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Article
Exact Solution of Decaying Turbulence

Alexander Migdal

Department of Physics, New York University Abu Dhabi,Saadiyat Island, Abu Dhabi, PO Box 129188, Abu
Dhabi, United Arab Emirates; am10485@nyu.edu or sasha.migdal@gmail.com

Abstract: We have found an infinite dimensional manifold of exact solutions of the Navier-Stokes
loop equation for the Wilson loop in decaying Turbulence in arbitrary dimension 4 > 2. This solution
family is equivalent to a fractal curve in complex space C? with random steps parametrized by
N Ising variables 0; = 41, in addition to a rational number £ and an integer winding number 7,
related by }_ 0; = gr. This equivalence provides a dual theory describing a strong turbulent phase
of the Navier-Stokes flow in R; space as a random geometry in a different space, like ADS/CFT
correspondence in gauge theory. This is a quantum statistical system with integer-valued parameters,
satisfying some number theory constraints. Its long-range interaction leads to critical phenomena
when its size N — oo or its chemical potential 4 — 0. The system with fixed N has different
asymptotics at odd and even N — oo, but the limit 4 — 0 is well defined. The energy dissipation
rate is analytically calculated as a function of u using methods of number theory. It grows as v/ i
in the continuum limit  — 0, leading to anomalous dissipation at y o /v — 0. The same method
applies to other observables. The small perturbation of the fixed manifold satisfies the linear equation
we solved in a general form. This perturbation decays as t~*, where the anomalous dimensions A
satisfy the spectral equation (164). The spectrum becomes a continuum in the statistical limit N — oo,
leading to multifractal phenomena.

Keywords: turbulence; fractal; anomalous dissipation; fixed point; velocity circulation; loop
equations; euler phi; prime numbers

0. Introduction

In 1993, we derived [1,2] a functional equation for the so-called loop average [3,4] or Wilson loop
in turbulence. The path to an exact solution by a dimensional reduction in this equation was proposed
in the "93 paper [2] but has just been explored.

At the time, we could not compare a theory with anything but crude measurements in physical
and numerical experiments at modest Reynolds numbers. All these experiments agreed with the K41
scaling, so the exotic equation based on unjustified methods of quantum field theory was premature.

The specific prediction of the Loop equation, namely the Area law [2], could not be verified in
DNS at the time with existing computer power.

The situation has changed over the last decades. No alternative microscopic theory based on the
Navier-Stokes equation emerged, but our understanding of the strong turbulence phenomena grew
significantly.

On the other hand, the loop equations technology in the gauge theory also advanced over the last
decades. The correspondence between the loop space functionals and the original vector fields was
better understood, and various solutions to the gauge loop equations were found.

In particular, the momentum loop equation was developed, similar to our momentum loop
used below [5-7]. Recently, some numerical methods were found to solve loop equations beyond
perturbation theory [8,9].

The loop dynamics was extended to quantum gravity, where it was used to study nonperturbative
phenomena [10,11].

All these old and new developments made loop equations a major nonperturbative approach to
gauge field theory.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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So, it is time to revive the hibernating theory of the loop equations in turbulence, where these
equations are much simpler.

The latest DNS [12-15] with Reynolds numbers of tens of thousands revealed and quantified
violations of the K41 scaling laws. These numerical experiments are in agreement with so-called
multifractal scaling laws [16].

Theoretically, we studied the loop equation in the confinement region (large circulation over large
loop C), and we have justified the Area law, suggested back in ‘93 on heuristic arguments [2].

This law says that the tails of velocity circulation PDF in the confinement region are functions of
the minimal area inside this loop.

It was verified in DNS four years ago [12], which triggered the further development of the
geometric theory of turbulence[14,15,17].

In particular, the Area law was justified for flat and quadratic minimal surfaces, and an exact
scaling law in confinement region I' « v/ Area was derived [17]. The area law was verified with better
precision in [13].

These exciting developments explain and quantitatively describe many interesting phenomena
but do not provide a complete microscopic theory covering the full inertial range of turbulence without
simplifying assumptions of the sparsity of vortex structures.

In the present work, we develop the theory free of these assumptions and approximations by
analytically solving the loop equations for decaying turbulence.

1. Loop equation

1.1. Loop operators

We introduced the loop equation in the Lecture Series at Cargese and Chernogolovka Summer
Schools [2].

Here is a summary for the new generation.

We write the Navier-Stokes equation as follows

,02
010y = Vaﬁwlga — VplWpa — dy (p + 2ﬁ> ; 1
0,0y = 0; ()

The Wilson loop average for the turbulence

¥[y,C] = <exp (?fév,xdr,x>> 3)

treated as a function of time and a functional of the periodic function C : 7, = Cx(0); 6 € (0, 27r) (not
necessarily a single closed loop), satisfies the following functional equation

ant\I‘r = /HcT,' (4a)
He=H + 1D (4b)
C C
H(Cl) = v'yftdr,xaﬂd),xﬁ(r); (4c)
@ _ - 5o ()
He' = yf{cdr,xw,xﬁ(r)vﬁ(r), (4d)
. _ v ¢
Wap = 17 50np (4e)
. 1. .
0p(r) = =5 0aWpa(r) (4f)
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We added a dimensionless factor -y in the exponential compared to some previous definitions as
an extra parameter of the Wilson loop. Without loss of generality, we shall assume that v > 0. The
negative -y corresponds to a complex conjugation of the Wilson loop.

In Abelian gauge theory, this parameter would be the continuous electric charge.

The statistical averaging (... ) corresponds to initial randomized data, to be specified later.

The area derivative -2 is related to the variation of the functional when the little closed loop 6C

b
is added
SE[C
za,gwo(mi(j) _ FlC + 6C] - FIC); )
%,5(6C) = % f[isc rodrg ©)

In the review, [2,17], we present the explicit limiting procedure needed to define these functional
derivatives in terms of finite variations of the loop while keeping it closed.
All the operators dy,, @W,p, 0, are expressed in terms of the spike operator

et = [ [ (1-1) s ”

The area derivative operator can be regularized as

v o9 € o
R O S TN ©
and velocity operator (with §,e — 0T)
1
Va(9,€,5) = WDﬁ(B,G)Qﬁa(G,é), (9)

In addition to the loop equation, every valid loop functional F[C] must satisfy the Bianchi
constraint [3,4]
OF[C]
® o0, By (1’)

+ cyclic =0 (10)

In three dimensions, it follows from identity V &= 0; in general dimension d > 3, the dual
vorticity @ is an antisymmetric tensor with d — 2 components. The divergence of this tensor equals
zero identically.

However, for the loop functional, this restriction is not an identity; it reflects that this functional is
a function of a circulation of some vector field, averaged by some set of parameters.

This constraint was analyzed in [17] in the confinement region of large loops, where it was used
to predict the Area law. The area derivative of the area of some smooth surface inside a large loop
reduces to a local normal vector. The Bianchi constraint is equivalent to the Plateau equation for a
minimal surface (mean external curvature equals zero).

In the Navier-Stokes equation, we did NOT add artificial random forces, choosing instead to
randomize the initial data for the velocity field.

These ad hoc random forces would lead to the potential term [17] in the loop Hamiltonian H,
breaking certain symmetries needed for the dimensional reduction we study below.

With random initial data instead of time-dependent delta-correlated random forcing, we no
longer describe the steady state (i.e., statistical equilibrium) but decaying turbulence, which is also an
interesting process, manifesting the same critical phenomena.
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The energy is pumped in at the initial moment ¢t = 0 and slowly dissipates over time, provided
the viscosity is small enough, corresponding to the large Reynolds number we are studying.

1.2. Dimensional reduction

The crucial observation in [2] was that the right side of the Loop equation, without random
forcing, dramatically simplifies in functional Fourier space. The dynamics of the loop field can be

reproduced in an Ansatz
¥l3,) = (ew (2 fac@m(@))) an

The difference with the original definition of ¥[y, C] is that our new vector function P(#) depends
directly on 6 rather then through the vector field @(7) in R, projected at 7 = C(6).

This transformation is the dimensional reduction d =- 1 we mentioned above.

From the point of view of the quantum analogy, this Anzatz is a plane wave in the Loop
space, solving the Schrodinger equation in the absence of forces (potential terms in the Hamiltonian,
depending on our position C in the loop space).

The reduced dynamics must be equivalent to the Navier-Stokes dynamics of the original field.
With the loop calculus developed above, we have all the necessary tools to ensure this equivalence.

Let us stress an important point: the function P(6, t) is independent of the loop C. As we shall
see later, it is a random variable with a universal distribution in functional space.

