6.38)
s=1
where . .
Vi=Qt) =[] Qilx1)],  V2=35[QuQl  Va=[ Q] gadg’Ql], (6.39)
i 0 (71,d7) 0 0
i=| a1 0 sofi |, V2= 0 —451 +sofid 150 0 ,
0 giso 0 0 0 —(q1.47)
0 i3 + @5 0 Vin 0 0
Va= 17:6{713 + i3 0 50(173 + '(,T}g,) ’ Vy = 0 Vi 0
0 (3 +1iid)so 0 0 0 —Vin

(6.40)
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We have used the following notations above:
- 1 = o\ = = = =% = 1 AT = =
@3 = 2 (=2(q1, 475 + (Gasofi)sod 1), 3 = 7 (=2(q1,71)71 + (G 1507 1)s071),
= = = 1. =% 1. Sk, 2%
Vi = (71,43) + (@, 41) = 3(@,31)° + 2 (@15091) ([ T507 1), (6.41)
1 =k = = = = % =k = = = — % = - o
Vi = (7171 — 501 150) (71, 47) = 173 + 50737 150 — 45371 + 50717 350
The potentials are:
T Lol 2
0 Vi 0 Vs = @ + 2 (P soP)sod — 5 (@, PP,
V3(x, t) = V3;1 0 50V32 ’ 1 ) (6.42)
0 Vyy50 0 V3 = so0 + g(quoq)ﬁ_ 5(_’/ P)sod.-
Ven 0 0 0 gT 0
Vy = 0 Vi 0 [, Qxt)=| —@ 0  s@ |,
0 0 Vi 0 -—a@lsp 0
1 (6.43)
Vit = —Vags = i (d, P) — (@ Px)) + (4, 5)* — 5(7"507) (P50,
Vazo = i (" — B +s0(@xp" —GP3)s0) — (@) (7" — o s0) -
Since U, = V; the first of the equations (6.15) gives:
3 0 qr 0
Va(x,t) =adli== =i| —pr 0 sofx |, (6.44)
ox T
0 —pyso O
which in components give:
Lo 2, . 1 4 - . op 2. . 1 75 L
=jL 4= — = = —j—— 4= — = 6.45
i=iz T3 (ENT— 5@ sof)sop,  @©=—izo+ (B0~ 3 (F sop)sof. (649

The second equation in (6.15) is identically satisfied as a consequence of (6.45).
Finally the equations of motion:
AV .0Q

A 1§—z§+[Q,V4]+[U2,V3] =0, AY:

v, Al
_ = 6.46
i Tl T Uy, V] = 0. (6.46)

Since in addition we put 7 = €7 * we get [38]:

oF #F . _oF*
l§+ﬁ+1650(q50q) F

= 2k == = X 1 = = . = =% 3
sl 7 ) @sasa (@D + 203,77 ) 7=0. 647
One can check that the second equation in (6.46) holds identically as a consequence of (6.47).

7. Soliton solutions of the MNLS equations

7.1. Dressing for NLEE on symmetric spaces: A.Ill case

In this case the dressing factor satisfies two involutions:

u*(x, LAY) = uil(x, LA, Ju(x,t, —)\)]*1 =u(x,t,A), (7.1)
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then u(x,t,A) and its inverse have the form
u(x, t,A) =1+ (c1(A) = 1)[Np) (ma| + (e1(=A) = 1)JINp) (ma |,
1 (7.2)

w(xA) =14 (M) - 1) 1) (M| + (1(1_A) - 1) i) (My ]

Here the ‘polarization’ vectors |Ny), (m1|, |n1) and (M| determine the residues of u and u~!. They
must satisfy eq. (5.40) which must be valid identically with respect to A. Repeating the arguments as
in Subsection 5.4 we find the x and ¢ dependence of the polarization vectors:

In1) = xg (x, £, A7) [n10), IN1) = x7 (x,t,A{)|N1o),

- - o - (7.3)
(my| = <m10|7(0 (x,t, A ), (M| = <M10|X1 (x, t,A ),

where |n19), |Nig), (myp| and (M| are constant polarization vectors. We assume that we know
X(j)[ (x,t,A) which are related to the regular solutions of the RHP. Typically they correspond to vanishing
potentials Ujg = 0 and Uyp = 0; thus we must have:

XT(x, 1, A) = e~ (VA (7.4)

We will need also to impose the proper normalization conditions on the polarization vectors so that

(m1 |5y (2,6, A7) = (inole® 00T {ny) = @0 |71y, (igoulfingg) = 1,
m m n n
2 arg fiygx = 0, Z arg ity = 0, 2 arg fiygx = 0, 2 arg 1o = 0, (7.5)
s=1 s=1 s=m+1 s=m+1

z1 = 2uwix + 4 (pf — vt +x01, @1 = (3 —v)x + (uf — 6uivi + vi)t + o,

Thus we find the following expressions for |[M;) and |Np) in terms of |mq) and |n1):

) 1
M) = (<m1|n1> T ”’1<m1mn1>1) ),
i (7.6)

- -1
INy) = (<m1|n1> n ’:11<m1|1|n1>1) 1),

It remains to calculate the potentials. To this end we must consider the limit of eq. (5.40) for A — oo,
which takes the form:

Uzs + AU is = A*(] — uJii(x,t, 1)), (7.7)
where we have assumed Uy = 0 and U; o = 0. Taking the limit A — oo of (7.7) we obtain:
Uyis = =21 [], =[Ny) (ma | + JIN) (ma|]], - Ups = —2iviUnas(—[Ny) (ma | 4 J[Ny) (ma []). (7.8)

Skipping the details we find:

O 4 7l P 214)1
Uy (x,t) = — ( - ) g1 =2 |7110,2) (11101 ]

9, 0 ro1 cosh(zy) — i% sinh(z1)’
o (7.9)
Uy (x, £) = 8vf 1 710, (0,1 0
20X, *1,2 > 2o o 0 —|ﬁ ><ﬁ1 |
01 cosh”(z1) + H—lz sinh”(z1) 10,2/ {1M10,2
1
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Example 5 (A III type symmetric spaces, generic case). Let us specify the form of the naked polarization

