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Abstract: In this paper, we constructed and analyzed a modified SIR-type model for the epidemic
problem which considering waning-immunity class in the population, with the nonlinear incidence
and recovery rates. Depending on the basic reproduction ratio, we investigated conditions for both
non-endemic and co-existing cases. The RouthHurwitz criteria is used to verify the local stability of
equilibria, whereas for the global stability, the suitable Lyapunov function is selected to analyze the
behavioral stability for each equilibria. Moreover, we studied the optimal control problem for this
case. Numerically, we give some simulations to support our analitycal findings.

Keywords: epidemic model; basic reproduction ratio; waning immunity; nonlinear incidence rate;
nonlinear recovery rate; lyapunov functions; optimal control

1. Introduction

The behavior of the spread of disease can be studied mathematically through a compartment
model. One model that is often used is the SIR (Susceptible-Infectious-Recovered) model. This model
extends the SI model, which previously did not consider the recovery class. In its development, the
SIR model has been modified by considering various aspects. Next, various factors that influence
disease-spreading behavior have been reasons for some researchers to consider them in their work.
For examples, quarantine [3], treatment [4], diffusion [5,6], vaccination [8], delayed [9], combination
from delayed, vaccination and treatment [7], social distancing [39,40], relapse and media impact [10],
and others [37,38,41-43].

The various studies mentioned above still apply a bilinear infection rate. This differs from some
other work on epidemic modeling, which has applied a nonlinear incidence rate form. Regarding
the application of the nonlinear incidence rate within the SIR model, several work has been done
previously. For examples, Jin et al. in [33], Zhang et al. in [24], McCluskey in [25], Enatsu and Nakata
in [26], Li et al. in [34], Chen and Zhao in [27], Ammi et al. in [28], Koufi et al. in [31], and others
(see [29,30,32]).

Hereinafter obviousness that the treatment is a main strategic to handle diseases outbreak. In
the mathematical epidemiology, generally it was assumed to be the recovery rate in consequence of
treatment and expressed in the form: T(I) = rI,I < 0. Nevertheless, in its application the formula is
ineffective if the availability of healthcare resources such as vaccines, drugs, hospital beds, etc., are
insufficient amount. However, the supply of those patient amenities in hospital care is always limited
contextually. Further, for this reason, several researchers have applied nonlinear forms of treatment to
their work. For examples, Zhang and Liu [13] used nonlinear treatment form is ﬁlﬂ, wherer > 0is
represent signifies the cure rate and « > 0 is indicates the significant impacts of the infection on the
people who are being delayed for treatment. Next, Rajasekar et al. in [15] has analyzed the model of
Zhang and Liu in [13] using a stochastic approach. Ghosh et al. in [14] proposed and analyzed a model
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with inhibitory effect and saturated treatment function, where nonlinear treatment form is % (u2
represent optimal treatment strategies to minimize the infected cases).

Due to the health planning to the public service, a standard to estimate resource availibility was
fixed by the World Health Organization (WHO) Statistical Information System i.e., available hospital
beds per 10,000 population [1,11,12,36]. By considering this situation, next Shan and Zhu [36], Li
and Zhang [12], Cui et el. [11], as well as Alshammari and Khan [1] further modified the proportinal
of treatment rate, which the capacity of hospital was considered, where T(I) = o + (a1 — &o) 747
Parameter «p and «; are, respectively, the minimum and maximum per capita recovery rates. A
constant m is represents the measure of the quantity of available hospital beds.

The strategy combinations between the government action and hospitalization situation need
to be incorporated to handle a better of disease outbreak. Furthermore, the combination of
nonlinear incidence and treatment rates has become interesting and has been carried out by several
researchers [11,12,14,36]. Recently, Alshammari and Khan [1] set incidence function in the form of %
and treatment function in the form of ag + (a1 — o) ;%7 They found that for limited hospital beds
led to the system undergoes bifurcation. In addition, by increasing the value of the intervention k has
a significant impact on reducing the case quantity in the infection class.