This independence removes our objection (see the Introduction) to the Kelvinon theory and any
other Navier-Stokes stationary solutions with a singularity at fixed loop C in space.

The functional derivative, acting on the exponential in (11), could be replaced by the derivative P’
as follows

sc o & 2 Pal0) (12)
The loop equation for P(0) as a function of 6 and also a function of time, reads:
atPa = (VD‘B - Vl;) Q/ga (13)

where the operators V, D, (2 should be regarded as ordinary numbers, with the following definitions.
The spike derivative D in the above equation

1
Dy(6,€) = —% /_ ) dp sgn(p)Py (0 +ep) (14)

The vorticity (8) and velocity (9) also become singular functionals of the trajectory P(6).

The first observation about this equation is that the viscosity factor cancels after the substitution
(14).

As we shall see, the viscosity enters initial data so that at any finite time ¢, the solution for P still
depends on viscosity.

Another observation is that the spike derivative D(6,€) turns to the discontinuity AP(0) =
P(6%) — P(67) in the limite — 07

D(6,07) = —%AP(G) (15)

The relation of the operators in the QCD loop equation to the discontinuities of the momentum loop
was noticed, justified, and investigated in [6,7].

The momentum loop could be piecewise constant with an arbitrary number of such
discontinuities.

In the Navier-Stokes theory, this relation provides the key to the exact solution.
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In the same way, we find the limit for vorticity
Qup(6,07) = %”Paﬁ(e); (16)
Pup(0) = AP (0)Pg(60) — {a <> B}; (17)
Py(0) = Py(67) ;Pa(ef) (18)
and velocity (skipping the common argument 6 )

The Bianchi constraint is identically satisfied as it should

APy (APgPy — {B <+ 7}) + cyclic =0 (20)

We arrive at a singular loop equation for Py ()

%atﬁ = —2(AP)2P +

N PP P-AP?
AP | 42P- AP +1 (7%—132 ; 21
(7 7( N (21)

This equation is complex due to the irreversible dissipation effects in the Navier-Stokes equation.

The viscosity dropped from the right side of this equation; it can be absorbed in units of time.
Viscosity also enters the initial data, as we shall see in the next section on the example of the random
rotation.

However, the large-time asymptotic behavior of the solution would be universal, as it should be
in the Turbulent flow.

We are looking for a degenerate fixed point [17], a fixed manifold with some internal degrees of
freedom. The spontaneous stochastization corresponds to random values of these hidden internal
parameters.

Starting with different initial data, the trajectory P(6, t) would approach this fixed manifold at
some arbitrary point and then keep moving around it, covering it with some probability measure.

The Turbulence problem is to find this manifold and determine this probability measure.

1.3. Random global vorticity

Possible initial data for the reduced dynamics were suggested in the original papers [2,17]. The
initial velocity field’s simplest meaningful distribution is the Gaussian one, with energy concentrated
in the macroscopic motions. The corresponding loop field reads (we set v = 1 for simplicity in this
section)

B _L - Rl - R
¥o[C] = exp( 27 |4C(6) -ac(@")r (Cio) —C(o ))> (22)
where f(7) is the velocity correlation function

(va(r)og(r')) = (50‘13 — a,xaﬁapjz) f(r—r7") (23)

The potential part drops out in the closed loop integral.
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The correlation function varies at the macroscopic scale, which means that one could expand it in
the Taylor series

fir—1) = fo— filr—1")? +... (24)

The first term f is proportional to initial energy density,

1/, d—1
2 (@) =" h 2
and the second one is proportional to initial energy dissipation rate &

&o

fr= 2d(d —1)v (26)

where d = 3 is the dimension of space.
The constant term in (24) as well as 12 + 1’2 terms drop from the closed loop integral, so we are
left with the cross-term 7/, which reduces to a full square

Yo[C] — exp (—ﬁ <]§ dCa(G)C/S(g))z) (27)

This distribution is almost Gaussian: it reduces to Gaussian one by extra integration

¥o[C] — const /(d(/)) exp (—qbﬁﬁ)

exp< —@W facu o) ) (28)

The integration here involves all d(d V=3 independent & < 8 components of the antisymmetric

tensor ¢,g. Note that this is ordmary integration, not the functional one.

The physical meaning of this ¢ is the random uniform vorticity & = \/f1¢ at the initial moment.

However, as we see it now, this initial data represents a spurious fixed point unrelated to the
turbulence problem.

It was discussed in our review paper [17]. The uniform global rotation represents a fixed point of
the Navier-Stokes equation for arbitrary uniform vorticity tensor.

Gaussian integration by ¢ keeps it as a fixed point of the Loop equation.

The right side of the Navier-Stokes equation vanishes at this special initial data so that the exact
solution of the loop equation with this initial data equals its initial value (27).

Naturally, the time derivative of the momentum loop with the corresponding initial data will
vanish as well.

It is instructive to look at the momentum trajectory P, () for this fixed point.

The functional Fourier transform [2,17] leads to the following simple result for the initial values
of P,(0).

In terms of Fourier harmonics, this initial data read

P, (0) = Z Pynexp (in6) + Py pexp (—inb); (29)
odd n=1
Pyy = /\/(0 1); (30)

puc,n - \/ﬁﬁbaﬁ ﬁnr (31)

(Ptxﬁ - (P/%uu (32)
bop = N(0,1)Va < B; (33)
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The constant part P, of P,(60) is not defined, but it drops from equations by translational
invariance.

Note that this initial data is not real, as P, ,, # Py, - Positive and negative harmonics are real but
unequal, leading to a complex Fourier transform. At fixed tensor ¢ the correlations are

4Vh

<Pv<,npl3,m>t:0 = p— 5nm¢aﬁ; (34)
<P,,¢(9)Pﬁ(9’)>t:0 = 21@%5 sign(0’ — 6); (35)

This correlation function immediately leads to the uniform expectation value of the vorticity

(P(0)APg(6)) = 41@47“/3; Ve (36)

The uniform constant vorticity kills the linear term of the Navier-Stokes equation in the original
loop space, involving B,X(A),Xﬁ = 0.

The nonlinear term V, leﬁ vanishes in the coordinate loop space only after integration around the

loop.
Here are the steps involved
. 1.
Vlg = EQ“ﬁCﬁ; (37)
%Oaﬂcﬁoﬁydca (¢ ON,BQ‘BVZW‘B(C>; (38)

The tensor area X was defined in (6). It is an antisymmetric tensor; therefore its trace with a
symmetric tensor f)a 5@,57 vanishes.

This calculation demonstrates how an arbitrary uniform vorticity tensor satisfies the loop equation
in coordinate loop space.

We expect the turbulent solution of the loop equation to be more general, with the local vorticity
tensor at the loop becoming a random variable with a non-Gaussian distribution for every point on
the loop.

1.4. Decay or fixed point

The absolute value of loop average ¥[v, C] stays below 1 at any time, which leaves two possible
scenarios for its behavior at a large time.

Decay: P—0; ¥[y,Cl—1; (39)
Fixed Point: P — Pw; ¥[7,C] = ¥Y[CJ; (40)

The Decay scenario in the nonlinear ODE (21) corresponds to the 1/ V/t decrease of P.
Omitting the common argument 6, we get the following exact time-dependent solution (not just

v [
“V2(t+t) (41)

Lo
Aﬁ(}-m‘wfy (W—#)); (42)

asymptotically, at t — +o0).
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The Fixed Point would correspond to the vanishing right side of the momentum loop equation (21).
Multiplying by (AP)? and reducing the terms, we find a singular algebraic equation
72(AP)? ((Aﬁ)zﬁ — (B Aﬁ)Aﬁ) -

=

1yAP - ((13 AP — ﬁz(Aﬁ)Z) ; (43)

The fixed point could mean self-sustained turbulence, which would be too good to be true, violating
the second law of Thermodynamics. Indeed, it is easy to see that this fixed point cannot exist.

The fixed point equation (43) is a linear relation between two vectors P, AP with coefficients
depending on various scalar products. The generic solution is simply

AP = \P; (44)

with the complex parameter A to be determined from the equation (43).

This solution is degenerate: the fixed point equation is satisfied for arbitrary complex A.

The discontinuity vector AP aligned with the principal value P corresponds to vanishing vorticity
in (16), leading to a trivial solution of the loop equation ¥[y,C] = 1.

We are left with the decaying turbulence scenario (42) as the only remaining physical solution.

2. Fractal curve in complex space

2.1. Random walk

One may try the solution where the discontinuity vector is proportional to the principal value.
However, in this case, such a solution does not exist.