vectors:
_{ Imon) (o ‘
In1,0) = ( 1) ) (mio] = ((nfo1l, (M102l) ,
id (7.10)
e ny01) 5 +if —2-if
m) = ( 6*51+1'4~>1|n1.02> ! {m| = (<nT;Ol|ezl+l¢1/ <nT;02|e “ 14)1) ,
Therefore the scalar products are given by:
(m1|n1) = 2r19 cosh(2z1), (my|Jln1) = 2rigsinh(2z1), 21 = Z1 + X1,
1. (myo1|n101) (7.11)
= - . p .02/, = In—r-1 "7
To1 \/<m1,01|n1,01><m1,02|”1,02> Yo =510 (02| m102)
As a result:
2 cosh(2z1) — ™ sinh(2z;) )%~ %1 |ny,
Ny = — . 1 — ( (221) oo (221)) s [n101) (7.12)
p7 cosh®(2zq) + v sinh®(2z;) \ (cosh(2z1) + 771 sinh(2z1) )e*1 ™01 n1,07)
The corresponding Uy (x, t) will be given by:
) 0
Un(x,t) = 2ivy [, = |Np) (ma| + JIN1) (m1|]] = ( P qés ) ,
divypii|nio1) (mi00 T )
vy p|ng01) (Ma,02 ( vy . > _2ig t
= cosh(2z1) — — sinh(2z e 1, =q;..
Ns u? cosh?(2z1) + v sinh?(2z1) (221) M1 (221) P1s = s
The coefficient Uy (x, t) is expressed through the matrix elements of Uy (x, t) by:
fsdis 0
u =2 Tsts - . (7.14)
0 —41hs
Example 6 (A.IIl type symmetric spaces, VNLS case). Now the naked polarization vectors:
110;1 -
Ini0) = ( Ti10) >, (mp] = (”To;pﬂ{o;z ) ,
\id (7.15)
ezl_l 11/110;1 s iE s i
= ( e atiPig 0, )7 | = (n%?lez#l%f”;roﬂ e z¢1) ’
Therefore the scalar products are given by:
(ma|ny) = 2r19 cosh(2z1), (my|Jln1) = 2ripsinh(2z1), 21 = Z1 + X1,

N - 1 1101 2 (7.16)
o1 = |”10;1|\/ (”10;2 +r”10;2)/ X01 = Eln M
2, 10;

Therefore

2 _ g 2 —i
) i ( (cosh(2z7) n sinh(2z7))e*t ™ "1nyp, > 7.17)

 p2cosh?(2z;) + v2sinh?(2z;) \ (cosh(2z1) + % sinh(2z7))e?1 1710,
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The corresponding Uy (x, t) will be given by:
) o o 0 7
U (x,£) = 2ivy [J, —Nuii] + Ny ]| = ( G 0 )
Aivs 12 70| ’ . (7.18)
L V1 U101 M10;2 ( vy . ) 2 L
= cosh(2z1) — — sinh(2z e 1, =q1..
s 12 cosh?(2z1) + v sinh? (2z;) (221) 1 (221) P1s = s
The coefficient Uy (x, t) is expressed through the matrix elements of Uy (x,t) by:
J
U =2 @ishs) 40% : (7.19)
0 4159 15

The Figure 6 shows that the one soliton solution of (6.28) has two maxima. Another important
difference as compare with the scalar case is that the phase of the A.III type soliton is not linear in x.

Figure 6. The one-soliton solution for the A.IIl type vector NLS (6.28). From eq. (7.18) one finds that all
components of 714 are proportional to the same function, whose modulus squared is plotted on the left
panel in green. For comparison we have plotted also the modulus squared of the scalar NLS (red). On
the right panel we have plotted the phase for both equations: in green is the phase of (6.28), while in
red is phase of the scalar NLS. The plots are done for iy =2and v; = 1.

7.2. Dressing for NLEE on symmetric spaces: C.I and D.III cases

In this case the dressing factors are subject to three involutions. Therefore the dressing factor
must also satisfy these involutions. They determine the structure of the dressing factors. The first two
involutions are the same as in eq. (6.23). The third involution comes from the requirement that the FAS
and the dressing factors belong to the corresponding Lie group (SP(2r) or SO(2r)), see Appendix A.

The dressing factors that satisfy the above constraints take the form

web2) =1 — M Ny A )
Y A=AT A+ALD
AT — AT AT — AT
+ LS My ) (S — =15 1| My) (m | 1S,,
A=A A+ A]
Af — AT Af — AT 720
wt(xtA) = 14+ 2Ly ) (M| — 2L ] Y ng ) (My ]
A—Af A+ AT
AT — AT AT — AT
1 1 -1 1 1 -1 -1
M Mg NS4+ L T1g Ny|JSTL.
)\*)\1_ a|m1>< 1| a /\+/\1_ a] ‘ml>< 1|] a

First we need to ensure that u(x,,A) and u! (x,t,A) in (7.20) map a FAS of Ly into a FAS of L;
and vice versa. This will be true if they satisfy the equations:

i% + (U 4+ AUy — A®)u(x, t,A) — u(x,t,A) (U + AUy — A%) =0,

A~

o (7.21)
i=- + (U0 + Al — A (x, t,A) — d(x, t,A)(Uy + AU — A%) =0,
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identically with respect to A. But we have chosen fraction linear dependence on A, it is easy to guess
that egs. (7.21) will hold true if all the residues in the left hand sides of (7.21) vanish. For example,
taking the residue at A = )Lli we get:

.0|Np)(m _ _ - _
1% + (Uz + AUy — A7) [Ny (g | — [Ny (| (U + Ay Ung — Ay %) =0, -
7.22
0|ny)(M
2B (g 25 g — A7) ) (M — )M (U + AT UL — AF2) =0,
Thus it is easy to check, that the left hand sides of eq. (7.22) vanish if:
N = X 7 t, )\7 N 7 = Xo 7 t/ Ai 7
IN1) = x7 (x,£,A7 )| Nio) (my] = (mo|Xg (x, £, A7) (7.23)

<M1| = <M10|Xi~_(x’ tr/\f)/ |1’11> = Xg(x’ t,/\f)|1’l10>,

where |Njg), |Nyg), (myg| and (n19| are constant polarization vectors. Analogously, using the
symmetries we find that all the other residues of eq. (7.21) vanish.

Next we check that u(x,t,A) and u~!(x,t,A) obviously satisfy conditions b) and c). However it is
far from obvious that they belong to the corresponding group. Since the expression for u~1(x,t,A) is
obtained using the group properties of u(x,t, A) it is enough to check that uu~! = 1. Note that the

product uu~! contains residues of second order. It is easy to see that these residues simplify to:
(m1|Sa|m1) =0, (m[Saln) =0, (mi|]SaJlm1) =0, (m|JSeJ[m) =0, (7.24)
(N1|SalN1) =0, (My|Sa|My1) =0, (Ni[JSa]IN1) =0, (M1|]Sa]|N1) =0,

Remember that these vectors depend on x and t and the conditions (7.24) must be identities. But we
also know that these polarization vectors must satisfy (5.42) and (5.45). Therefore we have:

(m1]Salm1) = (nol (xg (x, A1) Saxg (x, A7) |n10) = (m10]Salmao),

(N1[SalN1) = (Niol (x ™ (%, A7) Sax ™ (x, A7) IN1o) = (NiolSalNyo), 725

(N11JSaJINT) = (Nio| (x ™ (x, A7) TSalx™ (x, A7 )| Nio)
= (

NiolT(x ™ (x, =A7)) Sax™ (x, —A7 )] IN1o) = (Nio|JSaJ|Nio).