On the other side, the behaviors of immunity condition on the host Individuals plays a vital
role in the transmission of a diseases. Individuals which have just healed from disease get any
immunity, however, its standard of effectiveness is not necessarily constant respect to time. An
individual’s immunity may decay as time goes by, it could be the individual will be reinfection due
to exposure to infectious agent [23]. For examples: measles [19,21,22], mumps [20-22], rubella [21,22]
and COVID-19 [2] are of this type. Thus, waning immunity in individuals ought to serious attention
because it has the opportunity to increase the number of cases of reinfection.

Motivated by these various studies, we propose an epidemic model by considering waning
immunity with nonlinear incidence and recovery rates. This model extended from a model by
Alshammari and Khan in [1]. The paper is organized as follows. In Section 2 we establish mathematical
model for the current epidemic problem. We analyze the properties of the model in Section 3. These
analysis include: positivity and invariant region, the existences of the non-endemic and co-existing
equilibria, as well as determine a basic reproduction ratio. Furthermore, we find conditions for the
local and global behaviours of the each equilibria. Next, The optimal control problem is shown in
Section 4. Section 5, we conduct numerical simulations to confirm our analytical findings. These
simulations are performed for the various of the parameters values. Finally, our work deduced in
Section 6.

2. Model Formulation

Thoroughly, the population is M (), and next, it will be classified into four categories: susceptible
S(t), infectious I(t), recovered R(t), and susceptible that previously infected W(t) humans, where
M =S+ 1+ R+ W (as shown in Figure 1). Individuals move from compartment S to I as well as W

to I as with transmission rates: £1°2 and & sz?l We have four sub—populations, therefore a nonlinear

k+1
dynamical system consisting of four nonlinear differential equations established is as follows:
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Figure 1. Scheme of disease transmission.

Table 1. Parameters Description

Parameters Descriptions Units
b The birth rate People x Time™!
B1 The probability of transmission from S to I (People x Time) ™
B2 The probability of transmission from E to I (People x Time) ™!
i The natural death rate Time™!
0% The death due to disease Time™1
¢ The probability rate of waning immune of people Time ™
g The minimum per capita recovery rate Time™!
aq The maximum per capita recovery rate Time™!
k The intervention levels People
m The impact of the number of hospital beds on the ourbreak People

3. Mathematical Analysis

3.1. Positivity of Solutions

Lemma 1. With the non-negative initial values, say x(0) and x(0) = (S,1, R, W) representing the state
variables, each of the solutions curves of the model (1) will be non-negative for all t > 0. Additionally,

lim sup M(t) <

=l

Proof. Lett; =supt > 0: x(f) > 0,s0 t; > 0, and it follows by the first equation of system (1) that:

as(t) ., Bal(t)S(t)
a v Ilc+1(t) —HS(H).

It can be re-written as:
d%t)exp {/Ot <kﬁ41'II((TT))> d7+yt}
+S(t) (lm —i—y) exp {/Ot <If_|1_11((TT))> dT—i—yt}
=bexp {/Ot (If—il—ll(g)) at + yt} .
Therefore,

% (S(t)exp{/ot (M) dr+yt}> _ bexp{/ot (m) d””t}‘
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Hence,

S(#) exp {/Ot (kﬁfl((i))) dr + yt} —5(0) = bexp {/Ot (ff;(?)) dr + yt} .

So,

L Bal(T)
t) = — dt — ut
5(t) S(O)eXP{ /O <k+I(T)> TH }
L Bal(T) L Bal(T)
+exp{—/0 (k+1(7)) dT—yt} +bexp{/0 (k—i-I(r) dt +ut » > 0.
For the rest of the equations, we can consistently determine the positivity via this method. So, we are
able to say that the solution of the model given by (1) is non-negative for every time t > 0. For the rest

of the part of the proof in the considered 1, we have 0 < x(0) < N(f), and summing the equations
involve in the system (1), we arrive at the following expression,

% =b—uM —yI <b—uM, thus li_r)n sup M(t) <
X o0

=<

O

3.2. Invariant Region

For the biological significance of our model (1), we will show that the variables and the parameters
are non-negative for all time ¢ > 0 and analyse the model (1) in a suitable feasible region ®.