=

AE L AF (45)
A2E2 12 \2F2 (46)

There is, however, another solution where the vectors AF, F are not aligned. This solution requires
the following relations

=

(AF)? =1; (47a)
(2F - AF — 1) + % = 4F? (47b)
These relations are very interesting. The complex numbers reflect irreversibility, and lack of alignment
leads to vorticity distributed along the loop.

1
p = 557707 (FxAFg — FgAL,) ; (48)

(49)

Note that this relation is parametricaly invariant (being local and independent of ).

Also, note that this complex vector F() is dimensionless, and the fixed point equation (47) is
completely universal, up to a single dimensionless parameter . The viscosity dropped from this
equation, and the dimension of vorticity is inverse time, which explains the factor 1/ (¢ + to).

These equations do not allow AF = 0, so these discontinuities must be present at every . We
approximate this fractal curve by a polygon, with piecewise constant F(f) and N gaps AF(6y) at
equidistant angles 6 = 27tk/N. If the limit N — oo exists, we get the desired fractal curve F(p) witha
discontinuity at every 6.
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One can build such a solution as a limit of the Markov process by the following method. Start
with a complex vector F(§ = 0) = F.

We compute the next values ﬁk =F (%) from the discontinuity equations (47).

(Fen—E) =1 (502)
(Ei&-l - 1_:}3 - Z’)’)z + ’)’2 = (ﬁk+1 + ﬁk)z (50b)

Naturally, this polygon at finite N does not correspond to the decaying turbulence; one must go
to the local limit N — co. As we shall see, this is where we find interesting critical phenomena.

2.2. Constraints imposed on a random step

A solution to these equations can be represented using a complex vector 7y subject to two complex
constraints

=1 (51a)
Lo 2
(2F-dic—17) = 4B+ 72— ) (51b)
after which we can find the next value
Foo1 = F+iy (52)

We assume N steps, each with the angle shift Af = %
This recurrent sequence is a Markov process because each step only depends on the current
position Fy. The closure requirement Fy = Fj makes it a periodic Markov process, with the period N.
This requirement represents a nonlinear restriction on all the variables Fy, which we discuss below.
With this discretization, the circulation can be expressed in terms of these steps

f}? -dC(0) = fc -dE(0) = — Zw it (53)

Note that the complex unit vector is not defined with the Euclidean metric in 24 dimensions
<A, B > —ReA-ReB+ImA -ImB. Instead, we have a complex condition

F=1 (54)
which leads to two conditions between real and imaginary parts

(Re §)* =1+ (Im 7)% (55)
Rej-Img=0; (56)
In d dimensions, there are d — 1 complex parameters of the unit vector; with an extra constraint

in (51b), there are now d — 2 free complex parameters at every step of our iteration, plus the discrete
choice of the sign of the root in the solution of the quadratic equation (51b) for the projection F - .
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2.3. Closure condition

At the last step, k = N — 1, we need to get a closed loop Fy = Fy. This is one more constraint on
the complex vectors 7y, - . . fnN—1

N-1

Y G =0; (57)
0

We use this complex vector constraint to fix some of the remaining parameters.

Due to the closure of the space loop C(6), the global translation of the momentum loop P(6)
leaves invariant the Wilson loop; this leads to certain gauge invariance (see below).

The circulation must correspond to a real number, though the Wilson loop is not real, as there is
an asymmetry in the distribution of signs of circulation.

We discuss this issue in the following sections.

2.4. Mirror pairs of solutions

Return to the general study of the discrete loop equations (51).
There is a trivial solution to these equations at any even N

- — kz
7= 58)
=1 (59)

We reject this solution as unphysical: the corresponding vorticity equals zero, as all the vectors fe
are aligned.
Our set of equations has certain mirror reflection symmetry

Fe o By (60)

Thus, the complex solutions come in mirror pairs Fk, 1_-"}’\*,7 ke The real solutions are only a particular
case of the above trivial solution with real 7.

Each nontrivial solution represents a periodic random walk in complex vector space C?. The
complex unit step §; € C? depends on the current position F, € C¢, or, equivalently, on the initial
position Fy plus the sum of the preceding steps.

We are interested in the limit of infinitely many steps N — oo, corresponding to a closed fractal
curve with a discontinuity at every point.

2.5. The degenerate fixed point and its statistical meaning

This solution’s degeneracy (fewer restrictions than the number of free parameters) is a welcome
feature. One would expect this from a fixed point of the Hopf equation for the probability distribution.

This degeneracy leads to stochastization of the Navier-Stokes flow at large Reynolds numbers.
The solution comes as a manifold, and the flow covers this manifold with some invariant measure.

In the best-known example, the microcanonical Gibbs distribution for Newton’s mechanics covers
the energy surface with a uniform measure (ergodic hypothesis, widely accepted in Physics, though
still unproven in Mathematics).

The parameters describing a point on this energy surface are not specified- in the case of an ideal
Maxwell gas, these are arbitrary velocities of particles.

Likewise, the fixed manifold, corresponding to our fractal curve, is parametrized by N — oo
sign variables, like an Ising model, plus an arbitrary global rotation matrix O € SO(d) and a global
parameter 3, as discussed in the next section.
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This rich internal random structure of our fixed manifold, combined with its rotation and
translation invariance in loop space C, makes it an acceptable candidate for extreme isotropic
turbulence.

3. Exact analytic solution

3.1. Random walk on a circle

How could a complex curve describe real circulation? This magic trick is possible if the imaginary
part of P(#) does not depend on 6.

Such an imaginary term will drop after integration over closed loop C(0).

We have found a family of such solutions [18] of our recurrent equation (50) for arbitrary N

F = %csc <§) {cos(ak),sin(uck)zf),icos (5) }; (61)

Here @ € S?~3 is a unit vector.
The angles aj must satisfy recurrent relation

Xpy1 = A + Okp; (62)
an — apg = 0 (mod 27); (63)
o2 =1 (64)

This sequence with arbitrary signs o} = %1 solves recurrent equation (50) independently of 1.
The closure condition requires certain relations between these numbers.
The main condition is that f must be a rational fraction of 27:

!3—27‘?);0<P<LI<N;4#2; (65)

The g = 2 case is eliminated. It corresponds to p = 1, = 7, F, = co.
In that case, the periodic solution for & will have correspond to the following set of oy

c={1...,1,-1,...,~1}perm; (66)

This array has N positive values and N_ negative values where

N = {N?"J; (©7)
N; +N_=N; (68)
Ny — N_ =rg— (N —rq) (mod 2); (69)

The symbol perm stands for a random permutation of the array, which preserves its sum
Yo =(N:—N) (70)
This sum must be a multiple of g for periodicity, which leads to another restriction
(N—rq) (mod2) =0 (71)

In other words, rg must have the same parity as N.
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These properties lead to periodicity
aN —ag = BY_op = 27pr (72)
At fixed denominator g, the winding number r can take the values
r={—Tmax,---, 0, ., Tmax}; (73)
rmax = [N/q) (74)

The sequence with all spins flipped: ¢, = —0j also solves the loop equation. This sequence is a
reflected solution we mentioned, so we include it in the statistical samples with equal probability. It
corresponds to the winding number’s reflection ¥ = —r.

The number of states with given N, p, g, r is a partition of N positive and N_ negative spins into
N boxes. The probabilities are given by binomial distribution with w = 1/2

N N!
W(N,p,q,r)=27N = 75
(N, p,q,7) (N+> NN, N (75)

The next section discusses this ensemble of rational numbers and its statistics at N — co.

Given the rational number %, we can generate the sequence of angles )+, adding to a 27t
multiple.

The random walk step g} = ﬁk+1 - ﬁk is a real unit vector in this solution

Gx = ox{— sin g, W cos d, 0}; (76)
5k = X + % (77)

The direction of this vector is not random, though; in addition to the random sign ¢} and random unit
vector @ in d > 3 dimensions, its direction depends on the previous position aj on a circle.

So, this is a perfect example of a periodic Markov chain, with the periodicity condition analytically
solved by quantizing the angular step to a rational number = 2P

This solution corresponds to the real value of velocity circulation on each of these two solutions;
however, the reflection changes this value.

Thus, the arithmetic average of two Wilson loops with two reflected solutions is
reflection-symmetric, but it is still a complex number.