The proof that all other scalar products in (7.24) are x and t independent is done similarly. Thus the
conditions (7.24) in fact impose restrictions only on the initial polarization vectors:

(m10|Salmig) =0, (n10[Saln10) =0, (m1o]]SaJ|m10) =0, (n10l]Sal|n10) =0, (7.26)
(N10]Sa|N1o) =0, (Myo|SalMig) =0, (N1olJSaJ[N1o) =0,  (Mig[JSaJ|N1o) =0,
The last condition that is imposed on the polarization vectors comes from eq. (5.59) and reads
n10) = ((mao])", N1} = ((Mao)". (7.27)

Assuming that the regular solution of the Lax operator corresponds to vanishing potentials Uy =
U9 = 0 which means that

xE(x, 1, 1) = exp(—iA%(x + A1), (7.28)
and using for the eigenvalues Ali = p1 £ ivy and the polarization vectors the parametrization above
we obtain

(my| = (iiggletrtion)], In1) = e1=90] |72,0),

(7.29)
z1 = 2pqr (x 4+ 2(pf + vi)t+ 110, ¢1 = (p7 —vi)x + (ui — 6viuT + Vi)t + pro,
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and the notations and normalization conditions on the polarization vectors are the same as in (7.5)
Taking the residues at A, A} leads to

/\Jr AT A — AT
|my) = <<m1|”1>]1 +1—1 ]<m1|]|n1>> |My) + L (my|]S|m1)]S|N),

)ﬁ AT 207
A A . (7.30)
In1) = <<m1|”1> A}“ AL L (my|]|n1)] > INy) — 12T1+1<”1|]5|”1>5_1]|M1>

which can be written down as the following sets of linear equations:

m) \ [ X1 X2 |My)
( n1) ) B ( Y1 Y2 ) ( IN1) ) (751)

Here the block matrices X; 1 and Y7 7 are given by:

iv v
Xy = <m1|n1>]1+—y11](m1|]|n1>, X, = 1,7‘1‘31]5“,
11/ iv

Y1 = +177a,315a], Y, = (mq|ny)1 — ;Tll<m1|]|nl>]’ (7.32)

B = (m1|5u]|m1> = (myo|Sal|m10),  B1 = (n1|JSaln1) = (n10]JSaln10)-

where S2 = 1,1, 57, = £1. This system is solved similarly as egs. (5.86) and (5.73). Using the fact that

S] = —JS we can simplify the result into:
-1
XX ) _&s 2 X (7.33)
Yl Yz wo —Yl Xy
where
o _ 406+ 49 _
Wy (pf +v7) (i (ma|ma) + i (ma|J[n1)) + pivinapipr (7.34)
_ mi(d +v7)
4r3, (13 +v3) (13 cosh?(2z1) + v2 sinh®(2z1)) + p3v31.p1B1”
Thus we find the following expressions for |Mj) and |N7) in terms of |m7) and |n7):
iv
1) = 82 ( ({amlm) — 2 )T ) ) 222215, )
“ " M (7.35)

Ny = £ ((<m1n1> b mTlm)7) )+ ﬁlsanmo) ,

It remains to calculate the potentials. To this end we use the first equation in (7.21) for A — oo,
assuming Up o = 0 and U; ¢ = 0. In this limit the term lg” vanishes and the rest of the equation is

linear in A. Thus we obtain:

Uy s = 2in[], Ry(x, )], Upjs = 2ivUpasR1(x, ) = 2inn[], Ro(x, 1)], (7.36)
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where
Ry(x, ) = —|Ny) (ma| + JINg) (ma|] + S5 [My) (n1|Sa — ;' TI M) (n1|TSa, -
Ro(x,t) = =A7 (INg) (my| + JIN1) (my|]) + Af(S; [ My) (m1]Sa + S; | My ) (my| ] Sa.
After some calculations we get:
0 g9, 921 0
Ui s = ol Up s = S ,
° < q{,ls 0 ) ) 0 _q;,ls
4115 = 8iv1 (|N1,1)(m12| — 01|My2)(nls1), (7.38)
Gp1s = 3207 (IN11) (m1o| — 01| M o) (nya[s1) (INw2) (ma i | — 02| My ) (nals2)
1 +
= 5‘11,15‘11,15-

The expression for U, 15 coincides with V; from eq. (6.23).

//"//:7\\7:‘:\; - - ;'/ /

02

Figure 7. The one-soliton solution for the C.I type NLS (6.28). The plots are done for y; = 3 and
vy = 1. Left panel: g 15 —red, 4315 — green, q4 15 — orange; Right panel: q; 15 — red, g5 15 — green, g 15 —

orange. Inboth cases y1 = 3,11 =land nyg; =1+, n19p =2 —i, nyp3 = 3(1 +1i), n1ga = 3(1 — i),
nigs =2 +inge=1—1

Figure 8. The one-soliton solution for the D.III type NLS (6.28). The plots are done for y; = 3 and
v1 = 1. Left panel: q1,15 — red, 43,15 — green, q4 15 — orange, g¢,15 — blue; Right panel: g 15 — red, g5 15
— green. In both cases yty = 3,11 = 1 and nyoy = 2, nygp = 3(1+1), 193 = 1+, nyga = 2(1+1i),
ns =2(1—1i)moe =3(1—1i),no7 =1—1i,ng =4

Figure 9. The same as in Figure 8 but now y; =2and v; = 1.
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7.3. Dressing for NLEE on symmetric spaces: BD.I cases
The Cartan involution is given by a matrix Cy, with
' 0 0 1
Co = e = diag (—1,1,-1), ] = diag(1,0,...,0,—1), So=| 0 —sop O [. (7.39)
1 0 O
The dressing factors are like in (7.20)
AT = AT AT = AT
A —1-1 1N 4+ 1N -1
u(x,t,A) A A |N1) (ma | ATA JIN1) (mz|]
A=A AT =A7 _
+ #Sa Y My) (n1]Sq — #Sa IMy) (n1|] 1S,
- Th (7.40)
Wt ) = 14 A o A
b - A _ /\T 1 1 A +)\i’> 1 1
AT — AT AT = AT
— S Salmy ) (N1 |8+ =—=—-Sa) T ma) (N1 ]S, .