Lemma 2. The feasible region ® defined by:
<I>:{(S,I,R,W)eRi:S+I+R+W§z}, 2)

with initial condition S(0) > 0, I(0) > 0, R(0) > 0, W(0) > 0 is positively invariant for system (1).

Proof. Adding the equations of system (1), we have:

am
i <b—puM. 3)

It follows that 0 < M(t) < % + M(0)e ", where M(0) denotes the initial values of the total

population. Thus 0 < M (t) < %, as t — oo. So, the region:

@z{(S,I,R,W)GRi:S—H—!—R—l-WSb},
Z

is a positively invariant set for system (1). [

3.3. Non-endemic Equilibria and Basic Reproduction Ratio

The non-endemic equilibria of the model (1) is obtained by setting I = 0, and substituting it into
(1) to obtain:

& = (50, °, R, WO)

= (b,0,0,0,0> .
H
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3.4. The Basic Reproduction Ratio

Here, we have the following matrix of new infection F, and the matrix of transfer V. We can write

Is w I
flilﬁ + ﬁk2+1 + Qo757
F= 0 ,
0
0

(wo+arz27) I+ (v +p)1
—b+ B8 4 us
—ER+ o+ W
— (a0 + (v —ag) 5%) I+ uR+ &R

The Jacobians of the above matrices at the non-endemic equilibria Py respectively are respectively
given by

m+ 000
r— 0 0 00 )
0 0 00
0 0 00
xo+a+y+pu 0 0 0
bp
Vo lel u 0 0
0 0 u 0
—0q 0 0 12 + 6
Next, we get the eigenvalues of matrix F V-1 are Apsz =0and Ay = %. Moreover, the

reproduction ratio is
tokp + bps

_ -1y
Ro=p(FV) = ku(ag+oa1 +v+u)

3.5. The Co-existing Equilibria

System (1) has a unique co-existing equilibria in the interior of ® that is given by
&= (8", I",R*, W") 4)

where

. bk+T1)
k(B )
R* _aol*(m+1I") + m(ay —ag)I*
Crmm+r)
Skt IR
kp + (B2 + p)I*

Next, we substitution S*, R* and W* into the second equation in (1) so yield a cubic equation in I* as
follow,

Cr(I*)3 + Co(I*)2 + C3(I*) + C4 = 0, (5)
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where

=B1+mw)(B2+u)(C+pu )%10 (W —Ro)

Co=({+m)(B1+u)(B2+p )Ro (W R0>m

@ (P Ro )kl + )+ (B )l

Cs=(¢+ #)kufo (W - Ro) kp
ks (LI Ry )l )+ (Bt )
—[(B1+p)(Emar ) +bB1(B2 + 1) (& + ),

Co =&+ ok +0p1) [ (=

g OMW[)] — kp [bB1(E + p) + Emar Ba] .

which for the polynomial (5) have the roots I = 0 or I ; = I}, for C4 = 0, which can be written by

—Cy+/C3 —4C G

Iik,z = 2C1 . (6)

From (5), it can be seen that ¢ <0,j=123 < Ro > 1Hence, we have the following theorem
regarding the existence of the co-existing equilibria when Ry > 1.

3.6. Local Stability of Non-Endemic Equilibria

To investigate the local stability of all equilibria, we linearize (1), and it yield a Jacobian matrix,

~(ft+n) - o o 0
o | B et 0 ”
0 ag+ L0 ~@+n) 0
0 - e ¢ —(frn)

3.7. Local stability of non-endemic equilibria
Theorem 1. The non-endemic equilibria & is locally asymptotically stable for Ry < 1 and unstable for
Ro > 1.

Proof. From Jacobian matrix (7) at point &y, it is yields eigenvalues A1 = —u. In addition, we get a
characteristic equation,

forA* + fuA + fa =0, ®8)
where
for =1,
fin ~Ro ((C+y)7€0 + [W - ROD ,

_(E+m)m ((aokp +bpy
g (s )
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Next, choose apkpt + b1 = a1kp. Moreover, if Ry < 1 then the values of f1; and f»; are positive. Thus,
&p is locally asymptotically stable whenever conditions fo; > 0,f11 > 0,21 > 0, and f11f21 > 0is
fullfiled.