Our solution has a peculiar gauge invariance. The circulation and, therefore, all observables are
invariant under the shift of all F; by a constant vector:

Fe=E+V (78)

This gauge invariance follows from the closure of the loop C: any constant term in F(6) yields
zero after integration § dC = 0, or summation Y AC = 0.
Using this invariance, we can drop the last component of F; so that they become real vectors

E= %CSC (‘123) {cos(ay),sin(ay)w,0} ; (79)

The vorticity operator in this gauge will become a purely imaginary vector in the z direction:

@y = {0,0,uzrkcot (’;)} (80)

As we shall see, this does not lead to complex numbers for the correlation functions of vorticity in
physical space.
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The correlation function of two vorticities, separated by a finite distance 7 in an "inertial interval,"
is finite and real after integration over the global rotation matrix. Its limit at # — 0 may be singular, so
the anomalous dissipation may emerge.

This discrete set N, p, g, r, 0 describes a particular solution of the loop equation for the Wilson
loop in decaying turbulence.

Here is an important point to keep in mind. Unlike the Navier-Stokes equation, the loop equation
is linear.

Therefore, any superposition of its solutions parametrized by N, p, g, 7, 0y also solves the loop
equation. We need to find a particular superposition that has the correct physical properties.

In particular, this superposition must describe a continuum limit of our fractal curve when N — oo.
In the next two sections, we study an ensemble of such solutions, the Euler ensemble. This ensemble
corresponds to adding every solution with equal weight.

Naturally, the question arises: Why equal weight? Why not give the even N more weight or
exclude prime numbers?

This is our ergodic hypothesis.

Equal weight is the most symmetric option from the mathematical point of view, plus the
properties of such an ensemble can be studied by a number theory methods.

One argument favoring the equal weight hypothesis is that weight distribution may become
irrelevant in the local limit.

This limit, as we shall see in the rest of the paper, is determined by the statistical weight of the
configurations of the ensemble. Therefore, the singular behavior of the ensemble when the mean
number (N) of vertices in the fractal curve goes to infinity may be universal.

In other words, the continuum fractal curve corresponding to the limit of this solution may be a
unique mathematical object independent of the method used to approximate it by a polygon.

In that case, there may be an alternative way to describe this fractal curve without taking a limit
of a large polygon. This description would require more sophisticated mathematical methods than
those we use in this paper.

The advantage of our polygonal approach to the fractal curve is that it is well-defined and is
solvable (the ensemble averages are calculable) at every finite N and can be analytically extrapolated
to the ensemble with (N) — co.

In terms of modern QFT, the continuum limit of this statistical ensemble is dual to the statistical
theory of the velocity field.

In the same way, the discrete model of well-known dynamical triangulations [19,20] is dual to the
continuum theory of quantum Gravity.

3.2. The Euler ensemble

The discrete set of fractions g with denominator g4 < N is well known in the number theory [21],
starting with Euler.

However, our extra restriction }_; 0; (mod q) = 0 ties the set of fractions to the set Z?N of N Ising
variables. We will study the statistics of the corresponding ensemble, which we call the Euler ensemble,
honoring my idol, Leonard Euler.

He never thought that his ¢ functions and his equation for ideal fluid would meet in theoretical
physics, but a genius creates subconsciously.

We distinguish between big Euler ensembles and small Euler ensembles.
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The big ensemble E(N) assigns equal weight for each element of the large set
variables: p,q,7, {0y ...on} (81)
O0<p<g<N; (82)
—N <gr<N; (83)
(71,...0'N::t1; (84)
1 if(p,g)=1,Y;0,=qgr
Wy (p,q,7,{01...on}) = (pa) =L Eici=4 (85)
0 otherwise
The small ensemble £(N) results from averaging the big ensemble over the ¢ variables
variables: p,q,7, (86)
0<p<g<N; (87)
—N <gr <N; (88)
wy(g,r) if (p,g) =1
wox (g, r) = U@ i (pq) (89)
0 otherwise
N
27N if 2|(N — gr
wn(g,r) = (v ans) #2090 (90)
0 otherwise

The binomial coefficients count the number of states with ) ; 0; = qr among all 2N states of the set of
oj==+1,i=1,...N.

Note that we divided the statistical weights (the number of allowed configurations) by the total
number 2V of spin configurations. This normalization makes wy (g, ) the probability of finding the
values ¢, r in the big Euler ensemble with random ;.

Let us count all fractions with denominator 4 < N and proper parity, same as N. All the integers
between 2 and N are allowed for g, and each such number would enter with the weight Y, wx (g, 7).

At given g < N the allowed numbers of p are all integers 0 < p < g such that ged(p,q) = 1. The
famous Euler’s totient ¢(g) [21] counts such numbers.

Problg < Q] = m (91)
Z(QN)= ) o)) wn(qr); (92)
2<g<Q r
q—1
)= ), 1 (93)
p=1
(pa)=1

Thus, we can relate the big Euler ensemble average of some function to the small ensemble
average as follows

(F(- ey = (FC-DNadeny 7 94
(F(p,q,r,{o1...0N}))y = 2N Z F(p,gr,{o1...0n}); (95)
oi=+1
Yioi=qr
q-—1
L L L Fpann)
2<q<N(p;L’7q:)1:1 2A(N—qr)

(F(p,q,r,N))gn) = Z(N,N) ; (96)
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The advantage of this representation is that we can first average by the ¢ variables, which is a
rather simple arithmetic mean. After that, we have to average over the small Euler ensemble, which
involves only three variables. Resulting triple sums are calculable numerically with Mathematica®and
also can be studied in the local limit N — oo by the methods of number theory.

The odd and even ensembles have different asymptotic behavior with N.

Here are the allowed parity of g, for odd/even N

odd r,odd gq odd N

integer r,eveng even N (97)
evenr,odd g even N
The ratios
Yrr0wn(q,7)
R =—"T———" 98
N (‘7) wN (q/ 0) (98)

were computed for N = 1000, 1001 (see Figure 1). These ratios are finite, up to some value of g, after
which they quickly go to zero (faster than exponentially).

This fast decrease suppresses these v # 0 terms in the sum over g, which otherwise diverges at
the upper limit and grows as N2.

log-log plot of ratios W[rl=0]/Wr=0], even N log-log plot of ratios W{rl=0)W(r=0], odd N
Logfratio] Logratio]

Log Logg
7 ! § 7

-100 -100

- » EvenQ, Even N 0
o utf+ )= a0 + 0dd Q, OddN
¢ 0dd Q, Even N

40 -0

-500 -500

10 -0

-100 ' -100

(a) Even N (b) Odd N
Figure 1. Log-log plots of four ratios Ry(g) for even/odd 2 < g < N, even/odd N = 1000,1001. The
larger N led to astronomically small ratios, so we did not use them.

At large N the r = 0 weight tends to the g- independent limit

N 2
— 2N il
wn(q,0) <I§> >\ =N (99)
which does not restrict the sum of Euler totients }-, ¢(q).
Therefore, for even N
2 3v2N3/2
Z(NIN)evenN - TN 2 (P(q) - W (100)
2<g<N

For odd N, the leading term is missing, so we have to sum the terms with r # 0.

Z(N,N)oaan = Y, ¢(q))_ 2wn(q,7) (101)
2<q<N r>0
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This term converges at ¢ < N where ), 2wx(g, ) is not exponentially small. The asymptotic
formulas for summators of the Euler totients do not apply here, so we are left to direct numerical
computation of this sum and extrapolation to N — oo.

We computed it numerically in Mathematica®and fitted it to /N times a power of log N (see Figure

2).
Z(N, N)ogdq N = 1.2072v/N 1og™ 78776 (N)) (102)
It is a challenge to the number theory to produce exact asymptotic behavior, replacing my fitted
"law."
Z[odd N]
0Oddz
79.2
79.1
e data
1790
—— 0.6925495 /N Log[N]°0%809832
78.9
78.8
10020 10040 10060 10080 10100 "

Figure 2. Partition function Z(N, N) for odd N, fitted as a/N log(N)?

3.3. Grand canonical ensemble

The original Euler ensemble with fixed N can be regarded as a microcanonical ensemble of
statistical mechanics.

The grand canonical ensemble is more appropriate if the number of states can fluctuate, as in our
case, where probabilities drastically change when N is shifted by 1.

The weights for varying numbers N of degrees of freedom are multiplied by e *N, then
N is treated as the rest of the variables. The chemical potential u will have to tend to zero
in the thermodynamic limit, and the resulting singularity becomes a thermodynamic singularity
corresponding to the critical phenomena.

Note that we changed the sign of y compared to the historical definition: our y — 40, so the
opposite sign would be inconvenient.

The partition function and the ensemble averages in the grand canonical ensemble are

Z(u) =Y Z(N,N)e N; (103)
N
q-1
Y™ Y Yy Y FparN)
N 295N p=1 T
,q)=1
FEar sy = 2 S

With the grand canonical ensemble, the ambiguity of the local limit disappears. At the critical
point 4 — 0, the even N dominate, with the following result

1 9

Z(p) — ENWGTTE

(105)
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The extra factor of 1/2 came from skipping all the odd values of N. The remaining sum over even N
tends to be half the asymptotic expression’s integral for these even N.