A=Ay A+AL

where the polarization vectors |nyg), (m19|, |N1o) and (Myg| have n + 1 components. The explicit form
of xi (x,t,A) is:

Xi(x,t, A7) = exp (—i()\f'zx + )\f"lt) = exp(£z1(x,t)) exp(ip1(x,t)),

(7.41)
z1(x, ) = 2un (x + 2005 — D)), pr(xt) = (i —vi)x + (i +vi)t.
The involutions can then be written as
SuT(x,t, \)S Y =ul(x,t,A), ut(x,t,A*)=uY(xtA),
(xt,0) (0t ), 't xtA%) =1 (8 ) o)

Cou(x,t,A)Co = u(x,t,—A), C3=1.

Note also, that [Cp, S] = 0.

The dressing factors subject to three involutions are presented in (7.20). Applying the same
technique as above we first derive the constraints on the polarization vectors that annihilate the second
order poles in u(x,t,A)id(x,t,A):

7.4. N-soliton solutions and soliton interactions of MINLS equations

As you could see from the above even the derivation of the one-soliton solutions is not very easy.
The N-soliton solutions however can be derived using one the following suggestions.

The first to try and repeat the dressing method starting however from the one soliton solution,
rather than from the naked one xo(x, ¢, A). Thus:

x2(x,t,A) = up(x,t, M) x1(x, £, A) (7.43)
where us(x, ¢, )\) has the same form as (7.20) but now:

In1) = xi (%, A7) o), IN1) = x3 (x, £ AT)[Nio),

- - o - (7.44)
(my| = <m10]7(1 (xt, A ) (M| = <M10|X1 (x,t, A ),

Solving the algebraic equations you can use the same formulae from above, only now the expressions
for (mq|ny), (my|J|ny), (my|Co|ny) will be more complicated. Thus you will be able to derive the
2-soliton solution for the corresponding MNLS eq.

d0i:10.20944/preprints202308.2071.v1
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Another way to derive the N-soliton solutions will be to use a more complicated dressing factor:

N AJ*—/\{ A* A; B
M(x,t,/\):ﬂ+2 *ﬁ| ><m]|+7C0|N><m]|C
j

j=1 A
N A N A o -
—+ /\_/\+ Sa ]M]><n]|5a—ﬁ C0|M><7’l]‘co Su s

]

7.45

: N (AF AT AT =T 74

uw (x,t,)»)_11+f1 T M = S Co ) (MG

= ]

Then you will obtain a more complicated linear algebraic system of equations for (N;| and (M;| in
terms of (m;] and (n;].

Besides we need the scalar products and the definition of Cy. We assume here that we are
considering so(2Np) or sp(2Np) algebras and that

No
Co= Y eHe, =1 or -1 (7.46)
k=0
2Ny Np
(my|ny) = Z 2|”10k|2 21 (Jex+Kit) Z 2|nyg k| |n10,,2| cosh (z1 +x0k), Xox =In E k| (7.47)
s=1 s=1 10

8. Multi-soliton solutions

We will outline the dressing method for the N-soliton solutions of MNLS in the case of three
involutions.
The dressing factors for N solitons in that case take the form:

N
uns (4,5 A) =1+ Y uj(x, 5 A),  ugd(x 6 A) =1+ Zu] X tA),  d(x ) = SaujT(x, t,A)S; !

j=1 j=1
8.1)
where

N A

ui(x, t,A) = — A—Aj_ INj) (m ]|+ﬁ]|N><mj|]
A A .

+ WSHMJ'M”AS:: T /\+ Su”M ><”j|]sa

. . 8.2)
0i(x,t,A) = —#smj)(z\msa + %Saﬂm Y(N;|TS !

] ]
Fear A=A
+ WW]‘MMA - W]W]MM |].

The N-soliton dressing factor must satisfy eq. (7.21) which must hold identically with respect to
A. That means that all residues for A = A:¥ must vanish. Repeating the analysis in Subsection 7.2 we
obtain the analogues of egs. (7.23):

IND = xms (B AT NG, mj| = {molg (315,

! (8.3)
nj) = xg (x,A")Inj0), (M| = (Mjo| £ (x, A"

d0i:10.20944/preprints202308.2071.v1
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Next we must ensure that ungiins = 1. It is obvious that here we encounter residues of second order.
Vanishing or these residues requires set of conditions generalizing eq. (7.24):

<m]|5u‘m1> = <nj|5a|”]> <mj|]Su]|mj> =0, <nj|]5a]|”j> =0,

0, 0,
(8.4)
(Mj[Sa|M;) =0, (Nj[Sa|Nj) =0,  (Mj[JSa][M;) =0,  (N;|JSa]J|Nj) =

forall j = 1,...,N. Using the fact that the solutions )(at(x, /\Ji) and xy,(x, A]i) are elements of the
orthogonal or symplectic groups one can check that the constraints (8.4) in fact affect only the ‘naked’
polarization vectors:

(mjo|Salmjo) =0, (mjo|Salnjo) =0, (Mjo|SalMjo) =0, (Njo|Sa|Njo) =0, (8.5)

Analyzing the residues of first order and requiring them to vanish we derive a set of linear equations
which allow us to find explicit expressions for the ‘dressed’ polarization vectors |N;) and |M;) in terms
of [m;) and |n;). Below we will derive this equations for the simplest nontrivial case: N = 2:

/ A=Ay A=Ay
lmy) = (<m1|”1> + ;1/11<W1|]|"1>]) |My) + <A+AZ_<W1|TI2> + ﬁ(mﬂ””ﬁ ) |My)

Ay Ay A Ay
+ %(mﬂsaflmﬁsallw + <—)Lj_}\<m1|5a|m2>5a + /\2_)\1_<m1|5ﬂ]]m2)5a]> IN2),

(8.6)

=27 F=A7 iv
[ma) = (:\l)\Wzl 1)+ i++if (ma|J|n1)] ) |M1) + <<m2|”2>+ﬂ22<m2|f\nz>f> |Ma)

(P2 () S L S 0) ST ) IND) + 222 (] Su 1) Su T NG,
77’7’1 m —(m m 71’7’1 m
/\,_)\, 2(2a 1/°a A£+Af 2|9a 1 1 )\7 2|9a 2/°a 2
and

)\+ /\7
)\+ /\+

: AF Ay NS - Ay
+ <<”1|ml> - ;Vll<”1|f|m1>]> [N1) + <M (n1|ma) — m(”lmmﬂ ) IN2),

Ay = Ay

Sl ny)s -2 "2
<1’l1| a |1’12> a )L;_+/\i~_

) = 25 (m]S7"lm) a11|M1>—< <n1|5a1]|nz>5u1J> |My)
1

A=A
A* Af

11/2

AT L= (na|S; 1) al]) | M) + — (n2[S; ' n2) S5 T Ma)

/\+ /\_
|n2>=< L (np|S, Hmy) S, +
2

+ 4= + - iv
<M<n2|m1> u<nz|]|ml> ) [N1) + <<n2|m2> - y22<”2|]|m2>]> IN2).