O

3.8. Local stability of co-existing equilibria

Theorem 2. The co-existing equilibria &, is locally asymptotically stable whenever it exists.

Proof. From Jacobian matrix (7) at point £, we get a characteristic equation,

forA* + f1oA® + fa2A? + foA + fp = 0, )

where

fo2 =1,

f=Y1+¢+p—(Y2+¥3),

f22 =010 + @405 + (¢ + 1) (F1 — (Y2 + ¥3)) + ¥o¥5 — ¥1(F2 + ¥3),

fro =(G+u) (F2¥3 + 0102 + 0405 — V1 (Y2 + ¥3)) + ¥10,05
+¥3(Y1¥2 — ©10;) — E05(05 + ag),

fao =(C+ ) ((¥1¥2 — ©102)¥5 + ¥10405) — £¥105(03 + ),

Y1 =01+,
Y, :®2+®47(®3+IX0+’7+]¢);
Y3 :®5+]4,
_ Bl
O =T
__kBiS”
®2 7(k+1>&<)2’
2
m
O3 —(“0*"41)W,
_ kpW*
©: T (k4 19)2
_ B2I”
O =111

From (9), we obtain that A, j = 1,2,3,4 will be negative if fi, > 0,i =1,2,3,4, Ro > 1, fiaf20 > fa2fo2,
and fipfofan > f122 foo + fo f322 If this condition holds, then based on the Routh-Hurwitz criterion,
point &, is locally asymptotically stable. []

From Theorems 1 and 2, we note that if the value of the basic reproduction ratio is less than one,
then the non-endemic equilibria & will be asymptotically stable. Otherwise, the co-existing equilibria
&« exist and are stable whenever the reproduction ratio is greater than one. Furthermore, we remark
that when Ry < 1 the co-existing equilibria &, does not exist. In this case, R is a threshold. On the
contrary, if Ro > 1 the & becomes unstable and £, exist. If the Routh-Hurwitz criterion of equation (9)
holds, then &, is asymptotically stable.

Corollary 1. If Rg > 1, fip > 0,i = 1,2,3,4, fiafez > faofo2, and fioforfzn > f122f42 -I—fozfgz then the
system (1) undergoes a forward bifurcation at Rg = 1 from & to E,.

do0i:10.20944/preprints202308.2065.v1


https://doi.org/10.20944/preprints202308.2065.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 August 2023 do0i:10.20944/preprints202308.2065.v1

8 of 18

3.9. Global stability of non-endemic equilibria

Theorem 3. The non-endemic equilibria &y is globally asymptotically stable for Ry < 1 and unstable for
Ro > 1.

Proof. Refer to global proving by the various works in [16-18,35], define a Lyapunov function

]
co:<5—50—50205>+1+1z+w

Differentiating with respect to time yields

dLy _(, S'\ds dI dR dW
ar S ) dr  dr  dt dt

Next, from (1) we get

dly S0 B11S
dt_<15> ( m”s)

,8115 ‘lew_ _ m _
+7k+1+k+1 ap + (g “0)m+1 I—(y+u)l
m ﬁzIW
—l—<a0+(a1—¢x0)m+1>I—(y+§)R+§R— k1 —uW

s s
st (2 5= 5 ) + (080~ KOy )T = ()P = (R W)

S 50 %)
< 0 - — P — 2_
]/lS <2 0 ) + (RO |:1 + 0 P }) I (’)/—f—y)l ‘M(R—i- W)

s s
<us? (2_50_5) +(Ro— 1)L~ (v + w2 — p(R+ W)

The value of % < 0if Ry < 1. Using the relation between the geometric means and arithmetic means,
we confirm that dd% < 0 and fulfilled the equality only at &. Thus, the non-endemic equilibria & is
globally asymptotically stable if Ry < 1. O

3.10. Global stability of co-existing equilibria

Theorem 4. The co-existing equilibria &, is globally asymptotically stable whenever it exists.

Proof. Refer to global proving by the various works in [16-18,35], define a Lyapunov function

L, = <S—s*—s*l‘;‘f) + (1—1*—1*1’“I> + (R—R*—R*IHR>

I R
- (w-w* —w*lnw> .