In the rest of the paper, we shall use the grand canonical ensembles E(u),E(p) in the
thermodynamic limit # — 0, where we find the critical phenomena.

This phenomenon is "self-organized criticality," unlike conventional second-order phase
transitions in statistical physics, which require tuning of thermodynamical potentials (temperature,
pressure, chemical potential, etc.). The critical point y. = 0 does not require fine-tuning.

The self-organized criticality, or spontaneous stochastization of turbulence, is an expected property
that was never proven theoretically but observed in numerical and real experiments.

In our theory, this spontaneous stochastization naturally emerges in the solution of the loop
equations in the local limit.

4. Correlation functions

In this section and the rest of the paper, we only consider the three-dimensional space we live
in. There are interesting mathematical problems related to decaying turbulence in higher dimensions,
which we leave to future researchers. In less than three dimensions, our solutions do not exist.

4.1. General formulas

The simplest observable quantities we can extract from the loop functional are the vorticity
correlation functions [17], corresponding to the loop C backtracking between two points in space
71 = 0,7, =7, see Figure 3. The vorticity operators are inserted at these two points.

The correlation function reduces to the following average over the ensemble E(N) of our random
curves in complex space.

(55 nenlr 65

Sy e\ E() .
(@(0)- @(7)) = e ; (106)
c _ ZZL_nl ﬁk .
S = G0 (mod N) (107)
7
i=— 108
P vt +h) (108)
The averaging (...) in these formulas involves group integration [, 03) dO withg = O - p.
A = 1 =
S A ., -
(H(E- O F)>O(3> /2 [1 dzH (|7]|F|z) (109)

Let us explain the origin of summation over two positions n, m of the points 7; = 0,7, = 7 on the
discreet loop C ().

There is a degree of freedom we did not specify until now, namely, the reparametrization of the
momentum loop P(6).
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Figure 3. Backtracking wires corresponding to vorticity correlation function.

The loop equations (21) are invariant under the one-dimensional diffeomorphisms ( or
reparametrizations)

B(0) = P(f(0)); (110)
f’(G) > O,f(27r) = f(O) + 27T (111)

Thus, the general solution involves an arbitrary monotonous function f(#), and averaging over
the fixed manifold of the solutions of the Navier-Stokes equations involves functional integration over
all such functions.

This integration includes summation over the positions 61, 8, of the vorticity insertion points on a
curve C(). In the continuum theory, this would be an ordered Lebesgue integration (diffeomorphisms
preserve the ordering of points on a curve)

T — — — —
// ©(6 — 01) (P(61) x dB(61)) @ (P(62) x dP(02) ) (112)
-7
and in our case of piecewise constant curve with discontinuities Aﬁk, it becomes an ordered sum
(ﬁm X Aﬁm) ® (ﬁn X Aﬁn> (113)
0<n<m<N

The discontinuity AP(6) stays finite in the continuum limit N — co. The continuum limit can be
taken only after integrating(summing) the internal degrees of freedom of the fixed manifold of the
Loop equations.

The imaginary part of our solution (61) does not depend on the point on a circle. Therefore, it
contributes a constant term into §m,n which cancels in the difference gn,m - §m,n in the exponential, as
it should.

Let us look at the correlation function (106).

First, we expand and simplify the dot product involved
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The terms Sy 1, Sn,m in (106) have the following form
0 §n,m = exp (1B0n) Anm; (115)
0 Sun = exp (1B0wm) AmniN; (116)
m—1

Y exp (1)
Aym = Re R* =" ; 117
o ¢ 2sin(B/2)(m —n)’ (117)

k
Mg =P Y03 (118)
iZn

R = px +1py (119)

4.2. Critical phenomena in statistical limit

Now we are prepared to average over spin variables 07,/ =0...N — 1.

This expression singles out the variables 0y, 0, so we can sum over these two variables, leaving
the rest of 07 free, except for a constraint ), = rg. This constraint can be implemented as a discrete
Fourier integral:

6[gr—) o] = f%elw(qr*zg) (120)

We start with

_Tlcotz (g)

<0'm0'n f g—zel‘"(””_z”) exp (1exp (1Bow) Anm — 1exp (1Bowm) Am,n+N)> ; (121)
0’]=i1

Then we take the w integral out of the sum:

dw
0 puoqr

27T

d
<(Tm(7n }1{ oW e exp (1exp (1Bow) Anm — 1exp (1Bom) Am,n+N)> ; (122)
27 o=+1
This expression can be readily averaged over two variables ¢y, 0, which reduces to the sum of
four terms with oy, 0, = +1. Keeping only the factors depending on oy, 07y,

<g-mg-ne_’“’(‘7"+‘7m) exp (l exp (lﬁU’n) Apm —1exp (l.Bo'm) Am,n+N)>U =11 =

@ (Apm,w, B) D (—AmniN, w, B); (123)
(A, w,B) = sin(w — isin(APB))(sin(cos(AB)) — icos(cos(APB))) (124)

The next step would be averaging over the remaining variables 07,1 # 1,1 # m. These variables are
split into two sets: one is used in the A, ;, and the other is used in A, ,4N.

The variables A; ;; have a certain distribution in the statistical limit when both ~ m ~ n ~ N — co.
We also have 8 ~ 1/+/N — 0 in that limit.

We are now considering the unconstrained distribution over o7, as the constraint is implemented
via the discrete Fourier integral.
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Let us compute the mean and variance of U, = Zk 1 exp (1)

_cos(B)" —cos(B)™
~ cospB(l1—cosB) ’ (125

<|Unm (Upm) | > Z Z (EkCT) Z Z (COSﬁ“ K — cos p! cosﬁ) (126)

I=n k=n =n k=n

&r = exp (1) — (exp (1&r)) (127)

(Upm) Z cosk™

In the relevant critical region g — 0,m = x/p% n = y/B%, x > y, the ratio of the variance of Uy,
to the square of its mean tends to a finite limit

(Wi = Unn)”) 205"
(Lo = >—>2“ Y2y (128)
<U"m> (e %—e %)
This function looks singular, but it is positive and finite in the allowed region 0 < y < x ( see
Figure 4).
4 ©
0 2
1000
Out[«]=
500
1 | 1
6 0

Figure 4. The relative variance computed in the text in the statistical limit.

Therefore, the CLT does not apply to the distribution of A, and all the moments of this
distribution must be computed to obtain the probability distribution as a Mellin transform.

This complication is bad news for attempted direct computation but good news for our theory:
we have critical phenomena with a non-Gaussian distribution in the statistical limit.

Still, in the next section, we derive an exact formula for the mean value of the enstrophy as a
function of the chemical potential y, relating it to the functions of the number theory.

4.3. Analytic solution for the enstrophy

Let us find analytic formulas for observables of this remarkable statistical distribution, which is
isomorphic to the Ising model tied to the ensemble of fractions.

The one-dimensional Ising models are usually solvable, and this one is no exception.

The simplest quantity is the enstrophy related to our random variables in the previous section.

Setting ¥ = 0 in (106) (which is possible at finite N) we find the following relation

I 1 oL
(OO = 5P o, T (O P 129
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where the big Euler ensemble average (. .. >IE( n) denotes averaging over p, ¢, r and the Ising variables
o subject to the global constraint ) o = gr .

The general theory in section 3.2 expressed the big Euler ensemble average in terms of the small
Euler ensemble average of the average over spins.

So, we start the computation of the enstrophy by averaging over spins o3, which is rather simple.

Let us use the explicit expression (114) for the dot product &y, - &y,.

Now, using the one-dimensional Fourier integral for the global constraint on ¢, we get the
unconstrained average:

N-1
(O - On), = ~1 Lot (‘g) 27r e <Uman exp <zw ) (Tz>> (130)
o

0

Averaging it over o, 0, we find
(exp (—1w(on + Om)) Omon)y 0 = — sin?(w) (131)

Now, averaging over the remaining o;, r # m, r # n is straightforward.