A — AL A+ AL
8.7)
|my) Ann A Bin B |M;)
lmz) | _ | Az Ax Bxu By |Mz) 8.5)
|n1) Ci Cip Din Dpp IN7) |’
|n2) Co1 Cxp Dy Do IN2)

where

il/l /\+— - T A
A1 = (mq|ny) + E(ml]lmﬂl A =
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ivy Ay = Ay Ay = A5
By = S . Brp=—22—"2 (1m1|S,|mp)Su + “2—L2 (my|S ,
= ~= (m1|SaJ|m1)Sa],  Biz . (m1|Sq|ms) A FA (m1|SaJ|m2)Sa]
A A "
Ay = ﬁ(mﬂnl) m@"zm”l) App = (ma|na) + Z<m2|]|n2>1r
By = 2L Sy S+ L S )Saf, Bz = 2 (S ).,
21 = i Ma|0g|M1)og = T———\I"2 My )oq 22 = m2|oa)|M2)0q
A — A A+ A Ay
/\+ AL /\+ AL _ ivp _
Cy = — ﬁ o L (1S, |n1) S, +A+ A+<nz\s Tim)s:', Crp= ped 2 (na| Sy Tn2) S,
ivy A=Ay Ay = A5
Dy = -4 , Dp=2""2 -2 ,
1 = (mfmi) ™ (m|Jlm1)], D12 A oA, (n1|m3) A++)f (n1|]|m2)]
A= AL . A= AT
Cyn = ——+ <”2|5 n1)S; !+ + <”2\5 m)S, '), Co= =2 <”2|5 Tln2)S; T,
PE: PE: A
A+f/\_ AF - A‘ vy
Dy = A—L(ma|m1) — —L(na|J|m1)], Da = (ma|ma) — —=(ma|J|m2)] (8.9)
Ay — A AT AL "2

In order to find the 2-soliton solution we need to solve eq. (8.8) and invert the 4 x 4 block matrix; then

-1

|My) A;n Ap B Bp |my)

Mz) | _ | Az An By By |m2) (8.10)
|N1) Cn1 Ci» Dnn D ) |

|N2) Co1 Cx» D2 Do [n2)

The explicit calculation of the right hand side of eq. (8.10) will be published elsewhere.

9. The resolvent and spectral properties of Lax operators

In this Section following [32] we briefly address the spectral properties of the Lax operators.
We intend to demonstrate that the notion of the resolvent introduced in [32] for the generalized
Zakharov-Shabat systems can be naturally extended to the class of quadratic pencils that we have
studied above.

Below for simplicity we assume that the function Q(x,t,A) (5.1) which introduces the
parametrization of the RHP is a smooth matrix-valued function of x satisfying the following conditions:

C.1 Q(x,t,A) possesses smooth derivatives of all orders with respect to x and falls off to zero for
|x| — oo faster than any power of x:

lim |x*Q(x,t,A) =0, VA and k=0,1,2,...;
x—+too

C.2 Q(x,t,A) is such that the corresponding RHP has finite index. For the class of RHP that we have
been dealing with this means that the solution of the RHP must have finite number of simple
zeroes and pole singularities.

Remark 9. Let us assume that the zeroes and the pole singularities of C* (x,t,A) (resp. £~ (x,t,A)) are located
at the points )L;’ € Q UQs (resp. at A]._ € Q2 UQy). Tuking into account the symmetries of the FAS (5.14) we
conclude that:

1. if )»;r is a zero or pole of Tt (x,t,A), then there must exist A;' = —/\;r which is also a zero or pole of
CAZDY
2. if A]T is a zero or pole of ¢~ (x,t,A), then there must exist A, = —A]._ which is also zero or pole of

& (x,t,A).
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. + . + . — _ +
3. if A{ is a zero or pole of ¢ (x,t,A), then there must exist A, = (A,

j )* which is a zero or pole of

& (x,t,A).
Choosing proper enumeration of the zeroes and poles we can arrange them so that A;r €Q,j=1,...,N,
Min=-A€Qj=1...NA =Q) €Q,j=1... ,Nand A = (A ) € Q,
j=1,...,N.

The FAS of L(A) which are related to the solution of the RHP by x*(x,A) = ¢*(x, A)el/\zf * allow
one to construct the resolvent of the operator L and then to investigate its spectral properties. By
resolvent of L(A) we understand the integral operator R(A) with kernel R(x,y, A) which satisfies

L) (RA)f)(x) = f(x), ©.1)

where f(x) is an n-component vector function in C" with bounded norm, i.e. [ dy(ff(y)f(y)) < co.
From the general theory of linear operators [5,17] we know that the point A in the complex A-plane
is a regular point if R(A) is the kernel of a bounded integral operator. In each connected subset of
regular points R(A) must be analytic in A.
The points A which are not regular constitute the spectrum of L(A). Roughly speaking the
spectrum of L(A) consist of two types of points:

e i) the continuous spectrum of L(A) consists of all points A for which R(A) is an unbounded integral
operator;
e ii) the discrete spectrum of L(A) consists of all points A for which R(A) develops pole singularities.

Let us now show how the resolvent R(A) can be expressed through the FAS of L(A). Here and
below we will limit ourselves with Lax operators L which are quadratic pencils of A and have the form
(5.3) (i.e. N1 = 2). Assuming that the eigenvalues of | are different and real we can always order them
so that

] = diag (ay,ay,...,an), ap>ay > ---ap >0>a5 > >ay 9.2)

In Section 2 above we constructed the FAS of such operators. Using them we can write down R(A) in
the form:

RS = [ Ry NfW), ©3)

—00

the kernel R(x,y, A) of the resolvent is given by:

o R+(x,y, )\) for A € Q; UQs3,
R(x’y,A) o { R~ (x,y,)L) for A € Qz U Q4, (9‘4)
where
R*(x,y,A) = ix™(x, )0 (x —y)t* (v, ), 9.5)

®i(z> = 0(Fz)Ip — 0(&z)(1 —Ty), I = kZO Ess,
s=1

where k is the number of positive eigenvalues of ], see (9.2). Due to the conditiontr ] =Y. ;a; =0,
ko is fixed up uniquely.
The next theorem establishes that R(x,y, A) is indeed the kernel of the resolvent of L(A).

Theorem 3. Let Q(x,t, A) satisfy conditions (C.1) and (C.2) and let )\Ji be the simple zeroes of the solutions
& (x,t,A) of the RHP. Let x*(x,A) = &F(x,A) exp(iA?]x) and let R*(x,y,A) be defined as in eq. (9.5).
Then:

d0i:10.20944/preprints202308.2071.v1
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1. x*(x,A) will be FAS of a quadratic pencil of the form (5.11) whose coefficients will be expressed through
Qs(x,t) asin (5.15).