W*

Differentiating with respect to time yields

dl. _ 1_57* d£+ 1_E ﬂ+ 1_&* d£+ 1_W* dﬂ
ar S J dt 1) dt R ) dt W ) dt’
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Next, from (1) we get

(0-9) 625
+<1—I*> (%Jrizfy— {woJr(ﬂél—txo) H}FJI_(VJFV) >

I

LK T (a1 — ag) I— 4R —¢R
R o + (@1 — &g —|—I M
W BaIW

+<1 w)(gR k+1 ”W)

st (S _ S\ AI'ST (T Sk+I" S

_”S< S+ S)+k+1* (2 S k+l s)

W I W k+I*
+ B (2——+) +C1 -G

where

1S I'w IW* R* B m
G=%rT TP i) TO\RT ) et (w—ao) 2o ) T

m
+ <¢x0 + (21 — o) ) I*,

m+ I*
2B, "W R*  W'R m \ I"R
i e\t ) Tleet ) e )

m IR*
+ [ ap + (a7 — o) .

C =

m—+ 1 R

Next, since a relation between geometric means and arithmetic means is applied, we claim that dﬁ* <0.

This condition holds only at £.. In consequence, a co-existing point &, is globally asymptotlcally
stable. [

4. Optimal Control Problem

To control the spread of the disease, we set to suppress the number of transitioned individuals
from recovered into susceptible again. Procedures to suppress that transition phenomenon can be
conducted through educational efforts, including outpatient; consultancy; or health campaigns. To
reduce the number of the W population with the minimum cost, we constructed the dynamical model
in system (1) by adding parameters for the control of educational efforts, namely u(t). Then, we obtain:

S, BIOSO o

dt k+1(t)

a (f) :ﬁ15<£>++lf(f;)w< Vie) - (ao + (a1 — ap) fm)) I(8) = (v + ) 1(1) w0
T = (mo-+ (01— a0) o= ) 1) = WR() — (1= w(0)ER()
) (1~ u(eer() - ﬁz“) W uw

at TkEI(E)

We determine educational effort as an intervention with the objective functions as follows:

J(1) = min /OT[C1W(t) + Cou?(t)]dt (11)
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where T is the final time, and C;, C; is the weight constant and cost of the conducted interventions.
The control problem formed from the constraint equation as the equation of each compartment (10)
and the objective function (11) can form a Hamiltonian equation related to the optimal control problem.
Therefore, we use Pontryagin’s maximum principle for the optimal control (u*) € U satisfying (10),
such that the associated pseudo-Hamiltonian is

H =CW(t) + Cou?( (b - lm - uS(t>>
i (B8 kjfzw 210 (a0+ (@1 = 00) 5 ) 10 = (r w10 )
1 ( (0 (0 = 20) o7 ) 1) = RO = (1= w()ER() ) )
Lo (- upere - EORD )

where L;, i = 1, ...,4 are adjoint variables satisfied i.e.

L——L, (—kﬁff()) - y> La; ﬁll( >
) (ﬁls ﬁll()(tg ﬁzW(f)>

e 50 00

5(t)
10 (e 1(0)? k+I0)  (k+1(1)* K+
B2l(H)W(t) | (a1 —wg)mI(t (g —a)m
2<<k+1< i <m+1<t>> T e ”) (13)

(o ma)mI(t) (@ —ag)m ()
L3< CES )RR (O} ) L4<
Ly =Ly (—p— (1 —u(t)&) — Ls (1 —u(t))¢

B21(t) B21(t)
= G- szil( L (_kiz(t) _”)

where the final condition L;(T) = 0 for i = 1,...,4. The necessary and sufficient optimal condition
satisfying are obtained, which in turn gives the optimal control

1+ = min (1 man (0 LS =LY )

5. Numerical Simulation

This numerical simulation is designed to support the results of the analysis discussed in the
previous section. The dynamical population will be compared when some parameter values change.
We applied Runge—Kutta Fourth—Order to solve model (1) using the parameter values in Table 2 and
initial values in Table 3.
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Table 2. Parameters Values