N-1
<exp —iw Z ] > =cosNZw (132)
l;égflgém -
We arrive at the integral
o2 (8) x4
(COm - @n), = 4<2> / %e’“’qr cosN 2 wsin? w (133)
-

This integral is calculable (see [22]):

(N=2) ot (5) /N2
(O + O o= N (N2 2.2 <1 > (134)
2N(NZ —g?r?)  \3(N+4qr—2)
Summing over 0 < n < m < N yields N(N — 1)/2, leading to our final answer
- 1 N
5(0)%) = ——— (27V72S(q) (N — g% ( )> ; 135
(907) = o (2750 (V=07) (4 g2 - 1)
q—-1
S(q) =), cot? (ﬂp) ; (136)
p=1 1
(p1)=1

We investigated this new function S(g) in [23], and represented it in terms of so-called multitotients
[24]. For the reader’s convenience, we present the computations leading to this representation in

Appendix A.
s9) = 22 g, (q); (137)
=4TI(1-=); 138
91(9) =4 gq[( p,) (138)

?1(9) = ¢(q) (139)
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Here p|q are prime factors of 4. This remarkable identity can be directly verified using Mathematica®[25].
It takes over a minute of CPU to compute and simplify S(100) = 2360. The same result using the
multitotient formula takes 140 microseconds.

Here is the table of S(g) for2 < g <10

2 0
5 3
4 2
5 4
6 6 (140)
7 10
8 12
9 18
10 20
This S(g) is an even integer for g > 3, and here is a simple proof.
Proof. The second term —¢(g) in S(g) is an even integer, and the first term can be rewritten as
1/3¢° ] (1 — ;2) =1/3] PP V(p?*-1); (141)

plg plg

where a, > 1 is a multiplicity of the prime factor p. The remaining factors (p> —1) = (p — 1)(p + 1).
The sequence of three integers (p — 1), p, (p + 1) has a factor divisible by three, and it cannot be p as
it is a prime number, with the only exception being g = p = 3. Starting with g = 4 there is always a
factor of 3 either in (22 — 1) or in 32(*3-2) or in any other prime factors (p? — 1) analyzed above. The
divisibility by 2 is similar: both factors p + 1 for any prime p > 2 are even, and any power 22(®2~1)
with &y > 1 is divisible by 4. Therefore p2 — 1is divisible by 12, so that (PZT(']) is divisible by 4. Thus
S(g) is an even integer for g > 3. O

The plot of the first 100000 values of S(g) looks as follows (see Figure 5).

The appearance of prime numbers in the fluid dynamics problem is exciting; it reveals hidden
relations between these different branches of modern mathematics. It reminds me of similar unexpected
relations between matrix models, orthogonal polynomials, and 2D quantum gravity.

This formula is our exact solution for enstrophy, expressing it as a calculable average over the
small Euler ensemble. In the next section, we compute it in the local limit 4 — 0.
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»2(q)
il
35x10 |
3.0x10%
25x10°

out[ ]-2.0x10°
15x109 -
1.0x10°

5.0x108

20000 40000 60000 80000 100000

Figure 5. 5(q) for 10 < g < 100000. It does not reach any smooth limit; several bands persist up to
infinity, similar to the Euler totient ¢1(q).

4.4. The local limit of the energy dissipation

In the limit N — oo, the term with zero winding r = 0 dominates the sum }_,, which is only
possible for even N. Its asymptotic limit is

N VN
(i)
N/2) 7 Tevan

The remaining terms, with r # 0 can be replaced by an integral of the asymptotic expansion of
the exact expression

(142)

2

© e (1-77)
\/N/W . (143)

The leading term cancels after integration, so the » = 0 contribution dominates the sum.
The next term of expansion in 1/N cancels as well
22
/00 P (z2—1) (z* — 622+ 3)
z
—co 192v/2tv/' N

We do not need this term O(1/+/N), as the dominant 7 = 0 term grows as v/N. As seen in the
section 3.2, the remaining terms decrease faster than exponential with g, making it a nontrivial exercise
in number theory to find an analytic formula for the partition function and the enstrophy in the odd
Euler ensemble.

=0 (144)

Let us concentrate on even N, as this term dominates the grand canonical ensemble we study:.


https://doi.org/10.20944/preprints202308.2042.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 September 2023 do0i:10.20944/preprints202308.2042.v2

24 of 35
/0 TANVNe N Y 5(g)
2 RN 1 2<q<N
(t+10)* (@(0)?) — : T (145)

The extra factor of 1/2 came from skipping all the odd values of N. The remaining sum over even N
tends to be half the asymptotic expression’s integral for these even N.
The asymptotic behavior of multitotient summators has been known for a century [24]

N Nl+1
mZ::2 @1(m) — I+ +1) (146)

where {(n) is the Riemann’s zeta function.
We obtain the following local limit of the energy decay in the grand canonical Euler ensemble

B

HE = —v(&(0)*) = ——; 147
f V<“’( ) > (t+to)2 (147)
v 357
_ v : 14
B = i 1380403) (148)
This energy dissipation stays finite in a turbulent limit v — 0 provided
no U (149)

Let us now estimate the odd N contribution to the enstrophy. Here, the sum of the spin average is
dominated by g4 < N, where we cannot use the asymptotic formula of the number theory for totients.
Thus, we used numerical results of direct computations of the small Euler ensemble average

—uN P2(q) ) o-N-4 (N _ 2,2 < N > 150
OC§N6 2<qZ<N < 3 #l0) %) ( T ) (N+qr)/2 (150)
odd g odd r

This contribution AE comes out negative. We fitted these results as log(—AE) ~ a + blog N +
cloglog N (see Figure 6).

-Enstrophy[odd N]
—Enstrophy(odd)

80000
75000 ¢ data
Jut[e ]=
— 0.01151723 N1.955812 Log[N]0.4441961
70000

N
1850 1900 1950 2000

Figure 6. The direct computation of the odd N contribution AE to the enstrophy with 20 digits fitted as
AE =~ —¢"N"log® N.
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Here are the fit statistics
Estimate Standard Error t-Statistic P-Value
1.0000 —4.4639 0.00012141 —36768. 2.6011 % 10348 (151)
x 1.9558 0.000015743 124230.  1.333 %1073
log(x) 0.44420  0.00011885 3737.3 5.3357 % 10252

We have the following estimate for the odd N contribution to the enstrophy of the grand canonical
Euler ensemble in the local limit:

AE  00686181og" 44 (1)
Z(u) o 14045581 (152)

The leading term grows 1/u?; therefore, this correction is negligible.

The enstrophy divergence corresponds to anomalous dissipation in our theory.

This divergence is the dual version of the original anomalous dissipation in the Navier-Stokes
velocity field, coming from singular vorticity regions [17,26](Burgers vortexes).

Here, it comes from large fluctuations of the fractal curve in the grand canonical Euler ensemble.
These are quantum effects related to the prime factorization of large integers.

5. The decay index spectrum

The vicinity of the fixed point in nonlinear systems provides the most interesting physical
phenomena, such as anomalous dimensions of various local operators in the theory of renormalization

group.
Our system is no exception. Let us perturb the momentum loop equation(21) and study the
general properties of this perturbation 6P(t,8) = Q(t,6).

5.1. Linearized loop equation

We get a linearized equation for Q(t,6) of the form
vaiQ = Fh[P]- O+ FhP] - AQ (153)
These matrices Hj »[P] for the decaying solution (41) have an explicit time dependence

v N

Y A
2(t+ tg)72 12|

A

Hi,[P] =

T

] (154)

which follows from the fact that the RHS of the original loop equation (21) represents the third-degree
homogeneous functional of P.
We find the linear equation of the form

(t+1t0)2rQ=1L1- O+ 1L AQ (155)

with Ly o = 1/2H; »[F] being some tensors in R;. There is no explicit # dependence other than through
the fixed point solution F(8). We shall write explicit equations in a minute.
This equation has power-like solutions

Q(£,0) = (t+ 1) *G(6) (156)
with the index A determined from the eigenvalue problem

~AG=1,-G+1,-AG (157)
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We can go one step forward before specifying the parameters of this equation. Let us use our
polygonal approximation for F, G. This equation becomes a recurrent equation

(AT = Ay) - Geyq = (AT = By) - Gy (158)
Ak = il + th; (159)
By = —L; +2Ly; (160)

ék+1 = Mk )L) . éo; (161)
i=0

Mi(A) =TT@AT = Ap) "L (2AT — By) (162)
i=k

The periodicity requires Gy = Go which leads to the eigenvalue equation (this is already d ® d
matrix equation)

=

=
Qu
QL

(163)
As a result, we arrive at the spectral equation for the fractal dimensions of decaying turbulence
det [Mn(A) — 1] =0 (164)

Here is the explicit form of these two matrices ( with AF = Feq — E¢, see [27])

=

I+ (27 — 4iF - AF 4 1)AF. ® E;
+2i(F, - AE) (2E, - AE, — 1)) AE, @ AE, + iF, @ AE; (165)

Ud>/\

= —7i+ (27—4iﬁk-Aﬁk—i> AE, ® B, +
(7 +21(F - AF)(2F - AF +1)) AFe @ AF — iF, @ AF, (166)

Note that these two matrices are functions of vy, unlike the fixed point solution (61),(62), where
the v dependence dropped.