2. R*(x,y,A) is a kernel of a bounded integral operator for Im A% # 0;

3. R(x,y,A) is uniformly bounded function for A> € R and provides a kernel of an unbounded integral
operator;

4. R*(x,y,\) satisfy the equation:

LMRE(x,y,A) = 15(x — y). (9.6)

Idea of the proof. 1. is obvious from the fact that x*(x,A) are the FAS of L(A) (5.11). It is also
easy to see that if Q(x, f, A) satisfies conditions (C.1) and (C.2) then Uy (x, t) and U (x, t) will also
satisfy condition C1. In addition obviously x*(x,A) will satisfy condition C2 and will have poles
and zeroes at the points )L]?—L, see Remark 9.

2. Assume that Im A? > 0 and consider the asymptotic behavior of R* (x,y,A) for x,y — co. From
equations (5.11) we find that

(x,y,A E & (x, Ne Ve (x — y)E (v, A) 9.7)

We use the fact that x 7 (x, A) has triangular asymptotics for x — oo and A? € C (see eq. (2.38)).
With the choice of ©T (x — y) (9.5) we check that the right hand side of (9.7) falls off exponentially
for x — oo and arbitrary choice of y. All other possibilities are treated analogously.

3. For A € RUIR the arguments of 2) can not be applied because the exponentials in the right
hand side of (9.7) Im A = 0 only oscillate. Thus we conclude that R*(x,y,A) for A € R is only
a bounded function of x and thus the corresponding operator R(A) is an unbounded integral

operator.
4.  The proof of eq. (9.6) follows from the fact that L(A)x™ (x,A) = 0 and

D

If the algebra g ~ sI(n) then x ™ (x, A) and its inverse £ (x, A) do not have common poles. In this
case condition C2 is valid also for R* (x,y, A). However this is not true for the orthogonal or symplectic
algebras; in this case R* (x,y, A) may have poles of second order, which require additional care.

Now we can derive the completeness relation for the eigenfunctions of the Lax operator L by
applying the contour integration method (see e.g. [2,46,47]) to the integral:

J(x,y) = if dA AR (x,y,A) — i]f dA AR (x,y,7), 9.9)
71973 T2Uv4

271i 2711
where the contours v, are shown on the Figure 10. The idea is to calculate J (x,y) first using the
Cauchy residue theorem. Taking into account that the contours y; and <3 are positively oriented,
while 7, and 74 are negatively oriented we obtain:

J(x,y)

2\t - — -
/\7/\/- A j /\,)L]_ A= )‘j

N 9.10
=) (Res ART(x,y,A) + Res ART(x,y,A) — Res AR (x,y,A) — Res )\R(x,y,)\)) : 10
=—AF
]

We can also evaluate 7 (x, y) integrating along the contours. The integration along the real and
purely imaginary axis provides the contribution coming from the continuous spectrum of L. The
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integration along the infinite arcs of the contours can be evaluated explicitly. To this end we use the
fact that ¢*(x, A) are canonically normalized we find:

JS(x,y) = f dA AR (x,y,A) = L% A2 MY @ (x — i)
271 Jyy o 4700 J 100U,
(9.11)
2 = iNJ (=Y @t (y —
" 4mi / ar O (x-v)
1 - 1 2 —iA2](x—y) @—
T (xy) = 74 dA AR (x,y,)x):—,?{ A2 e O~ (x —y)
2701 S s 471 J 75 0 U7a0 9.12)
_ 2 71)\ Jx=) @ (+ _
- / dA @ (x—1).
Adding these two answers and using the definitions of @ (x — y) we find
TEo9) + T o) = g [ 0D = o) ¥ L Ee ©0.13)

Equating the two answers for 7 (x,y) we find the following completeness relations for the FAS of L:

il Ul
- i ~ <
e i RN
P i N
4 N
7z Al N
4 i N
L7 i AN
AN Y| TN
/ L \
4 i \
/ \
, i .

, i .
; i .
/ i \
/ Q | @ \
i 1l \
I H |
[ ik |
[t et e - )
P I B I === 1
\ i I
\ i ]
\\ i |
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\ 1 /
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~ i -
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~ o i P
~--_ubo---

Figure 10. The contours v; of the related Riemann-Hilbert problem R U iR.

-9)3 ; ~Ee=o [ dAz{Dx[SH VL SHUANEDS x[51<x,A>><;e[sl<y,A>|}

s=ko+1

j =A; A=—A;

+ Z (Res ART (x,y,A) + Res+AR+(x,y,A) — Res AR (x,y,A) — Res AR_(x,y,/\)) . (9.14)
A=—A A=AT -

This relation (9.14) allows one to expand any vector-function |z(x)) € C" over the eigenfunctions of
the system (5.11). If we multiply (9.14) on the right by | | z(y)) and integrate over y we get:

2(0) = g ST A {E2 K () 8 () — By a () 8 ()
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2y ([ @) & = [my @) 7). (9.15)

where the expansion coefficients are of the form:
N =i [ @A), G0 =i [ de(mE]11z). 016

Corollary 3. The discrete spectrum of the Lax operator (5.11) consists of the poles of the resolvent R*(x,y, A
which are described in Remark 9.

Remark 10. Here we used also the fact that all eigenvalues of | are non-vanishing. In the case when one (or
several) of them vanishes we can prove completeness of the eigenfunctions only on the image of ad j which is a
subspace of C".

Remark 11. The authors are aware that these type of derivations need additional arguments to be made rigorous.
One of the real difficulties is to find explicit conditions on the potentials Uy (x) and Uy (x) that are equivalent to
the condition (C.2). Nevertheless there are situations (e.g., the reflectionless potentials) when all these conditions
are fulfilled and all eigenfunctions of L(A) can be explicitly calculated. Another advantage of this approach is the
possibility to apply it to Lax operators with more general dependence on A, e.g. polynomial and rational.

10. Discussion and conclusions

Our idea is to remind some of the old papers which were milestones in the past, but for various
reasons tend to be forgotten. Another motivation to do this is our intention to generalize these results
for quadratic pencils and pencils of higher degrees.

Of course. many of the results we mention below were first introduced for the GZSh system.
One of the important results is the resolvent for the Lax operator L [29,32,33] expressed in terms of
the FAS. Combined with the contour integration method it allows one to to construct the spectral
decompositions of L. They also allow one to prove that the poles and zeroes of FAS provide the discrete
eigenvalues of L. Rigorous proofs would hardly be possible with these methods, but their importance
is in the fact that can be applied to wide class of non-self-adjoint Lax operators.