Parameter Value

b 2.3
B1 0.01
B2 0.01

u 0.005
0% 0.2

¢ 0.02
L% 0.2
o 0.21

k 2
m 0.2

Table 3. Initial Values of Each Compartment

Compartment S(0) I(0) R(0) W(0)
Initial Values 150 60 0 0

Figure 2 shown that &, stable if §; = 0.01. The population in each compartment converges to a
certain amount. This indicates that individuals still exist in the population at a certain time interval.
Clearly, it is different if §; = 0.0018, which & stable. This case is depicted in Figure 3. The population
in each compartment I, R, and W converge to zero. This situation showed that the disease is free in the
system. The behavior of the system (1) related to the changes of parameter ; from 0.0018 to 0.01. If
B1 > Bj then &, stable, meanwhile &, unstable precisely when ; < B}, where ] = 0.001804347826.
This indicates that the system (1) undergoes a forward bifurcation. This case has been illustrated in the
Figure 4.

Figure 5a shown that the increase in infection (1) causes R to also enlarge. On the other hand,
increased intervention level k can lead to minimizing R. Thereby, intervention is an important factor
in reducing the number of infection cases. Next, Figure 5b shows that the smaller xg and a; causes R
to increase. This illustrates that a lower recovery rate significantly impacts the increase in the number
of infections. The condition of waning immunity experienced by individuals who have recovered will
certainly affect the dynamics of the system. An increase in the value of ¢ causes the population in R to
decrease. Meanwhile, the population in W increasing. This behavior is plotted in Figure 6.
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Figure 2. Stability of co-existing point &, with initial values (150,60,0,0).
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Figure 3. Stability of non-endemic point £ with initial values (150,60,0,0).
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(a) The effects of k and $1 on Rg (b) The effects of ng and &1 on Ry

Figure 5. Simulation the effects of k,1, a9, and a; on R and W
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Figure 6. Effects of ¢ on R and W
5.1. Numerical Simulation on Optimal Control Problem

Respective to the objective function on Equation 11, we aim to minimize the number of infected,
uneducated injector populations, treatment, and educational efforts. The optimal function graph is
shown in the following figure.

Based on Figure 8, it is clear that the system with applied optimal control successfully suppresses
the number W population since they were staying on the R population after healing from infection.
The number of W population stays at the bottom along the control applied, but when at the end, the W
population increase. Referring to Figure 7, it happens since the control value seems instantaneously to
zero. Nevertheless, the optimal control success to reach the aim of the objective function is to minimize
the W population and cost of educational effort.

T T T
o 10 20 30
r

Figure 7. Control function.
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6. Conclusions

We have formulated a SIRW-type model for an epidemic problem considering waning immunity
class with nonlinear incidence and recovery rates. The model is class-based in the form of a differential
equations system, where the population is divided into Susceptible (S), Infectious (I), Recovered
(R), Susceptible that previously infected (W). Using a method, namely a next-generation matrix, we
obtained the Basic Reproduction Ratio (R), which is a threshold to control the transmission of disease.
Then the simulation results show that the waning immunity factor and half-saturated infection can
affect disease transmission. The period of waning immunity and the grade of saturated incidence can
spread of disease slowly. The results obtained can be used to reference early prevention of the spread
of disease as long as it has similar spreading behavior.
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Appendix A. Proof of the numerical analysis of the non-endemic equilibria

Here, numerically, the Routh-Hurwitz criterion is implemented to assert the Theorem 1 as follows
(B1 = 0.0018):

f01 =1>0,
fll =0.026 > 0,
fo1 =0 : 000025 > 0.

In addition to Ry = 0.9983739837 < 1.

Appendix B. Proof of the numerical analysis of the co-existing equilibria

The similar method in the Appendix A is also used to assert the Theorem 2 as follows (5, = 0.01):

for =1>0,
f12 =0.3234529156 > 0,
fan =0.01496557001 > 0,
f32 =0.0002090709850 > 0,
fa2 =8.954418034 x 1077 > 0,
fiaf22 — faafor =0.004631586268 > 0,

fi2faafa — (f122f42 +f02f322) =8.746475801 x 10~7 > 0.

In addition to Ry = 4.065040650 > 1.
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