This fact will be important for the distribution of the velocity circulation.

Another important fact. The vector Gy is determined up to total normalization

Go = g¢1(M) (167)
where the eigenvector ¢ (M) is a unit 3D vector, and g is an arbitrary parameter, having dimension
8] = [L[T* (168)

This parameter g is not universal and depends on the initial data, which are specific to the flow,
like the energy dissipation in the K41 model.

5.2. The circulation distribution

The Wilson loop (3) doubles as a Fourier transform of the PDF for the velocity circulation. This
PDF can be obtained by inverse Fourier transform

W(C,T] = < ( fdr 5?>> :/j;z%exp (—+2r) ¥l c) (169)
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However, substituting the leading term of the solution of the loo equation into this general
formula leads to a paradox: this leading term does not depend on <. Formally, we get the delta
function (T'), which means that this leading term is not sufficient to get the PDF; we need the next
correction.

We have found the linear correction to the fixed point, and now we can fix these formulas.
Expanding the correction and keeping the leading linear term, we find:

1 [ dy

WIC,T] = v 2 &P (—1%1")

ACy - ﬁk> (t+to) Y ACk - ék> ; (170)
k E(N)

<eXp <+ NI

The solution (161) for G; depends upon 7, and so does the eigenvalue A, which satisfies the
spectral equation (164). This distribution becomes highly nontrivial for any large finite N. The hope is
that there is a limit N — oo, where some simple fractal (or multifractal) laws will emerge.

5.3. The spectral identity and Wilson loop asymptotics

The distribution of the eigenvalues A can be studied using the resolvent

Ry (7,4) = 2t MR (A) (W (A) ~ 1

)~ 171)
By construction, at finite N this is a rational function of A with simple poles at the spectrum.

In the continuum limit, it becomes a holomorphic function in a complex plane cut along the
spectrum.

Using exact representation (161) we can prove that

A

My(A — 00) = [+ %; (172)

2=Y (A By); (173)
k

1 _Z% — ;1 (174)

Ry, A Sy =2
NrA ) = ot e S T

Consider the anticlockwise contour 7 surrounding the spectrum of A in a complex plane (not
necessarily a real axis).
Then, we can use the residue at infinity to compute the contour integral

dA

This identity can be inserted inside the statistical average, such as the Wilson loop:

WIC,T] = <exp (—i—\/m ;AC;{ . Fk> ](t)>]E(N); (176)

© dy (_ vr) dA ik ACk - Gy
v

v ERN('YIA) V(t-l-to)/\ (177)

J(t) =

T e 2m
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The asymptotic behavior of the Wilson loop at a large time ¢ is determined by the saddle point
equation for two variables v, A

_ dlogRy(7, M)

logt T ; (178)
v Y

We plan to study the spectrum of fractal dimensions and asymptotic distribution of the circulation
in the forthcoming paper [23], using the NYU AD supercomputer cluster.

6. Discussion

6.1. The Duality of Turbulence

We have presented an analytical solution of the Navier-Stokes loop equations for the Wilson loop
in decaying turbulence as a functional of the shape and size of the loop in arbitrary dimension d > 2.

The solution expresses the probability distribution and expected value for the Wilson loop at any
given moment ¢ in terms of an ensemble of fractal loops in complex momentum space. The loop is
represented by a polygon with N — co sides.

This statistical system is similar to a one-dimensional Ising ring in an imaginary magnetic field
18 = 21% and zero coupling constant. Some global observables, such as the enstrophy, are calculable
for arbitrary N as an analytic function of N, p, g, relating it to the Euler totients and similar functions
of the number theory.

The continuum limit N — oo differs for odd and even N, which means this limit does not exist.
This ambiguity disappears in the grand canonical ensemble.

In this ensemble, the number N of degrees of freedom is not fixed but can also fluctuate, with the
weight exp (—pN). These fluctuations smooth out the difference between odd and even ensembles so
that the grand canonical ensemble is unambiguous in the continuum limit.

The continuum limit in the grand canonical ensemble corresponds to 1 — 0. In this limit, we
compute the partition function (105) and the expectation value of the energy dissipation (147).

These computations heavily rely on the number theory, particularly Lehmer’s multitotients ¢;(q),
(137), generalizing [24] the Euler totient function.

6.2. Classical flow and quantum geometry

What could the number theory have in common with the turbulent flow?

The quantization of parameters of the fixed manifold of decaying turbulence stems from the
deep quantum correspondence we have discovered. The statistical distribution of a nonlinear classical
Navier-Stokes PDE is exactly related to the ground state of a linear Schrédinger equation in the
loop space. The quantization mechanism is the same as in ordinary quantum mechanics: this is a
requirement of the periodicity of the solution.

The equivalence of a strong coupling phase of the fluctuating vector field to quantum geometry
is a well-known duality phenomenon in gauge theory (the ADS/CFT duality), ringing a bell to the
modern theoretical physicist.

In our case, this is a simpler quantum geometry: a fractal curve in complex space.

An expert in the traditional approach to turbulence may wonder why the Loop equation’s
solutions have any relation to the velocity field’s statistics in a decaying turbulent flow.

Such questions were raised and answered in the last few decades in the gauge theories, including
QCDI5,7-9] where the loop equations were derived first [3,4]. The short answer is that duality only
applies to the correlation functions of two theories with different dynamical variables; there is no
correspondence between these variables, but the correlation functions are identical.
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Extra complications in the gauge theory are the short-distance singularities related to the infinite
number of fluctuating degrees of freedom in quantum field theory. The Wilson loop functionals in
coordinate space are singular in the gauge field theory and cannot be multiplicatively renormalized.

Fortunately, there is no short-distance divergence in the Navier-Stokes equations nor the
Navier-Stokes loop dynamics. The Euler equations represent the singular limit, which, as we argued,
should be resolved using singular topological solitons regularized by the Burgers vortex.

In the present theory, we keep viscosity constant and do not encounter any short-distance
singularities. The anomalous dissipation is achieved in our solution via a completely different
mechanism: large fluctuations of the fractal curve at p < gq.

The loop equation describes the gauge invariant sector of the gauge field theory. Therefore, the
gauge degrees of freedom are lost in the loop functional. However, the gauge-invariant correlations of
the field strength are recoverable from the solutions of the loop equation[3,4].

6.3. Stokes-type functionals and vorticity correlations

There is no gauge invariance regarding the velocity field in fluid dynamics (though there is such
invariance in the Clebsch variables [17]). The longitudinal, i.e., a potential part of the velocity, has a
physical meaning — it is responsible for pressure and energy pumping. This part is lost in the loop
functional but is recoverable from the rotational part (the vorticity) using the Biot-Savart integral.

In the Fourier space, the correlation functions of the velocity field are algebraically related to
those of vorticity 7 = ik ff’k. Thus, the general solution for the Wilson loop functional ¥[, C| allows
computing both vorticity and velocity correlation functions.

We demonstrated that in the last two sections by computing the correlation function of vorticity in
coordinate space and the anomalous dissipation related to the singular limit of this correlation function

at small distances.

6.4. Relation of our solution to the weak turbulence

The solution of the loop equation with finite area derivative, satisfying Bianchi constraint, belongs
to the so-called Stokes-type functionals [3], the same as the Wilson loop for Gauge theory and fluid
dynamics.

The Navier-Stokes Wilson loop is a case of the Abelian loop functional, with commuting
components of the vector field 7.

As we discussed in detail in [3,4,17], any Stokes-type functional ¥[v, C] satisfying boundary
condition at shrunk loop ¥[0] = 1, and solving the loop equation can be iterated in the nonlinear term
in the Navier-Stokes equations (which iterations would apply at large viscosity).

The resulting expansion in inverse powers of viscosity (weak turbulence) exactly coincides with
the ordinary perturbation expansion of the Navier-Stokes equations for the velocity field, averaged
over the distribution of initial data or boundary conditions at infinity.

We have demonstrated in [2,17] (and also here, in Section 1.3) how the velocity distribution for
the random uniform vorticity in the fluid was reproduced by a singular momentum loop P(6).

The solution for P(8) in this special fixed point of the loop equation was random complex and
had slowly decreasing Fourier coefficients, leading to a discontinuity sign(6 — 6’) in a pair correlation
function (35). The corresponding Wilson loop was equal to the Stokes-type functional (27).