In the Introduction we already listed a number of results about the interpretation of the ISM as
GFT and ISM for the GZaSha systems. Our comment on it is that this idea can be generalized also
for the quadratic pencils considered as Lax operators above. We intend to continue the idea in our
next publications. Of course it will have its versions for the homogeneous as well as for the symmetric
spaces.

The initial ideas that we have extended above for quadratic pencils have been developed before
by other influential scientists, see some of theirs reviews and monographs [18,32,33,63,70,71,91,101,
104,130]. It is important to note that these ideas are applicable also to discrete evolution equations as
Ablowitz-Ladik system [3,43].

Another important approach to integrable NLEE has been developed by Shabat, Mikhailov,
Yamilov, Svinolupov et al, see [98,99,101,138]. It allows one to derive systems of equations that possess
higher symmetries, or higher integrals of motion. Lately this method has been used by Zhao [138], who
covered all integrable systems in two independent functions. Some of these equations were shown to
possess Lax representations related to the twisted Kac-Moody algebras [54].

Special attention must be paid to the NLEE with deep Mikhailov reduction groups, like Z,
and Dy,. Typically by & we denote the Coxeter number of the corresponding simple Lie algebra.
Here we include the families of KdV and MKdYV egs., as well as 2-dimensional Toda field theories
[4,49-51,55,79,80,97,102,103] as well as some Camassa-Holm type eqgs. [11,44,66,68,69,75,76].

Kulish-Sklyanin system, or in other words the 3-component NLS related to the BD.I symmetric
space has important applications to the spin-1 Bose-Einstein condensate, see [23,24,34,38,38,41,60,
61,72,73,84,85,105,113-117,124]. Using the dressing method in [35,41] we calculated the limit of the
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dressing factor for  — Fco. This allowed us to describe the soliton interactions, i.e. to calculate the
center-of-mass and the phase shifts in the soliton interactions.

In our final remarks we mention the generalizations to 2 4 1 dimensions [48,62,83,93], the MNLS
related to spectral curves [6,11,77,109-112] and the hierarchies of Hamiltonian structures. It is known
that one can relate Poisson brackets on the quadratic pencils which, along with the integrals of motion
allow one to interprete the NLEE in the hierarchy as Hamiltonian equations of motion. Such Poisson
brackets have been introduced for the s/(2) polynomial pencils by Kulish and Reyman [86]. Of
course they allow generalization to any semi-simple Lie algebra. We already mentioned that for
the generalized Zakharov-Shabat systems this has been already done. In fact the spectral theory
of the recursion operators has been constructed which generate all NLEE along with its Hamilton
formulation. For the quadratic pencils the recursion operators have not yet been constructed; we hope
that this problem will be solved soon.

Acknowledgments: The authors are grateful to professors R. I. Ivanov and G. G. Grahovski for careful reading of

the manuscript and for many useful suggestions. Financial support of the Bulgarian National Science Foundation,
contract KP-06N42-2 is acknowledged.

Appendix A. Root systems of simple Lie algebras

This is assumed to be well known material which we display without proofs and in a manner
suitable for pedestrians in Lie algebras; for proofs and more details see [8,67]. The fundamental ideas
of Cartan and Weil are based on:

* The Cartan subalgebras ) of all simple Lie algebras can be represented by diagonal matrices;

¢  There is an one-to-one mapping between the elements of  and the vectors in r-dimensional
Euclidean space E’;

*  The Weil generators E, are defined as eigenvectors of all the elements of b, i.e.

2(a, h)

[H,Ey] = a(H)E, = )

E,, (A1)

where a(H) = (a,h). Here i € E' is the vector corresponding to H, and & € A is a root of the
algebra g belonging to its system of roots A.

Skipping the details we will describe the roots systems A for all classical series A,, B;, C; and D, of
simple Lie algebras.

* Root systems

e  Dynkin diagrams

e Cartan-Weyl basis

e Automorphisms of finite order

Basic properties of the root systems.

e Ifa € Athen —aisalsoaroot, —ax € A_.
¢ Each roots system is split into positive and negative roots:

A=ALUA_, if x € AL then —acA_.

* Ineach root systems one can introduce a basis, known as system of simple roots. By definition «;,
j=1,...,rare simple roots if: i) they are linearly independent and form a basis in E’; ii) they are
positive roots a; € A4 such that aj — ay € A;

®  Each positive root B € A can be expressed as sum of simple roots § = Z]r-zl nja; where all n; > 0
are integers;

®  There is a maximal (resp. minimal) root #max (resp amin) such that amax + B (resp. amin — B) is not
aroot;
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*  Symmetry properties of A and Weyl group. Introduce the Weyl reflections Sg by:

2(8, %)
(B, B)

The Weyl reflections form a finite group, which preserves A, i.e. SgA = A.

Spx =% —

B.

Appendix A.1. The root system of A, ~ sl(r + 1) algebras

The algebras A, can be represented by (r + 1) x (r + 1) matrices whose trace is equal to 0.
Their Cartan subalgebras are provided by diagonal matrices H = diag (h1, hy, . .., hy11) whose trace
vanishes tr H = Z]’ill h; = 0. Therefore the vector h=(hi,h,..., hyq)T dual to H belongs to the r + 1

dimensional Euclidean space E"*! which is orthogonal to the vector € = & + & + - - - + &1, where &
form the orthonormal basis in E’. The Weil generators are provided by the matrices Ejx which have
only one non-vanishing entry at position j, k equal to 1, i.e.:

(E]k)mn — jk&mn. (A.2)

It is easy to check that the commutation relations between the Cartan elements H and the Weyl
generators Ej; can be written down as:

[H,Ej] = (hj — ) Eje = (h,& — &) Ej, (A.3)

It coincides with (A.1) where the root & = €; — &. Thus we find that the root system of A, consists of
the vectors:

B, =1{& -8 j#K) (Ad)

Obviously each root is a vector &; — & € E"+1 orthogonal to & We will need also to split the root
system A = A, U A_ into positive and negative roots:

Ay ={&—&, j<kl, A ={5-& j>k} (A5)

i.e. to the positive (resp. negative) roots there correspond upper triangular (resp., lower) triangular
matrices. Note that all roots f = €; — ¢ are orthogonal to the vector €, so they span r-dimensional
subspace of E' 1.

The simple roots of A, are provided by a; = €; —¢€j,1,j = 1,...,7. The Dynkin diagram of A is:

o—©O0— ++ —0—o0

&1 a2 Xr—1 [

The basis of the Cartan subalgebra consists of Hj = E]-]- — E]-+1,j+1, j =1,...,v. The Weyl
generators E, were given above in (A.2).

Remark 12. For the orthogonal and symplectic Lie algebras we will use slightly different but equivalent
definition. Typically the orthogonal algebras so(P) are represented as the algebras of P x P skew-symmetric
matrices, i.e.

Xeso(P) iff X+XT=o.

In what follows we will use slightly different but equivalent definition, namely:

X €so(N) iff X+SyXISy=0.
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where the matrix Sy is given by:
2r+1
P=2r+1 So=Y (-1 Erprini.
"71 (A.6)
P =2r So=) ((_1)k+1Ek,2r+lfk + (_1)k+1E2r+17k,k>
k=1
Note that S3 = 1. For the symplectic algebras we have:
Xesp2r) iff X+5X's;t=o.
where
’ k+1 k+1
Si=) ((—1) M Eearp1-k — (=1)F E27+17k,k) . (A7)

k=1

Now S? = —1.The advantage of these definitions is, that now the Cartan subalgebras of both so(P) and sp(2r)
are represented by diagonal matrices.

Appendix A.2. The root system of B, ~ so(2r + 1) algebras

Using Remark 12 we find that with the new definition of so(P) the antisymmetry is with respect
to the second diagonal. The Cartan subalgebra elements are given by the following (2r +1) x (2r+1)
matrices:

r
Hj = Ejj — Hyrpo_jpria—j, ~ H=) hiH;. (A.8)
=1

The Cartan-Weyl basis in the typical (2r + 1) x (2r 4+ 1) representation basis is given by:
k+j k+j
Es 5 = Ej — (=1)"Eg;, Es 15 = Ef — (-1)"VE;, (A9)
Es = Egri1 — (=1 E 11 Hg = Exx — Egp

where k = 2r +2 — k.
The commutation relations (A.1) show that the root system of B; is provided by:

A+:{a:Ek—Ej, B=¢é+¢e;, 'Yk:gk}/ 1<k<j<r. (A.10)
The simple roots are given by:
ak:é'k—c?kH, k=1,...,r—1, Ky = €.

The Dynkin diagram is:

o——~O— - _Ojo

&1 %) Xy—1 Xy

Appendix A.3. The root system of C, =~ sp(2r) algebras

The Cartan subalgebra elements of sp(2r) are given by the following (2r) x (2r) matrices:

r
Hj = Ejj — Hyrp1-jors1-j, ~ H=) hiH;. (A.11)
=1

d0i:10.20944/preprints202308.2071.v1
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The Cartan-Weyl basis in the typical 2r x 2r representation basis is given by:

_ k+ip. . . k+jp .
Esq = Ex — (=1)"Ej  Eguq = Eg+ (Z1)7E, (A12)
Eog = 2Bk, Hg, = Eik — Exr
where k = 2r +1 — k.
The commutation relations (A.1) show that the root system of B, is provided by:

Ar={a=¢—¢, B=¢e+¢, =2} 1<k<j<r. (A.13)

The simple roots are given by:
o =€ — €1, k=1,...,r—1, &, = 286,.

The Dynkin diagram is:

O——O— - _Oio

&1 (L% Xr—1 195

Appendix A.4. The root system of D, ~ so(2r) algebras

Using Remark 12 we find that with the new definition of so(P) the antisymmetry is with respect to
the second diagonal. The Cartan subalgebra elements are given by the following (2r) x (2r) matrices:

s
Hj = Ejj — Hyp1-jors1-j, ~ H=) hiH;. (A.14)
=1

The Cartan-Weyl basis in the typical 2r x 2r representation basis is given by:

— (1)*E;,

15 i (A.15)
HEk - Ek,k Ek k’
where k = 2r +1 — k.
The commutation relations (A.1) show that the root system of B, is provided by:
Ay ={a=¢—¢, B=2¢+¢,}, 1<k<j<r. (A.16)

The simple roots are given by:

thZEk—Ek_;,_l, k=1,...,r—1, &y = €_1 + €.
The Dynkin diagram is:
Xy
O—O0—
a1 a2 Qr—2
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Appendix B. Gauss decompositions

The Gauss decompositions have natural group-theoretical interpretation and can be generalized
to any semi-simple Lie algebra:

T(A) =T (A)DT(A)ST(A) = TH(A)D(A)S(A), (B.1)

ie. T¥(A), S*(A) and D () are the factors in the Gauss decomposition of T(A). It is well known that
if given group element allows Gauss decompositions then its factors are uniquely determined. Below
we write down the explicit expressions for the matrix elements of T*(A), S¥(A), D*(A) through the

matrix elements of T(A):

. (7)
_ 1 1, 2, ..., j—=1, p
bi mI(A) | 1, 2 , j—1, o)
; (-1
. (—1)ip { 1, 2, , P, , }
P m;r_l()x) 1, 2, ;P , j—1 T
; 0)
1Pt )1, 2 p j—1
S+(}\) — ( { s 7 ’ v/ ’ . ) (B.4)
pi mjtl()t) 1, 2, , P ;] )
. .y G-1)
1 1, 2 -1
(A = { S J } (B.5)
]p + . _ 7
m; (A) 1, 2, ..., j=1, p )
1 1 (n—j+1)
THA) = { L } , (B.6)
pi m, ]H(/\) i, i+l , n—1, n )
. (n—j)
P""] D
() = I+ Proces , (B7)
P 1 j+2, v, ., n )
. (n—j)
P+]
SS() = f Lot Pres 11 , (B3)
P j+1, Prover 1 f 0y
1 1 (n—j+1)
A e, N—
() = ——— { o gL ' } , (B9)
jp mnfjJrl( Yl v j+1, ..., n—=1, n )
where
iij1 Til jooocc Til Jk
iy, I, ..., i (k) i Tioj Ty
S LY = det : : (B.10)
Ji, J2, --es Jk T(A) : .
Tiji Tijp - T
is the minor of order k of T(A) formed by the rows iy, i, ..., iy and the columns ji, ja, ..., ji; by p we

mean that p is missing.
From the formulae above we arrive to the following

Corollary 4. In order that the group element T(A) € SL(n,C) allows the first (resp. the second) Gauss
decomposition (B.1) is necessary and sufficient that all upper- (resp. lower-) principle minors m;" (A) (resp.
m, (A)) are not vanishing.
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These formulae hold true also if we need to construct the Gauss decomposition of an element of
the orthogonal SO(n) group. Here we just note that if T(A) € SO(n) then

So(T(A)'S" =T (), (B.11)
where
)
So = Z(_l)k+1(Ek,n+1—k +Eni1-kk), if n=2ng, (B.12)
k=1
1o
So=Y (-1 N (Egpirk + Enp1-ik) + (—1)™Epg1mp1, if n=2np+1.

k=1

One can check that if T(A) satisfies (B.11) then each of the factors T* (1), S*(A) and D* () also satisfy
(B.11) and thus belong to the same group . In addition we have the following interrelations between
the principal minors of T(A):

m].i(A):mj_j(A), for SO(n),

m]i(/\) = mﬁ_]-()\), for SP(n), (B.13)
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