Using this example, we demonstrated how a discontinuous momentum loop describes the
vorticity distribution in the stochastic Navier-Stokes flow. In this example, the vorticity is a global
random variable corresponding to a random uniform fluid rotation: a well-known exact solution of
the Navier-Stokes equation.

This example corresponds to a special fixed point for the loop equation, not general enough
to describe the turbulent flow but mathematically ideal as a toy model for the loop technology. It
demonstrates how the momentum loop solution sums up all the terms of the 1/v expansion in the
Navier-Stokes equation.
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In our solution, the summation of a divergent perturbation expansion occurs at an extreme level,
leading to a universal fixed point independent of viscosity. At a given initial condition, after a finite
time, the solution will still depend on viscosity and initial condition.

At large time, though, it will approach our universal fixed manifold and (supposedly, for random
initial data) cover it uniformly, according to the Euler ensemble measure.

6.5. Continuum spectrum of anomalous dimensions and multifractality

We studied the linear perturbations of our fixed manifold, which decay with time as A, with a
calculable spectrum of decay indexes A. At fixed parameters N, p, g, 7, 0; of the Euler ensemble, this
spectrum is discrete, but in the local limit 4 — 0, (N) — oo, the spectrum becomes continuous. We
derived the representation for the averages over this continuum spectrum for the Wilson loop PDF
(176).

This kind of saddle point integral is used to justify the multifractal models. In our case, the weight
in that integral is calculable in terms of the Euler ensemble. The analytic result for the large-time
asymptotic would require more work, though.

However, the explicit equation for the spectrum of anomalous dimensions in decaying turbulence
is exciting news. Hopefully, the future investigation will relate it to some multifractal properties.

6.6. Conclusion

The exact solution for P() in decaying turbulence, which we have found in this paper, leads to
the Stokes functional ¥[, C| satisfying the boundary value ¥[v, 0] = 1 at the shrunk loop.

Therefore, it describes a stochastic Navier-Stokes flow, corresponding to the degenerate fixed
point of the Hopf equation for the generating functional of velocity circulation.

It sums up all the Wylde diagrams in the limit of vanishing random forces plus nonperturbative
effects, which are missed in the Wylde functional integral, particularly the quantization of parameters
of the solution.

These quantum effects follow from the exact equivalence of the Navier-Stokes statistics to the
quantum mechanics in loop space [2].

Compared to the other critical phenomena, this theory is amazingly simple: It is not a field theory
but a discrete statistical system isomorphic to the one-dimensional Ising ring in the presence of the
imaginary quantized magnetic field.

Still, the solution is far from trivial and reveals unexpected relations between turbulence and
number theory. In particular, the anomalous energy dissipation constant (148) is related to the prime
factorization of large integers used in so-called multi-totients [24].

Whether this exact solution is realized in Nature remains to be seen.

Data Availability Statement: The Mathematica®notebooks used to verify equations and compute some functions
are available for download in [22,25,28-30].
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theory function S(g), used in the enstrophy’s local limit (to be published in [23]). This research was supported by
a Simons Foundation award ID 686282 at NYU Abu Dhabi.

Appendix A. Euler averages as multitotient functions

The Euler ensemble expectation value of cot? (%) can be reduced to the prime numbers as
follows. We start with an unconstrained sum, which is elementary [22].

L

m—1
a(mny 1 o 2
n;lcot <m>—3m m+ 3 (A1)
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Let us consider an arbitrary sum G[F, m] of arbitrary function F(n/m) constrained to the coprime
n, m In our case

0if x =1
F(x) = (A2)
cot? (7rx) otherwise

Such sum satisfies the following equation (with p; < pp - - - < ps denoting S ordered prime factors of
m and (n,m) denoting coprime n, m).

S
m =15 3
s=1
m
G[F,m]= Y, F(n/m); "
()1
H(m): ZF(n/m),- (A5)
n=1
: m
GIF,m] =Hlm)+ 1, (-1° ), H()? (A6)
s=1 0<hi<ly--<ls<S pL P, - - Pl
Let us go into detail. Consider the first term for particular ; =1, p(l;) = p
m m m’
H(M)—H() =Y F(n/m)— Y F(n'/m') _
p n=1 n'=1 —
L m
Y F(n/my— Y  E(n/m) A7)
"~ n (miz)ilp):o

We observe that the second term removes from the total sum )" in the first term all the terms
m

with n (mod p) = 0. In the same way, the other terms in the sum }; H ( o

) remove all the terms in
the first sum with (n,m) = p;.

However, there are terms in )" | F(n/m) like n = p1p,, which are proportional to two prime
factors py, p2, and we removed these terms twice, once in the term —H (;"—1) and the second time in
~H ().

P2

So, we have to add them back, with +1 sign for each pair p;, p;. This addition provides the next
term with double sum } .}, ./, <s-

In general, this formula is a particular case of the inclusion-exclusion principle [31].

As the basic equation (A6) is a linear functional of H, we can solve this equation separately for
H;(m) = m', and then by adding these solutions with proper coefficients, we get the solution for our
particular H(m) =2/3 —m + 1/3m2.

Let us start with the simplest case, H (m) = m. The solution is the Euler ¢(m). Here is how the
equation is satisfied:

S 1

s=1 0<li<ly---<Is<S Pu P, - - Pis

oT1(1- 1) .
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The next case, G(m) is processed the same way, with the result

L
1
=0 11<ZZZ...<15 pP()p* (). p2(0s)

w211 (1 _ 12> (A9)

S S

Gom) = (-1 ¥ 1= 11 (3) = a-1f =0 (A10)

s=0 Li<ly---<ls s=0

Putting all together
m—1

S(m) = nlzlcotz (%) = Sgalm) — gr(m); (A1)
g (m) =m'T] (1 —~ 1,) ; (A12)

plm P

These multitotients ¢;(m) were introduced by Lehmer in 1900 [24].
The asymptotic behavior of the multitotient summators was computed in that paper:

N Nl+1
- A13
mzz:zq’l(m) (l—i—l)g(l—F]) ( )
We also need similar sum rules for higher powers of cot(f).
m—1
n (7P
— 27 . Al4
S(n,m) pg:l cot (m>' (A14)
(pm)=1
This sum belongs to the general category of the sums G[F,, m] with
0ifx =1
Fu(x) = o (A15)
cot” (7tx) otherwise

Repeating the above arguments, we only need to know the polynomial expansion of the
unconstrained sum of the nth power of cotangent. This sum was computed in [32]. The expression in
that paper contained a n-fold sum and thus was hard to use in any analytic or numerical computation.

We reduced this multiple sum to the following linear recurrent equation (with By being the
Bernoulli coefficients)

BernSum(0,0) = 1; (A16)
BernSum(n,m) = 0if n < m; (A17)

m M)\ B, By BernSum (1 —1,m — ji — jo)
BemSum(n,m) = Y, ¥ oS ;
/1=0 j2=0 V:\5f2):

(A18)
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The coefficients of the cotangent sum are related to these coefficients BernSum as follows

) 4 Byjm¥BernSum(n, n — f)
HIFym] = (<1)'m = (4" ) == ;
j=0 1

(A19)

This recurrent equation is easily solved for any finite n and, being linear, can also be analyzed in the
limit of large n. Here are the first three sums H[F,, m|,n =1,2,3

Ym—2)(m—1)
4%( m (m® 20m+45) 23) (A20)
ag5 (m (2m® — 42m® + 462m — 945) + 396)

The last step is to replace the powers of m with corresponding multitotients, according to the
above theory

S(m,m) = (~1)"gp(m) — (~4)" 1 BZf¢zf(m)Be<r;§:1m(n,n ).
j=1 7)!

(A21)

Note that the term without a power of m dropped as ¢y(m) = 0. Here are the first three sums

3 (92(m) —391(m))
@1(m) + g5 (@a(m) — 2092 (m)) (A22)
945( 9451 (m) + 4622 (m) — 42¢4(m) + 2¢¢(m))

The Mathematica®does not know how to simplify the sums like H[F,, m], S(n,m) for n > 1, but we
can use it to numerically compute these sums and compare them with our totient solution. Here is an

example for S(5,1000)
‘ rational numerical
Mathematica® | None 2.1356217511751929448 x 10% (A23)
totients 4036325109694867136069546800 3 1356217511613053630 x 10%°

Only the first 10 digits out of the requested 20 came out correct with numerical evaluation.

The real advantage of the exact solution is that its computational complexity grows only
logarithmically with m, at least for the achievable values m ~ 10”7 where the prime factorization
does not present a problem.

The original definition with the sum over comprime (j, m) has a linear complexity.
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